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PRÉSENTÉ
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RÉSUMÉ

Nous étudions les propriétés locales et globales du faisceau des fonctions presque holomorphes sur une
variété presque complexe. Plus précisément, nous nous intéressons aux structures presque complexes de
“type constant”, ce qui signifie qu’elles admettent un nombre constant de fonctions presque holomorphes
fonctionnellement indépendantes dans un voisinage de chaque point. En géométrie complexe classique,
le faisceau des fonctions holomorphes interagit avec la cohomologie de Dolbeault et mène à des résultats
fondamentaux tels que le théorème de Lefschetz sur les classes (1, 1) et le théorème d’isomorphisme de
Dolbeault. Par analogie, nous étudions quelles théories cohomologiques interagissent avec le faisceau des
fonctions presque holomorphes et généralisons, dans ce cadre, à la fois le théorème d’isomorphisme de
Dolbeault et le théorème de Lefschetz sur les classes (1, 1). La machinerie développé dans ce travail per-
met également de clarifier la relation entre deux théories de cohomologie récemment introduites pour les
variétés presque complexes. Plus précisément, nous montrons que pour les variétés presque complexes
dont la structure presque complexe est de type constant et satisfait une hypothèse supplémentaire, les
groupes de cohomologie de Dolbeault transverse de Cahen et al. (2024) s’injectent dans la cohomologie de
Dolbeault de Cirici–Wilson introduite dans Cirici and Wilson (2021). Nous donnons des exemples montrant
que cette “hypothèse supplémentaire” est nécessaire en général.

Mots-clés : fonctions presque holomorphes; variétés presque complexes; cohomologie de Dolbeault; théorème
de Lefschetz; cohomologie de Dolbeault transverse.
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ABSTRACT

We study local and global properties of the sheaf of almost holomorphic functions on an almost complex
manifold. More specifically, we are interested in almost complex structures of “constant type”, meaning
roughly that they admit a constant number of functionally independent almost holomorphic functions in
a neighborhood of every point. In classical complex geometry, the sheaf of holomorphic functions inter-
acts with Dolbeault cohomology and leads to fundamental results such as the Lefschetz theorem on (1, 1)-
classes and the Dolbeault isomorphism theorem. By analogy, we investigate which cohomological theories
interact with the sheaf of almost holomorphic functions and generalize both the Dolbeault isomorphism
theorem and the Lefschetz theorem on (1, 1)-classes in this setting. The machinery developed in this work
also clarifies the relationship between two cohomology theories recently introduced for almost complex
manifolds. In particular, we show that for almost complex manifolds whose almost complex structure is of
constant type and satisfies an additional hypotheses, the transverse Dolbeault cohomology groups of Cahen
et al. (2024) inject into the Cirici–Wilson Dolbeault cohomology introduced in Cirici and Wilson (2021). We
give examples to show that the ”additional hypothesis” is necessary in general.

Keywords: almost holomorphic functions; almost complex manifolds; Dolbeault cohomology; Lefschetz
theorem; transverse Dolbeault cohomology.
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INTRODUCTION

Soit (M,J) une variété presque complexe. Il existe une généralisation naturelle du faisceau des fonctions
holomorphes sur M , définie par

OJ
M (U) := {f ∈ C∞(U,C) | df ◦ J = i df}.

Ces fonctions, que nous appelons J -holomorphes, sont solutions d’un système elliptique du premier ordre
surdéterminé. Kruglikov (2003) a démontré qu’il n’existe pas de solutions locales non constantes pour un
J générique; on peut donc s’attendre à ce que OJ

M ne soit intéressant que pour des “J spéciaux”. À notre
connaissance, le faisceau OJ

M a été considéré pour la première fois par Spencer (1955, p. 20). Le problème
d’existence de fonctions J -holomorphes a été étudié en substance par L. Nirenberg dans le cadre de son
théorème de Frobenius complexe (Nirenberg, 1953). En 1986, O. Muškarov a donné un critère géométrique
local pour l’existence de fonctions J -holomorphes (Muškarov, 1986, Thm. 2.4) et a défini une notion de
structure presque complexe de “type constant”, pour lesquelles l’existence de fonctions J -holomorphes est
facile à vérifier. Le problème d’existence a également été considéré par Han and Kim (2012). Le problème
de la classification des germes de fonctions J -holomorphes a été étudié par Dimiev (1983) en 1983. Dimiev
a donné une classification complète pour le cas réel analytique en dimensions 4 et 6. Sa classification
repose entièrement sur le comportement dimensionnel d’un seul objet, à savoir la clôture involutive de
la distribution complexe associée à TM1,0. Des développements connexes à la théorie des fonctions J -
holomorphes ont été réalisés par El Kacimi-Alaoui (1990), comme corollaire à sa cohomologie de Dolbeault
basique Hp,q

B (M), par Cirici et Wilson (2021) via leur cohomologie de Dolbeault généralisée Hp,q
Dolb(M),

et par Cahen et al. (2024) (CGG) à travers leur cohomologie de Dolbeault transverse, que nous noterons
également Hp,q

B (M).

Ce mémoire est divisé en deux parties. Dans la première, nous nous intéressons aux comportements lo-
caux de OJ

M pour J lisse. La section 2.1 rappelle le matériel nécessaire pour définir et donner un sens à
la clôture involutive de la distribution complexe TM1,0. En section 2.2, nous définissons la coquille invo-

lutive d’une structure presque complexe J , qui est une distribution réelle notée D∞
J , et expliquons com-

ment elle obstrue (et parfois implique) l’existence de fonctions J -holomorphes. La distribution réelle D∞
J

a également été définie dans Cahen et al. (2024), bien que son lien avec les fonctions J -holomorphes n’y
ait pas été étudié. À la section 3, nous utilisons D∞

J pour donner une classification des germes de fonc-
tions J -holomorphes pour les structures presque complexes “de type constant” (voir Théorème 4). Notre
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approche est inspirée de l’article de Dimiev (1983). Dans la deuxième partie, nous étudions comment OJ
M

interagit avec la géométrie (complexe) globale de (M,J).

Nous introduisons le phénomène que nous désirons comprendre par l’entremise d’un exemple. Sur le tore
de Kodaira–Thurston KT (défini à l’Exemple 4), il y a une structure presque complexe J non intégrable
et invariante à gauche canonique. Nous observons qu’il y a une “géométrie complexe” intéressante sur
(KT, J) bien que J soit non intégrable. D’abord, dans ce cas, l’image du tenseur de Nijenhuis de J est
une distribution régulière involutive, qui cöıncide avec D∞

J . Les feuilles de cette distribution sont locale-
ment définies par des fonctions J -holomorphes et peuvent donc être vues comme des “sous-variétés J -
holomorphes” (l’analogue des sous-variétés analytiques). Comme en géométrie complexe classique, ces
sous-variétés J -holomorphes se “relèvent” en un fibré en droites J -holomorphe L, que nous comprenons
comme un élément de H1(KT,OJ,∗

KT ). Nous expliquons maintenant quelles données géométriques sont
encodées par la première classe de Chern c1(L) de L. L’espace des feuilles π : KT → KT/D∞

J =: T 2 est
une surface de Riemann de genre 1. Soit [pt] ∈ H1(T 2,O∗

T 2) la classe d’un point. La fonctorialité de c1 im-
plique que c1(L) = π∗c1([pt]) engendre le groupe de cohomologie de Dolbeault basique en bidegré (1, 1)

de KT (c.-à-d. H1,1
B (KT ), voir Définition 11). Dans ce cas particulier, c1(L) peut être vu comme engen-

drant H2(T 2,Z) ∩H1,1
B (KT ) (voir Exemple 10 pour les détails). Ceci doit être comparé avec le théorème

de Lefschetz sur les classes de type (1, 1) pour les variétés kählériennes.

Question 1. Pour quelles variétés presque kählériennes existe-t-il un “théorème de Lefschetz transverse”
pour les classes (1, 1) ?

Les groupes de cohomologie de Dolbeault transverse de KT ont également des interprétations naturelles
en termes de OJ

KT via un “isomorphisme de Dolbeault basique”. Plus précisément, on peut définir un
complexe de faisceaux de “formes holomorphes basiques” Ω•

B (voir Définition 10) surKT . La cohomologie
de faisceau de Ω•

B est alors étroitement liée à Hp,q
B (KT ) (voir Corollaire 5 pour un énoncé précis). Cela

mène à la question suivante :

Question 2. Sur quelles variétés presque complexes peut-on retrouver un isomorphisme “de Dolbeault
basique” ?

2



Dans le cas du tore de Kodaira–Thurston, la cohomologie de Dolbeault récemment introduite par Cirici
et Wilson (2021), notée Hp,q

Dolb, est aussi étroitement reliée à la cohomologie de Dolbeault transverse de
Cahen–Gutt–Gutt. En effet, Cahen et al. (2024) ont observé que, pour toute variété presque complexe, il
existe une application naturelle Hp,q

B (M) → Hp,q
Dolb(M) induisant un isomorphisme naturel Hp,0

B (M) ∼=

Hp,0
Dolb(M) pour tout p ≥ 0. Dans le cas particulier de KT , cette application naturelle est en fait injective

en tout degré. Notons qu’on ne peut espérer un isomorphisme, comme on le voit à partir des diamants de
Hodge suivants :

0

0 0

0 1 0

1 1

1

1

2 1

0 4 0

1 2

1

dimHp,q
B (KT )

Le diamant de gauche est la cohomologie de Dolbeault transverse deKT (Cahen et al., 2024, Thm. 4.5), et
le diamant de droite donne une borne inférieure pour le diamant de Hodge de la cohomologie de Dolbeault
de KT (Cirici and Wilson, 2021, Ex. 5.16).

Question 3. Pour quelles variétés presque kählériennes l’application naturelle Hp,q
B (M) → Hp,q

Dolb(M)

est-elle injective ?

Une question connexe, à laquelle nous n’avons pas de réponse, est :

Question 4. Lorsque l’application Hp,q
B (M) → Hp,q

Dolb(M) est injective, quelles “données géométriques”
de M les générateurs supplémentaires de Hp,q

Dolb(M) capturent-ils ?

Pour répondre aux questions 1, 2 et 3, l’outil principal est la théorie d’El Kacimi-Alaoui (1990) sur les formes
harmoniques basiques issue de feuilletages kählériens minimaux. Le travail d’El Kacimi que nous utilisons
est exposé aux sections 3.2 et 3.3. À la section 3.5, nous répondons à la question 3 (voir Théorème 9) avec
le théorème suivant :

Théorème (Théorème 9) Soit (M,J) une variété presque complexe. Si la distribution D∞
J est régulière et

que, de plus, il existe surM une métrique riemannienne g telle que (D∞
J )⊥ soit involutive, alors l’application

naturelle Hp,q
B (M) → Hp,q

Dolb(M) est injective.
3



Nous donnons un exemple (Exemple 7) qui montre que l’application Hp,q
B (M) → Hp,q

Dolb(M) n’est pas
injective en général (même si l’on assume que D∞

J est régulière). Nous appelons une variété satisfaisant
les hypothèses du théorème “transversalement kählérienne” (Définition 16).

Nous abordons la question 2 à la section 3.6 (voir en particulier le Corollaire 3). La question 1 est traitée à la
section 4, Théorème 10. Pour ces deux questions, nous fournissons une réponse similaire : nous sommes en
mesure de démontrer un isomorphisme de Dolbeault et un théorème de Lefschetz pour les classes (1, 1)
pour toute variété transversalement kählérienne qui admet de plus la condition que les feuilles du feuil-
letage induit par D∞

J soient compactes.
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INTRODUCTION

Let (M,J) be an almost complex manifold. There is a natural generalization of the sheaf of holomorphic
functions on M , defined by

OJ
M (U) := {f ∈ C∞(U,C) | df ◦ J = i df}.

These functions, which we call J -holomorphic, are solutions of an overdetermined first-order elliptic sys-
tem. Kruglikov (2003) showed that there are no non-constant local solutions for a generic J ; one may
therefore expect OJ

M to be interesting only for “special J”. To our knowledge, the sheaf OJ
M was first

considered by Spencer (1955, p. 20). The existence problem for J -holomorphic functions was studied in
substance by L. Nirenberg in the context of his complex Frobenius theorem (Nirenberg, 1953). In 1986, O.
Muškarov gave a local geometric criterion for the existence of J -holomorphic functions (Muškarov, 1986,
Thm. 2.4) and defined a notion of almost complex structures “of constant type”, for which the existence
of J -holomorphic functions is easy to verify. The existence problem was also considered by Han and Kim
(2012). The problem of classifying germs of J -holomorphic functions was studied by Dimiev (1983). Dimiev
gave a complete classification in the real-analytic case in dimensions 4 and 6. His classification relies entirely
on the dimensional behavior of a single object, namely the involutive closure of the complex distribution
associated with TM1,0. Related developments in the theory of J -holomorphic functions were obtained
by El Kacimi-Alaoui (1990), as a corollary of his basic Dolbeault cohomology Hp,q

B (M), by Cirici and Wilson
(2021) via their generalized Dolbeault cohomology Hp,q

Dolb(M), and by Cahen et al. (2024) (CGG) through
their transverse Dolbeault cohomology, which we will also denote by Hp,q

B (M).

This thesis is divided into two parts. In the first part, we study the local behavior of OJ
M for smooth J .

Section 2.1 recalls the material needed to define and make sense of the involutive closure of the complex
distribution TM1,0. In Section 2.2, we define the involutive hull of an almost complex structure J , which
is a real distribution denoted D∞

J , and we explain how it obstructs (and sometimes implies) the existence
of J -holomorphic functions. The real distribution D∞

J was also defined in Cahen et al. (2024), although its
relation to J -holomorphic functions was not studied there. In Section 3, we use D∞

J to classify germs of
J -holomorphic functions for almost complex structures “of constant type” (see Theorem 4). Our approach
is inspired by the article of Dimiev (1983). In the second part, we study how OJ

M interacts with the global
(complex) geometry of (M,J).

5



We introduce the phenomenon we wish to understand through an example. On the Kodaira–Thurston torus
KT (defined in Example 4), there is a canonical left-invariant non-integrable almost complex structure J .
We observe that there is an interesting “complex geometry” on (KT, J) even though J is non-integrable.
First, in this case, the image of the Nijenhuis tensor of J is a regular involutive distribution, which coincides
with D∞

J . The leaves of this distribution are locally defined by J -holomorphic functions and can therefore
be viewed as “J -holomorphic submanifolds” (the analogue of analytic subvarieties). As in classical complex
geometry, these J -holomorphic submanifolds “lift” to a J -holomorphic line bundle L, which we interpret
as an element of H1(KT,OJ,∗

KT ). We now explain which geometric data are encoded by the first Chern
class c1(L) of L. The leaf space π : KT → KT/D∞

J =: T 2 is a Riemann surface of genus 1. Let [pt] ∈
H1(T 2,O∗

T 2) be the class of a point. Functoriality of c1 implies that c1(L) = π∗c1([pt]) generates the basic
Dolbeault cohomology group of KT in bidegree (1, 1) (i.e. H1,1

B (KT ); see Definition 11). In this particular
case, c1(L) can be viewed as generating H2(T 2,Z) ∩H1,1

B (KT ) (see Example 10 for details). This should
be compared with the Lefschetz theorem on classes of type (1, 1) for Kähler manifolds.

Question 1. For which almost Kähler manifolds does there exist a “transverse Lefschetz theorem” for (1, 1)-
classes?

The transverse Dolbeault cohomology groups of KT also admit natural interpretations in terms of OJ
KT

via a “basic Dolbeault isomorphism”. More precisely, one can define a complex of sheaves of “basic holo-
morphic forms” Ω•

B (see Definition 10) on KT . The sheaf cohomology of Ω•
B is then closely related to

Hp,q
B (KT ) (see Corollary 5 for a precise statement). This leads to the following question:

Question 2. On which almost complex manifolds can one recover a “basic Dolbeault isomorphism”?

In the case of the Kodaira–Thurston torus, the Dolbeault cohomology recently introduced by Cirici and
Wilson (2021), denoted Hp,q

Dolb, is also closely related to the transverse Dolbeault cohomology of Cahen–
Gutt–Gutt. Indeed, Cahen et al. (2024) observed that for any almost complex manifold there is a natural
map Hp,q

B (M) → Hp,q
Dolb(M) inducing a natural isomorphism Hp,0

B (M) ∼= Hp,0
Dolb(M) for all p ≥ 0. In the

particular case of KT , this natural map is in fact injective in all degrees. Note that one cannot hope for an

6



isomorphism, as can be seen from the following Hodge diamonds:
0

0 0

0 1 0

1 1

1

1

2 1

0 4 0

1 2

1

dimHp,q
B (KT )

The diamond on the left is the transverse Dolbeault cohomology ofKT (Cahen et al., 2024, Thm. 4.5), and
the diamond on the right gives a lower bound for the Hodge diamond of the Dolbeault cohomology ofKT
(Cirici and Wilson, 2021, Ex. 5.16).

Question 3. For which almost Kähler manifolds is the natural map Hp,q
B (M) → Hp,q

Dolb(M) injective?

A related question, to which we do not have an answer, is:

Question 4. When the map Hp,q
B (M) → Hp,q

Dolb(M) is injective, what “geometric data” of M are captured
by the additional generators of Hp,q

Dolb(M)?

To address questions 1, 2, and 3, our main tool is the theory of El Kacimi-Alaoui (1990) on basic harmonic
forms arising from minimal Kähler foliations. The work of El Kacimi that we use is presented in Sections 3.2
and 3.3. In Section 3.5, we answer Question 3 (see Theorem 9) with the following theorem:

Theorem (Theorem 9) Let (M,J) be an almost complex manifold. If the distribution D∞
J is regular and,

moreover, there exists a Riemannian metric g on M such that (D∞
J )⊥ is involutive, then the natural map

Hp,q
B (M) → Hp,q

Dolb(M) is injective.

We give an example (Example 7) showing that the map Hp,q
B (M) → Hp,q

Dolb(M) is not injective in general
(even if one assumes that D∞

J is regular). We call a manifold satisfying the hypotheses of the theorem
“transversely Kähler” (Definition 16).

We address Question 2 in Section 3.6 (see in particular Corollary 3). Question 1 is treated in Section 4, Theo-
rem 10. For these two questions, we provide a similar answer: we are able to prove a Dolbeault isomorphism

7



and a Lefschetz theorem for (1, 1)-classes for any transversely Kähler manifold which additionally satisfies
the condition that the leaves of the foliation induced by D∞

J are compact.
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CHAPTER 1

J -HOLOMORPHIC FUNCTIONS : OBSTRUCTION AND EXISTENCE

We begin by recalling conventions and basic results in the theory of distributions and Pfaffian systems. This
culminates in the definition of the involutive hull of an almost complex structure (see Definition 3), which
will be the main object of interest for our study of J -holomorphic functions.

1.1 Distributions, Pfaffian Systems, and Derived Flags.
The purpose of this section is to define the basic objects we will use. The material on distributions can be
found in Dimiev (1983, §1), Cahen et al. (2024, §1), and Lee (2012, §19). The material on Pfaffian systems can
be found in Han and Kim (2012, §1), together with Han and Kim (2020, §3). Taking the “closed” limit does
not seem to be a standard operation, but the construction is straghtforward.

LetM be a smooth manifold (second countable, Hausdorff, without boundary). A (generalized) distribution

is aC∞(M,R)-submodule of Γ(TM) (Γ will be used to denote smooth global sections of a sheaf or vector
bundle). Because M is Hausdorff and paracompact, it is not hard to see that there is an equivalence of
categories between the subsheaves of C∞(M,R)-modules of TM and generalized distributions. When a
distribution is also a subbundle of TM , we call it regular. Given a distribution D of TM we define its fibre
Dx at a point x ∈M to be the R-vector space

Dx := {Y ∈ TxM | ∃X ∈ D with Xx = Y }.

We then define the rank of D at x to be rank Dx. The rank need not be constant when D is not regular.
However, we always have the following property :
Lemma 1. LetMn be a smooth manifold of dimension n and D a distribution onM . The map x ↦→ rankDx

is lower semi-continuous. Equivalently, for each integer k = 1, . . . , n, the set {x ∈ M : rank Dx ≥ k} is
open.

Proof. Let x ∈ M and k := rank Dx. By definition of k, there exists k vector fields X1, ..., Xk that are
linearly independent at x. Since being linearly independent is an open condition, the Xi’s are also linearly
independent in a neighbourhood of x. Hence rank Dy ≥ k for each y this neighbourhood.
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We say thatD is involutive if [D,D] ⊂ D. Any distribution has an associated derived flag defined inductively
as follows:

D(0) := D, D(k+1) := D(k) + [D(k),D(k)] and D∞ :=
∑︂
n∈N

D(n).

We call D∞ the involutive limit of the derived flag. It is the smallest involutive distribution containing D (in
the sense that any other involutive distribution D′ containing D also contains D∞). Finally, note that all the
above discussion extends to complex distributions, defined as C∞(M,C) submodules of Γ(TMC) (where
TMC := TM ⊗R C).

A Pfaffian system is a C∞(M,R)-submodule of the space of smooth 1-forms Ω1(M,R). A Pfaffian system
I is d-closed if dI ⊂ I ∧ Ω1(M) (in the sense that the exterior derivative of any one form σ ∈ I can be
expressed locally as a linear combination dσ =

∑︁
i σi∧ξi with σi ∈ I and ξi ∈ Ω1(M)). The rank and fibre

at a point are defined analogously to the case of distributions. The rank is again lower semi-continuous. I
is said to be regular if it is a subbundle of T ∗M . The derived flag of I is given inductively as follows:

I(0) := I, I(k+1) := {σ ∈ I(k)|dσ ∈ I(k) ∧ Ω1(M)} and I∞ := ∩n∈NI(n)

We call I∞ the closed limit of the derived flag of I. It is the largest closed Pfaffian system contained in I.

We now turn to the relations between Pfaffian systems and distributions. If D is a distribution on M , we
denote by D⊥ the Pfaffian system of 1-forms vanishing on D. Given a Pfaffian system I, we let I⊥ be the
vanishing set of I : I⊥ := {X ∈ X(M) | σ(X) ≡ 0 ∀σ ∈ I}. It is a distribution ofM . In the case where D

is regular (resp. I is regular), the relation (D⊥)⊥ = D (resp. (I⊥)⊥ = I) holds. In the non-regular case,
we only have D ⊂ (D⊥)⊥ and I ⊂ (I⊥)⊥ , as the following example shows:
Example 1. LetM = R, the pairing between one-form and vector fields is simply multiplication of functions:
C∞(R)× C∞(R) → C∞(R). Let φ1 (resp. φ2) be a smooth function such that φ1(x) = 0 if x ≤ 0 (resp.
φ2(x) = 0 if x ≥ 0), φ1 and φ2 vanish to infinite order at 0 and φ1(x) > 0 if x > 0 (resp. φ2(x) > 0 if
x < 0). Let I := ⟨φ1, φ2⟩C∞(R) be the submodule generated by φ1 and φ2. I ̸= C∞(R) since any 1-form
σ ∈ I must vanish to infinite order at 0. However (I⊥)⊥ = C∞(R).

it follows from the invariant formula
dσ(X,Y ) + σ([X,Y ]) = X(σ(Y ))− Y (σ(X)),

10



where X,Y ∈ X(M) and σ ∈ Ω1(M), that if I is closed (resp. D is involutive) then I⊥ is involutive
(resp. D⊥ is closed). Now let I be a Pfaffian system and D := I⊥. We wish to compare their derived
flags. If for each k ∈ N, I(k) is regular, then the derived flag has finite length (there exists n ∈ N such that
I(n+k) = I(n) for all k ∈ N) and I(k) = (D(k))⊥ for each k ∈ N. Note that even if I is regular, its derived
flag may not be regular and the above correspondence of flags does not hold in general. However, the flag
of a regular Pfaffian is always well behaved “in the limit”:
Lemma 2. Let I be a regular Pfaffian system and D := I⊥. Then (D∞)⊥ = I∞.

Proof. Since D∞ is involutive and contains I⊥, (D∞)⊥ is closed and is contained in (I⊥)⊥ = I. Since
I∞ is the maximal closed Pfaffian system contained in I, we conclude that (D∞)⊥ ⊂ I∞. Now (I∞)⊥

contains I⊥ = D and is involutive, so we must have D∞ ⊂ (I∞)⊥. Then I∞ ⊂ ((I∞)⊥)⊥ ⊂ (D∞)⊥.

1.2 Local obstruction and existence of J -holomorphic functions
Let (M2n, J)be an almost complex manifold and let p ∈M . We are interested in the number of functionally
independent1 J -holomorphic functions at p. Following Muškarov (1986), we have the following definition:
Definition 1. Let (M2n, J) be an almost complex manifold and let m(x) denote the maximal number of
functionally independent J -holomorphic functions at x ∈M . We say that (M,J) is of type m at p ∈M if
m(x) ≡ m in a neighbourhood of p. We say (M,J) is of (constant) type m if m(x) ≡ m everywhere.
Example 2 (see Muškarov, 1986, §4 and §5). Left invariant almost complex structures on homogeneous
spaces are of constant type. Likewise, the almost complex structure of a nearly Kähler manifold2 is of con-
stant type.
Remark 1. Almost complex structures of constant type are the “easiest to study”. Lemma 3 shows that
the increase in difficulty in studying almost complex structures of non-constant type is comparable to the
increase in difficulty when passing from the study of regular Pfaffian systems to non-regular ones (see §1.1
for the definition of Pfaffian system).

1 Two J -holomorphic function f, g are functionally independent at p if dfp and dgp are linearly independent as C-linear map
(TpM,Jp) → (C, i).
2 Recall (M2n, g, J) is nearly Kähler if (∇XJ)X = 0 ∀X ∈ Γ(TM) where ∇ is the Levi-Civita connection

11



We will show that the derived flag (TM1,0)(k) of the distribution TM1,0 in TMC controls the existence of
J -holomorphic functions to some extent. For reasons that will become clear in Theorem 3 and 4, the “real
part” (defined below) of (TM1,0)∞ interacts more directly with J -holomorphic functions than (TM1,0)∞

itself, we will therefore state our theorems in terms of it.
Definition 2 (compare with Muškarov, 1986, p. 286). Let (M2n, J) be an almost complex manifold and let
V ⊂ TMC be a complex distribution containing TM1,0. We define the associated real distribution VR to
be the real distribution defined by VR := {X ∈ Γ(TM) : X + iJX ∈ Γ(V 0,1)}.

Remark 2. If dimM = 2n, it is straightforward to see that, at any point, rankR VR = 2 rankC V − 2n

Remark 3. If V ⊂ TMC is a complex distribution, and X ∈ Γ(V ), then X = Y + iZ for some Y, Z ∈

Γ(TM). We define Re(X) = Y , and Im(X) = Z. Then it is straightforward to check that
Re : (Γ(V 0,1), i) −→ (VR,−J)

X ↦−→ Re(X)

is a (i,−J)−linear isomorphism (i.e. Re(iX) = −JRe(X)).
Definition 3. Given an almost complex manifold (M,J) we define the involutive hull3 of J to be D∞

J :=

((TM1,0)∞)R.

Now recall the following lemma of Muškarov, which relies on Nirenberg’s complex Frobenius theorem:
Lemma 3 (Muškarov, 1986, Lemma 2.2). The local existence of k independent J -holomorphic functions on
(M2n, J) is equivalent to the local existence of a d-closed subbundle ofT ∗M1,0 (or equivalently ofT ∗M0,1)
with complex fibre of dimension k.

proof sketch. Let F ⊂ T ∗M1,0 be a closed subbundle of constant complex rank k (real rank 2k). Notice
that if we can find local coordinates φ = (x1, ..., x2n) around each point of M such that dxm + idxm+n

(m = 1, .., k) locally span F , we will be done. Indeed, letting fm := xm + ixm+n, we get that the image
of dfm belongs to F ⊂ T ∗M1,0, so that ∂̄Jfm = (dfm)

0,1 = 0 and fm is J -holomorphic. Clearly the
fm’s are functionally independent. The existence of such a coordinate chart φ is the hard part and follows
directly from L. Nirenberg’s complex Frobenius theorem (Nirenberg, 1953, Thm. 1). (This is where the d-
closed hypothesis is used.)

3 We show in Proposition 3 that this coincides with the distribution D∞
J introduced in Cahen et al. (2024, Prop. 1.4).
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Remark 4. The case k = n is equivalent to the statement of the Newlander-Nirenberg theorem (Newlander
and Nirenberg, 1957).

Muškarov’s lemma is stated in terms of the existence of a local d-closed subbundle of T ∗M0,1. Our obser-
vation is that whenever this bundle exists, it coincides with (T ∗M0,1)∞ locally.
Proposition 1. Let (M2n, J) be an almost complex manifold. The Pfaffian system (T ∗M0,1)∞ has constant
(complex) rank 0 ≤ m ≤ n in a neighbourhood of p ∈M if and only if (M,J) has type m at p.

Proof. Begin by assuming that (T ∗M0,1)∞ has constant rankm in a neighbourhood of p. Lemma 3 implies
that there exists m functionally independent J -holomorphic functions at p and there can’t be more by
maximality of (T ∗M0,1)∞, thus (M,J) has type m at p.

Now assume that (M,J) has type m at p. By lemma 3 there exists an open subset p ∈ U ⊂ M and a
d-closed subbundle F ⊂ T ∗M0,1|U of (complex) rankm. Observe that (M,J) has typem at each point of
U . We want to show that F = (T ∗M0,1)∞|U . Note that if n = m, then F = (T ∗M0,1)∞ is immediate.
Hence we assume n ̸= m.

Suppose for contradiction that F ⊊ (T ∗M0,1)∞|U (i.e. F is a proper subset of (T ∗M0,1)∞). There must
be q1 ∈ U such that Fq1 ⊊ (T ∗M0,1)∞q1 and in particular,

m = rank Fq1 < rank (T ∗M0,1)∞q1 =: m1. (where the rank is taken over C)
Since x ↦→ rank (T ∗M0,1)∞x is a lower semi-continuous map (cf. Lemma 1),
rank (T ∗M0,1)∞x ≥ m1 for all x in a neighbourhood U1 ⊂ U of q1. If rank (T ∗M0,1)∞|U1 ≡ m1, then
(M,J) has type m1 > m on the points of U1, contradicting the hypotheses. Hence, there is q2 ∈ U1 such
that

m1 = rank (T ∗M0,1)∞q1 < (T ∗M0,1)∞q2 =: m2.

Again by lower semi-continuity, we see that there is a neighbourhood q2 ∈ U2 ⊂ U1 such that rank((T ∗M0,1)∞)x|U2 ≥

m2. If rank (T ∗M0,1)∞|U2 ≡ m2, then (M,J) has typem2 > m on U2 ⊂ U , a contradiction. Hence there
is a point q3 ∈ U2 such that m2 = rank T ∗M1,0

q2 < (T ∗M0,1)∞q3 =: m3.

We have just built a sequence m3 > m2 > m1. Continuing this process inductively at most up to n,
we end up with an integer k such that there is a point qk ∈ Uk−1 ⊂ U such that rank (T ∗M0,1

qk )∞ =
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mk = n. Then, by lower semi-continuity of the rank, there is a neighbourhood qk ∈ Uk ⊂ Uk−1 such that
rank (T ∗M0,1)∞|Uk

≡ n. But then this implies that (M,J) has type n at some point of U , a contradiction.

Corollary 1. Let (M2n, J) be an almost complex manifold, if (TM1,0)∞ is regular in a neighbourhood of p,
then (M,J) has type m at p, where m is defined by 2(n−m) = rankR(D∞

J )p.

Proof. Observe that rankC(TM1,0)∞ = 2n− rankC(T
∗M0,1)∞ and that

rankRD∞
J := 2(rankC(TM

1,0)∞ − n). Putting the two equality together yields the conclusion.

The upshot is that when D∞
J is regular near a point, the existence problem of J -holomorphic functions at

that point is understood. We do not know how to tackle the existence problem when D∞
J is non-regular in

an arbitrary small neighbourhood of a point. In that case, at least, the Nijenhuis tensor (and more sharply
D∞
J itself) gives a quantitative bound on the number of J -holomorphic functions (see Theorem 1 below).

Recall that the Newlander-Nirenberg theorem asserts that there exists locally n functionally independent
J -holomorphic functions on (M2n, J) iff TM1,0 is involutive. This is equivalent to requiring [X,Y ]0,1 = 0

for all X,Y ∈ TM1,0, where the notation X0,1 means the image of X under the projection TM1,0 ⊕

TM0,1 = TMC → TM0,1. We then define the (complex) Nijenhuis tensorNC
J : ∧2TM1,0 → TM0,1 to be

NC
J (X,Y ) = [X,Y ]0,1 which is precisely the obstruction to integrability. Upon noticing the isomorphisms

(Huybrechts, 2005, Lemma 1.2.5)
TM −→ TM1,0

X ↦→ 1
2(X−iJX)

TM −→ TM0,1

X ↦→ 1
2(X+iJX)

(1.1)

the condition for TM1,0 to be involutive also writes
[X − iJX, Y − iJY ] + iJ [X − iJX, Y − iJY ] = 0

for all X,Y ∈ TM . Simplifying this expression yields a condition for integrability in term of the (real)
Nijenhuis tensor: TM1,0 is involutive if and only if NJ(X,Y ) = 0 for all X,Y ∈ TM , where

NJ(X,Y ) = [X,Y ] + J [JX, Y ] + J [X,JY ]− [JX, JY ].

Given X,Y ∈ TM , a short computation shows that NC
J and NJ are related by the equation

NC
J (X − iJX, Y − iJY ) = NJ(X,Y ) + iJNJ(X,Y ). (1.2)
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Theorem 1. Let (M,J) be an almost complex manifold and p ∈ M a point. Denote by m the number of
functionally independent J -holomorphic function at p. Then4

2n− 2m ≥ lim sup
x→p

(rankR(D∞
J )x) ≥ lim sup

x→p
(rankR (NJ)x)

The idea is that the maximal value of rankD∞
J that persists in arbitrarily small neighbourhood of p obstructs

the existence of J -holomorphic functions.

Proof. Suppose there are k functionally independent J -holomorphic functions defined in a neighbourhood
U of p, Then by Lemma 3, there is a d-closed subbundle F ⊂ T ∗M0,1|U of rank k. Let (TM1,0)(m)

be the derived flag of TM1,0|U (c.f. Subsection 1.1). Since T ∗M0,1 is a regular Pfaffian system, Lemma
2 implies that ((TM1,0)∞)⊥ is the largest d-closed Pfaffian system contained in T ∗M0,1. It follows that
F ⊂ ((TM1,0)∞)⊥. In particular, rank Fx ≤ rank ((TM1,0)∞)⊥x for each x ∈ U . Since rank Fx is a
constant function on U and rank ((TM1,0)∞)⊥x takes a finite number of values, we also have

k = rank Fx = lim inf
x→p

(rank Fx) ≤ lim inf
x→p

(rank ((TM1,0)∞)⊥x ) (†)
The conclusion follows from three facts. First, observe that rank ((TM1,0)∞)⊥x = 2n− rank((TM1,0)∞)x.
Second, we have TM1,0 ⊕ Im(NC

J ) = (TM1,0)
(1) ⊂ (TM1,0)∞ by definition of (TM1,0)∞. Third, it

follows from Equation (1.2) that rankR NJ = 2 rank(TM1,0 ⊕ Im(NC
J ))− 2n. Then we see:

lim inf
x→p

(rank ((TM1,0)∞)⊥x ) = 2n− lim sup
x→p

(rank (TM1,0)∞x )

≤ 2n− lim sup
x→p

rank (TM1,0⊕Im NC
J )x

≤ n− 1
2 rank (NJ)x (††)

The conclusion follows directly by combining (††) and (†).

We now give an example to show that the function x ↦→ rank(Im NJ)x does not control the number of
J -holomorphic functions near a point in general. A related question for which we do not have an answer
is:
Question 1. Given an almost complex manifold (M,J), does the function x ↦→ rank(D∞

J )x completely
determines the number of functionally independent J -holomorphic functions?

4 Recall that given a topological space (X, τ) and a function f : X → R, lim supx→p f(x) is defined as inf
U∈τ : p∈U

sup
x∈U

f(x)
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The following lemma is useful when constructing (local) almost complex structures:
Lemma 4. Let J be an almost complex structure on R2n such that J(0) = J0. A C∞(M,C)-basis for the
space of (0, 1)-vector fields on an open neighbourhood U of 0 in R2n is given by

∂z̄j +

n∑︂
i=1

aij ∂zi j = 1, . . . , n (1.3)
where the aji are smooth functions satisfying aji (0) = 0. A basis for the (1, 0)-vector fields is obtained by
conjugation.

∂zj +

n∑︂
i=1

āij ∂z̄i j = 1, . . . , n. (1.4)
Conversely, a set of vector fields of the form (1.3) determines a unique almost complex structure J with
(0,1)-vector fields given by (1.3) such that J(0) = J0.

This lemma is well known (Newlander and Nirenberg, 1957, eqn. 1.3), but we were unable to locate a proof
in the literature, here is a quick way to see it.

Proof. Let TR2n
C = TR1,0 ⊕ TR0,1 be the splitting with respect to the standard complex structure J0, and

TR2n
C = E1,0 ⊕ E0,1 the splitting with respect to J . Since J(0) = J0, E0,1

x and TR1,0
x are transversal

subspaces of (TR2n
C )x, where x belongs to a small enough neighbourhoodU of 0. Hence, there is a unique

linear endomorphism Ax : TR0,1
x → TR1,0

x whose graph is E0,1
x . Ax varies smoothly in x because J is

smooth. ThenA(∂z̄j ) =∑︁n
i=1 a

i
j∂zi for some smooth aji : U → C. Note that aji (0) = 0 sinceA0(∂z̄i) = 0.

The aji are thus the coefficient of a basis of Γ(E0,1), as in (1.3).

To see that a basis of the form (1.3) determines a unique almost complex structure J on U , denote by
B : TR0,1 → TR2n

C the linear map determined by ∂z̄j ↦→ ∂z̄j +
∑︁n

i=1 a
i
j ∂zi and B̄ : TR1,0 → TR2n

C the
conjugate map defined in the obvious way. Notice that (B, B̄) : TR2n

C → TR2n
C is invertible, since the im-

ages ofB and B̄ are transversal subspaces of TR2n
C . If an almost complex structure J with −i−eigenspace

given by (1.3) exists, it must satisfy the equation
J(B, B̄) = (−iB, iB̄),

hence J = (−iB, iB̄)(B, B̄)−1. (Note that J thus defined is an endomorphism of TR2n
C , but it is also the
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complexification of the almost complex structure j of TR2n defined by j Re(B) := Im(B) and j Im(B) :=

−Re(B). )
Remark 5. From the proof of the second part of the lemma, it is easily seen that any set of complex vector
fields X1, . . . , Xn such that X1, . . . , Xn, X̄1, . . . , X̄n is linearly independent also determines an almost
complex structure with (0, 1)-vector fields given by X̄1, . . . , X̄n.

Observe that given a basis X0,1
1 , ..., X0,1

n of TM0,1|U , a smooth function f : U → C is J−holomorphic
if and only if X0,1

i (f) ≡ 0 for i = 1, . . . , n. (Note that this equation means df(X0,1
i ) = 0, where dfp :

TpMC → C is obtained by extending the usual exterior derivative C−linearly). Thus, the vector fields of
(1.3) in Lemma 4 should be seen as a system of first-order PDOs characterizing J -holomorphic functions.

The example is based on the following theorem of L. Nirenberg.
Theorem 2 (Nirenberg, 1974, Thm. 1). Let z = x + iy = reiθ and t be coordinates on R3. There exists
smooth functions ϕ, ψ : R3 → R such that the operator

P = ∂z̄ + iz ∂t + zφ(z, t) ∂t + zψ(z, t) ∂θ (1.5)
is such that if u is a smooth solution to Pu = 0, then u is constant.
Corollary 1. Let z1 = x1 + iy1 = r1e

iθ1 and z2 = x2 + iy2 = r2e
iθ2 and φ, ψ as in Nirenberg’s theorem

above. The vector fields
X1 = ∂z̄1 + iz1∂x2 + z1φ(z1, x2)∂x2 + z1ψ(z1, x2)∂θ1

X2 = ∂z̄2 + iz2∂x1 + z2φ(z2, x1)∂x1 + z2ψ(z2, x1)∂θ2

define a basis for the (0, 1)-vector fields of an almost complex structure J in a neighbourhood of the origin
in R4 . The Nijenhuis tensor satisfies rankR (ImNJ)x ≤ 2 everywhere and there exists no J -holomorphic
functions with domain a neighbourhood of the origin.

Proof. By Remark 5, X1 and X2 induce an almost complex structure J on a neighbourhood of the origin if
X1, X2, X̄1 and X̄2 are linearly independent at the origin. Note that at the origin, X1, X2 equals ∂z̄1 , ∂z̄2 ,
so linear independence is obvious. The fact that rankR NJ ≤ 2 is a general property of almost complex
structure in dimension four. Indeed, NJ can be seen as a complex linear map TR1,0

J ∧ TR1,0
J → TR0,1

J ,
the domain of this map has complex dimension one, so the conclusion follows. Finally, suppose f is a
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J -holomorphic function, then X1f = X2f = 0. Since X1|{y2=cst} belongs to the tangent space of any
hypersurface {y2 = cst}, it is also true that X1|{y2=cst}(f |{y2=cst}) = 0. Theorem 2 above then implies
that f(x1, y1, x2, cst) is a constant function. Similarly, we get f(x1, cst, x2, y2) is a constant function. Then
f(0) = f(x1, 0, x2, y2) = f(x1, y1, x2, y2) for any point (x1, y1, x2, y2) on which f is defined.

Now we have :
Proposition 2. Let Ĵ be the almost complex structure of the previous corollary. There exists an almost
complex structure J which possesses non-constant J -holomorphic functions in a neighbourhood of the
origin and such that rank (NJ)x = rank (NĴ)x for all x in that neighbourhood.

The following lemma will be convenient to prove the proposition:
Lemma 5. Let F be any compact subset of C2, there exists an almost complex structure J defined on
some open neighbourhood of F such that rankC (NJ)x = 0 on F and 1 elsewhere. Moreover J admits
non-constant J -holomorphic functions in a neighbourhood of any point.

Proof. SinceF is compact, it is contained in some polydiskD(0, R) = D(0, R1)×D(0, R2)of radiusR > 0.
Let ρ : C2 → R be a smooth function vanishing on F and greater than 0 on the complement of F .5 Let
µ(z1, z2) be a solution to the non-homogeneous problem⎧⎪⎨⎪⎩∂z̄1µ(z1, z2) = ρ(z1, z2).

µ(0) = 0

inD(0, R). (Solutions to this problem are not hard to come by, for exampleµ(z1, z2) := 1
2i

∫︁
D(0,R1)

ρ(ζ,z2)
ζ−z1 dζdζ̄

is one up to constant, see Huybrechts (2005, Prop. 1.3.7).) Now consider the vector fields
X1 = ∂z̄1

X2 = ∂z̄2 + µ(z1, z2)∂z1

(1.6)
in D(0, R). By Lemma 4, X1 and X2 defines a basis for the (0, 1)-vector fields of some almost complex
structure J on D(0, R). It is clear that rankC (NC

J )x ≤ 1 with equality if and only if NC
J (X̄1, X̄2)x =

[X̄1, X̄2]
0,1 ̸= 0. We then compute

[X̄1, X̄2]
0,1 = [∂z1 , ∂z2 + µ̄ ∂z̄1 ] = (∂z1 µ̄) ∂z̄1 = ρ̄ ∂z̄1 = ρ ∂z̄1 ,

5 If existence is unclear, see Lee (2012, Thm. 2.29).
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which vanishes exactly on F . Finally, note that any holomorphic function f(z2) : D(0, R2) → C is a
solution to (1.6).

proof of Proposition 2. Notice that the locus F = {x ∈ R4 | rank (NĴ)x = 0} is closed, since NĴ is a
smooth tensor. LetD be a closed bounded disk centered at the origin. SinceD ∩F is compact, the lemma
implies that there exists an almost complex structure J defined on a neighbourhood of F ∩ D for which
rank NĴ = rankNJ on D ∩ F . After shrinking this neighbourhood, we may assume it is contained in D.

Now let x be any point in this neighbourhood. If x ∈ F , then by definition rank(NĴ)x = 0, and by
construction rank(NJ)x = 0, so the ranks agree. If x /∈ F , then rank(NĴ)x ̸= 0. In real dimension 4

the Nijenhuis tensor has only two possible ranks (more precisely, rankCNJ ∈ {0, 1}), hence rank(NĴ)x

must equal the unique nonzero value. On the other hand, the lemma gives that rank(NJ)x is nonzero at
every point outside F ∩D in its domain, and therefore it has the same nonzero value. Thus rank(NJ)x =

rank(NĴ)x for all x in this neighbourhood.

Finally, by the last statement of the lemma, J admits non-constant J -holomorphic functions in a neigh-
bourhood of every point of its domain, in particular in a neighbourhood of the origin.
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CHAPTER 2

SOME LOCAL PROPERTIES OF OJ
M

The goal of this section is to state and prove some properties of the J -holomorphic functions that will be
useful in Part II. We first describe a close relation between the fibers of a J -holomorphic functions and D∞

J .
Lemma 6 (cf. Muškarov, 1986, Lemma 2.3). Let (M,J) be an almost complex manifold. The association
V ↦→ VR is a bijection between involutive complex distributions of TMC containing TM1,0 and real distri-
butions F of TM satisfying the following properties:

i. F is J -invariant, i.e. JF ⊂ F .
ii. ImNJ ⊂ F .

iii. F is involutive.
iv. (LXJ)Y ∈ Γ(F ) for all X ∈ Γ(F ) and all Y ∈ Γ(TM).1

Remark 6. Muškarov states the result in dual form, as a bijection between closed subbundles I ⊂ T ∗M0,1

and real subbundles F ⊂ TM satisfying i.–iv. Since his argument is purely formal, it applies equally to
closed Pfaffian systems I ⊂ T ∗M0,1. Since such Pfaffian systems are in bijection with involutive complex
distributions V ⊂ TMC containing TM1,0, Lemma 6 follows.
Proposition 3 (compare with Cahen et al., 2024, Prop. 1.3). Let (M,J) be an almost complex manifold and
let D(1)

J := ImNJ . Define inductively
D(k+1)
J := D(k)

J +
∑︂

X∈D(k)
J

Im(LXJ) + [D(k)
J ,D(k)

J ].

Then D∞
J =

⋃︁∞
k=1D

(k)
J .

Remark 7. It is worth noting that if D(k)
J = D(k+1)

J for any k ∈ N, then D(k)
J = D(m)

J for all m > k. In
particular, D(∞)

J = D(k)
J (used in example 4).

Proof of proposition 3. We will show that D∞
J and ∪∞

k=1D
(k)
J are both the smallest real distribution in TM

satisfying properties i.–iv. of Lemma 6. First, it is clear that the correspondence V ↦→ VR of Lemma 6
is inclusion preserving. Since (TM1,0)∞ is the smallest involutive distribution containing TM1,0, D∞

J =

1 Recall that LXJ(Y ) = [X, JY ]− J [X,Y ]. Replacing Y by JY recovers Muskarov’s condition iv.
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((TM1,0)∞)R is the smallest involutive distribution satisfying properties i.-iv. It is shown in Cahen et al.
(2024, Prop. 1.3–1.4) that ∪∞

k=1D
(k)
J satisfies i.–iv.; the only point missing in Cahen et al. (2024) is that

∪∞
k=1D

(k)
J is the smallest such distribution. To prove this, let T be any distribution satisfying i.–iv., then

D(1)
J = ImNJ ⊂ T by ii. Suppose for induction that D(k)

J ⊂ T . Then since T is involutive (property iii.),
[D∞

J ,D∞
J ] ⊂ [T, T ] ⊂ T. Also for each X ∈ D(k)

J , ImLXJ ⊂ T by property iv. Hence
D(k+1)
J = D(k)

J +
∑︂

X∈D(k)
J

Im(LXJ)+[D(k)
J ,D(k)

J ] ⊂ T.

Theorem 3. Let (M,J) be an almost complex manifold and let f ∈ OJ
M (U) be a J -holomorphic function.

The function f is constant along D∞
J , i.e. for any X ∈ D∞

J (U), one has X(f) = 0.

Proof. We proceed by induction. We first show that X(f) = 0 for each X ∈ D(1)
J = ImNJ . Recall that

JX(f) = iX(f) for any vector field X by J−holomorphicity of f . Let X,Y ∈ Γ(TM,U),
NJ(X,Y )f = [X,Y ]f + J [JX, Y ]f + J [X,JY ]f − [JX, JY ]f

= (XY f − Y Xf) + (iJXY f + Y Xf)

+ (−XY f − iJY Xf)− (iJXY f − iJY Xf)

Each term in the last sum cancels out, soNJ(X,Y )f = 0. Suppose for induction that for allX ∈ Γ(D(k)
J , U),

X(f) = 0. Let [X,Y ] ∈ Γ([D(k)
J ,D(k)

J ], U), then [X,Y ]f = XY f − Y Xf = 0. Let X ∈ Γ(D(k)
J , U) and

Y ∈ Γ(TM,U), then
((LXJ)Y )f = [X, JY ]f − J [X,Y ]f

= iXY f − JY Xf − iXY f + iY Xf

= (iY − JY )Xf

= 0 because X(f) = 0.

It follows that f vanishes on D(k+1)
J by Proposition 3, which completes the induction step.

We then have the following local structure theorem when (M,J) is of constant type
Theorem 4. Let (M,J) be an almost complex manifold and suppose that J is of type m at a point p ∈M .
Then there exist open subsets p ∈ U ⊂M and 0 ∈ V ⊂ Cm together with a (J, i)-holomorphic surjective
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submersion π : U → V that induces isomorphisms of sheaves
π# : OCm |V → π∗OJ

M |U and π# : π−1OCm |V → OJ
M |U . (2.1)

Moreover, ker dπp = (D∞
J )p for each p ∈ U .

Corollary 2. If (M,J) is an almost complex manifold and J is of type m at p ∈M , then OJ
M,p

∼= OCm,0.

Proof. Since π# : π−1OCm |V → OJ
M is an isomorphism, it induces isomorphisms on stalks, which gives

the conclusion since (π−1OCm)p = OCm,π(p).
Remark 8. The second isomorphism in (2.1) implies that π is a flat2 morphism of locally ringed spaces.

Proof of Theorem 4. Since J is of type m at p, there exist exactly m linearly independent J -holomorphic
functions in a neighbourhood of p. Let f1, ..., fm be such functions. By adding constants if necessary, we
can assume that f i(p) = 0 for each i = 1, . . . ,m. Note that the maps f i remain linearly independent in a
neighbourhood U of p. These functions define a submersion π : U → Cm where π = (f1, . . . , fm). Since
π is a submersion, its image, denoted V , is open. If necessary, shrink the domain U of π so that all the
fibres of π are connected (this is possible because of the local form of a submersion). Since π : U → V is
surjective, it induces an injective morphism of sheaves of rings π# : OCm |V → π∗OJ

M |U . To prove that this
morphism is surjective, it suffices to check that the map is surjective at the level of stalks. This translates into
the following lifting problem: for every p ∈M and every section φ ∈ OJ

M (π−1(W )) where p ∈W ⊂ V is
open, we must show there exists a perhaps smaller open subset p ∈ W ′ ⊂ W and a unique holomorphic
map ψ :W ′ → C such that:

(π−1(W ′), J) (W ′, i)

(C, i)

π

φ
∃! ψ

(⋆)

commutes. We will instead solve a slightly more general lifting problem. For every p ∈ M and every
section φ ∈ OJ

M (U ′) where p ∈ U ′ ⊂ U is open and π−1(x) ∩ U ′ is connected for each x ∈ π(U ′), we
show that there exists a holomorphic map ψ such that the diagram

(U ′, J) (π(U ′), i)

(C, i)

π

φ
∃! ψ

(⋆⋆)

2 See The Stacks Project Authors (2024) for the definition and basic properties of flatness. This is used in Part 2, §4.6.
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commutes. (Solving (⋆⋆) implies solving (⋆): given φ ∈ OJ
M (π−1(W )), it suffices to let W ′ := W and

U ′ := π−1(W ))

Let z ∈ π(U ′), we claim that φ|π−1(z) is constant. Since z is a regular value of π and π−1(z) ∩ U ′ is
connected, it suffices to show that Tpπ−1(z) = ker(dπp) is a subset of ker(dφp) for each p ∈ π−1(z).
Observe that since φ is J -holomorphic, it is functionally dependent on f1, ..., fm for each p ∈ U . More
precisely, there are smooth functions a1, ..., am ∈ C∞(U) such that dφp =

∑︁
i ai(p)df

i
p. It follows that

ker(dπp) = ∩ni=1 ker(df
i
p) ⊂ ker(dφp). The map ψ : W → C defined by ψ(z) = φ(p) where p ∈ π−1(z)

is then well defined.

To see that ψ is smooth near any z ∈W , let s be a smooth local section3 of π defined on a neighbourhood
of z. From the relation ψ ◦ π = φ, we get ψ = φ ◦ s on a neighbourhood of z. The map φ ◦ s is smooth
so ψ is smooth. Finally, to check that ψ is holomorphic, let X ∈ TpW and Y ∈ TqU , where π(q) = p and
dπqY = X . We have

dψp(iX) = dψpdfq(JY ) by J -holomorphicity of π
= idψpdfq(Y ) by J-holomorphicity of φ
= idψp(X)

which yields the holomorphicity of ψ. We conclude that π# : OCm |V → π∗OJ
M |U is an isomorphism.

We are left to show that π# : π−1OCm → OJ
M is an isomorphism. Let U ′ be an open subset of M , since

π is open, π−1OCm(U ′) = OCm(π(U ′)) and π#(φ) = φ ◦ π for any φ ∈ π−1OCm(U ′). Injectivity of π#
is obvious, and surjectivity follows directly from the lifting problem (⋆⋆) which we solved. Finally, to show
that ker dπp = (D∞

J )p, observe that Theorem 3 implies that ker dπp ⊂ (D∞
J )p. Since J has constant type,

(TM1,0)∞ is regular and thus Corollary 1 implies that D∞
J is also regular with rank (D∞

J )x = 2(n−m), but
also rank(ker dπx) = 2(n−m) and we conclude (ker dπx) = (D∞

J )x.

To end the section, we remark the following property of J -holomorphic functions:
Lemma 7 (Unique continuation). Let (M,J) be an almost complex manifold (J need not be of constant

3 This is a smooth map s defined in a neighbourhood of z such that π ◦ s = Id. Existence is proven using the standard local form
of a submersion.
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type). Let f ∈ OJ
M (U) where U ⊂ M is a connected open subset and suppose that f vanishes to infinite

order at a point p ∈ U . Then f ≡ 0 on U .

Since we will not be using this result, we defer its proof to Appendix A. It follows that OJ
M is an integral

sheaf of rings and thus, there is a well-defined notion of sheaf of meromorphic functions on any almost
complex manifold.
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CHAPTER 3

BASIC DOLBEAULT COHOMOLOGIES

There are two closely related Dolbeault-type cohomology theories that are concerned with complex struc-
tures on distributions in the literature. The first was introduced by El Kacimi-Alaoui (1990), and three
decades later, a second theory was proposed by Cahen et al. (2024).

The two theories are built following the same steps: one starts with a manifold equipped with an involutive
distribution (M,D) and defines the data of a “complex structure transverse toD”. Such a complex structure
is designed so that ∂̄ ◦ ∂̄ = 0 on complex valued D-basic forms. The Dolbeault-type cohomology is then
obtained by taking the cohomology of ∂̄ on the algebra of D-basic forms.

The two theories do not generally agree. The fundamental differences are as follow:

EL. Kacimi Cahen-Gutt-Gutt
Hypotheses on D

Regular,
Riemannian None

The complex transverse structure
is an endomorphism of TM/D TM

The theory of El Kacimi-Alaoui (1990) is easily generalized so that no hypotheses are assumed on D. Then
CGG’s construction becomes a special case of EL. Kacimi’s. Since EL. Kacimi’s work is not mentioned in CGG’s
more recent work, we explain how the two theories are related in Section 3.1.

3.1 Basic Dolbeault Cohomology
Let D be an involutive distribution on a smooth manifold M . If D is regular then Q := TM/D is a smooth
vector bundle. Notice that because D is involutive, the Lie brackets [ , ] of Γ(TM) descend to a R-bilinear
map [ , ] : Γ(D)×Γ(Q) → Γ(Q). El Kacimi-Alaoui (1990) defines a transverse almost complex structure to
be a bundle morphism J : Q → Q which is holonomy invariant, i.e., LXJ(Y ) := [X, JY ]− J [X,Y ] = 0

for all X ∈ D, Y ∈ Γ(Q). The Lie brackets [ , ] of Γ(TM) do not descend to a R-bilinear map [ , ] :
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Γ(Q)×Γ(Q) → Γ(Q), but the Nijenhuis tensorNJ does, by holonomy invariance of J . EL. Kacimi defines
a transverse complex structure to be a transverse almost complex structure for which NJ vanishes.

We now generalize these definitions to non-regularD. The issue to overcome is thatTM/D is not a smooth
vector bundle (it may have non-constant rank). The classical way to handle this is to enlarge the category to
that of sheaves of C∞

M -modules. We thus let TM be the sheaf of sections of TM and identify D with
its sheaf of sections. We let Q be the quotient sheaf TM/D. Note that since we are assuming M is
paracompact, and that TM and D are sheaves of C∞

M -module, the presheaf U ↦→ Γ(U, TM)/Γ(U,D)

is a sheaf (without requiring sheafification) and is canonically isomorphic to Q. The Lie brackets [ , ] of
TM are regarded as a morphism of sheaves TM × TM → TM and descend to a R-bilinear morphism
[ , ] : D ×Q → Q. Then we define:
Definition 4. A transverse almost complex structure on (M,D) is a morphism of C∞(M,R)-modules J :

Q → Q such that for all open setsU ofM , JU◦JU = −IdU . We also require that J be holonomy invariant,
meaning that the morphism [ , J ]− J [ , ] : D ×Q → Q is equal to the zero morphism.

Given a transverse almost complex structure J , we can define the Nijenhuis tensor NJ( , ) : Q×Q → Q

in the evident way. It is again well defined by holonomy invariance of J .
Definition 5. A transverse complex structureJ on (M,D) is a transverse almost complex structure for which
NJ is equal to the zero morphism.
Remark 9. Whenever D is regular, our definition of a transverse complex structure agrees with the one
given by El Kacimi-Alaoui (1990).
Remark 10. Cahen et al. (2024) defines a transverse complex structure as follow: Denote byΓ(D) the global
sections ofD. A transverse complex structure is an endomorphism J of TM such that (i) J(Γ(D)) ⊂ Γ(D),
(ii) J2Y + Y ∈ Γ(D), (iii) [X, JY ] − J [X,Y ] ∈ Γ(D) for all X ∈ Γ(D) and all Y ∈ Γ(TM), and (iv)
NJ(U, V ) ∈ Γ(D) for all U, V ∈ Γ(TM). Since D and TM are fine sheaves over paracompact spaces,
conditions (i-iv) automatically holds for sections over arbitrary open subset of M . Then conditions (i-iii)
imply that J descends to a transverse almost complex structure J : Q → Q (in the sense of Definition 4)
and condition (iv) implies that J : Q → Q is a transverse complex structure.

We now define Basic Dolbeault cohomology. The construction is very similar to the usual Dolbeault co-
homology. We only have to be careful that everything carries over to possibly singular distributions. Let
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QC := Q⊗ C. This fits canonically in the exact sequence
0 → D ⊗ C → TM ⊗ C → QC → 0.

Lemma 8. Let (M,D) be a smooth manifold equipped with an involutive distribution and J a transverse
almost complex structure. There is a direct sum decomposition QC ∼= Q1,0⊕Q0,1 ofC∞

M,C−modules such
that the C-linear extension of J acts as multiplication by i (resp. −i) on Q1,0 (resp. Q0,1).

Proof. Observe that Q1,0(U) := {X − iJX |X ∈ Q(U)} ⊂ QC(U) (and Q0,1 defined analogously) is a
sheaf of C∞

M,C-modules and gives the desired direct-sum decomposition.
Definition 6. For a transverse almost complex structure J on (M,D), we define the sheaves of C∞

M,C-
modules

An
Q :=

n⋀︂
(QC)

∗ and Ar,s
Q :=

r⋀︂
(Q1,0)∗ ⊗

s⋀︂
(Q0,1)∗

Lemma 9. There is a direct sum decomposition of C∞
M,C−modules

An
Q

∼→
⨁︂
r+s=n

Ar,s
Q

It follows that there are canonical morphisms ofC∞
M,C-modules given by projections : Πr,s : Ar+s

Q → Ar,s
Q .

Proof. We have to be slightly careful since such decomposition is generally proven over vector bundles via
an argument relying on the finite dimensional vector space structure of the fibres. First there is a bilinear
morphism of sheaves

(Q1,0)∗⊕(Q0,1)∗ × · · · × (Q1,0)∗⊕(Q0,1)∗⏞ ⏟⏟ ⏞n times
→

⨁︂
n=r+s

Ar,s
Q

given on an open set U by mapping (x1 + y1, ..., xn + yn) to∑︁
I+J={1,...,n}(−1)σ(I,J)xI ∧ yJ where xI = xi1 ∧ · · · ∧ xi|I| (similarly for yJ ) and σ(I, J) is the number

of transpositions needed to order the xij and yij in a sequence such that the indices ij are in increasing
order (e.g. y1 ∧ x2 ∧ x3 ∧ · · · ∧ yn). The universal property of tensor product then gives a morphism
An

Q→
⨁︁

r+s=nA
r,s
Q . We can check that this is an isomorphism at the level of stalks, which reduces the

problem to the statement that if M and N are k-modules where k is a commutative ring, then the map
(x+ y) →

∑︁
I+J={1,...,n}(−1)σ(I,J)xI ∧ yJ induces an isomorphism of modules

Λp(M ⊕N) →
⨁︁

m+n=p

(︁
ΛmM ⊗ ΛnN

)︁. This is well known (see Bergman, 1997, Thm. 7).
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Definition 7. Let (M,D) be a smooth manifold with an involutive distribution D. Given ω ∈ Γ(Ak
Q, U) ,

Y ∈ Γ(DC, U) and X1, ..., Xk ∈ Γ(Q, U), we let
LY ω := Y (ω(X1, ..., Xk))−

k∑︂
i=1

ω(X1, . . . , [Y,Xi], . . . , Xk)

Where [ , ] is the bracket [ , ] : DC ×QC → QC.
Definition 8. Let (M,D) be a smooth manifold with an involutive distribution. The sheaf of basic p-forms
Ap
B is given by

Ap
B(U) := {ω ∈ Ap

Q(U) : LXω = 0 for all X ∈ D(U)}.

If J is a transverse almost complex structure on (M,D), then the sheaf of basic (r, s)−forms is given by
Ar,s
B := Ar,s

Q ∩ Ar+s
B .

Definition 9. We define the exterior derivative d on Ap
B to be the morphism of sheaves (of abelian groups)

d : Ak
B → Ak+1

B given by the invariant formula: if ω ∈ Ak
B(U) and X1, . . . , Xk+1 ∈ Q(U), then

dω(X1, . . ., Xk+1) :=
∑︂

1≤i≤k+1

(−1)i−1Xi(ω(X1, . . .,ˆ︂Xi, . . ., Xk+1))

+
∑︂

1≤i<j≤k+1

(−1)i+jω([Xi, Xj ], X1, . . .,ˆ︂Xi, . . .,”Xj , . . ., Xk+1),
(3.1)

We then let ∂ := Πr+1,s ◦ d and ∂̄ := Πr,s+1 ◦ d.

Note that d is well defined on A•
B by holonomy invariance of the basic forms (although one cannot define

d on AQ using equation (3.1)).
Lemma 10. Ifω is a basic k-form (resp. (r, s)-form) then dω is a basic k+1-form (resp ∂̄ω is a (r, s+1)-form).
Thus the morphisms d : Ak

B → Ak+1
B and ∂̄ : Ar,s

B → Ar,s+1
B are well defined.

Proof. First, note that Cartan’s formulaLY ω = ιY dω+dιY ω holds. It follows from a symbolic computation
using definition ofL and d. Then ifLXω = 0, we have dιXω = −ιXdω andLXdω = dιXdω = −ιXddω =

0. To show that ∂̄ω is basic whenever ω ∈ Γ(Ar,s
B , U), observe that 0 = LXdω = LX ∂̄ω + LX∂ω so it

suffices to show that LX ∂̄ω (resp. LX∂ω) is a (r, s+1)-form (resp. a (r+1, s)-form) for eachX ∈ Γ(D, U).
Start with LX ∂̄ω. we must check that LXω(X1, ..., Xp+q+1) = 0 where the Xi’s are either (1, 0) or (0, 1)
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vector and the number of (1, 0)-vector is not equal to p. AssumeX1, ..., Xk are of type (1, 0) where k ̸= p.
Then

LX ∂̄ω(X1, .., Xp+q+1)=X(∂̄ω(X1, .., Xp+q+1)) +

k∑︂
i=1

∂̄ω(X1, .., [X,Xi], .., Xp+q+1)

we claim that [X,Xi] is of type (1, 0) (resp. (0, 1)) if Xi is of type (1, 0) (resp. (0, 1)). Indeed, since J is
holonomy invariant, we have 0 = (LXJ)Xi = [X,JXi] − J [X,Xi], so that if Xi is of type (1, 0), then
J [X,Xi] = [X, JXi] = i[X,Xi] (and similarly for type (0, 1)). It immediately follows that
LX ∂̄ω(X1, ..., Xp+q+1) = 0, yielding the conclusion. (The proof that LX∂ω is a (r+1, s)-form is analo-
gous)
Remark 11 (Basique DeRham cohomology). Since dB := d : Ak(M) → Ak+1(M) is defined by the same
invariant local formula as the ordinary exterior derivative, it satisfies dB ◦ dB = 0. We therefore obtain the
basic de Rham cohomology groups

Hk
B(M) =

ker
(︁
dB : Ak(M) → Ak+1(M)

)︁
im
(︁
dB : Ak−1(M) → Ak(M)

)︁ .
Lemma 11. Let J be a complex transverse structure on (M,D). Then ∂̄ ◦ ∂̄ = 0 as a morphism Ar,s

B →

Ar,s+2
B .

Proof. First note that d ◦ d = 0. This follows directly from our definition of d which mimics the invariant
formula for the usual exterior derivative. From the definition of d and the fact that [X,Y ]0,1 = 0 for
all X,Y ∈ Γ(TM1,0, U), it is clear that d(Ar,s

B (U)) ⊂ Ar+1,s
B (U)⊕Ar,s+1

B (U) for each open U . Then,
d = ∂̄ + ∂ and since d ◦ d = 0, we get ∂̄∂̄ = ∂∂ = ∂̄∂ + ∂∂̄ = 0 by comparing degrees.
Definition 10. Given a manifold M and an almost complex transverse structure (J,D) on M , we let the
sheaf of basic holomorphic forms be ΩrB(U) := Ar,0

B (U) ∩ ker(∂̄)(U).
Definition 11. The (r, s)-th basic Dolbeault cohomology group of M with respect to an involutive distri-
bution D and a complex transverse structure J is the s-th cohomology group of the complex (Ar,•

B , ∂̄•),
denoted Hr,s

B (M). (The complex transverse structure will always be understood from the context).
Lemma 12. Let (M,J) be an almost complex manifold, then J descends to an endomorphism of TM/D∞

J

which is a transverse complex structure for (M,D∞
J ) (c.f. Definition 5).
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Proof. SinceD∞
J = (TM1,0)∞R , Lemma 6 implies that i)JD∞

J ⊂ D∞
J , ii) ImNJ ⊂ D∞

J and iii) (LXJ)(Y ) ∈

D∞
J for all X ∈ D∞

J , Y ∈ Γ(TM). Then i) implies that J descends to the quotient TM/D∞
J , and ii-iii)

imply that J is a transverse complex structure for D∞
J .

Definition 12 (Basic Cohomology of an Almost Complex Manifold). Let (M,J) be an almost complex mani-
fold. SinceJ is a complex transverse structure forD∞

J , we have induced basic Dolbeault cohomology groups
Hr,s
B (M). These are the basic Dolbeault Cohomology groups of (M,J). The foliation D∞

J together with the
basic exterior derivative also induces cohomology groupsHk

B(M) (Remark 11) which we call Basic DeRham

cohomology groups of (M,J)

Remark 12. In the setting of the previous definition, it is not hard to see that Hr,s
B (M) is canonically iso-

morphic to the “transverse Dolbeault Cohomology” of Cahen et al. (2024). This is what we meant by CGG’s
theory being a special case of EL. Kacimi’s theory, once extended to non-regular distributions.
Remark 13 (Cahen et al. (2024), Prop. 3.5.). Let (M,J) be an almost complex manifold. Assume that the
distribution D∞

J is regular and that the leaf space M/D∞
J is a smooth manifold. Then J descends to an

integrable complex structure on M/D∞
J , and the projection π :M →M/D∞

J induces an isomorphism
π∗ : Hr,s(M/D∞

J ) ∼= Hr,s
B (M).

(Used in Example 7).

3.2 Harmonic theory for basic (r, s)-forms
Given any almost complex manifold (M,J) and r, s, k ∈ N, we explained in the previous section how to
construct the associated basic de Rham cohomology Hk

B(M) and basic Dolbeault cohomology Hr,s
B (M).

The goal of the next three sections is to pinpoint a set of conditions on (M,J) under which these two
cohomology theories are related by a Hodge decomposition, namely,

Hk
B(M) ∼=

⨁︂
r+s=k

Hr,s
B (M).

Our approach is to determine a minimal set of conditions that must be imposed on J in order for the theory
of basic harmonic (r, s)-forms developed by El Kacimi-Alaoui (1990) to apply to the distribution D∞

J . The
purpose of this section and the next is to review the relevant aspects of El Kacimi-Alaoui’s theory of basic
harmonic (r, s)-forms.
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Recall that a Riemannian foliation on a smooth manifold M is the data of a pair (F , gM ) where F is an
involutive regular distribution1 together with a metric gM on M which is bundle-like. This means that the
metric gQ on Q = TM/F induced by gM is holonomy invariant :

LY gQ(X1, X2) = Y (gQ(X1, X2))− gQ([Y,X1], X2)− gQ(X1, [Y,X2]) = 0

for all Y ∈ Γ(F) and X1, X2 ∈ Γ(Q). As a convention, we let p := rankR F and q := dimM − p. The
foliation F is transversely orientable if there exists a nowhere vanishing smooth global section of ∧qQ∗. If
M is oriented and F is transversely oriented, we define the characteristic form χF to be the global form
locally given by e1 ∧ · · · ∧ ep where e1, ..., ep, ep+1, ..., ep+q is an oriented orthonormal co-frame adapted
to F .

LetM be oriented and compact, and F be transversely oriented. The first step in building a theory of basic
harmonic forms is to build an adjoint operator d∗B to dB with respect to the L2-inner product on A•

B(M)

defined by
⟨α, β⟩B =

∫︂
M
gQ(α, β)volM for α, β ∈ Ap.

To construct d∗B we need two ingredients. First, over A•
B , we have a Hodge star ∗̄ : Ar

B → Aq−r
B defined

by the relation:
gQ(α, β) volM = α ∧ ∗̄β ∧ χF .

It is not hard to check that ∗̄β = (−1)p(q−r)∗(β∧χF ), where ∗ is the usual Hodge-star operator. Second let
∇M be the Levi-Civita connection of (M, gM ) and let E1, . . . , Ep, Ep+1 . . . , Ep+q be a local orthonormal
frame adapted to F . The mean curvature vector field of F is locally given by

H :=

p∑︂
i=1

(∇M
Ei
Ei)

⊥gM

and the mean curvature of F is defined as the 1-form κ(X) := H♭(X) = gQ(H,X). The formal adjoint of
d∗B is then given by:
Theorem 5 (Tondeur, 1997, Thm. 7.10). The formal adjoint of dB in A•

B with respect to ⟨ , ⟩B is given by
δBβ := (−1)q(r+1)+1∗̄(dB − κ∧)∗̄β

where κ∧ is to be understood as the operator ω ↦→ κ ∧ ω. This means that the relation ⟨dBα, β⟩B =

⟨α, δBβ⟩B is satisfied for each α ∈ Ak−1
B and β ∈ Ak

B .

1 We use the letter F to follow the standard notation of the theory of Riemannian foliations (see e.g., Tondeur, 1997; El Kacimi-
Alaoui, 1990).
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The basic Laplacian ∆B : A•
B → A•

B is defined by ∆B := δBdB + dBδB . We define the space of basic
harmonic forms to be H•

B := ker∆B .
Theorem 6 (Tondeur, 1997, Thm. 7.22). Let (F , gM ) be a transversely oriented Riemannian foliation on a
compact oriented manifold M . Assume that κ ∈ Γ(A1

B). Then there is a decomposition into mutually
orthogonal subspaces

Ar
B
∼= im dB ⊕Hr

B ⊕ im δB

with finite-dimensional Hr
B .

In particular the space of basic harmonic forms recovers the basic cohomology: H•
B

∼
↪→ H•

B(M).

We now explain a similar decomposition in Basic Dolbeault Cohomology.
Definition 13. Let M be a smooth manifold. A Hermitian foliation is a triple (F , gM , J) such that (F , gM )

is a Riemannian foliation, J a transverse complex structure on F and gQ is compatible with J , meaning
gQ(J , J ) = gQ( , ).

Let M be a smooth manifold together with a Hermitian foliation (F , gM , J). We are interested in the
basic Dolbeault cohomology Hr,s

B (M) of M with respect to the foliation F . We again let p = rankF and
q := dimM − p. Notice that since Q is naturally isomorphic to the normal bundle ν(F) of F , basic forms
can be understood as holonomy-invariant sections of ⋀︁• ν(F)∗. Let M be oriented. Since (M,F , gM , J)

is Hermitian, ν(F) is orientable. A choice of orientation on ν(F) then determines a characteristic form χF

on F . We let ( , ) denote the Hermitian product induced by gQ on QC ∼= ν(F)C. Since ν(F) admits an
endomorphism J squaring to −Id, dim ν(F) is even, and we let 2t = dim ν(F). Letting ∗ be the usual
Hodge star operator with respect to gM , we may define a C-linear operator ∗̄ : Ar,s

B → At−r,t−s
B by the

relation
α ∧ ∗̄β̄ = (α, β) ∗ χF where α, β ∈ Ar,s

B .

It is not hard to see that ∗̄ is just the C-linear extension of the real star ∗̄ defined in the Riemannian setting.
It is clear that ∗̄∗̄β = (−1)r+sβ for any β ∈ Ar,s

B . As in section 3.1, we let ∂B (resp. ∂̄B) be the restriction
of ∂ : Ar,s

Q → Ar+1,s
Q (resp. ∂̄) to the space of basic (r, s)-forms. Define a Hermitian inner product on A•

B

by
(α, β)B :=

∫︂
M
(α, β) VolM , where α, β ∈ Ap

B(M).
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Note that equation (3.2) implies (α, β)B =
∫︁
M α∧∗̄β̄∧χF . Analogously to the riemannian case, we have a

formal adjoint ∂̄∗B of ∂̄B with respect to ( , )B . Let κ be the mean curvature 1-form of F . It extends linearly
to a section ofT ∗MC. We letκ0,1 = 1

2(κ+iJκ) be theC-anti-linear component ofκ and k1,0 = 1
2(κ−iJκ)

the C-linear component of κ.
Proposition 4 (Compare with Jung and Richardson, 2017, p. 9). In the above setting, the formal adjoint of
∂̄B and ∂B with respect to ( , )B are given by

∂̄∗Bα = −∗̄(∂B − κ1,0B ∧)∗̄ and ∂∗Bα = −∗̄(∂̄B − κ0,1B ∧)∗̄.

We let the ∂̄B-Laplacian be defined as ∆∂̄B
:= ∂̄B ∂̄

∗̄
B + ∂̄∗̄B ∂̄B , and the corresponding space of harmonic

forms be Hr,s
B := ker∆∂̄B

∩ Ar,s
B . Then we have the following theorem:

Theorem 7 (El Kacimi-Alaoui (1990), Thm. 3.3.3). Let M be a compact manifold and (F , gM , J) be a Her-
mitian foliation on M . Fix a transverse orientation of F . Then Hr,s

B is finite dimensional and Ar,s
B =

Im ∂̄B ⊕Hr,s
B ⊕ Im ∂̄∗̄B .

In particular, the map sending a harmonic basic form ω to its cohomology class [ω] induces an isomorphism
Hr,s
B

∼→ Hr,s
B (M).

3.3 Hodge Theory on basic (r, s)−forms
We recall a version of the Hodge decomposition theorem for Riemannian foliations, first established by
El Kacimi-Alaoui (1990); see Jung and Richardson (2019) for a modern perspective. In the classical setting,
the Hodge decomposition

Hk
dR(M ;C) ∼=

⨁︂
p+q=k

Hp,q

∂̄
(M)

holds on compact Kähler manifolds (M,J, g, ω). It may fail for a general Hermitian metric because the
Kähler identities (equivalently dω = 0) are needed to obtain

∆d = 2∆∂̄ ,

so that ∂̄-harmonic forms are also d-harmonic.

By analogy, in the transverse setting one expects to require that the transverse fundamental form ω(·, ·) =

g(J ·, ·) be closed. However, the basic adjoints involve additional mean-curvature terms, and these obstruct
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the identification of the basic Laplacian with the Dolbeault Laplacian. Consequently, to recover the relation
∆dB = 2∆∂̄B

(and hence a Hodge-type decomposition), one must also assume that the foliation is minimal:
Definition 14 (Minimal foliation). Let (M,F , gM ) be a Riemannian foliation. It is minimal if its mean cur-
vature one-form κ (defined in Section 3.2) vanishes, i.e. κ = 0.
Definition 15. Given a compact smooth manifold M and a Hermitian foliation (F , gM , J), we say that the
foliation F is Kähler if the form ω := gQ(J , ) is closed (i.e. dω = 0). (Recall that gQ is the metric induced
by gM on Q = TM/F )

For a Kähler foliation with minimal leaves, the usual Kähler identities admit transverse analogues; see
(El Kacimi-Alaoui, 1990, p. 96). They can be used to prove:
Proposition 5 (El Kacimi-Alaoui, 1990, Prop. 3.4.5). LetM be a compact manifold and (F , gM , J)be a Kähler
foliation on M with minimal leaves. After fixing a transverse orientation of F . Then we have ∆B = 2∆∂̄B

.

From which the following theorem follows:
Theorem 8 (El Kacimi-Alaoui, 1990, Prop. 3.4.6). Let M be a compact manifold and let (F , gM , J) be a
Kähler foliation onM with minimal leaves. Fix a transverse orientation of F . Given a ∆B-basic harmonic r-
form α, the projections Πr,sα ∈ Ar,s

B are harmonic as well. Then the Theorems 6 and 7 imply the following
basic Hodge decomposition

Hk
B(M) =

⨁︂
r+s=k

Hr,s
B (M).

3.4 Transversely Kähler manifolds
One might hope that for any compact almost Kähler manifold (M,J, g), the distribution D∞

J determines a
Kähler foliation with minimal leaves, so that the Hodge-theoretic tools of Sections 3.2 and 3.3 apply. How-
ever, this is not the case in general (see Example 6). The first goal of this section is to identify the minimal
set of assumptions on D∞

J under which Theorems 7 and 8 (Hodge decomposition) apply to the basic coho-
mology groups Hr,s

B (M) associated to D∞
J . A priori, two assumptions are required:
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1. the triple (D∞
J , g, J) defines a Kähler foliation (in particular D∞

J must be regular);
2. the foliation associated with D∞

J is minimal.

We show in Proposition 6 that assumption (1) already imply (2). After giving an alternative characterization
of assumption (1) in Proposition 7, we define a transversely Kähler manifold (Definition 16) to be an almost
Kähler manifold satisfying (1). The Hodge theory of El Kacimi-Alaoui for transversely Kähler manifolds will
then allow us to prove the main theorems of this thesis (Theorems 9 and 10).

The following lemma is classical and we give its proof in Appendix B.
Lemma 13. Let (M, g, J) be an almost Kähler manifold, and suppose that ι : N ↪→ M is a J -invariant
immersed submanifold in the sens that J(TN) ⊂ TN . Then, the mean curvature of N vanishes.

Under the regularity assumption (1), the leaves ofD∞
J are immersed J -invariant submanifolds. We deduce:

Proposition 6. Let (M, g, J) be an almost Kähler manifold such that D∞
J is regular and (D∞

J , g, J) is a
Kähler foliation. Then the mean curvature H of D∞

J vanishes (i.e., D∞
J is minimal).

Proof. Let L be a leaf of D∞
J . Since D∞

J is regular and J -invariant, we have
TqL = (D∞

J )q for all q ∈ L,

and in particular TL is J -invariant and thus has vanishing mean curvature by Lemma 13. Denoting by HL

the mean curvature vector field of the leaf L, it follows that HL ≡ 0. By definition of the mean curvature
of a foliation (defined in section 3.2), the mean curvature H of D∞

J coincides pointwise with the mean
curvature of its leaves. Hence H ≡ 0.
Proposition 7. Let (M, g, J) be an almost Kähler manifold of constant type with ω := g(J , ). The follow-
ing statements are equivalent:

1. (D∞
J , J, g) is a Kähler foliation.

2. LXg(Y, Z) = 0 for all X ∈ D∞
J , Y,Z ∈ ν(D∞

J ).
3. LXω(Y, Z) = 0 for all X ∈ D∞

J , Y,Z ∈ ν(D∞
J ).
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4. ν(D∞
J ) is involutive.

Proof. (1) ⇔ (2). Immediate from the definition of Kähler foliation.
(2) ⇔ (3). Let X ∈ D∞

J , Y,Z ∈ ν(D∞
J ) and compute:

LXω(Y, Z) = X(ω(Y,Z))− ω([X,Y ], Z)− ω(Y, [X,Z])

= X(g(JY, Z))− g(J [X,Y ], Z)− g(JY, [X,Z])

+
(︁
g([X,JY ], Z)− g([X, JY ], Z)

)︁
= LXg(JY, Z) + g([X, JY ]− J [X,Y ], Z)

= LXg(JY, Z) + g((LXJ)Y, Z) (†)
Then, by definition of D∞

J , one has (LXJ)Y ∈ D∞
J for all X ∈ D∞

J , so that g((LXJ)Y, Z) = 0, since
Z ∈ ν(D∞

J ). Note also that J ν(D∞
J ) ⊂ ν(D∞

J ), since
g(X, JY ) = g(JX,−Y ) = 0 for all X ∈ D∞

J and Y ∈ ν(D∞
J ).

The equality (†) then gives LXω(Y, Z) = 0 for all Y, Z ∈ ν(D∞
J ) if and only if LXg(Y, Z) = 0 for all

Y,Z ∈ ν(D∞
J ), yielding the conclusion.

(3) ⇒ (4). Since dω = 0, Cartan’s formula implies
0 = LXω(Y, Z) = d(ιXω)(Y, Z)

= Y ω(X,Z)− Zω(X,Y )− ω(X, [Y,Z])

= −ω(X, [Y, Z])

= −g(JX, [Y,Z])

Since this holds for all X ∈ D∞
J , we get [Y, Z] ∈ ν(D∞

J ), i.e. ν(D∞
J ) is involutive.

(4) ⇒ (3). Let X,Y, Z be as above. Involutivity of ν(D∞
J ) implies that Y ω(X,Z) = Zω(X,Y ) =

ω([Y, Z], X) = 0, and thus
0 = dω(X,Y, Z) = Xω(Y,Z) +�����

Y ω(Z,X) +�����
Zω(X,Y )

− ω([X,Y ], Z)−˂˂˂˂˂˂
ω([Y, Z], X)− ω([Z,X], Y )

= LXω(Y, Z)
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Remark 14. If D∞
J is not of constant type, then assertions (2)–(4) in Proposition 7 remain equivalent. The

constant type assumption is only needed to ensure that (D∞
J , J, g) defines a Kähler foliation.

Definition 16 (Transversely Kähler Manifold). We say that an almost Kähler manifold (M,J, g) is trans-

versely Kähler if
1. D∞

J is regular (equivalently J is of constant type).
2. The complement ν(D∞

J ) is involutive.
Example 3. Any Kähler manifold is a transversely Kähler manifold, since in this case, ν(D∞

J ) = TM . Thus
transversely Kähler manifolds fits in the chain of inclusion

{Kähler} ⊂ {Transversely Kähler} ⊂ {Almost Kähler}
Example 4 (Kodaira-Thurston Torus). We denote byH , the 3-dimensional Heisenberg Lie group, defined as
the group of matrices of the form

H =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
á

1 b c

0 1 a

0 0 1

ë ⃓⃓⃓⃓
⃓⃓⃓⃓
⃓ a, b, c ∈ R

⎫⎪⎪⎪⎬⎪⎪⎪⎭
we define the Kodaira-Thurston as KT := H ×R/HZ × Z. The space H ×R comes with a group structure
given by Ñ

A 0

0 d

é
·

Ñ
A′ 0

0 d′

é
=

Ñ
AA′ 0

0 d+ d′

é
.

The space HZ × Z ⊂ H × R is the subgroup of H × R for which a, b, c, d ∈ Z. H × R is endowed with
the Euclidean topology, so HZ × Z is a discrete subgroup of H × R. The Lie algebra of H × R has a basis
of four elements X1, X2, X3, X4 ∈ Lie(H × R) subject to the relations (for i < j)

[Xi, Xj ] =

⎧⎪⎨⎪⎩X3 if i = 1 and j = 2

0 otherwise
(†)

Since HZ×Z is discrete, these vector fields descend to a global frame on KT . We define a left-invariant
almost complex structure on KT by letting

JX1 := −X4 and JX3 := −X2.
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A straightforward verification shows that Im(NJ) = ⟨X3, X2⟩. To see that D∞
J = Im(NJ), it suffices to

check that Im(NJ) = D(0)
J = D(1)

J (cf. remark 7). By proposition 3,
D(1)
J = Im(NJ) +

∑︂
X∈Im(NJ )

Im(LXJ) + [Im(NJ), Im(NJ)]

Clearly, (†) implies [Im(NJ), Im(NJ)] = 0. It is not hard to see that (LXjJ)Xi ∈ Im(NJ) for each i = 1, 2

and j = 1, .., 4. Since L( )J( ) is C∞(KT )-bilinear, it implies that ∑︁X∈Im(NJ )
Im(LXJ) ⊂ Im(NJ) and

hence D(1)
J = Im (NJ). We thus see that (KT, J) has constant type 1. We let x1, . . . , x4 ∈ Lie(H × R)∗

be the left-invariant dual basis of X1, ..., X4. The xi’s again descend to a global coframe on KT . It is easy
to check that dx1 = dx2 = dx4 = 0 and dx3 = x2 ∧ x1. We let ω := x1 ∧ x4 + x2 ∧ x3. A straight
forward computation shows dω = 0 and ω(J , J ) = ω( , ) so (KT, J, ω) is an almost Kähler manifold.
The induced compatible metric g is given by g =

∑︁4
i=1 xi⊗xi and thus the orthogonal complement ν(D∞

J )

of D∞
J is given by ⟨X1, X4⟩. Since [X1, X4] = 0, ν(D∞

J ) is involutive and thus (KT, g, J) is transversely
Kähler.

We now study the leaf space of the foliation associated with D∞
J . Let e be the identity matrix and note that

the Lie algebra Lie(H × R) ∼= Te(H × R) is explicitly given as the subspace of M(4,R) spanned by

X1 =

Å
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

ã
, X2 =

Å
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

ã
, X3 =

Å
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

ã
and X4 =

Å
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

ã
.

Then D∞
J is the subspace of T (H × R) given by left translations of the subspace

(D∞
J )e =

≠Å
0 0 b 0
0 0 c 0
0 0 0 0
0 0 0 0

ã
: b, c ∈ R

∑
⊂ Te(KT ).

Given A ∈ H × R, we let [A] ∈ KT be the projection onto KT. It is straightforward to verify that the leaf
of D∞

J through [A] is given by L[A] = {[A + V ] : V ∈ (D∞
J )e} ⊂ KT . We claim that the leaf space is a

2-torus R2/Z2. To see this, it suffices to show that the map
π : KT −→R2/Z2ïÅ
1 a c 0
0 1 b 0
0 0 1 0
0 0 0 d

ãò
↦→[(a, d)]

(3.2)

is a well defined submersion with fibers equal to the leaves of D∞
J . The smoothness and submersion

property of π follow at once from the fact that in local charts, π is simply the corresponding projection
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H×R → R2 restricted to some open set of H × R. Surjectivity of π is clear. The fact that the fibers of π
are exactly the leaves of D∞

J follows from observing that over KT/D∞
J , one has

Å
1 a c 0
0 1 b 0
0 0 1 0
0 0 0 d

ã
∼
Ç

1 a′ c′ 0
0 1 b′ 0
0 0 1 0
0 0 0 d′

å
if and only if a−a′ ∈ Z and d−d′ ∈ Z.

Note that since KT is compact, the fibres of π are compact and thus the leaves of D∞
J are compact.

Example 5. Any almost Kähler manifold of constant type 0 is transversely Kähler (because ν(D∞
J ) = 0). By

Muškarov (1986, Cor. 4.3), this includes nearly Kähler manifolds of dimension 6 that are not Kähler. However
their “transverse complex geometry” is trivial since they have no local J−holomorphic functions and their
higher Basic Dolbeault cohomology groups vanish.
Example 6 (Filiform nilmanifold2). We give an example of an almost Kähler manifold (M,J, g) which has
D∞
J of constant type, but which is not transversely Kähler : ν(D∞

J ) fails to be involutive. Let g be the lie
algebra spanned by X1, ..., X4 and relations

[X1, Xi] = Xi+1 where i = 2, 3.

This is clearly a nilpotent Lie algebra, hence it integrates to a nilpotent Lie group G. Recall that if the Lie
algebra g of a nilpotent Lie group G admits a rational structure (i.e. there exists a Q-Lie algebra gQ with
g ∼= gQ⊗QR), thenG admits a discrete subgroupΓ such thatG/Γ is compact. This is Malcev’s theorem; see
Raghunathan (1972, Thm 2.12). Hence, the Lie algebra g defines a global frame on a compact 4-dimensionnal
manifold G/Γ. Let x1, . . . , x4 be the G-invariant dual co-frame to X1, . . . , X4. Define an almost complex
structure J and a J -compatible metric g on G/Γ by

g =
∑︂
i

xi ⊗ xi and JX1 := X2, JX3 := X4

It is straight forward to check that Im(NJ) = ⟨X3, X4⟩ = D∞
J so J has constant type 1 (by corollary 1).

Finally, ν(D∞
J ) = ⟨X1, X2⟩, which is not involutive, since [X1, X2] = X3.

We collect a few immediate properties of transversely Kähler manifolds. They will be used in the next section
to prove Theorem 9. Recall that the Characteristic form χD∞

J
of a foliation D∞

J is given by e1 ∧ · · · ∧ e2p
where e1, ..., e2n is a local orthonormal co-frame of T ∗M such that e1, ..., e2p span D∞

J .
2 We learned about this example in Cirici and Wilson (2021, Ex.5.15)
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Lemma 14 (Tondeur, 1997, Proposition 4.30). Let (M, g) be a Riemannian manifold and F an oriented
Riemannian foliation (with respect to g). If ν(F) is involutive, then the following are equivalent

1. The mean curvature of F vanishes; κ = 0.
2. LY χF = 0 for all Y ∈ ν(F)

3. dχF = 0

Proposition 6 immediately implies:
Corollary 3. Suppose that (M,J, g) is a transversely Kähler manifold. Then dχD∞

J
= 0.

We can use this relation to compare the usual Laplacian∆ = d∗d+dd∗ with the basic Laplacian∆B defined
in section 3.2. First, we recall how the two operators are related over a general Riemannian foliation. Let
(M, g,F) be an oriented Riemannian foliation with Caracteristic form χF and mean curvature κ. We let
φ0 := κ ∧ χF + dχF . Given a basic form ω ∈ Ar

B(M), we define the form
γ(ω) := (−1)(p+1)(r+1)+qr∗̄α ∧ φ0

And we let
η(ω) := ∗γ(dBω) + d ∗ γ(ω).

Then, for every basic form ω, the two Laplacians are related by
∆Bω = ∆ω − η(ω),

see (Tondeur, 1997, Eq. (7.28), p. 86). When (M, g, J) is a transversely Kähler foliation, κ = 0 and dχD∞
J

=

0, so φ0 = 0 and thus η(ω) = 0 for all basic forms ω. We have shown:
Proposition 8. Let (M, g, J) be a transversely Kähler manifold. Any ω ∈ Ap

B(M) satisfies ∆Bω = ∆ω.

3.5 Basic Dolbeault Cohomology and Cirici-Wilson’s Dolbeault cohomology
In 2018, Cirici-Wilson introduced a Dolbeault cohomologyHr,sDol(M) on an almost complex manifold (M,J)

which does not require restricting to basic forms. Cahen-Gutt-Gutt observed in Cahen et al. (2024, Prop. 3.8)
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thatHr,0
B (M) ∼= Hr,0Dol(M) for all r ∈ N. We show that on a compact transversely Kähler manifoldM , there

is an injective morphism
Hr,s
B (M) ↪→ Hr,sDol(M)

for all r, s ∈ N. There might be an injective morphism for more general almost complex structures. This
morphism at least covers all explicit examples worked out in Cirici-Wilson’s (and CGGs) paper.

Begin by recalling Cirici-Wilson’s Dolbeault cohomology. Let (M2n, J) be an almost complex manifold. The
complexified de Rham algebra splits

Ak(M) =
⨁︂
r+s=k

Ar,s(M),

and the exterior differential decomposes as
dω = µω + ∂ω + ∂ω + µω ∈ Ar−1,s+2 ⊕Ar,s+1 ⊕Ar+1,s ⊕Ar+2,s−1.

From d2 = 0 and bidegree reasons, one obtains the relations
µ2 = 0, ∂ µ+ µ∂ = 0, µ ∂ + ∂ µ+ ∂

2
= 0

and further relations involving ∂, µ (not needed below).
Definition 17 (Cirici–Wilson Dolbeault cohomology). First take the µ–cohomology

Hr,s
µ (M) :=

ker{µ : Ar,s→Ar−1,s+2}
im{µ : Ar+1,s−2→Ar,s}

.

Because ∂µ + µ∂ = 0, the operator ∂ descends to Hr,s
µ (M), and by µ∂ + ∂µ + ∂

2
= 0 the induced ∂

squares to 0 there. Define
Hr,s

Dol(M) := Hs
(︁
Hr,∗
µ (M), ∂

)︁
.

When J is integrable (µ ≡ 0), this recovers the classical Dolbeault cohomology.

There is a harmonic identity that will be important to us. Let (M, g, J) be hermitian. For δ ∈ {µ̄, ∂̄, ∂, µ},
write δ∗ = −∗ δ ∗ (where ∗ is the usual Hodge star induced by g) and ∆δ = δδ∗ + δ∗δ. Let Hr,s

δ :=

ker(∆δ) ∩ Ar,s.
Proposition 9 (Cirici and Wilson (2021), Thm. 4.18). Let (M, g, J) be a Hermitian manifold. There is a natural
injection

Hr,s

∂
∩Hr,s

µ ↪→ Hr,s
Dol(M).
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Theorem 9. Let (M,J, g) be a transversely Kähler manifold. There exists an injectionHr,s
B (M) ↪→ Hr,sDol(M)

induced by an injection of harmonic forms Hr,s
B (M) ↪→ Hr,s

∂̄
(M) ∩Hr,s

µ̄(M).

Proof. By Proposition 8, the d-Laplacian ∆ coincides with the basic Laplacian ∆B on basic forms, and by
Proposition 5 we have ∆B = 2∆∂̄B

. Let ω ∈ Hr,s

∂̄B
(M) be a harmonic basic form. We have the relation

0 = 2∆∂̄B
ω = ∆Bω = ∆ω

and thus
dω = 0 and d∗ω = 0.

But decomposing d into pure types d = µ+ ∂ + ∂̄ + µ̄ and similarly d∗ = µ∗ + ∂∗ + ∂̄∗ + µ̄∗ we get
∂̄ω = 0, µ̄ω = 0 and ∂̄∗ω = 0, µ̄∗ω = 0

so that ∆∂̄ω = 0. Hence if ω ∈ Ar,s
B (M) is ∆∂̄B

-harmonic, it is both µ̄ harmonic and ∂̄ harmonic. We thus
have the inclusions

Hr,s
B (M) = Hr,s

∂̄B
(M) ↪→ Hr,s

∂̄
∩Hr,s

µ̄ ↪→ Hr,sDol(M)

Remark 15. In fact, over transversely Kähler manifold, any basic form ω ∈ Ar,s
B (M) is µ̄-harmonic. The

fact that µ̄ω = 0 follows directly from observing that µ̄x : T ∗M1,0
x → ∧2T ∗M0,1

x satisfies ker(µ̄x) =

Ann(ImNC
J,x). The involutivity of ν(D∞

J ) then implies µ̄∗ω = 0 as well. We give a detailed proof of this fact
in Appendix C, Proposition 12.

Another way to phrase Theorem 9 is that a sufficient condition for the basic Dolbeault cohomology of an
almost complex manifold (M,J) to inject into the Cirici–Wilson Dolbeault cohomology of (M,J) is that
D∞
J be regular and that M admit a J -compatible Riemannian metric such that ν(D∞

J ) is involutive. We
give an example to show that regularity of D∞

J itself is not a sufficient condition for injectivity. The idea is to
find an (r, s)-form ω which is not ∂̄B-exact but µ̄-exact so that ω vanishes inHr,s

µ̄ (M) and thus inHr,sDol(M)

but not in Hr,s
B (M). This approach to the failure of injectivity cannot work in dimension ≤ 4 for bidegree

reasons.
Example 7. Let M = T 6 = R6/(2πZ)6 be the 6-torus and consider on T 6 the almost complex structure J
induced by specifying the i and −i eigenspaces (recall Lemma 4):

Γ(TM1,0) := ⟨∂z1 + ei2x3∂z̄2 , ∂z2 , ∂z3⟩ and Γ(TM0,1) := ⟨∂z̄1 + e−i2x3∂z2 , ∂z̄2 , ∂z̄3⟩
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Observe that each vector field is 2π-periodic, and thus well defined and smooth on T 6. To compute D∞
J ,

we begin by computing (TM1,0)∞. Observe that the only nontrivial bracket between the generators of
Γ(TM1,0) is [∂z3 , ∂z1 + ei2x3∂z̄2 ] = ieix3∂z̄2 so that

(TM1,0)(1) = TM1,0 + [TM1,0, TM1,0] = ⟨∂z1 + ei2x3∂z̄2 , ∂z2 , ∂z3 , e
i2x3∂z̄2⟩

Taking brackets between the generators of (TM1,0)(1) does not generate vector fields that are not al-
ready spanned by (TM1,0)(1), hence (TM1,0)∞ = (TM1,0)(1). Observe then that D∞

J = (TM1,0)∞R =

⟨ei2x3∂z̄2⟩R (recall that the subscript R means taking the “real part” defined in Definition 2). Now note that
since ei2x3 is nonvanishing, ⟨e2ix3∂z̄2⟩ = ⟨∂z̄2⟩ and thus

D∞
J = ⟨∂z̄2⟩R = ⟨∂x2 , ∂y2⟩,

where the last equality is most easily seen from Remark 3. The distributionD∞
J is easy to integrate: denoting

wi = (xi, yi), the leaf through the point (w1, w2, w3) is simply {w1}×T 2×{w3} and the leaf space is thus
a 4-torus: π : M → T 4, π(w1, w2, w3) = (w1, w3). The almost complex structure J induces an integrable
complex structure J̃ on T 4 via the relation

dπ(JX) = J̃dπ(X) for all X ∈ Γ(TM)

Letting X = ∂z1 + eix3∂z̄2 and X = ∂z3 , we see that J̃∂z̄1 = i ∂z̄1 and J̃∂z̄2 = i ∂z̄2 so that J̃ is just the
standard complex structure of T 4. The basic forms of M are then obtained by pulling back forms of T 4:
π∗ : Ar,s(T 4)

∼→ Ar,s
B (M) so that

A1,0
B (M) = ⟨dz1, dz3⟩ and A0,1

B (M) = ⟨dz̄1, dz̄3⟩.

We also know from Remark 13 that π∗ induces an isomorphism π∗ : Hr,s(T 4)
∼−→ Hr,s

B (M). Now,
H1,2(T 4) is well known to be generated by the closed forms

dz1 ∧ dz̄1 ∧ dz̄2 and dz2 ∧ dz̄1 ∧ dz̄2,

so pulling back by π, we have that H1,2
B (M) is generated by

ω1 = dz3 ∧ dz̄1 ∧ dz̄3 and ω2 = dz1 ∧ dz̄1 ∧ dz̄3.

In particular, ω1 and ω2 are not ∂̄B-exact. We claim that ω1 and ω2 are, however, µ̄-exact. Consider the
(2, 0)-form ϕ = dz3 ∧ (dz2 − e−i2x3dz̄1), then

dϕ = ie−i2x3dz3 ∧ dz̄1 ∧ dz̄3
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is of type (2, 1), so that
µ̄(−ie−i2x3ϕ) = −ie−i2x3 µ̄(ϕ) = dz3 ∧ dz̄1 ∧ dz̄3 = ω1.

Similarly, ω2 is µ̄-exact.

3.6 Dolbeault Isomorphism
We show how the basic cohomology of OJ

M relates to the transverse Dolbeault cohomology of (M,J).
Proposition 10. Let (M,J) be of constant type. Then the sequence

0 → ΩrB → Ar,0
B

∂̄→ Ar,1
B

∂̄→ · · ·

is exact. (Recall that ΩrB was defined in Definition 10).

Proof. Fix p ∈M , since (M,J) is of constant type, say of typem, there is a set of functionally independent
J -holomorphic functions on a neighbourhood U of p, f1, ..., fm such that any other J -holomorphic func-
tion is functionally dependent on them. We let π : U → Cm be π = (f1, ..., fm). Shrink U if necessary
so that the fibres of π are connected, and let V := π(U) ⊂ Cm. On V , we consider the usual sheaves of
(r, s)−forms, Ar,s

Cm |V . Assume r = 0 for now. The usual ∂̄−Poincaré lemma (see Huybrechts, 2005) is the
statement that the following sequence:

0 → OCm |V ↪→ A0,0
Cm |V

∂̄→ A0,1
Cm |V

∂̄→ · · · (3.3)
is exact. Sinceπ is flat (Theorem 4),π∗ is an exact functor and thusπ∗A0,•

Cm |V is also exact. Sinceπ−1OCm |V ∼=

OJ
M |U (again Theorem 4), we have

π∗(OCm |V ) := π−1OCm |V ⊗π−1OCm OJ
M |U ∼= π−1OCm |V ∼= OJ

M |U .

We then claim that π∗A0,s
Cm |V = A0,s

B |U . Indeed, since the fibres of π are connected, it induces an isomor-
phism π∗ : A•|U → A•

B|V (see Reinhart, 1959, Prop. 3). The inverse of π∗ which we denote by π∗ is defined
by the relation

(π∗ω)π(p)(dπp X1, ..., dπp Xn) = ωp(X1, . . . , Xn) (3.4)
for all p ∈ U and Xi ∈ TpM . Observe that it suffices to check that π∗ and π∗ sends (0, s)-forms to
(0, s)-forms to conclude. By Theorem 4 we have the equality (D∞

J )p = ker dπp and thus π induces an
isomorphism dπ : Q|U := TM/D∞

J |U → TCm|V . The fact that π is (J, i)−holomorphic (again Theorem
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4) implies that π∗ sends (r, s) form to (r, s) form (this follows from dπ inducing isomorphisms Q1,0 ∼→

(TCm)1,0 and Q0,1 ∼→ (TCm)0,1). It follows immediately from (3.4) that π∗ sends (r, s)-forms to (r, s)-
forms as well.

Now applying the exact functor π∗ to the sequence (3.3) yields an exact sequence:
0 → OJ

M |U → A0,0
B |U

∂̄−→ A0,1
B |U

∂̄−→ · · · .

The general case, where r ̸= 0, is handled similarly. We first apply the functor⊗OCmΩrCm |V to the sequence
(3.3) and then apply π∗ to conclude that

0 → ΩrB|U
i−→ Ar,0

B |U
∂̄−→ Ar,1

B |U
∂̄−→ Ar,2

B |U
∂̄−→ · · ·

is a resolution of ΩrB .
Remark 16 (Dolbeault Isomorphism for constant type almost complex structures). Let (M,J) be an almost
complex manifold of constant type and suppose the sheaves Ar,s

B are acyclic. Then Proposition 10 gives a
resolution of OJ

M and it follows that Hs(M,ΩrB) = Hr,s
B (M).

Unfortunately, Ar,s
B need not be acyclic in general, as the following example shows:

Example 8. Take any almost complex manifold (M,J) such that D∞
J = TM (e.g., any strictly nearly Kähler

manifold of dimension 6, see Muškarov, 1986, Cor. 4.3) with some H i(M,C) ̸= 0 (specifically, one could
take SU(2) × SU(2) with the nearly Kähler structure of Example 5.12 in Cirici and Wilson, 2021). Then
A0,0
B = C which is not acyclic, since H i≥0(M,C) ̸= 0.

It is still possible to obtain a geometrically meaningful version of Corollary 2 without any acyclicity assump-
tion. To do so, we restrict our sheaves to a coarser topology of M .
Every sheaf we considered on M with the manifold topology restricts to a sheaf on M with the saturated
topology. When we want to denote the use of the saturated topology explicitly, we writeMsat. For example
H•(Msat,G) is the sheaf cohomology of the sheaf G overMsat. The proof of the following Poincaré lemma
is an extension of the proof of Proposition 2.6 in Belfi et al. (2003) to the complex case.
Lemma 15 (Basic ∂̄−lemma for the saturated topology). Let (M,F , g, J) be a Hermitian foliation on a
smooth manifold M with compact leaves. Then the sequence

· · · → Ar,s−1
B

∂̄→ Ar,s
B

∂̄→ Ar,s+1
B → · · ·
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is exact as a sequence of sheaves over Msat.

Proof. Let x ∈M , we will show there exists a small enough neighbourhood of x in Msat on which ∂̄ω = 0

impliesω = ∂̄η. LetL be the leaf containing x andU an open ϵ-tubular neighbourhood ofL. By the general
theory of Riemannian foliations (see Molino, 1988, Lemma 3.7), we may choose ϵ small enough so that U
is a saturated open set. Since L is compact we may also choose ϵ small enough so that if V = {(x, v) ∈

ν(TL) : |v|g ≤ ϵ} then exp : V → U is a diffeomorphism (Lee, 2018, Thm. 5.25). Let Bϵ ⊂ ν(TL)x be
the ball of radius ϵ centered at 0, then D := exp(Bϵ) is transversal to each leaf in U . Compactness of L
implies that its holonomy group Γ is finite; thus, taking ϵ smaller if necessary, we can assume that Γ is a
group of diffeomorphisms of D. We can also assume that D is contained in a flat chart. Then, by choosing
a local frame of TM adapted to TF and TD, we easily find a projection3 p : TM |D → TD such that the
sequence

0 → TF|D → TM |D
p→ TD → 0 (†)

is exact and j : D ↪→M induces a section dj : TD → TM |D of p. Letπ : TM |D → TM |D/TF|D =: Q|D
be the projection, then we have an induced isomorphism π ◦ dj : TD ∼= Q|D. We get an induced almost
complex structure Ĵ on TD by pulling back J : Q → Q by π ◦ dj. We claim that Ĵ is integrable. Let
X,Y ∈ Γ(TD), note thatNĴ(X,Y ) = 0 if and only ifπdj(︁NĴ(X,Y )

)︁
= 0. Let X̃ and Ỹ be any extensions

of X and Y to TM |U . Then djpXp = X̃j(p) (similarly for Y ) and we see easily that for each p ∈ D,
πp djp

(︁
NĴ(X,Y )p

)︁
= NJ(πX̃, πỸ )p = 0 (NJ = 0 since J is a transverse complex structure4.) Denote by

Ω•(D)Γ the space of smooth Γ-invariant forms on D. We claim that j : D → M induces an isomorphism
Ar,s
B (U) → Ar,s(D)∩Ωr+s(D)Γ. The fact that j∗ : Ω•

B(U) → Ω•(D)Γ is an isomorphism is best seen from
Satake’s theory of V -manifolds. Assuming V-manifold theory (see Satake, 1957), the argument is as follows:
by Molino’s structure theorem (Molino, 1988, Thm. 3.7) (and its proof) we have the following commutative
diagram of V -manifolds inducing a commutative diagram at the level of differential forms:

U D Ω•(U) Ω•(D)

U/F|U D/Γ Ω•(U/F|U ) Ω•(D/Γ)

πU

j

πD

j∗

[j]

π∗
U

[j]∗

π∗
D

3 For example, since D is in a flat chart, we may choose ∂1, ..., ∂k spanning TF|D and find E1, ..., Es spanning TD. The union is
a local frame of TM by transversality. Then choose π to be the bundle map ai∂i + bjEj ↦→ bjEj .
4 Recall that we re-defined the Nijenhuis tensor in this context to be over Q, i.e. NJ : Q ∧Q → Q, c.f. Definition 5
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where [j] is an isomorphism and πU and πD are submersions (of V -manifolds). Then π∗U (Ω•(U/F|U )) =

Ω•
B(U), π∗DΩ•(D/Γ) = Ω•(D)Γ and the fact that [j] is an isomorphism implies that j∗ : Ω•

B(U) →

Ω•(D)Γ is an isomorphism as well. Now complexify the sequence (†) and observe that for j∗ to send (r, s)

forms to (r, s) forms, it suffices to show that π ◦ dj : TD → Q satisfies Ĵ ◦ (π ◦ dj) = (π ◦ dj) ◦ J which
is the case by definition of Ĵ . Let us denote by ψ : Ar,s(D) ∩ Ωr+s(D)Γ → Ar,s

B (U) the inverse of j∗.

Choose ω ∈ Ar,s
B such that ∂̄ω = 0. Then ∂̄j∗ω = 0 and since D is a complex manifold, the usual

∂̄−lemma implies that j∗ω = ∂̄σ where σ ∈ Ar,s−1(U). Since F is Hermitian, Γ acts on D by holo-
morphic isometries (see Wolak, 2004) and hence, σΓ := 1

|Γ|
∑︁

ξ∈Γ ξ
∗σ is a (r, s)-form which is Γ-invariant.

Then ∂̄σΓ = 1
|Γ|
∑︁

ξ∈Γ ξ
∗j∗ω. Since ω is basic, it is the pullback of a form on U/F|U and a simple diagram

chase of
Ω•(U) Ω•(D) Ω•(D)

Ω•(U/F|U ) Ω•(D/Γ)

j∗ ξ∗

π∗
U

[j]∗

π∗
D

π∗
D

implies that ξ∗j∗ω = j∗ω. It follows that ∂̄σΓ = j∗ω and since σΓ is Γ-invariant, we can apply ψ (the
inverse of j∗) on each side to get ∂̄ψ(σΓ) = ω, which concludes the proof.

We will say that a partition of unity (Ui, ρi)i∈I is basic if {Ui}i∈I is a basic open cover and {ρi}i∈I is a set
of basic maps.
Lemma 16 (Belfi et al., 2003, Lemma 2.2). Let (M,F) be a Riemannian foliation. Then every saturated
open cover of M admits a basic partition of unity.

One would like to conclude from this lemma that the sheaves Ar,s
B are fine and thus acyclic. However, we

must be cautious, as the saturated topology is not Hausdorff, which is typically assumed in the definition of
a fine sheaf (as in Godement’s and Bredon’s treatments of the theory). We can work around this using the
fact that the space M/F is Hausdorff for a Riemannian foliation with compact leaves.

Let (Cov(Msat),≤) be the poset of saturated open covers ofM , where {Ui}i∈I ≤ {Vj}j∈J if for each j ∈ J

there is r(j) ∈ I (a “refinement map”) such that Vj ⊂ Ur(j). A sub-poset X ⊂ Cov(Msat) is cofinal if for
all U ∈ Cov(X) there exists V ∈ X such that U ≤ V .
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Lemma 17. Let (M,F) be a Riemannian foliation with compact leaves. Locally finite covers are cofinal
among the open covers of Msat.

Proof. Since the leaves are compact, M/F is paracompact (specifically, M/F is a V-manifold by Molino
(1988, Prop. 3.7), and in particular second countable and Hausdorff. Combining this with the easy obser-
vation that M/F is locally compact gives paracompactness). Let {Ui}i∈I be an open cover of Msat, then
{π(Ui)}i∈I is an open cover of M/F . Since the latter is paracompact, {π(Ui)}i∈I admits a refinement
{Vj}j∈J such that Vj ⊂ π(Ur(j)). Then π−1(Vj) ⊂ Ur(j) and thus {Ui}i∈I ≤ {π−1(Vj)}j∈J . The fact
that {π−1(Vj)}j∈J is locally finite follows directly. If x ∈ M is such that π(x) intersects exactly the opens
Vi1 , ..., Vin , then x intersects π−1(Vij ) (j = 1, ..., n) and no other members of the cover.

We directly obtain:
Corollary 4. Let (M,F) be a Riemannian foliation with compact leaves. For any sheaf G onMsat, the Cěch
cohomology is computed by Ȟ i(X,G) = lim−→ Ȟ(U ,G) where the direct limit is taken over locally finite
covers U of Msat.
Lemma 18. Let (M,F) be a Riemannian foliation with compact leaves. The sheaves Ak

B over Msat are
acyclic. If (M,F) is Hermitian, then Ar,s

B are acyclic over Msat.

Before proving the lemma, recall Cartan’s theorem (see Theorem 5.9.2. in Godement (1958)) on how to han-
dle the equivalence of Cěch cohomology and sheaf cohomology over non-paracompact (or non-Hausdorff)
spaces5

Lemma 19 (Cartan’s theorem). LetX be a topological space, U a basis for the topology ofX , and F a sheaf
of abelian groups on X . Suppose that U is closed under finite intersections. If Ȟ i(U,F) = 0 for all i > 0

and all U ∈ U , then Ȟ i(X,F) = H i(X,F) for all i.

Proof of lemma 18. Let U be any open set in Msat. We first show Ȟ(U,Ak
B) = 0. Since locally finite cover

are cofinal in Msat, it is enough to show that Ȟ i(U ,Ak
B) = 0 for all locally finite covers U = {Ui}i∈I of U .

5 Caution: in Godement’s treatment of the theory (and very often in the French literature), paracompact means that every open
cover has a locally finite refinement and that the space is Hausdorff. Thus the folklore statement that “sheaf cohomology equals
Cěch cohomology over paracompact spaces” does not apply on Msat.
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For this, we define a homotopy between the identity and the zero-morphism at the level of cochains. Re-
call that the Cěch complex of the pair (U ,Ap

B) is given by Čp(U ,Ak
B) =

∏︁
i1,...,ip∈Ip A

p
B(Ui0,...,ip) (where

Ui0,...,ip = ∩pj=0Uij ) with differential (δω)i0,...,ip+1 :=
∑︁p+1

j=0(−1)jωi0,...,îj ,...,ip+1
. Let {ψi}i∈I be a ba-

sic partition of unity with respect to {Ui}i∈I and define a contracting homotopy D : Čp(U ,Ap
B) →

Čp(U ,Ap−1
B ) by

(Dω)i0,...,ip−1 :=
∑︁

j∈I ψiωi,i0,...,ip−1 . (3.5)
Observe that (Dω)i0,...,ip−1 is well defined since the sum in (3.5) is finite at each point x ∈ U . (Dω)i0,...,in
is smooth since it is a sum of smooth forms and basic since the ψi and ωi0,...,in are basic. The operatorD is
thus well defined. We claim that Dδ + δD = id. Indeed, on one hand,

(Dδω)i0,...,ip =
∑︁

i∈I
(︁
ψiωi0,..,in −

∑︁p
k=0(−1)kψiωi,i0,..,îk,..,ip

)︁
= ωi0,...,ip +

∑︁
i∈I
∑︁p

k=0(−1)kψiωk,i0,..,îk,...,ip

and on the other hand
(δDω)i0,...,ip =

∑︁
i∈I
∑︁p

k=0(−1)kψiωi,i0,..,îk,..,ip

Adding up the two terms yields (Dδ+ δD)ω = ω. It follows directly that Ȟ(U ,Ap
B) = 0. Cartan’s theorem

then implies that 0 = Ȟ i(Msat,Ap
B) = H i(Msat,Ap

B) for i > 0, which yields acyclicity ofAp
B . The acyclicity

of Ar,s
B is proved analogously.

Remark 17. A slight modification of the proof would show that any sheaf of modules over the ring of basic
smooth functions is acyclic over Msat.
Corollary 5 (Transverse Dolbeault Isomorphism). Let (M, g, J) be a compact transversely Kähler manifold
such that the foliation induced by D∞

J has compact leaves. Then Hs(Msat,ΩrB) = Hr,s
B (M).

Proof. From Lemma 15, the sequence
0 → ΩrB ↪→ Ar,0

B → Ar,1
B → · · ·

is exact, and from Lemma 18, the sheaves Ar,s
B are acyclic over Msat. The conclusion follows immediately.

Remark 18. In the setup of Corollary 5, it also follows from Belfi et al. (2003, Prop. 2.6) that the sequence
of sheaves

· · · → Ap−1
B → Ap

B → Ap+1
B → . . .

49



is exact over Msat (understanding Ap
B as the sheaf of basic forms over R or C). Then H i(Msat,R) =

H i
B(M,R) and H i(Msat,C) = H i

B(M,C).
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CHAPTER 4

J-LINE BUNDLES

Definition 19. Let (M,J) be an almost complex manifold. A rank k J -bundle (or a J -holomorphic vector
bundle) is a smooth vector bundle L which admits a trivialization (Uα, φα) such that the transition maps
ταβ : Uα ∩ Uβ → GL(k,C) are (J, i)-holomorphic maps.
Remark 19. Let E be the sheaf of sections of a smooth vector bundle E over (M,J). The sheaf E can be
seen as a OJ

M -module via the inclusion OJ
M ↪→ C∞

M,C. ThenE is a J -vector bundle if and only if E is a locally
free OJ

M -module.
Example 9. Let (M2n, J) be an almost complex manifold. The generalization of the canonical bundle to
the almost complex case is generally understood as KM := ∧n(TM1,0)∗. This is not a locally free OJ

M -
module as in the complex case. When D∞

J is of constant type, say of type q, another generalization is given
by KB := ∧q(Q1,0

C )∗, where Q = TM/D∞
J . We claim this is a J -line bundle. By Theorem 4, there is a

(J, i)-holomorphic submersion π : U → V ⊂ Cq such that
0 → D∞

J |U → TM |U
dπ→ π∗TCq|U → 0 is exact

so that π induces an isomorphism of sheaf over U , dπ : Q1,0|U → π∗(TCq)1,0|V and since TCq ∼= O⊕q
Cq ,

we get
Q1,0|U ∼= π∗TCq|V ∼= π∗O⊕q

Cq |V ∼= (OJ
M )⊕q|U .

Where the last isomorphism was proven in Theorem 4. To see how their Chern classes relate, consider
0 → D∞

J → TM → TM/D∞
J → 0. Complexify the sequence and take the (1, 0) part of each bundle. The

sequence remains exact, and thus the determinant bundles are related by
∧n(TM1,0)∗ ∼= ∧p((D∞

J )1,0)∗ ⊗ ∧q(Q1,0)∗.

so that c1(KM ) = c1(KB)− c1(∧pD∞
J ).

Definition 20. Let (M,J) be an almost complex manifold of constant type. A J -bundle is basic if it can be
trivialized over saturated open sets (where the saturated topology is induced by D∞

J ).

A morphism of J -line bundles f : L1 → L2 is simply a morphism of line bundles such that the induced
map on sections f∗ : Γ(L1|U ) → Γ(L2|U ) is OJ

M (U)−linear for every open set U ⊂M .
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Definition 21. Let (M,J) be an almost complex manifold. Define Pic(M) to be the group of J -line bundles
up to isomorphisms with the group operation given by the tensor product of line bundles. IfM is of constant
type, define PicB(M) to be the group of basic J -line bundles with tensor product up to isomorphism.

Since OJ
M is a sheaf of commutative rings, the same proof as in the complex category shows that Pic(M)

is an abelian group. As in the complex category, the identification1 Ȟ1(Msat,OJ,∗
M ) = H1(Msat,OJ,∗

M ) and
Ȟ1(M,OJ,∗

M ) = H1(M,OJ,∗
M ) implies

Remark 20. Let (M,J) be an almost complex manifold. Then there is a group isomorphism Pic(M) ∼=

H1(M,OJ,∗
M ). If (M,J) is also of constant type, then PicB(M) ∼= H1(Msat,OJ,∗

M ). Observe that the canon-
ical map PicB(M) ↪→ Pic(M) is injective since if [L] is trivial in Pic(M), then it is also trivial in PicB(M).
Proposition 11. Let (M,J) be an almost complex manifold. Consider the exponential map exp : OJ

M →

OJ,∗
M defined by taking f ∈ OJ

M (U) to e2πif ∈ OJ,∗
M (U), where e denotes the usual holomorphic exponen-

tial map e : C → C\{0}. The following sequence is always exact in the usual topology of M :
0 → Z → OJ

M → OJ,∗
M → 0 (4.1)

Assuming that (M,J) is transversely Kähler and that D∞
J has compact leaves, the sequence (4.1) is also

exact over the saturated topology induced by D∞
J .

Proof. The proof in the usual topology is exactly as in the complex case. Over the saturated topology,
exactness at Z and OJ

M are clear. The subtle point is that exp : OJ
Msat → OJ,∗

Msat is also surjective in the
saturated topology. We show this at the level of stalks. Let [U, f ] ∈ OJ,∗

Msat,x be a germ of J -holomorphic
functions over a saturated open set x ∈ U ⊂ Msat. Let L be the leaf containing x and let ϵ := |f(x)|. By
continuity of f , there exists δ > 0 such that d(x, y) ≤ δ implies f(y) ∈ B(f(x), ϵ) ⊂ C\{0} (here d is the
induced metric from the Riemannian metric on M ). Note that the latter set is simply connected and does
not contain 0. Now, by Molino (1988, Lemma 3.7), if δ′ > 0 is small enough, the tubular neighbourhoodV of
L of radius δ′, given by the image of exp : (νTL)δ′

∼→ V , is a saturated open set. Each Dy = exp(νTyLδ′)
is a transversal which intersects each leaf in V (this uses the fact that g is a bundle-like metric and that the
leaves are compact). Now since L is compact, we can choose δ′ such that V ⊂ U and δ′ ≤ δ. By Theorem
3, f is constant along the leaves of D∞

J , and thus f(V ) = f(Dx). Observe that y ∈ Dx implies d(x, y) < δ

1 Recall that for i = 0, 1, the i-th Cěch Cohomology group and the i-th sheaf cohomology groups agree over any topological space
and choice of sheaf (see Godement, 1958, Corollary to Theorem 5.9.1)
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and thus f(y) ∈ B(f(x), ϵ), so that f(V ) = f(Dx) ⊂ B(f(x), ϵ). Now let log be a branch of the logarithm
on B(f(x), ϵ), we have that [V, log(f)] maps to [V, f ] under exp, which proves surjectivity.

We then have an induced long exact sequence in cohomology which allows to define a notion of first Chern
class as in the complex category: given [L] ∈ H1(M,OJ,∗

M ), we let c1([L]) ∈ H2(M,Z) be the image of
the connecting homomorphism:

· · · → H1(M,OJ
M ) → H1(M,OJ,∗

M )
c1→ H2(M,Z) → · · · .

We also have a Chern class morphism for saturated J -bundles, via the long exact sequence

· · · → H1(Msat,OJ
M ) → H1(Msat,OJ,∗

M )
c1→ H2(Msat,Z)→· · · (4.2)

Theorem 10 (Lefschetz theorem on (1,1)-classes). Let (M,J) be a minimal transversely Kähler manifold such
that D∞

J has compact leaves, Then c1(PicB(M)) = H2(M/D∞
J ,Z) ∩H

1,1
B (M).

Before proving the theorem, considere the following
Lemma 20. LetM be a manifold, let F be a foliation onM , and let π :M →M/F be the projection map.
If G is a sheaf of abelian groups on M/F , then

H i(M/F ,G) ∼= H i(Msat, π−1G).

In particular, H i(M/F ,Z) ∼= H i(Msat,Z)

Proof. By definition, the map U ↦→ π−1(U) gives a bijection between opens of M/F and opens of Msat.
Hence, for any sheaf G on M/F and any open U ⊂M/F ,

π∗π
−1G(U) = (π−1G)(π−1U) = G(U),

and for any sheaf H on Msat and any open V ⊂Msat,
π∗π

−1H(V ) = (π∗H)(π(V )) = H(V ).
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Thusπ−1 induces an exact equivalence between the category of abelian sheaves overMsat and the category
of abelian sheaves over M/F . Then upon noticing that Γ(Msat, π

−1G) = Γ(M/F ,G) for any sheaf G on
M/F , and since π−1 is exact and preserves injectives (preservation of injectives follows from π−1 having
an inverse functor), one has a canonical isomorphism of right derived functors:

RkΓ(Msat, π
−1G) ∼= RkΓ(M/F,G).

It is straightforward to see that π−1ZM/F = ZMsat and the conclusion follows immediately.

Proof of Theorem 10. The proof follows the lines of the usual proof in the complex case. Note first that the
inclusions

Z R C OJ
M

induce a commutative diagram
H1(Msat,OJ,∗

M ) H2(Msat,Z) H2(Msat,OJ
M )

H2(Msat,R)

H2(Msat,C)

c1 i

i

j

π0,2

(4.3)

In order to bookkeep the morphism π0,2, we go back to our basic resolutions of OJ
M , R and C. We have the

following commutative diagram with exact rows (recall Remark 18 and Lemma 15):

0 OJ
M A0,0

B A0,1
B A0,2

B · · ·

0 C A0
B A1

B A2
B · · ·

0 R A0
B A1

B A2
B · · ·

∂̄ ∂̄ ∂̄

id
d

π0,1

d

π0,2

d

i

d

i

d

i

d

(4.4)

The map j is then given by j([ω]) = [ω] and π0,2 is given by π0,2([ω]) = [π0,2(ω)] (where π0,2 is the
projection of 2−forms to (0, 2)-forms in (4.4). We tacitly identify H2(Msat,R) = H2

B(M,R), the basic
cohomology over real-valued forms and H2(Msat,C) = H2

B(M,C), the basic cohomology over complex
valued forms.) Let σ ∈ H1(Msat,OJ,∗

M ), and let c1(σ) = [ω] ∈ H2
B(M,R) where ω is a (real) ∆B-harmonic

representative of [ω] (such representative exists by Theorem 6). Then c1(σ) seen as a class inH2
B(M,C) is
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given by j[ω] = [ω]. Since (4.2) is exact, i◦c1(σ) = 0 and by commutativity of (4.3) this implies [π0,2ω] = 0.
Since ω is ∆B-harmonic, π0,2ω is ∆∂̄B

−harmonic (by Proposition 5) so that π0,2ω = 0. Since ω is a real-
form, we also get that π2,0ω = 0, and thus [ω] ∈ H1,1

B and c1(σ) ∈ H2(Msat,Z) ∩ H1,1
B . This gives the

inclusion Im c1 ⊂ H1,1
B (M) ∩H2(Msat,Z).

For the other inclusion, suppose that σ ∈ H1,1
B (M) ∩ H2(Msat,Z). Then i(σ) = 0 in H2(Msat,OJ

M )

so that σ ∈ Im(c1) by exactness. The result then follows from the canonical identification of Lemma 20:
H•(M/D∞

J ,Z) ∼= H•(Msat,Z).

Example 10 (Kodaira-Thurston torus, continued). Recall from Example 4 that the leaf space KT/D∞
J is

given by a smooth submersion π : KT → T 2 := R2/Z2. Since the leaf space is a smooth manifold, it is not
hard to give an explicit generator ofH1,1

B (KT )∩H2(KT/D∞
J ,Z). LetJ0 be the standard complex structure

on T 2, i.e. if e1 = (1, 0) and e2 = (0, 1), we let J0e1 := −e2. Then π is a (J, J0)-holomorphic map. Indeed,
keeping the notations of Example 4 we see from (3.2), that dπ(X1) = (1, 0) and dπ(X4) = (0, 1), a quick
computation then shows dπ ◦ J = J0 ◦ dπ. Let OT 2 be the sheaf of holomorphic functions on T 2. The
natural map π# : π−1OT 2 → OJKT induced by π : KT → T 2 is in fact an isomorphism by Theorem 4. It then
follows from Lemma 20 that

PicB(KT ) = H1(KTsat,OJ,∗KT ) ∼= H1(T 2,O∗
T 2) = Pic(T 2).

Let [pt] be the line bundle on T 2 corresponding to the divisor given by some point. Recall that c1([pt])
generates c1(Pic(T 2)). Then the pullback line bundle L := π∗[pt] generates c1(PicB(M)) = H1,1

B (KT ) ∩

H2(T 2,Z). Lastly, note that since T 2 is smooth, π−1Ar,s
T 2 = Ar,s

B . Thus, from Lemma 20 and the transverse
Dolbeault isomorphism 5, we get

Hr,s(T 2) = Hs(T 2,Ωr) ∼= Hs(KTsat,ΩrB) = Hr,s
B (KT)

Thus the Hodge diamond of (KT, J) is just the Hodge diamond of its leaf space T 2. We know from 9 that
Hr,s
B (KT ) is a subspace of Cirici-Wilson’s Dolbeault cohomology. This brings us back to question 4 of the

introduction. According to Cirici and Wilson (2021, Example 5.16), h1,1Dol(KT ) ≥ 4. We know from Theorem
9 that H1,1

B (KT ) ↪→ H1,1Dol (KT ) so there are at least three generators of H1,1Dol (KT ) for which we don’t
have a geometric interpretation.
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CONCLUSION

This thesis investigated the sheaf of J -holomorphic functions, OJ
M , linking local existence to global invari-

ants. Locally, we established that the involutive hull D∞
J acts as the primary obstruction to existence of

J -holomorphic functions. In particular, we showed that regularity of D∞
J implies existence.

We introduced transversely Kähler manifolds, establishing a Transverse Lefschetz Theorem for (1,1)-classes
and a transverse Dolbeault isomorphism over the saturated topology. Furthermore, we proved an injection
Hp,q
B (M) ↪→ Hp,qDol(M) into Cirici and Wilson (2021)’s cohomology for transversely Kähler manifolds.
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APPENDIX A

UNIQUE CONTINUATION

We give two proofs of Lemma 7:
Lemma (Unique continuation). Let f ∈ OJ

M (U) where U ⊂ M is a connected open subset and suppose
that f vanishes to infinite order at a point p ∈ U . Then f ≡ 0 on U .

Let Bε(p) be a ball in Rn. Recall that a locally integrable function f : Bε(p) → C vanishes to infinite order
at p if ∫︂

|x−p|≤r
|f(x)| = O(rk) for every k ∈ N.

If f is smooth, this is equivalent to asking that the ∞-jet of f vanishes at p. In particular, the notion is well
defined for smooth functions on a manifold.

Begin by recalling that a J -holomorphic disk on an almost complex manifold (M,J) is a smooth map u :

∆ →M from the open unit disk ∆ ⊂ C to M which satisfies the differential relation du ◦ i = J ◦ du. We
have the following theorem1:

Theorem (J.P. Rosay, S. Ivashkovich Coupet et al. (2008), Prop. 1.2.2). Let (M,J) be an almost complex
manifold and let p ∈ M . For every sufficiently small v ∈ TpM , there exists a smooth J -holomorphic map
up,v from ∆ into M such that up,v(0) = p and (dup,v)0(∂x) = v (here, ∂x and ∂y form the standard basis
of T0∆ = R2). Moreover, up,v can be chosen with C1 dependence on the parameters (p, v) in TM . //

Corollary. Let (M,J) be an almost complex manifold and p ∈ M . There exists an open neighbourhood U
of p which is covered by the images of J -holomorphic disks u satisfying u(0) = p. //

Proof. The theorem above implies that there is an open neighbourhood V ⊂ TpM of 0 ∈ TpM for which
each v ∈ V has a J -holomorphic disk up,v withC1 dependence on the parameter v. Consider the following
“exponential map” of class C1:

1 In fact, Rosay and Ivashkovich prove the existence of J -holomorphic disks with prescribed k-th order jet at a point with C1

dependence on parameters for any k as long as J is smooth enough.
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Φ : ∆× V →M

(x, v) ↦→ up,v(x)

This is clearly a submersion at (0, 0) ∈ ∆×V . Indeed, givenw ∈ TpM , there exists v ∈ V and λ ∈ R such
that λv = w. Then evaluating dΦ(0,0) on the path γ(t) = ((λt, 0), v) ∈ ∆× V yields

(dΦ)(0,0)(γ
′(0)) = d(up,v)0(λ∂x) = w.

It follows immediately that the image of Φ covers an open neighbourhood of Φ(0, 0) = p, which is exactly
to say that this neighbourhood is covered by J -holomorphic disks.

The proof of Lemma 7 follows immediately:

Proof of Lemma 7. LetU be a connected open subset ofM and let f : U → C be aJ -holomorphic function
vanishing to infinite order at p ∈ U . Let p ∈ V ⊂ U be an open subset covered by J -holomorphic disks u
with u(0) = p. Let q ∈ V be arbitrary, and choose a J -holomorphic disk u : ∆ → V such that u(0) = p

and q ∈ u(∆). Since u and f are both J -holomorphic, f ◦ u is in fact holomorphic (indeed,
d(f ◦ u) ◦ i = df ◦ du ◦ i = df ◦ J ◦ du = i df ◦ du = i d(f ◦ u)).

Then f ◦ u vanishes to infinite order at 0, so it vanishes everywhere on ∆ by the usual unique continuation
theorem for holomorphic functions in one variable. In particular, f(q) = 0. This gives f |V ≡ 0, and thus
the subset of U on which f vanishes is open. But it is also closed by continuity. Hence the connectedness
of U implies f |U ≡ 0.
Remark 21. Note that, contrary to the i-holomorphic case, the unique continuation property does not hold
for the partial derivatives of a J -holomorphic function in general. In fact, it need not hold even if J is
integrable, as the next example shows.
Example 11. On a neighbourhood of 0 ∈ C2, consider the almost complex structure J defined by asking
that the following vector fields be of type (0, 1):

X1 = ∂z̄1

X2 = ∂z̄2 + ψ(z2) ∂z1

(A.1)
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where
ψ(z2) :=

⎧⎪⎨⎪⎩e
−1/(Re(z2))2 if Re(z2) ̸= 0,

0 if Re(z2) = 0.

Since [X1, X2] = 0, J is integrable. Let Φ = Φ(z2, z̄2) be a solution to the inhomogeneous equation
∂z̄2Φ = ψ(z2) in a neighbourhood of the origin2. Clearly, u(z1, z2) := z1 − Φ(z2, z̄2) is a smooth solution
to the system, but ∂z̄2u vanishes to infinite order at 0 and is not everywhere equal to 0.
Remark 22. One should also note that any J -holomorphic function f satisfies the maximum principle (if
f(p) is a local maximum or minimum, then f is constant in a neighbourhood of p). This is seen directly from
Cirici and Wilson (2021), Corollary 4.9.

We give another proof of the unique continuation property which does not rely on the theory ofJ -holomorphic
curves. The strategy is to show that any regular enough function u : U → C satisfying the system of linear
first order PDE

∂z̄ju+

n∑︂
i=1

aij ∂ziu = 0 j = 1, . . . , n (A.2)
(where the aij ’s are smooth and aij(0) = 0) is such that its real and imaginary parts also satisfy a system
of linear second order elliptic PDEs (with real coefficients) in a neighbourhood of 0, and then appeal to the
classical Aronszajn theorem:
Theorem (Aronszajn Aronszajn (1957), Theorem 1, Remark 3 and Addendum3.). Let A be a linear elliptic
second order partial differential operator on a connected open set U ⊂ Rn

A =
∑︂
i,j

aij∂xixj +
∑︂
j

bj∂xj + a

such that the coefficients aij are of classC2(U,R) and all other coefficients bj and a are uniformly bounded.
The elliptic requirement means that (aij) is a symmetric4 positive definite matrix everywhere on U . Let
uk : U → R, k = 1, . . . ,m, be a family of twice differentiable functions such that their derivatives belong
to L2

loc(U). If there exists M > 0 such that
|Auk|2 ≤M

m∑︂
l=1

(︄
n∑︂
i=1

|∂xiul|
2 + |ul|2

)︄
for k = 1, . . . ,m

2 One uses Cauchy’s integral formula (for smooth, complex valued functions) to prove existence of solutions. See Newlander and
Nirenberg (1957), p. 394 and references therein.
3 Theorem 1 states the result for one function u : U → R, Remark 3 extends this to a family of functions u1, . . . , uk, and the
Addendum states that it suffices to assume ∂µλa

ij of class C2 (instead of C2,1), but we do not need this reduction in our context
4 (One can always manipulate the coefficients to get symmetry; ellipticity is about positive definiteness.)
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and each uk vanishes to infinite order at p ∈ U , then each uk is equal to 0 on U .

Let us fix some more notation. Recall that the principal symbol of a PDO with real coefficientsD =
∑︁

|α|≤m aα∂
α

given in the real basis∂xi , i = 1, . . . , n, is the functionσm(x, ξ) =∑︁|α|=m aαξ
α, where ξ = (ξx1 , . . . , ξxn).

More generally, if the PDO has complex coefficients, we may express it in the basis ∂zi , ∂z̄i . We then define
the symbol by substituting ∂zi and ∂z̄i by ξi = 1

2(ξxi + iξyi) and ξ̄i = 1
2(ξxi − iξyi), respectively. Notice

that if the principal part ofD has real coefficients, then the “complex” and “real” definitions of the principal
symbol agree. The complex definition is useful to check ellipticity because of the basic relation ξiξ̄i = |ξi|2.
Notice that if D is a second order linear PDO, requiring ellipticity is equivalent to asking that σm(x, ξ) > 0

for all ξ ̸= 0. Notice also that the principal symbol of the product of two PDOs is equal to the product of their
principal symbols5. Lastly, if D =

∑︁
|α|≤m aα∂

α is a PDO with complex coefficients, define its conjugate
D̄ :=

∑︁
|α|≤m āα∂̄

α (so ∂z̄i is sent to ∂zi).

Second proof of lemma 7. LetLj := ∂z̄j+
∑︁n

i=1 a
i
j∂zi , where eachaij is smooth andaij(0) = 0. We observe

that a J -holomorphic function u is a solution to Lju = 0 for each j = 1, . . . , n. Define L :=
∑︁n

j=1 L̄jLj .
The idea of studying L comes from the observation that it can be seen as a small perturbation of the usual
Laplacian, which is obtained by setting Lj = ∂z̄j . Clearly, Lu = 0. We claim that L is a second order linear
elliptic PDO in some neighbourhood of 0, with real coefficients of order two. We start by showing that the
second order part of L is real:

∑︂
j

L̄jLj =
∑︂
j

(∂zj +
∑︂
i

āij∂z̄i)(∂z̄j +
∑︂
i

aij∂zi)

=
∑︂
j

(︄
∂zj z̄j +

∑︂
i

āij∂ziz̄j +
∑︂
i

aij∂zj z̄i +
∑︂
i

∑︂
k

āija
k
j∂z̄izk

)︄
+ l.o.t.

=
∑︂
j

Ñ
∂zj z̄j + 2Re

(︂∑︂
i

āij ∂ziz̄j

)︂
+ 2Re

(︂∑︂
i≤k

āija
k
j ∂z̄izk

)︂é
+ l.o.t.

The last expression is obtained by noticing that apart from ∂zj z̄j , each term in the second equality comes
with its conjugate, and for any complex PDO we have D + D̄ = 2Re(D). Next, we compute the principal

5 See Shubin’s Invitation to PDE Shubin (2001), Cor. 1.2, if this statement is unclear.
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symbol of L:
σ2(L)(x, ξ) =

∑︂
j

σ1(L̄j)σ1(Lj)(x, ξ)

=
∑︂
j

(ξj +
∑︂
i

āij(x)ξ̄i)(ξ̄j +
∑︂
i

aij(x)ξi)

=
∑︂
j

|ξ̄j +
∑︂
i

aij(x)ξi|2.

So at least σ2(L)(x, ξ) ≥ 0. To see that it is strictly greater than 0 on a punctured neighbourhood of 0, we
observe that σ2(L)(x, ξ) = 0 is equivalent to

−ξ̄j =
∑︂
i

aij(x)ξi for j = 1, . . . , n.

Let ξ = (ξ1, . . . , ξn) and A = (aij). The equality above reads Aξ = −ξ̄. Using the triangle inequality (and
the operator norm ∥A∥) we see that

∥A∥ |ξ| ≥ |Aξ| = |ξ|.

So it is necessary that either ξ = 0 or ∥A∥ ≥ 1. Since A is continuous and A(0) = 0, we can choose a
neighbourhood V of 0 on which ∥A∥ < 1, and thus L is elliptic on V . We now set ourselves up to apply
Aronszajn’s theorem. We let P2 be the second order part of L and P≤1 the lower order terms. Given u a
solution to Lju = 0 for each j, we set u = v + iw. Since Lu = 0, we have that

0 = Re(Lu) = Re(P2u) + Re(P≤1u)

= P2v +Re(P≤1)v − Im(P≤1)w (†)
and similarly,

0 = Im(Lu) = P2w +Re(P≤1)w + Im(P≤1)v. (††)
Since the aij are smooth functions, the coefficients of the real PDOs Re(P≤1) and Im(P≤1) are smooth as
well, so upon choosing a smaller neighbourhood of 0, which we again name V , we can assume that the
coefficients of Re(P≤1) and Im(P≤1) are uniformly bounded by some constant M . Then (†) implies

|P2v|2 = |Re(P≤1)v − Im(P≤1)w|2 ≤M2

(︄
2n∑︂
i=1

|∂iv|2 + |v|2 +
2n∑︂
i=1

|∂iw|2 + |w|2
)︄
.

The equality (††) implies that |P2w|2 is bounded by the same expression, so Aronszajn’s theorem guaran-
tees the unique continuation property of u on V . The same local-to-global argument as in the first proof of
Lemma 7 gives the full statement.
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APPENDIX B

MEAN CURVATURE OF J -INVARIANT SUBMANIFOLDS

Manifolds in this section need not be compact and are without boundary unless otherwise stated. Subman-
ifolds are immersed. The purpose of this appendix is to recall a proof of the following classical fact:
Theorem (Lemma 13). Let (M, g, J) be an almost Kähler manifold, and suppose that ι : N ↪→ M is a J -
invariant immersed submanifold in the sense that J(TN) ⊂ TN . Then the mean curvature ofN vanishes.

The proof relies on two basic facts: (1)J -invariant submanifolds of almost Kähler manifolds minimize volume
among all submanifolds with the same boundary (this will be justified using calibrations), and (2) the mean
curvature of such volume-minimizing submanifolds vanishes (this will be justified using the first variation
formula for volume).
Definition 22 (Harvey and Lawson, 1982, Def. 4.1). Let (M, g) be a Riemannian manifold. For α ∈ Ap(M)

and x ∈M , set
∥αx∥∗ := sup{αx(E1 ∧ · · · ∧ Ep) | E1 ∧ · · · ∧ Ep has unit norm},

and define ∥α∥∗M := supx∈M ∥αx∥∗. A smooth p-form α is a calibration if dα = 0 and ∥α∥∗M = 1.
Example 12. Let (M2n, J, g, ω) be an almost Kähler manifold, then for each p ≤ n, 1

p!ω
p is a calibra-

tion. Indeed, it is clear that dωp = 0, since dω = 0. Let E1 ∧ · · · ∧ E2p be such that each Ei ∈ TxM

has unit norm. Let P ⊂ TxM be the subspace spanned by the vectors Ei. Then ω|P remains skew-
symmetric, and thus by the normal form theorem for skew-symmetric matrices, there exists an orthonor-
mal basis {u1, v1, . . . , up, vp} of P such that ω|P =

∑︁p
i=1 λiu

∗
i ∧ v∗i where each λi > 0. In particular,

1
p!ω

p|P = (Πpi=1λi)u
∗
1 ∧ v∗1 ∧ · · · ∧ u∗p ∧ v∗p and thus

1
p!ω

p(E1 ∧ · · · ∧ E2p) =
1
p!ω

p|P (±u1 ∧ v1 · · ·up ∧ vp) = ±Πpi=1λi.

Since J is an isometry, λi = ω(ui, vi) = g(Jui, vi) ≤ |ui|g|vi|g = 1, so 1
p!ω(E1 ∧ · · · ∧ E2p) ≤ 1 and

we get ∥ 1
p!ω

p∥∗ ≤ 1 (This is Wirtinger inequality). To see that ∥ 1
p!ω

p∥∗ = 1, choose an orthonormal basis
{Ei, JEi}ni=1 compatible withω, meaningω =

∑︁n
i=1E

∗
i ∧(JEi)∗. Then 1

p!ω
p(E1∧JE1∧· · ·∧Ep∧JEp) =

1.
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Definition 23 (Harvey and Lawson, 1982, p. 48). Let N be an oriented, p-dimensionnal manifold with or
without boundary. Let ι : N ↪→ M be an immersion of N into a Riemannian manifold (M, g) and let
α ∈ Ap(M) be a calibration. We say N is α-calibrated or an α-submanifold if α|N = VolN .1
Lemma 21. Let (M,J, g) be an almost Kähler manifold with fundamental form ω( , ) := g(J , ). Let N
be a 2p-dimensional J -invariant immersed submanifold of M , then N is calibrated by 1

p!ω
p.

Proof. Since TN is J -invariant, we may choose a local orthonormal frame E1, JE1, . . . , Ep, JEp for TN
in a neighbourhood of any point p ∈ N . Then VolN = E∗

1 ∧ (JE1)
∗ ∧ · · · ∧ E∗

p ∧ (JEp)
∗. On the other

hand, ω|N =
∑︁p

i=1E
∗
i ∧ (JEi)

∗ so that 1
p!ω

p|N = E∗
1 ∧ (JE1)

∗ ∧ · · · ∧ E∗
p ∧ (JEp)

∗ as well.

We now explain in which sense calibrated submanifolds are volume minimizing.
Definition 24 (Lawson, 1980, Definition 3). Let N be a compact manifold, possibly with boundary, M a
smooth manifold, and f : N ↪→M an immersion. A smooth variation of f is a smooth map F : (−1, 1)×

N →M such that:
1. Each map ft = F (t, ) : N →M is an immersion.
2. f0 = f .
3. The restriction ft|∂N does not depend on t.

We letA(t) be the volume ofN at time t, meaningA(t) = ∫︁N Volf∗t g, where Volf∗t g is the volume form on
N induced by the metric f∗t g.

Recall that once an immersion ι : N ↪→ M of a smooth manifold N of dimension p into a Riemannian
manifold (M, g) is given, we may define the mean curvature of N in M with respect to ι to be H :=∑︁p

i=1(∇M
dιEi

dιEi)
⊥g, where ∇M is the Levi-Civita connection associated to g andE1, . . . , Ep is any choice

of orthonormal frame on N with respect to the metric ι∗g.
Theorem 11 (First Variation Formula Lawson, 1980, Theorem 4). Let (M, g) be a Riemannian manifold and
N a compact oriented manifold with boundary. Let f : N ↪→ M be an immersion. Let F (t, ) = ft be a

1 By definition, α|N = ι∗α and VolN is the volume form on N determined by the metric ι∗g and the orientation of N .
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smooth variation of f . Then, letting H be the mean curvature of N in M with respect to f , the following
variation formula holds:

d
dt |t=0 A(t) =

∫︂
N
⟨dF ( ddt |t=0), H⟩gVolf∗g

where H and dF ( ddt |t=0) are viewed as smooth global sections of f∗TM .

We are now ready to give the proof of Lemma 13.

Proof of Lemma 13. We let (M, g, J, ω) be an almost Kähler manifold and ι : N2p ↪→ M a J -invariant
immersed submanifold of M . Let q ∈ N be a point. We will show that Hq = 0. The idea is to show that N
is “volume minimizing” via the calibration 1

p!ω
p and then use the variation formula to concludeH = 0. The

only technical issue is that N need not be compact, so we can’t apply the variation formula directly on N
and have to proceed locally. LetB ⊂ N be a ball with boundary around q (e.g. Let (U, ϕ) be a chart around
q such that ϕ(q) = 0 and let B := ϕ−1(B(0, ε)). Choose B small enough so that ι|B is an embedding. We
then think of B as an embedded submanifold of M : B ⊂ M . Since N is J -invariant, B is J -invariant as
well. Let F (t, ) = ft : [−1, 1]×B → M be a smooth variation of the inclusion i : B ↪→ M , then Stokes’
theorem implies ∫︁B f∗t 1

p!ω
p =

∫︁
B

1
p!ω

p for each t ∈ [−1, 1]. And sinceB is 1
p!ω

p-calibrated, Voli∗g = i∗ 1
p!ω

p

so we have the chain of inequalities
A(t) =

∫︂
B

Volf∗t g ≥
∫︂
B
f∗t

1
p!ω

p =

∫︂
B

1
p!ω

p = A(0).

Hence A(0) is a minimum of A(t) and we have d
dt |t=0A(t) = 0. The first variation formula then implies

that
0 =

∫︂
B
⟨dF ( ddt |t=0), H⟩VolB. (†)

Note that if Ft is a variation such that dF ( ddt |t=0) = ρH where ρ is any positive bump function supported
inside of B and positive at q, then (†) implies that ⟨ρH,H⟩ ≡ 0 on a neighbourhood of p and in particular
Hq = 0. Let us build such a variation. SinceB is embedded and compact, it admits a tubular neighbourhood
exp : TB⊥g

ε →M for some ε small enough, where TB⊥g
ε = {v ∈ TB⊥g : |v|g ≤ ε} and the exponential

map exp is a smooth embedding (see e.g. Lee, 2018 Thm 5.25). Let ρ : B → [0, 1] be a smooth bump
function such that ρ(p) > 0 and ρ(∂B) = 0, let λ = supx∈B |Hx|g, let X := ε

λρH and let F (x, t) =

expx(tXx). The map F is well defined for t ∈ [−1, 1], since Hx ∈ TB⊥g
x and | ελρHx| ≤ ε. We claim F is

a variation of i : B ↪→ M . First, it is clear that F (t, ) is an embedding for each t ∈ [−1, 1] since exp is.
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Second, F (x, 0) = expx(0) = x. Third, if x ∈ ∂B, ρ(x) = 0, so F (x, t) = expx(0) = x. Finally, we see
that

dF (
d

dt
|t=0) = dexp(tX)(

d

dt
|t=0) = X

and ⟨X,H⟩ = ε
λρ|H|2g so that (†) implies Hq = 0.
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APPENDIX C

BASIC HARMONIC FORMS AND µ̄-HARMONIC FORMS

We are concerned with proving the following algebraic property of transversely Kähler manifolds:
Proposition 12. Let (M,J, g) be a transversely Kähler manifold, so thatD∞

J is regular and νD∞
J is involutive.

Every basic (r, s)-form is also µ̄-harmonic, i.e. Ar,s
B (M) ⊂ Hr,s

µ̄ (M).

It will be useful to have the following fact in mind:
Lemma 22. Let (M,J) be an almost complex manifold and letω ∈ A1(M) be a (complex valued) one-form
andX,Y ∈ Γ(TM) be real-valued vector fields. LetX1,0 = 1

2(X − iJX) andX0,1 = 1
2(X + iJX). Then

µ̄ω(X,Y ) = 1
2ω

1,0(NJ(X,Y )1,0)

where ω1,0 = 1
2(ω + iJω) (and Jω(X) = ω(JX)).

Proof. First split ω = ω1,0 + ω0,1. Since µ̄ is an operator sending Ar,s to Ar−1,s+2, µ̄ω0,1 = 0 and µ̄ω =

µ̄ω1,0.
µ̄ω1,0(X,Y ) = dω1,0(X0,1, Y 0,1) =˂˂˂˂˂˂˂˂

X0,1ω1,0(Y 0,1)−˂˂˂˂˂˂˂˂
Y 0,1ω1,0(X0,1)+ω1,0([X0,1, Y 0,1]) = ω1,0([X0,1, Y 0,1]1,0)

Recalling Equation (1.2), we have
[X0,1, Y 0,1]1,0 = 1

4 [X + iJX, Y + iJY ]1,0 = 1
4 (NJ(X,Y )− iJNJ(X,Y )) = 1

2NJ(X,Y )1,0

So µ̄ω(X,Y ) = 1
2ω

1,0(NJ(X,Y )1,0).

Proof of Proposition 12. Let ω ∈ Ar,s
B (M). We first show that µ̄ω = 0. Let X1, ..., Xr+s+1 be vector fields,

then µ̄ω(X1, ..., Xr+s+1) is given by
dω(X1,0

1 , .., X1,0
r−1, X

0,1
r , .., X0,1

r+s+1)

=
∑︂

r≤i≤j≤r+s+1

(−1)i+jω([X0,1
i , X0,1

j ]1,0, X1,0
1 ...X1,0

r−1, X
0,1
r ...
’
X0,1
r+i...

’
X0,1
r+j ...X

0,1
r+s+1),

66



where we used the fact that ω is a (r, s)-form to simplify equation (3.1). For later use, it is worth noting that
this equation implies that µ̄ isC∞-linear. LetX0,1

i = Yi+ iJYi where Yi is real. We see from equation (1.2)
that

[X1,0
i , X1,0

j ]0,1 = NJ(X
0,1
i , X0,1

j ) = NJ(Yi, Yj)− iJNJ(Yi, Yj).

This belongs to D∞
J ⊗ C and since ω is D∞

J -basic, we have ι
[X1,0

i ,X1,0
j ]0,1

ω = 0, and thus µ̄ω = 0.

We now show that µ̄∗ω = 0. Since µ is C∞−linear, µ̄∗ and µ are fiberwise adjoints, i.e., ⟨µ̄∗β, αx⟩x =

⟨βx, µ̄αx⟩x for each x ∈ M , β ∈ Ar,s and α ∈ Ar+1,s−2 (and not just formal L2-adjoints, the reader
may also check Cirici and Wilson (2021, Lem. 4.2–4.3) for a proof.) We work locally around x ∈ M .
Let E1, ..., Ep, Ep+1, ..., Ep+q be a local orthonormal frame of TM such that E1, ..., Ep span D∞

J and
Ep+1, .., Ep+q span the orthogonal complement ν(D∞

J ). Let e1, ..., ep+q be the dual orthonormal frame.
Since ω is basic, it is a section of ∧r+sν(D∞

J )∗ and thus locally it is given by a linear combination of ele-
ments of the form ei1 ∧ · · · ∧ eir+s where each eij belongs to ν(D∞

J )∗. Now let α ∈ Ar+1,s−2(M), we
claim that either µ̄α = 0 or it is a linear combination of elements of the form ei1 ∧ · · · ∧ eir+s where at
least one of the eij ∈ (D∞

J )∗. Observe that since µ̄ is C∞−linear, it is enough to show the statement for
α = ei1 ∧ · · · ∧ eir+s . Write α as α = eB ∧ (ej1 ∧ · · · ∧ ejk) where eB ∈ ∧•ν(D∞

J )∗ and each eji ∈ (D∞
J )∗.

Now
µ̄(eB ∧ ej1 ∧ · · · ∧ ejr+s) = Σki=1(−1)j−1eB ∧ µ̄eji ∧ ej1 ∧ .. ∧ˆ︂eji ∧ .. ∧ ejr+s ,

from which we see that either µ̄eji = 0 for each eji , in which case µ̄α = 0 or µ̄eji ̸= 0 for some i, in which
case µ̄eji =∑︁k,l akl ek ∧ el.

we claim that if ek, el ∈ ν(D∞
J )∗, then akl = 0. Assuming the claim, the resulting form∑︁k,l ak,l eB ∧ ek ∧

el ∧ ej1 ∧ · · · ∧ ejr+s contains a ei ∈ (D∞
J )∗ in each of its terms, and thus µ̄α is a linear combination of

basis elements containing at least one eji ∈ (D∞
J )∗x, so that for all α ∈ Ar+1,s−2(M),

⟨µ̄∗ω, α⟩ = ⟨ω, µ̄α⟩ = 0.

We conclude that µ̄∗ω = 0 and thus ∆µ̄ω = 0.

Now to prove the claim, choose elements of the local orthonormal frame Ek, El ∈ ν(D∞
J ) (p < k < l ≤

p+ q) and recall that eji ∈ (D∞
J )∗ so that Lemma 22 implies
akl = µ̄(eji)(Ek, El) =

1
2e

1,0
ij

(NJ(Ek, El)
1,0) (†)
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Since ν(D∞
J ) is involutive and J -invariant (because g is J -compatible) we have that

NJ(El, Ek) = [El, Ek] + J [El, JEk] + J [JEl, Ek]− [JEl, JEk] ∈ ν(D∞
J )

So NJ(Ei, Ej) ∈ D∞
J ∩ ν(D∞

J ) = {0}. We conclude from (†) that akl = 0
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