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RESUME

La théorie sur les polynémes de Macdonald a fait 'objet d’une quantité impor-
tante de recherches au cours des derniéres années. Définis originellement par Macdonald
comme une généralisation de quelques-unes des bases les plus importantes de 'anneau
des fonctions symétriques, ces polynémes ont des applications dans des domaines tels
que la théorie des représentations des groupes quantiques et physique des particules. Ce
travail présente quelques-uns des résultats combinatoires les plus importants entourant
ces polyndmes, en mettant particuliérement accent sur la formule combinatoire prouvée
récemment par Haglund, Haiman et Loehr pour les polynémes de Macdonald.

Mots-clés : Polynémes de Macdonald, fonctions symétriques, combinatoire algébrique,
combinatoire enumerative, théorie des représentations, géométrie algébrique.



ABSTRACT

The theory of Macdonald polynomials has been subject to a substantial amount
of research in recent years. Originally defined by Macdonald as a common generalization
to some of the most important known basis of the ring of symmetric polynomials, they
have shown to have striking applications in a wide variety of non elementary topics such
as representation theory of quantum groups and particle physics. This work outlines
some of the most important combinatorial results surrounding this theory, making spe-
cial emphasis on the combinatorial formula for Macdonald polynomials proven recently
by Haglund, Haiman and Loehr.

Keywords: Macdonald polynomials, symmetric functions, algebraic combinatorics, enu-
merative combinatorics, representation theory, algebraic geometry.



INTRODUCTION

A great number of beautiful results involving Macdonald polynomials have been estab-
lished since these were first introduced in (Macdonald, 1988), and a large number of
conjectures have been raised, making the theory of Macdonald symmetric polynomi-
als one of the most active subjects in Algebraic Combinatorics. A recent conjecture by
Haglund (Haglund, 2004), giving a combinatorial expression for Macdonald polynomials,
almost immediately proven in (Haglund, Haiman, Loehr, 2005), raised hopes of finding a
combinatorial formula for the g, t-Kostka coefficients that appear upon expressing Mac-
donald polynomials in terms of Schur symmetric functions. A combinatorial proof of
the positivity of g, t-Kostka coefficients was finally achieved this year in (Assaf, 2007) by
giving an interpretation of the coefficients of LLT polynomials in terms of Schur poly-
nomials, and using Haglund’s expression of Macdonald polynomials in terms of LLT.
Most of the body of this work is devoted to developing the concepts that are needed to

understand and prove Haglund’s formula for Macdonald polynomials.

The first chapter of this monograph introduces the basic combinatorial structures (namely;
diagrams, partitions, compositions, fillings, super fillings and tableaux) that index most
of the formulas in the following chapters. The second chapter is meant to be a short
introduction to the theory of symmetric functions or symmetric polynomials in an infi-
nite number of variables. Some classic results on this theory are proven while others are
conveniently cited from the references in order to keep a light but still self-contained ap-
proach. The third chapter is the main of this work, showing (Haglund, Haiman, Loehr,
2005)’s proof of Haglund’s formula for Macdonald polynomials, along with a few of the
most important combinatorial aspects of this theory. Finally, the last chapter is an ap-
pendix of some interesting conjectures and open problems involving the topics studied

in the first three chapters.



CHAPTER I

BASIC NOTIONS

The aim of this chapter is to define the combinatorial structures that will index most of
the definitions and relations in the following ones. Symmetric polynomials are normally
indexed by Young diagrams or skew partitions, and in some cases by tuples of skew
partitions. Quasisymmetric polynomials are indexed by compositions. The definitions of
these polynomials are often weighed sums over a convenient set of fillings or super fillings,
where the weights depend on parameters that are referred to as statistics throughout

this work.

1.1 Diagrams and Partitions

Definition 1.1.1. For the purpose of this work, a diagram is defined as a subset of

N x N, where N =7, U {0} ={0,1,2,...}.

A diagram can be pictorially represented as a set of cells on the first quadrant of a
Cartesian coordinate system. In such representation, the cell corresponding to (7,7) is

the unitary square with vertices (4,7), (4, + 1),(t + 1,5), (G + 1,5 + 1) (see figure 1.1).

In what follows, a diagram and its pictorial representation will be referred to without

distinction. The elements of a diagram are commonly called cells.



Figure 1.1 Representation of the diagram {(0,0),(2,1),(2,2)}.

Young Diagrams

Definition 1.1.2. A Young diagram is a diagram g € N x N such that if (49, j0) € u,
then (z,7) € p for all 4,7 € N with 1 < ¢g and j < jp (see figure 1.2). The (j + 1)th row
of a Young diagram is the one consisting of all the cells with second coordinate equal to
7, this is, the (j + 1)th row from bottom to top. Similarly, the (i + 1)th column is the
one consisting of all the cells with first coordinate equal to i. The size of u, denoted |,

is the number of cells in 4.

Figure 1.2 A Young diagram. When drawing a Young diagram, coordinate axes are

conveniently omitted.

Definition 1.1.3. A cell (4,5) of a Young diagram p is said to be a corner if (i +
1,7), (3,5 + 1) are not in x. The corners of the Young diagram in figure 1.2 are (0, 4),
(2,2) and (3,1).



Definition 1.1.4. Let p be a Young diagram. The conjugate of i, denoted p', is the
Young diagram which results of reflecting each cell of p through the line y = z in the
coordinate plane. Notice that if n = p' then = 7', In such case, it is said that “u and

7 are conjugates”.

Figure 1.3 A Young diagram and its conjugate.

The concept of Young diagrams is linked to that of partitions of integers:

Definition 1.1.5. Let n be a non-negative integer. A partition X\ of n is a (possibly

empty) tuple (A1, ..., Ax) of integers satisfying the two conditions
AL2 2 A >0

M4+ =n

The integers A1,..., A, are called the parts of \. The number of parts of A is denoted
I{\) and is called the length of A\. The statement “) is a partition of n” is abbreviated
A F n. The integer n is called the size of \. The empty partition is denoted by the

number 0. In order to simplify some formulas, the parts \; are set to be zero for ¢ > I(\).

Remark. Partitions of a non-negative integer n are in natural bijection with Young

diagrams of size m. In fact, if A = (Aq,..., A\g) is & partition of n, the Young diagram



with row lengths A\, (r = 1,...,k) is in unique correspondence with A. The Young

diagram in figure 1.2 corresponds to the partition (4,4,3,1,1) F 13.

This said, partitions and Young diagrams will be referred to without distinction, identify-
ing every partition (u1,. . ., 4r) with the unique Young diagram of row lengths pq, ..., .
Notice that if g = (us,...,pur) and @/ = (@], ..., ul) are conjugates as in definition 1.1.4,
then pf, ..., i, are the heights of the columns of y. Also y is the number of parts of p

that are greater than or equal to 7. As a consequence
l(p) = m (1.1)
(') =m (12)

With this same notation, the corners of u can be equivalently defined as the cells (i —

1,u; — 1) in p such that w1 < py.

The number of partitions of a nonnegative integer n is commonly denoted p(n). There
is no known simple formula for p(n), however, its generating function can be deduced
by conveniently rewriting partitions A = (A1,..., ;) as (7%,..., 1™}, where m; (1 <
1 < j) denotes the number of parts of A that are equal to 7. Thus p(n) is simply the
number of ways of expressing n as a sum mj;1 +m»2 +---. This is summarized in the

formula,

dopma” =] «™=]] _1xi (1.3)

n>0 i>1m>0 i>1

A few important definitions concerning Young diagrams follow.

Definition 1.1.6. Let u be a Young diagram. The arm of a cell (7, 7) € u is the subset
of cells of p that are in the same row and to the right of (4, 7). More formally, it is the

set
{@,7) € w:d' >}
The number of cells in the arm of (4, 7) is denoted arm(z, j) (see figure 1.4).

Definition 1.1.7. The leg of a cell (4,7) in a Young diagram p, is the subset of cells of

4 that are in the same column and above (i, j). More formally, it is the set

{(,Yyen:7 >3}



. The number of cells in the leg of (4, 7) is denoted leg(i, j) (see figure 1.4).

Definition 1.1.8. The hook of a cell (i,7) in a Young diagram p, is the union of the

arm, the leg, and the cell (7, j) itself. More formally, it is the set

{(7,9) ep:d 243 0{(i,5) epn:j >4}

. The number of cells in the hook of (4, j) will be denoted hook(%, §) (see figure 1.4).

Figure 1.4 A cell u = (2,1
hook(u) = 8.

) in a Young diagram, with arm(u) = 3, leg(u) = 4, and

Let p= (p1,..., ) and o/ = (1], ..., 1) be conjugate partitions. Recall that p;11 is
simply the length of the (j+1)th row of p, and 1 ; is the length of the (¢ +1)th column

of p. The three equations below follow from these observations:

arm(%,7) = pjy1 — 2 — 1 (1.4)
leg(d,§) = pip1 —J— 1 (1.5)
hook(z,7) = arm(i, j) + leg(4,7) + 1 (1.6)

Definition 1.1.9. A skew partition is a diagram of the form p\A, where p and A are
Young diagrams. Young diagrams are themselves skew partitions. The definitions of

arm, leg and hook of a cell can be naturally extended to skew partitions. In fact, if



u € v = p\A, then the arm, leg, and hook of u in v, are the same as those in u. The

notation u/A = p\A is frequently used in the literature.

Definition 1.1.10. A skew partition v is a horizontal strip (respectively a vertical strip)
if it does not have two cells on the same column (respectively on the same row). Figure

1.5 shows a horizontal and a vertical strip.

—

Horizontal strip Vertical strip

Figure 1.5 A horizontal strip and a vertical strip.

Definition 1.1.11. The content of a cell (4,7) of a diagram is defined by

cliyg) =g i

Figure 1.6 Content function.



Definition 1.1.12. Let g € N x N be any diagram (not necessarily a Young diagram).

The parameter n(u) is given by the sum

n(p)= Y i
&

1,J)€Ep

These are a few of the most important properties of the parameter n(u):

L (n(w),n(w)) = Y (,4)

(3,4)En

2. If w=(u1,..., 1) is a partition and p' = (p], ..., u.) its conjugate, then

n(p) = ph+ 2+ e— Vb= Y ipin (1.7)
0<i<e—1

3. A = (A,..., %) and g = (p1,...,4u) are partitions with A C u (where C
denotes the usual contention relation, viewing A and u as Young diagrams), and

v = p\AX is a skew partition, then
n(v) =n(u) = n(A) = (py = A) +2(ug = Ag) +-- + (1 = D, — A7)
= Z (Mi1 ~ Air) (1.8)
0<i<r~1

where r = max{l(x'),{(N)} = max{u, \1}.

£ () = () = Toep clu).
Definition 1.1.13. A skew partition v is a ribbon if it satisfies the following conditions
(see figure 1.7):
1. It is connected. This is, you can go from any cell to any other through a series of
length 1 horizontal or vertical steps without falling out of the diagram.

2. It does not contain any 2 x 2 square.

3. The lower-right cell has content 1 (see definition 1.1.11).
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7|6
51 4|3
2
1

Figure 1.7 A ribbon and its content function c.

Notice that the contents of the cells of a ribbon of size n are always the consecutive

numbers 1,2,...,n (see figure 1.7).

Definition 1.1.14. The descent set of a ribbon v is the set of contents c(u) of the cells
w = (4,7) such that (i,j — 1) € v. This set is denoted d(v). The descent set of the
ribbon in figure 1.7 is {2,3,6}. Clearly for |v| = n, the set d(v) can be any subset of
{2,3,...,n}. Also the set d(v) defines the ribbon v uniquely.

Orders on Partitions

It is appropriate at this point to introduce some partial and total orders on partitions

that will be useful in the future.

Contention order (partial). Two partitions A and p are said to satisfy A C u (reads
“X is contained in p” or “u contains A”) if their associated Young diagrams satisfy the
usual set contention relation A C p. In other words, A C pu if they satisfy the following

two properties:

Lo l(p) 2 1)
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2 1> N (1< <I(N).

For example (2,2,1) C (4,3,1,1,1). See figure 1.8 for a visual example.

-

Figure 1.8 Contention order on partitions.

Dominance order (partial). A partition p is said to dominate another partition A, if
At A Spr 4k pg for all k£ > 0. This relation is written A < u. For example
(2,2,2,1,1) < (3,3,2). Notice that unlike the contention order, the dominance order
is still interesting when restricted to partitions of a given positive integer n. In fact,
when the relation A < 4 is written, it is frequently assumed that |A| = |u| unless stated

otherwise.

Lexicographic order (total). Two partitions are said to satisfy A\ <oy p if the first
non-zero difference p; — A; is positive. For example (5,4,2,2,2) < (5,4,3,1) since

5—5=4—4=0and 3—2=12> 0. See figure 1.9 for a visual example.

Notice that if two partitions p and A satisfy A < p, and ¢ is the first positive integer for
which p; 5 A, then gy = (py -+ ) — A1+ -+ X))+ A > A, and 50 A <jex .
In other words, the lexicographic order is a linear extension of the dominance order.
Also if A < p for g and A partitions of the same positive integer n, then adding up the

inequalities

MAFN S
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Figure 1.9 Lexicographic order on partitions.

for 1 <1 < m = max{l()),l(n)}, knowing that at least one of them is strict, one obtains

,_.

m—

Z m—1) z+1<Z m = 1)ig1,

=0

which substracted to the equality Y7 g" mAir1 = Soms) mpuiy1 = mn, yields

n(A) > n(p)

Another interesting feature of the dominance order is the fact that it is symmetric with
respect to conjugation when restricted to partitions of a single positive integer n, this

is;

Proposition 1.1.1 (Classic result). Let A and p be two partitions of a positive integer
n. Then:

p=Aeu =N

Proof. Suppose that p' does not dominate X' and let r be the first positive integer for
which pf + ... +p, < X +...+ N Clearly p;. < X.. Thus, considering that p; and A;

are the number of u;’s and X;’s respectively that are greater than or equal to r;
0< (AN 4+ = X) =+ + )

=G5 ep iz =G5 e rizr
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fr A%
= E i —7 | — E A—T
i=1 i=1
Br K

by pr
> | = [ DN
i=1 i=1

Therefore A does not dominate u. O

IN
g
S
!
|
g
&
!
I

Orders on the Cells

Some of the development in this work requires to assign a partial or total order to the
cells of a diagram. Some general results depend on a given such ordering. These orders
are often restrictions of total or partial orders in Z x Z. These are some of the orders

on Z x Z that will be useful in further sections:

Reading order (total). This order is defined by reading each row starting from the
one on the top to the one on the bottom, reading the cells of each row from left to right
(see figure 1.10). This is the usual “reading” order of western languages. More formally:
J'<j,or

(%J) <read (ilyj/) if
j=jand? >1

Figure 1.10 Cells labeled in the reading order.

Natural order (partial). In this order, u < v if the relation < is satisfied coordinate-

wise. This is:

(i,) < (,5) if i’ =i > 0 and j' — j > 0
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Lexicographic order (total). In this order, u <j¢ v if the first nonzero coordinate of

v — u 1s positive. This is:

i >1, or
(’L:]) Slex (i/ajl) if
i =dand j’ > j

An immediate relation between the reading and lexicographic orders is that

(Za]) Slex (il>j,) Aad (.77 —i) Zread (j,: _il)
The natural order on cells allows for a simpler definition of Young diagrams as those
sets # C N x N such that (7,5) € p if (¢/,5') € pand (4,7) < (¢, 7).
1.2 Fillings, Super Fillings and Tableaux
For the purpose of this and future sections, an alphabet A will be a totally ordered set
of “letters”.

Definition 1.2.1. Let 1 € N x N be a diagram. A filling ¢ of p with values in A is
simply a function ¢ : p — A. A filling ¢ : & — A can be represented by writing the
values ¢(u) inside each cell u € . The diagram p is called the shape of . The values

o(u) (u € p) are called the entries of .

The total order < on the alphabet A allows for the definition of semi standard fillings;

Definition 1.2.2. Let 4 € N x N be a diagram. A filling ¢ : x — A is said to be semz

standard if its entries are strictly increasing upwards on every column of x , and weakly

increasing from left to right on every row of p (See figure 1.11). This is, if and only if;
L. (i1,7) < (s, j) for all (i1,7), (i2,7) € p with 7 < 72; and,

2. (i, 1) < (3, J2) for all (4, 1), (3, j2) € p with j; < j2.

Definition 1.2.3. A standard filling of a diagram p is a bijective semi standard filling

with entries in {1,2,...,|u|} (See figure 1.12).
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57

19 19 | 20

10| 18

Figure 1.11 A semi standard filling.

Figure 1.12 A standard filling.

Definition 1.2.4. A semi standard filling of a skew partition v (possibly a Young
diagram) with entries in Z;, is called a semi standard Young tableau of shape v. The

set of semi standard Young tableaux of shape v is denoted SSYT(v).

Definition 1.2.5. A standard filling of a skew partition v (possibly a Young diagram)
is called a standard Young tableau of shape v. The entries of standard Young tableaux
are strictly increasing on every row from left to right and upwards on every column. The
set of standard Young tableaux of shape v is denoted SYT(v). This is clearly always
a finite set of at most |v|! elements. figure 1.13 shows all standard Young tableaux of

shape (2,2,1).

A standard Young tableau 7 : u — {1,2,...,n}, where p is a partition and n = |u/,

can be identified with a maximal chain x(© c u(l) C ... cu™ in the contention order
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5 4 4
3| 4 35 215
112 1] 2 113
5 ] 3|
214 215
113 114

Figure 1.13 Standard Young tableaux of shape (2,2,1).

on partitions, where u(® = 0 (the empty partition) and u(™ = 4. This maximal chain
is obtained by setting u(¥) to be the subset of cells (1,§) € w that satisfy 7(i,5) < k.
The maximality is clear from the fact that [p*+D| — |u®)| = 1. Also the u®*)’s are
all Young diagrams, since 7 is increasing in columns and rows. This correspondence
is clearly bijective. figure 1.14 shows a standard Young tableau and its corresponding

maximal chain.

0cC C C C

Figure 1.14 Standard Young tableau of shape (2,1,1) and its corresponding maximal

chain.

When p is a partition, f* = |SYT(u)| denotes the number of standard Young tableaux
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of shape p. This number can be expressed in terms of the hook lengths hook(i, 5) of the

cells of p. If |p| = n, then
n!
[1¢: jyeu hook(s, )

This is known as the “hook length formula” and its proof can be found in (Bergeron,

fH= (1.9)

2008) among others. The hook lengths of = (2,2, 1) are shown in figure 1.15. As a

result;

51
(2,2,1) _ —
f 1x1x2x3x4 >

which confirms the number of fillings in figure 1.13.

1
311
4 | 2

Figure 1.15 Hook lengths of p = (2,2,1).

Semi standard Young tableaux can be counted when their entries are restricted:

Definition 1.2.6. Let A and p be two partitions of the same positive integer n. The
Kostka number Ky, is the number of semi standard Young tableaux 7 : A — Z, such

that [772(3)| = p; for i =1,...,1().
The following are a some of the most important basic properties of Kostka numbers:

LIfp=(1"=(1,...,1), then K, = f*. This is a direct result of the definition

n times
above.

2. Ky = 1. Indeed, if a semi standard filling of A has exactly A; 1’s, then all of them
must be in the first row. Similarly, all 2’s must be in the second row, and so on,
leaving only one possible semi standard filling 7 : A — Z satisfying |[771(3)| = \;

fori=1,...,1(\).
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3. Ky, > 0= p = A Indeed, suppose that K, > 0 and let 7 : X\ — Z, be
a semi standard filling 7 : A — Z4 satisfying the condition in definition 1.2.6.
Suppose that there exists k > 1 such that p; + -~ 4+ px > Ay + -+ + Ax. This
is, 77 1,...,k} > A\ + -+ + Ar. Thus there is at least one number in {1,...,k}
placed above the kth row of A. In other words, there is at least one cell (4,7) € A
such that 7 > k > 7(4,j). Therefore, since 7 is semi standard, 7(7,0) < 7(i,j)—7 <
7(4,7) — k < 0 and so 7(i,0) ¢ Z.., which is a contradiction. As a result, A must

necessarily dominate (.

4. p =< Xx= K,, > 0. This fact can be seen as a consequence of the symmetry of

Schur polynomials (see expression 2.25 in section 2.2 for its proof).

Statistics on Fillings

As in previous sections, assume the alphabet A to be a totally ordered set.

Definition 1.2.7. Let v € N x N be a skew partition (possibly a Young diagram) and
let o : v — A be a filling of v. A cell (z,5) € v is said to be a descent of p if j > 0
and ¢(4,5) > (4,5 — 1). The set of descents of a filling ¢ is denoted Des(yp) (see figure
1.16).

Recall from basic combinatorics that the “descents” of a word a7 ---a, € A™ are the ’s
(1 < i < n—2) for which a; > a;41. Notice that in the case v = (1), the number

|Des()| counts the number of descents of the word ©(0,n — 1)p(0,n — 2)--- (0, 0).

Figure 1.16 Filling ¢ with Des(¢) = {(0,2),(2,1)}.
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The following definition will be necessary to introduce another important set;

Definition 1.2.8. Two cells (2,7) <eaq (¢',7') of a skew partition v are said to attack
each other if either;
7 =j—1and4 <3, or
j =jand i >1
Figure 1.17 shows three examples of pairs of cells that attack each other in a Young

diagram.

Figure 1.17 Examples of pairs of cells that attack each other in a Young diagram.

Definition 1.2.9. Let v € N x N be a skew partition (possibly a Young diagram) and
let ¢ : v — A be a filling of v. A pair of cells (u,v) of v, with ¥ < e,q v, is said to be an
inversion of ¢, if u and v attack each other and ¢(u) > ¢(v). The set of inversions of a

filling ¢ is denoted Inv(y) (see figure 1.18).

Recall from basic combinatorics that the “inversions” of a word ay---a, € A" are the
pairs (¢,7) with 1 < ¢ < j < n, for which a; > a;. In the case v = (n), the number

|Inv()| counts the number of inversions of the word ¢(0,0)¢(1,0)--- @(n — 1,0).

Definition 1.2.10. Let v € N x N be a skew partition (possibly a Young diagram) and
let ¢ : p — A be a filling of v. The statistics maj and inv are defined as follows:

maj(p) = D (leg(u)+1)

u€Des(p)

inv(p) = |Inv(e)| — z arm(u)

u&Des(yp)

A simple calculation yields maj(p) = 5 and inv(p) = 3 for the filling in figure 1.18.
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00

Figure 1.18 Inversions and descents of a filling of shape (4,3,2,1) (descents are in

blue).

In the case v = (1™), the number maj(y) is the sum of the positions of the descents
of the word ¢(0,n — 1)p(0,n — 2) - - - ¢(0,0), which is the usual maj statistic on words.
In the case v = (n), the number inv(y) is simply |Inv(y)|, which, as mentioned before,

counts the number of inversions of the word ¢(0,0)¢(1,0) - ¢(n — 1,0).

Proposition 1.2.1. (Haglund, Haiman, Loehr, 2005) The parameters inv and maj as

described in the previous definition are always nonnegative.

Proof. Let v be a skew partition and let ¢ : v — A be a filling of v. The number maj(y)
is clearly nonnegative. In order to prove that inv(y) is nonnegative, consider all triplets
(w,v,w) of cells of v such that © < eaq ¥ <read W, with w and v in the same row, and w

is directly below u. More visually, «, v and w must be placed in the following way;

| v |

Clearly each descent of ¢ appears as w in a triplet (u,v,w) exactly arm(u) times and
each inversion that is not of the form ((,7), (', 7)) with (¢, — 1) ¢ v, appears as (u,v)
or (v, w) exactly once. As a result, if T' is the set of all such triplets and m is the number
of inversions of the form ({4, 7), (¢/, 7)) with (i,5 — 1) € v, then;

inv(p) =m + Z i (U, v) + i, (v, w) — ip(u, w)
(w,v,w)eT
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where i, (a, b) is defined by

1if p(a) > (b
ip(a,b) = wla) > ¢(b) (1.10)
0 otherwise
for a,b € p. The number i, (u, v) + i,(v, w) — iy (u, w) is always 0 or 1, thus inv(yp) >

0. O

In (Haglund, Haiman, Loehr, 2005), the authors define a reading descent set for bijective
fillings ¢ : Wv — {1,2,...,|v|} which is useful to relate quasisymmetric functions to
Macdonald polynomials. In order to avoid confusing this set with the one in definition

1.2.7, the notation DR(£) will be used here.

Definition 1.2.11. Let v be a skew partition and £ : v — {1,2,...,n = |v|} a bijective

filling. Define the reading descent set of £ as follows:

DR(¢) ={ie{l,...,n—1} : £Hi+ 1) <reaa £ 1(3)}

Super Fillings

Super fillings can be regarded as an extension of fillings in which the entries are not in
an alphabet A but in a super alphabet A = AW A_. The sets A and A_ are respectively
referred to as the sets of positive and negative letters of A. Furthermore, the total order
<in A must be an extension to the one in the alphabet A. The most common setting is
A=2Z, (withtheorder1 <2< 3<...),A.=Z_and A=7Z4 =Z,WZ_ (with some
total order that satisfies 1 < 2 < 3 < ...). This will be the setting in all the examples.
Super fillings will be useful in the next chapters to prove combinatorial results involving

quasisymmetric polynomials.

Definition 1.2.12. Let v be a skew partition (possibly a Young diagram) and A =
AW A_ asuper alphabet. An A-valued super filling of u is simply a filling with entries
in A. As stated before, it is advisable to regard this definition as a “generalization” of

fillings (see figure 1.19).
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Figure 1.19 A (Z, WZ_)-valued super filling.

Since fillings are themselves super fillings, most general theorems on super fillings are also
true for fillings. On the other hand, the parameters defined for fillings in the previous

section, can be extended to super fillings.

Definition 1.2.13. Let v be a skew partition (possibly a Young diagram) and let ¢ be
an A-valued super filling of v, for A = AW A_. The parameter [,(u,v) is defined for
u,v € v as follows:

L) = Lif o(u) > ¢(v) or p(u) = p(v) € A- w1

0 if p(u) < p(v) or p(u) =¢(v) € A

This is an extension of the parameter i,(u,v) defined in equation 1.10. In fact, if
w(u), p(v) € A, then I,(u,v) = i,(u,v), since the total order in A is a restriction to

that in A.

Definition 1.2.14. Let v be a skew partition (possibly a Young diagram) and let ¢ be
an (AW A_)-valued super filling of v. A cell (4,5) € v is said to be a descent of ¢ if
J >0 and I,((3,5), (4,7 — 1)) = 1. The set of descents of ¢ is denoted Des(¢).

Definition 1.2.15. Let v be a skew partition (possibly a Young diagram) and let ¢ be
an (AW A_)-valued super filling of v. A pair of cells (u, v) of v, with u <;eaq v, is said to
be an inversion of ¢ if u and v attack each other and I,(u,v) = 1. The set of inversions

of ¢ is denoted Inv(yp).
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It is clear that in the case w(v) C A, the two previous definitions are compatible with
definitions 1.2.7 and 1.2.9.

Definition 1.2.16. Let v be a skew partition (possibly a Young diagram) and let ¢ be

a super-filling of v. The statistics maj and inv are defined exactly as in definition 1.2.10:

maj(p) = > (leg(u) +1)

u€Des(ip)
inv(e) = Invig) = > arm(w)
u€Des(p)
Using the total order on Z+ defined by 1 < —1 < 2 < —2 < ---, a simple calculation

yields maj(y) = 16 and inv(y) = 6 for the super filling on figure 1.19.

Proposition 1.2.2. (Haglund, Haiman, Loehr, 2005) The parameters inv and maj on

super fillings are always nonnegative.

Proof. The proof is exactly the same as the one of proposition 1.2.1, using the parameter

I, in place of iy,. 0

Definition 1.2.17. Let v be a skew partition and let ¢ : v — A be a super filling
with A = Aw A_. The standardization of ¢ is the unique bijective filling st(y) : v —

{1,2,...,|v|} such that gost(¢)~! is weakly increasing, and each restriction of the form

st(P)lp-t (o) 1 7 {2h) = {12, W} (2 € 9(v))

is strictly increasing with respect to the reading order if z € A and strictly decreasing

with respect to the reading order if x € A_.

In the cases v = (1) and v = (n), for which ¢(v) C A, the standardization of ¢ is
equivalent to the usual standardization of words, when the entries of ¢ and st{p) are

written in the reading order.

Proposition 1.2.3. (Haglund, Haiman, Loehr, 2005) Let v be a skew partition (possibly
a Young diagram) and let ¢ : v — AW A_ be a super filling. Then:

Des(st(¢)) = Des(¢p),
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Inv(st(e)) = Inv(yp),
maj(st(p)) = maj(y), and,

inv(st(y)) = inv(p)

Proof. Set & = st(p). Suppose that &(u) > &(v) (or £(u) < &(v)) for some u,v € v with

U <yead ¥. Then:
p(u) = (po & (&) = (o & H(E(w) = p(v)

(respectively w(u) = (p o £71)(E(w)) < (po 1)(E(v)) = p(v))

If o(u) = @(v) = z, then u,v € ¢~ (z). Since u <reaq v and &(u) > &(v) (respec-
tively £(u) < £(v)); = must be in A (respectively A). Thus I,(u,v) = 1 (respec-
tively I,(u,v) = 0). Otherwise, if p(u) > ¢(v) (respectively p(u) < ¢(v)), then clearly
I,(u,v) = 1 (respectively I,(u,v) = 0). As aresult, if u <;ead v, then ic(u, v) = I,(u,v).
This clearly proves the first two equalities. The last two are a direct result of the first

two. O

Definition 1.2.18. Let v be a skew partition. A super filling ¢ : v — AW A_ is said
to be semi standard if it is weakly increasing on its rows from left to right and upwards
on its columns, and such that the set 771(4) is a horizontal strip for each i € A and a
vertical strip for each ¢ € A_. When all the entries of ¢ are in A, ¢ is simply a semi

standard tableau as in definition 1.2.2.

Super tableauz are the super filling extensions of semi standard tableaux:

Definition 1.2.19. Let v be a skew partition. Dote the set Z+ = Z, W Z_ with a total
order < whose restriction to Z, is the usual order on integers. A super tableau of shape

v is a semi standard super filling with entries in Zy. The set of super tableaux of shape

v is denoted SSYT4(v).

A clear consequence of this definition is the following;:

SSYT(v) = {r € SSYT+(v) : 7(v) C Z4} (1.12)
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Proposition 1.2.4. (Haglund, Haiman, Loehr, 2005) Let 7 : v — Z; WZ_ be o super

filling. Then st(7) is a standard Young tableau if and only if 7 1s semi standard.

Proof. Set & = st(). The fact that 7o£ 7! is weakly increasing shows that 7(u) < 7(v) =
E(u) < £(v) = 7(v) < 7(v). On the other hand, since ¢ is increasing with respect to the
reading order when restricted to 771(4) for ¢ € A and decreasing for i € A_, then the
entries of £ are increasing in columns upwards and in rows from left to right, if and only

if 771(7) is a horizontal strip for i € A and a vertical strip fori € A_. O

The following result, last in this section, will be useful to relate quasisymmetric polyno-

mials with Macdonald symmetric polynomials.

Proposition 1.2.5. (Haglund, Haiman, Loehr, 2005) Let v be a skew partition, £ :
v—{1,2,...,n=|v|} a bijective filling of shape v, and a : {1,2,...,n} — A a weakly
increasing function onto a super alphabet A = AWA_. Then st(aof) =¢ if and only if

a(i) =a(i+1) € A= i¢ DR()

and

a(i) =a(i+1) € A_ =1 € DR()

Proof. Suppose that st(ao&) = £. If a(i) = a(i+1) € A, then clearly £71(3), 671 (i+1) €
(a0 &)7Y(z) for some z € A. Since £ must be increasing with respect to the reading
order when restricted to (a o &)71(z), then £ 71(3) <ieaq €71(i + 1), and so i ¢ DR(E).
On the other hand, if a(i) = a(i + 1) € A_, then £71(i), 7 (i + 1) € (a0 &)~ z)
for some z € A_, and so 1 € DR({), since £ is decreasing with respect to the reading
order when restricted to (a0 &)!(z). Now suppose that the weakly increasing function

a:{1,2,...,n} — A satisfies

a(i) = a(i +1) € A = i ¢ DR(E)
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and
a(i) =a(i +1) € A_ = i € DR(£)

Let u <creaq v be two cells of v such that u,v € (a0 &)~ (z) = £~ (a"}(z)) for some
z € A. Since a is weakly increasing, the set a=!(z) is an interval of the form {m+1,m+
2,...,m+ 7} for some j > 1 (because ¢ is bijective and £~1(a~!(z)) has at least two
elements v and v). Since a(m+1) =--- =a{(m+j) =z € A, thenm+1,... m+j—1¢
DR(£), and 50 £7H(m + 1) <read -+ <read £ 1(m + 7). As a result £(u) < £(v). This
proves that & is increasing with respect to the reading order when restricted to a set of
the form (a o &)7}(z) for some z € A. A similar argument shows that ¢ is decreasing
with respect to the reading order when restricted to a set of the form (a o £)~1(z) for

z € A_. Thus £ is the standardization of a o £. O

Remark. The previous proposition shows that for a given bijective filling £ : v —
{1,2,...,n = |v|}, there is a one to one correspondence between super fillings ¢ : v — A
such that st(¢) = €, and weakly increasing sequences a(l),a(2),...,a(n = |v|) € A4,
satisfying the two conditions above. In this correspondence, the entries of ¢ are the same
as the images of a. In the case that £ is a standard Young tableau, the correspondence
is with semi standard super fillings. And in the case the output of a is restricted to
the alphabet A, the bijective correspondence holds with fillings when £ is any bijective

filling, and with semi standard Young tableaux when £ is a standard Young tableau.

1.3 Tuples of Skew Partitions

This section introduces some notation on tuples of skew partitions and deals with some
of the most important parameters and properties surrounding such tuples. The study of
tuples of skew partitions will be essential later to relate LLT polynomials, quasisymmet-
ric polynomials and Macdonald polynomials. An important note to readers is the fact
that most of the parameters and properties studied in this section for super fillings of
tuples of skew partitions, are not direct extensions of the parameters found in previous

sections for super fillings of skew partitions. For instance, when restricted to tuples
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with just one component, the concept of “standardization” of fillings of tuples of skew
partitions is not equivalent to the concept of standardization of fillings of skew partitions

introduced in definition 1.2.17.

Definition 1.3.1. Let v = (v@), ... %)) be a tuple of skew partitions. A filling of v
with values in an alphabet A, is simply a tuple ¢ = (cp(l), . ,(p(k)) such that <,0(i) is a

filling of v with values in A for ¢ = 1,..., k. This can be written simply as
p: Uy — A

The disjoint union symbol W is necessary to make clear that two fillings @(i),@(j) are

allowed to return different values for the same cell © € N x N.
Definition 1.3.2. Let A = AW A_ be a super alphabet. An A-valued super filling of

v is simply a filling ¢ : Wv — A.

If o = (cp(l), e ,tp(k)) is a filling (or a super filling) of a tuple of skew partitions v =

(D, ... v®)) then define the notation

for u € Wy = &szly(i).

Definition 1.3.3. Let v = (y(l), . ,U(k)) be a tuple of skew partitions and ¢ : v —
A = AW A_ a super filling of v. The parameter I,(u,v) is defined as follows for

u, v € Yr.

p(v) e A
pv)e A

Lif p(u) > ¢(v) or p(u)
0 if ¢(u) < p(v) or ¢(u)

I (u,v) =

Definition 1.3.4. Let v = (11, ... v(¥)) be a tuple of skew partitions and ¢ : v — A
a super flling of v. A pair of cells (u,v) € v® x (9 such that I, (u,v) =1, is said to

be an inversion of ¢ if either
1 < j and c(u) = c(v), or,

1> jand c(u) = c(v) + 1
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where ¢ i1s the content function as in definition 1.1.11. This definition is not a direct
extension of the concept of inversions of fillings and super fillings. The set of inversions

of ¢ is denoted Inv(¢p) and the number of inversions is denoted inv(y) = |Inv(y)|.

Definition 1.3.5. Let u = (u1,..., ur) be a partition, and let D be a subset of {(¢, j) €
p:j > 0}. Define the tuple of ribbons

rbb(p, D) = (W, v® L))

as the only one satisfying |[v0tV| = u/ ; and d(v™) = {j +1 : (i,j) € D} for
i=0,1,...,u1 — 1. This is clearly a bijective correspondence between pairs (i, D) and

tuples of ribbons of weakly decreasing sizes, which allows for the convenient notation
rbb ! (v, 3, )y = (4, D)
Figure 1.20 shows an example of this correspondence. Notice also that this gives a

natural bijection between the cells of i and those of rbb(u, D), by assigning to each cell

(i —1,5 — 1) € p, the cell of v that has content j.

rbb

Figure 1.20 rbb(y, D)

The following proposition relates definitions 1.2.15 and 1.3.4.

Proposition 1.3.1. (Haglund, Haiman, Loehr, 2005) Let u = (p1,. .., pr) be a partition

and ¢ : p — A a super filling of u. Let D be any subset of {(i,j) € u:j > 0} and set

v= (W, . vy =rbb(u, D). Define p as the super filling of v given by:
pluy=¢plE—1,j—1) forue VD with clu)y=7j

Then |Inv(p)| = |[Inv(yp)|.



29

Proof. Let z/](-i) € Wr denote the only cell of v(* such that ¢ (y](-i)) = j. Then
DY _ i1 5
plv;”) =e(i—1,7—1), and,

Ip (V59 052)) = Ip((is = 1,1 = 1), (i2 = 1,52 = 1)
Thus the pair of cells (z/](-jl), VJ(ZZ)) € Wr x W is an inversion of  if and only if I,((i1 —
1,51 — 1),(ia — 1,42 — 1)) = 1 and either

11 < 19 and j1 = ja, or,

i1 > i9 and j1 = jo + 1
This is, if and only if the pair of cells ((31 — 1,51 — 1),(i2 — 1,52 — 1)) € X p is an

inversion of u. O

Definition 1.3.6. Let v = (v ... 1(®)) be a tuple of skew partitions. A super filling
p Wr — AW A_ is said to be semi standard, if it is semi standard on each of the skew

partitions v® (1 <i<k).
Definition 1.3.7. For a tuple v = (1), ... ¥} of skew partitions, set
SSYT(v) = SSYT(v) x -+ x SSYT(v*)), and,

SSYT.(v) = SSYT+(vM) x -+ x SSY T4 (v

As expected, the elements of SSYT(v) are called semi standard Young tableauz of shape

v and the elements of SSYT () are called super tableauz of shape v.

Definition 1.3.8. Let v = (v(1),. .. , %)) be a tuple of skew partitions. A standard
Young tableau of shape v is a bijective semi standard Young tableau 7 : W — {1,...,n},
wheren = [v| = Zle |vi]. SYT(v) denotes the set of standard Young tableaux of shape

V.

Let v = (1/(1), C z/(k)) be a tuple of skew partitions. Define the content reading order
<cread as the one resulting of reading the cells of v in decreasing order of their contents.

The cells of equal content are read from v to v®) | and the cells of equal content in the
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same skew partition are read diagonally from bottom left to top right (see figure 1.21).
In the case v = rbb(u, D), this order corresponds to the reading order on cells of u,

through the bijection between cells of 1 and v mentioned at the end of definition 1.3.5.

1
215 6 (1013 318
) )
419 12| 14 7|11

Figure 1.21 Cells labeled in the content reading order on a tuple of skew partitions.

Definition 1.3.9. Let v = (1/(1), e ,I/(k)) be a tuple of skew partitions and ¢ : W —
AWA_ asuper filling of v. The standardization of v, denoted st(y) is the only bijective
filling £ : Wv — {1,2,...,|v| = Zle v} such that ¢ o €71 is weakly increasing and the
restriction §|,-1(;) : ¢ (i) - Aw A_ is increasing with respect to the content reading

order for 7 € A and decreasing for 1 € A_.

Remark. When v has only one component, the previous definition is not the usual
definition of standardization on fillings and super fillings. They only match when the

super filling ¢ is semi standard, as stated in the next proposition.

Proposition 1.3.2. (Haglund, Haiman, Loehr, 2005) Let v be a skew partition and
p:v — AW A_ a semistandard super filling of v. Let v = (v) be the “tuple” of skew
partitions with only one component v, and let @ : Wv — AW A_ be the super filling of
v that corresponds to @. Then the standardizations st(y) and st(e) (from definitions

1.2.17 and 1.8.9 respectively) are coincident on each entry of v.

Proof. 1f ¢ is semistandard, then the set ¢~ !(i) is a horizontal strip for i € A and a
vertical strip for + € A_. In vertical and horizontal strips, the content reading order and

the reading order are the same. The result follows from that observation. O

Proposition 1.3.3. (Haglund, Haiman, Loehr, 2005) If v = (v, ... %)) 4s a tuple
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of skew partitions, and ¢ 1 Wv — AW A_ is a super filling of v, then

Inv(st(p)) = Inv(¢)

Proof. Recall that a pair (u,v) € v x 19 of cells of v is an inversion of ¢ if I,(u,v) = 1
and either

1 < 7 and ¢(u) = ¢(v), or,
1> 7 and c(u) = c(v) +1

In both cases u <cread ¥, SO it is enough to prove that I,(u,v) = Isy(e)(u,v) whenever
U <cread V.- I Ip(u,v) = 1, then either @(u) > @(v) or p(u) = p(v) € A_. If
() > 9(v), then (€ (E())) = p(v) > @(v) = (™ (EW))) for € = st(p). Since
¢ o &1 is weakly increasing, then &(u) > £(v) and so Ie(u,v) = Iy(u,v) = 1. If
p(u) = p(v) € A_, then u,v € p~1(3) for i € A_. Since € is decreasing in ¢ ~1(i) with
respect to the reading order, then £(u) > £(v) and so I¢(u,v) = I,(u,v) = 1 as wanted.
On the other hand, if I,(u,v) = 0, then either p(u) < p(v) or p(u) = p(v) € A. If
p(u) < @(v), then Y(E™ (€(w)) = pu) < @v) = Y(E'(£(v)). Since po &' is
weakly increasing, then §(u) < §(v) and so I¢(u,v) = I (u,v) = 0. If p(u) = @(v) € A,
then u,v € ™1(4) for i € A. Since £ is increasing in ¢ ~1(i) with respect to the reading

order, then &(u) < &(v) and so I¢(u,v) = I,(u,v) = 0 as wanted. O

Proposition 1.3.4. (Haglund, Haiman, Loehr, 2005) Let 7 :Wv — AW A_ be a super
filling of the tuple of skew partitions v = (v, ... v ¥)). Then st(r) is a standard

Young tableau if and only if T is semi standard.

Proof. Set € = st(7). The fact that 7 0 £~ is weakly increasing shows that 7(u) <
T(v) = &(u) < £(v) = T(u) < 7(v). Now let v be a component of v. The reading and
content reading orders in a given column or row of v are the same. Consequently, since
¢ is increasing with respect to the content reading order in sets of the form 7=1(s) Nv
for i € A and decreasing for ¢ € A_, the entries of £ are increasing in columns upwards
and in rows from left to right if and only if 77}(3) Nv is a horizontal strip for i € A and

a vertical strip for ¢ € A_. O
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Definition 1.3.10. Let v = (v ... v()) be a tuple of skew partitions and £ : W —

{1,2,...,|v|} a bijective filling. The content reading descent set of £ is given by:

DCE) ={ie{1,2,...,[v] =1} : €7 (i 4+ 1) <cread £1(5)} (1.13)

This definition can be specialized to skew partitions by setting v to have exactly one
component v, and so the set DC(£) can be naturally defined for bijective fillings £ : v —
{1,2,...,|v|}. An important observation is the fact that when ¢ is a standard Young
tableau of shape v, the relations € 71 (i + 1) <cread € (1) and £71(e+1) <y eaq £71(4) are
equivalent. Indeed, if €71(i 4 1) <cread € (1) <read £ (i + 1) then clearly £71(i + 1) <
€71(i) (see natural order), which is not allowed in standard Young tableaux. On the
other hand, if €714+ 1) <iead € (i) <cread €1 (3 + 1), then £71(s + 1) must be strictly
above and strictly to the right of £71(3), which would imply i < £(u) < i+ 1 for the
cell © on the position directly above £€71(i). These contradictions confirm the wanted

equivalence, and prove the equality;
DC(¢) =DR(&) for &€ SYT(v) (1.14)

Proposition 1.3.5. (Haglund, Haiman, Loehr, 2005) Let v = (v .. v(5)) be a tuple
of skew partitions, § : W — {1,2,...,n = |v|} a bijective filling of shape v, and
a:{L,2,...,n} = A a weakly increasing function on a super alphabet A = AW A_.

Then st(ao &) = € if and only if
a(i) =a(i+1) € A=1i¢ DC(£)

and

a(i)=a(i+1) € A_ =ieDC(§)

Proof. The proof is exactly the same as the proof of proposition 1.2.5, using the content

reading order instead of the reading order. O
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Remark. The previous proposition shows that for a given bijective filling £ : Wy —
{1,2,...,n = |v|}, there is a bijective correspondence between super fillings ¢ : W — A
such that st(y) = £, and weakly increasing sequences a(l),a(2),...,a(n = |v|) € A,
satisfying the two conditions above. In this correspondence, the entries of ¢ are the same
as the images of a. In the case that € is a standard Young tableau, the correspondence
is with semi standard super fillings. And in the case the output of a is restricted to
the alphabet A, the bijective correspondence holds with regular fillings when £ is any
bijective filling, and with semi standard Young tableaux when £ is a standard Young

tableau.

1.4 RSK Algorithm

Given two totally ordered alphabets A and B (generally subsets of Z,). A lexzicographic

word, sometimes called generalized permutation or simply two-line array is a matrix of

the form
(a)_ a; ay -+ an
b by by - by
with each a; in A and each b; in B, such that (a;,b;) <jex (@i41,bi41) fori=1,...,n—1.
This is
a; < Q441
or
a; = a;41 and b; < by
fori = 1,...,n — 1. The RSK dgorithm gives an bijective correspondence between

lexicographic words (;) and pairs of semi standard fillings (7, p) of the same shape,
such that 7 has entries in B and p has entries in A. In this bijection, the entries of 7 are
b1,...,bn and the entries of p areas,...,a,. In particular, when a; =i fori=1,...,n
and b, = (i) for a permutation o: {1,...,n} — {1,...,n}, the RSK algorithm gives a

correspondence between pairs of standard Young tableaux of the same shape p - n and
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permutations of {1,...,n}. A result of this particular case is the formula

Y () =n

whn

(1.15)

Before introducing the RSK algorithm, define the row insertion (17 « b) for a semi

standard filling 7: 4 — B and b € B, as follows:

1. Start with i = 0 and b© = p.

2. Let j be the smallest nonnegative integer for which 7(4,5) > b,

(a) If § does not exist then place b® immediately to the right of the (i + 1)th

row of u (i.e., set 7(%, ;) := b)), return 7 and stop.

(b) If j does exist, set b1 := 7(4, ), 7(4,5) := b i := 7+ 1 (in that order)

and go to step 2.

It is clear that the resulting filling 7’ is still a semi standard filling, and the corresponding

diagram (7/)7'(B) is still a partition. Also the difference between the new partition

(7)71(B) and p (i.e., the diagram shape(7’)\shape(7)) consists of only one cell. Given

a lexicographic word

(a) [ a1 a2
b b by

The RSK algorithm works as follows:

1. Start with 7 and p being empty fillings.
2. Do the following steps for 2 =1,...,7n.

(a) Define 7/ := (7 « b;).
(b) Set p(shape(r’')\shape(r)) := a;

(c) Set 7:=17".

Gnp
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This produces two semi standard fillings 7, p, and the resulting correspondence between

lexicographic words and pairs of semi standard fillings is bijective.

The Dual RSK algorithm, or simply RSK* algorithm, is similar to the RSK algorithm,
except that it uses a different row snsertion 7 <~ b. This row insertion is given by the

following steps:

1. Start with i = 0 and b(® =,

2. Let j be the smallest nonnegative integer for which 7(z,7) > b® (notice the symbol

> instead of >).

(a) If j does not exist then place b immediately to the right of the (i + 1)th
row of  (i.e., set (7, ;) := b)), return 7 and stop.
(b) If § does exist, set b%*Y) := 7(i §), 7(4,5) := b, i := 4+ 1 (in that order)

and go to step 2.

The RSK* algorithm provides a bijection between lexicographic words (z) with no rep-
etitions (this is, (a;,b;) # (asq1,b541) for i = 1,...,n) and pairs of fillings 7, p of the
same shape with entries in B and A respectively, such that 7¢ (the traspose of 7) and
p are both semi standard. In this bijection, as with the RSK algorithm, 7 has entries
b1, b2, ... and p has entries a1, a9, . .. respectively. Refer to (Stanley, 1999) for a deeper
insight on both algorithms.

1.5 Compositions

Before going ahead with the definition of symmetric polynomials, it is necessary to

introduce the concept of compositions of positive integers.

Definition 1.5.1. Let n be a nonnegative integer. A composition ¢ of n is a (possibly

empty) finite tuple {¢1, -+ ,¢x) of nonnegative integers satisfying

i+t =mn
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For instance (0,1,5,0,0,1,0,0,0) is a composition of 7. As with partitions, the number
n is called the size of ¢, denoted |c|, and the integers cy,..., ¢ are called the parts of
c. The length of ¢ is the number of parts of ¢ and is denoted [(¢). The composition
of n = 0 that has no parts is called the empty composition. Many of the references
define compositions as those with only positive parts. However, this definition is more
convenient for this work. In what follows, a composition with only positive parts will be

called a positive composition.

Although the number of compositions of a positive integer n is infinite, the number of
positive compositions is clearly finite. For example, the 16 compositions of 5 with only
positive parts are given by thesums 1+14+14+14+1=14+1+14+2=14+14+2+1
=1424141=24+14+141=1414+3=143+1=3+1+1=1+24+2=24+1+42
=24241=144=44+1=24+3=3+2=5.

Decreasingly ordering the parts of a composition ¢ of n, produces a partition of n. This
partition is denoted €. For example, if ¢ = (0,1,5,0,0,1,0,0,0), then c= (5,1,1) F 7.

The following are a few observations involving compositions of integers:

1. There is a natural bijective correspondence between compositions of n with k
parts and ordered sums of (k— 1) 0’s and n 1’s. In one such sum, a 0 indicates
the begining of a new part. For example the composition (3,0, 1,5,0,0,1,0,0,0) is
associated with the sum 1+14+140+0+1+0+14+14+1+1+14+04+040+14+040+0.
As a result, the number of compositions of n with & parts is equal to the binomial
coefficient (”’+S_1).

2. The generating function of the number of positive compositions of n > 0 is given

by

x

2 3 k l-z z n—1_mn
Z( zitat ) 1- & 1-2z Z r
k>1 z n>1

3. Compositions of n with k positive parts, are in bijective correspondence with sub-

sets of kK — 1 elements of {1,...,n—1}. Indeed, for a composition ¢ = (¢1, -+ ,ck)
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of n with positive parts, define
set(c) = {c1,¢1 + ¢, .. 01+ F Cro1) (1.16)

Conversely, for a subset S = {i1,...,%-1} C {1,...,n— 1} such that 5; < -+ <

1x_1, one can define
co(S) = (i1,42 — i1, .., tk—y — Th—2, " — k1) (1.17)

Notice that the number n must be implicit for ¢(S) to make sense. For example,
for n = 6; set(2,3,1) = {2,5}, set(1,1,4) = {1,2}, co({1,5}) = (1,4,1) and
co({2,3}) = (2,1,3). This shows that there are exactly (Z:}) positive compositions

of n with k parts, and gives another proof of the generating function above.

4. Let A = (r™,...,1™) be the partition of size n with m; parts s fori =1,...,r >0
and zero parts 7 for ¢ > r (where n = 1lmy+---+rm,). Then the number of positive

compositions ¢ such that c= A, is equal to the multinomial coefficient:

({0 = Eleim) _ 109
m1

My, My Feooomy!

(1.18)

5. In general, the number of compositions ¢ with I(c) = k and T= A, is equal to the

multinomial coefficient

k k!
(ml,...,mr> :ml!"'mr!(k?—l(/\))! (1.19)

Definition 1.5.2. Define the refinement order for compositions as follows: (c1, ..., k) <ref
(dy,...,d)) if and only if there are integers 0 = ig < 41 < --- < i} = [ such that
Cj = Z di
ij—l <i§ij

forj=1,...,k.

Notice that ¢ <. d < set(c) C set(d) for |c| = |d|. This observation will be useful
to understand the relation between the two possible ways of indexing quasisymmetric

polynomials.



CHAPTER I1

SYMMETRIC AND QUASISYMMETRIC POLYNOMIALS

This chapter consists of a short exposition of some of the most important concepts in the
theory of symmetric polynomials. The main goal here is to introduce the necessary ideas
to be able to define Macdonald polynomials and outline the proof of its combinatorial
formula. The first section defines the classic families of symmetric functions and studies
some relations among them. The second section studies the Schur symmetric polynomi-
als, which play an important role in this work. The third section introduces the concept
of plethistic substitution, which will be necessary to understand the renormalization
that defines Macdonald polynomials. Lastly, the fourth and fifth sections give a short
introduction to quasisymmetric polynomials and LLT symmetric polynomials, both of
which are essential to be able to interpret Macdonald polynomials in a combinatorial

way.

For the definitions of the next section it is necessary to understand some basic notation
on monomials. In what follows the bold letter x, y and z will denote the infinite vec-
tors of commuting variables (z1,x2,...), (¥1,¥2,-..) and (21, 22, ...) respectively, unless

specified otherwise.

Given any function ¢ : S — Z from any set S onto the set of positive integers (¢ could

be a filling for instance), define:

x¥ = H Tio(u)

uES
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Also, for a finite vector (z1,...,Zm), define the monomial
(@1, 2m)¥ = X%z =2mr 2=z mag=-=0
For example, if ¢ is the filling in figure 1.11, then x¥ = (21, ..., Tm)¥ = ToT10T18T59T20L57
for m > 57 and (21,...,2m)? =0 for m < 57.
Another important notation is x° for a composition ¢ = (¢y,...,¢x), defined by

c __ C1”_ Cr
X" =1z xy

And as above:

(z1,... >$m)c = Xc,zm+1=rm+2=xm+3:"~:0

This can be extended to partitions by simply seeing them as weakly decreasing compo-

sitions.

The degree of a monomial x€ is the size of the composition ¢. For instance, the monomial
z374 has degree 7. This and future chapters are concerned with functions of the form
F0) =" acz®
le|<d
where the indices ¢ are compositions, and the coefficients a. are elements of a field.
Assume this field to be Q unless stated otherwise. The term polynomial is used for these
functions, even though the number of terms is allowed to (and will often) be infinite.
The ring of polynomials in the variables z1, o, ... is denoted Q[x]. The degree of f is
the maximum value of |¢| for which a. # 0. A polynomial is said to be homogeneous of

degree d if it is of the form
fx) =" acxf
|c|=d

with at least one nonzero a.. Every polynomial is clearly a finite sum of homogeneous

polynomials.
If a polynomial f is defined in a infinite number of variables x71, 9, . . ., it can be naturally
defined for a finite set of variables z1,..., 2, by setting i1 = Tmyo = --- =0, so it

is a common practice to omit the x and simply write f.
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2.1 Classic Definitions and Identities

This section is concerned with a special class of polynomials that are invariant with

respect to transpositions of variables. More formally:
Definition 2.1.1. Let & be the symmetric group on Z, (i.e., the group of permutations
o :Z4 — Z4) and define an action & x Q[x] — Q[x] by linearly extending the relations

ozl . gk = le(l) .. '“T?Ek) (2.1)

A polynomial f € Q[x] is said to be a symmetric polynomial (or a symmetric function)
if
of =f

forall c € G.

The product and the sum of two symmetric polynomials is clearly a symmetric poly-
nomial. Also symmetric polynomials are still symmetric (with respect to the group &,
of permutations o : {1,...,n} — {1,...,n}) when restricted to a finite set of variables

Z1,-..,Z,. Another important observation is the fact that if

f(x) = Z acx©
C
is symmetric, then
C1 = C2 = QA¢; = Gy

Thus any symmetric polynomial can be indexed by partitions as follows:
fo) =3 a ) e
A e
And any homogeneous symmetric polynomial of degree n can be written as:

=Y ary a°

Abn ’8:)\

Hence for A F n, the polynomials Z%:A z® are a basis of the space of homogeneous

symmetric polynomials of degree n.
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Definition 2.1.2. Let A be a partition. The monomial symmetric polynomial indexed
by A is given by
max) = 3 ¢ 22)
T=A

For instance;

ms,2) (71, 22, 73) = 2372 + 2322 + 2327 + 2323 + 2322 + 2543

Any symmetric polynomial can be expressed as a linear combinations of monomial sym-
metric polynomials. Furthermore, a symmetric polynomial has only positive integer
coefficients if an only if this linear combination has also positive integer coefficients.
Other important families of symmetric functions are the complete homogeneous, power
sum and elementary symmetric functions. Unlike monomial symmetric functions, these

are indexed by positive integers.

Definition 2.1.3. Let k be a positive integer. The complete homogeneous, power sum
and elementary symmetric functions indexed by k, are given in terms of monomial

symmetric functions, by the formulas:

hi =Y ma (2.3)

Ak

_ _ .k k
Dk =My =T + Ty + (2.4)
e = m(lk) = Z Tiy - Tqy (25)

O<iy <<
where (1%) = (1,...,1). The polynomials hx, pr and ey, are all homogeneous of degree

o
times

k. Define a more general form of these symmetric functions, indexed by partitions

A={A1,..., ), as follows

-

hy = H ha, (2.6)
i=1
T

PA = HP/\.L- (2.7)
i=1

r
ex = Hex\i (28)
i=1
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In order to find relations between these families of symmetric polynomials, it is conve-

nient to consider their generating functions. For this define:

H(t) =) hp(x)tk (2.9)
k>0
Pe(x) &
P = —_— .
=) ot (2.10)
k>1
E(t) =) ex(x)t" (2.11)
k>0
A simple calculation yields
1
_ ) 2,2 oY —
H(t) = H(1+xzt+xit + )_Hl_m (2.12)
i>1 i>1
242 343
— Lo Tttt N 1
P(t)-Z(rlt—\— 5 + 3 + >_Zbg<1—xit
i>1 i>1
1
og H T~ log(H () (2.13)
>1
1
E@) =110 +zt) = 14
®) g< o) = g (214)

From 2.14, E(—t)H(t) =1, and so

WE

B
Il

0

On the other hand, from 2.13;

H(t) = L) — Z M - Z Z pcl(x> o 'pcr(x>tk

P st
>0 k50 cidote=k 1T
where the numbers ¢, ..., ¢, are positive integers. Indexing by partitions, one gets:
l(/\) p,\(x) k
H(t) = N St A
o= xR
k20 A=(™9,..2m2,1M1 )k

where ™ in the sum index is just another way of writing ¢,--- ,4. And so
——

m; times

H(t) = ZZPAZ—(AX)HC

k>0 Ark

(—1)*exhp_r =0 for n > 0 (2.15)
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This is:
1)
he =SR2 .
= o (2.16)
ARk
where
Zy = lmlmll2m2ﬂ12! s -jmjm]'! (217)
for any partition A = (5™,...,2™2,1™). A similar manipulation using that E(t) =
H(—t)"! = ¢~ P9 produces:
e = (-1 ER (2.18)
Ak A

The generating function relations 2.12, 2.13 and 2.14 show that any homogeneous, power
sum or elementary symmetric polynomial can be expressed as a linear combination of
any of the other two families. Thus those three families generate the same space. The
fundamental theorem of symmetric functions states that they actually generate the whole

space of symmetric polynomials:

Theorem 2.1.1 (Fundamental theorem of symmetric functions). Every symmetric poly-

nomial can be written uniquely as a polynomial on the elementary symmetric functions

ex, k=1,2,3,...

Refer to (Stanley, 1999) for a proof of this theorem. More useful relations between
symmetric polynomials my, hy, py and ey can be found in (Bergeron, 2008; Macdonald,

1988; Stanley, 1999).

Define the multiplicative and linear involution w on symmetric polynomials by the rela-
tion:

wipe) = (-1)Fp, (2.19)
It is immediate from this that

w(py) = (=N Wp, (2.20)

for any partition A. Also from equations 2.16 and 2.18, it is clear that

w(he) = ey (2.21)
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and
wlex) = hi (2:22)

The operator w is uniquely defined by any of the four relations above.
2.2 Schur Polynomials

The family of Schur polynomials is one of the most important known basis of the space of
symmetric polynomials. It plays an essential role in several areas outside combinatorics
such as representation theory. Though such applications are closely related to the study
of Macdonald polynomials, they will not be presented here in order to maintain a purely
combinatorial approach. Refer to (Bergeron, 2008; Haglund, 2008; Macdonald, 1995;

Sagan 2001) for some of its applications to this area.

Definition 2.2.1. Let v be a skew partition. The Schur polynomial indexed by v is
defined by the equality:

su(x) = Z x" (2.23)

rESSYT(v)

The symmetry of Schur polynomials is not evident from this definition. To prove that
s,(x) is symmetric, it suffices to show that it is invariant upon switching two variables
Tm, Tm4+1. For this it is enough to construct an involution ¢ : SSYT(v) — SSYT(v) that
switches the number of m’s with the number of (m + 1)’s on each semi standard Young

tableau 7: v — Zy.

Let am C 771(m) be the set of all the cells (4,5) € v such that 7(3,5) = m and
7(i,7 + 1) = m + 1. Let apppr € 77 (m + 1) be the set of all the cells (i,) € v such
that 7(4,j) =m + 1 and 7(¢,j — 1) = m. Since 7 is strictly increasing on columns, it is

clear that |om| = |oum+1].

If (i,7) € o and 7(i—1,5) = m,thenm = 7(4—1,7) < 7(i—1,j+1) < 7(4,j+1) = m+1,
sor(i—1,7+1)=m+1and (i — 1,j) € ayn. On the other hand, if (¢,7) € am1 and
Tt+1,7)=m+1, thenm+1=7@+1,5) >7@E+1,j—-1) > 70,5 —1) =m, so
r(i+1,5— 1) =mand (i + 1,7) € Q1.
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As a result, if 3 C v is any row of v, then the set 77 ({m,m + 1})\(am U ttms1)
i1s a sequence of consecutive cells in 8. If U1 <ieaq  ° <tead Ua <read Uotl <read
-+ <read Uatb are these consecutive cells with 7(u;) = -+ = 7(ug) = m and 7(ugy1) =

- = T(ugyp) = m + 1, then change these values to 7(u;) = -+ = 7(up) = m and
T(up+1) = -+ = 7(up+qa) = m + 1. This transformation is clearly an involution when
applied on every row of v, and it switches the number of m’s with the number of (m+1)’s
appearing in the entries of 7. Also the new filling is still a semi standard Young tableau.

This proves the symmetry of Schur polynomials.

An interesting result of this symmetry is the following: If ¢ = (cgl),...,cg)) and
Y
@ = (0(12),...,0562)) are two positive compositions with cW=c@ and v is a skew

partition with |v| = [¢()] = |c(@)], then the number of semi standard Young tableaux of
m

shape v and exactly ¢;” entries equal to ¢ (1 < ¢ < k) is the same as the number of semi

standard Young tableaux of shape v and exactly c§2) entries equal to ¢ (1 <7< k). In

particular, if ¢ = (c1,..., ¢ ) is a composition with p :?, then:
Kye = Ky, (2.24)

where

Kye = {7 € SSYT(\) : |72 (3)| = ¢; for i =1,...,7}]|

This observation is essential in the proof of the following result:

p=A= Ky, >0 (2.25)

Proof of (2.25). Suppose that |u| = |A > 0and p = (g1, 0r) < A = (A1,..., Ag)
Proceed by induction on Ay: If Ay =--- = Ay =1then clearly r =k and p1 = -+ = pg.
In this case define 7 : A = Z, by 7(0,5) =5+ 1for 5 =1,...,k — 1, which is evidently
a semi standard Young tableau and satisfies |771(i)| = 1 = y; for s = 1,...,r. Thus
K, > 0. Now consider the case \; > 1. Define A() = (A\; — 1,..., ) — 1) and
p® = (VD) = (=1, = Lk, ) (recall that p < A = 7 < k),

The following two properties can be easily verified:
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As a result, from the inductive hypothesis:
Kxwum =K ~ >0
A D)

Thus there is a semi standard Young tableau 7(1) : XU — Z_ satisfying

() @

A filling 7 : A — Z is then defined in terms of 70V as follows:

(1) w—1 fori=1,...,k

i fori=k+1,...,r

o j+1 ifi=0
T(Z)]) =
rDE-15) ifi>1
In other words, 7 is constructed by placing numbers 1,...,%k on the first column of A

and using a copy of 7() to fill up the rest of the cells. The filling 7 satisfies:

‘(7-(1))’1(2')‘—1—1 fori=1,...,k
) = 1
(7)) fori=k+1,..,7

wi—14+1 fori=1,...,k
i fori=k+1,...,r

= pfori=1,...,7
and

7(1,5) = 7(0,5) > j +71(0,0) > j +1 = 7(0, 5)

Therefore 7 is a semi standard Young tableau and Ky, > 0.

Some important properties of Schur polynomials are the following:

5(1k) = €k (2.26)



48

Sky = ha (2.27)
sy = Z Ky my, for any partition A (2.28)
[Tad)
1
Ii—= > s (229)
Rl — TiyYj —
1,7€EL A partition
I Gz = > sx(@su(y) (2.30)
1,JELy A partition
w(sy) = sy for any partition A (2.31)

Equations 2.26, 2.27 and 2.28 are immediate from the definitions above. Equations 2.29
and 2.30 are known respectively as Cauchy tdentsty and dual Cauchy identity. They are
direct results of the application of the bijective correspondences given by the RSK and

RSK* algorithm respectively. Equation 2.31 results from the following observations:

H (1+zy;) = HH 14 2y;) HZ.’E er(y Z ma(x)ex(y) (2.32)

1,]€EL Y 213521 121 k>0 A partition
k
I 7 =TI st =1 =) = > mahaly)  (233)
1,jEZ4 i3 213521 1>0 121 k>0 A partition

From these two equations and the Cauchy identities above, it results;

Y ) ey | Y smn®) | =wy | Y meomy)

A partition A partition A partition

= > mEhE) = Y, sa(X)sv(y) (2.34)

A partition A partition

where wy is the operator w on symmetric functions in the variables y. Comparing
coefficients of sy(x) on both sides of equation 2.34, one obtains equation 2.31. A more

general result, whose proof can also be found in (Stanley, 1999), is the following:
w(s,) = s,» for any skew partition v (2.35)

Remark. When restricted to a finite set of variables (z1,...,%,), Schur polynomials

keep their combinatorial definition:
R RV o S D (236)

TE€SSYT(v)
T(v)C{1,...,n}



49

Furthermore, fixing any possible total ordering <’ of Z,, the symmetry of Schur poly-

nomials implies that the sum

>, X

Tw—Zy
7 semj standard
withrespect to <’

coincides with s,(x) when restricted to any finite set of variables (z1,...,z,), and so it

must be equal to s, (x).

Another essential fact is that Schur polynomials indexed by partitions A of a given
positive integer n, generate the space of homogeneous symmetric polynomials of degree

n. A proof of this can be found in (Stanley, 2003).

2.3 Plethystic Substitution

Let A be any rational expression on any number of variables. For a positive integer
k, define the plethystic substitution pi[A] as the one that replaces every variable a

appearing in A by its kth power a*. For example:

pi[z] = 2*
T+y z* +yF
Dk = %
z z
prlzy +z2+ a3+ ] =af +akfaf+

Extend multiplicatively this substitution by setting

k
p/\=(/\1,~~-,/\k)[A] = Hp/\i[A] (2'37)
i=1

Extend it now linearly as follows: If f(x) is a symmetric polynomial, expressed in terms
of power sum symmetric polynomials as follows:
Fx) =Y apx)
A partition
where the ay are numbers. Then the plethystic substitution f[A] is given by
flAl= DY a4l (2.38)
A partition

These are some important properties of plethystic substitutions:
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1. If ¢ is a constant, then pi[cA] = cpi[A] and pa[cA] = MVpy[A4).

2. pe[A + B] = pi[A] + pi[B].

3. (f + 9)lA] = FlA] + gA]

4. (£9)[A) = flAlglA].

5. f X =z 422+, then f[X] = fa1,29,...) = f(x).

6. w(pr)[A] = (—=1)*"1p,[A] and so w(py)[A] = (=1)M—HNVp,[A].

7. pal=A] = (1N py[A] = (—1)Mw(p))[A].

8. In general, if f is homogeneous of degree n, then f[—A] = (—=1)"w(f)[A].
It will be useful later to have an expression for the plethystic substitution s)[X + Y]
(X being a partition) where X =z + 22+ - and ¥ = y; +y» +---. For this notice

that for any semi standard filling 7 : v — {1, z2,...,91,¥2, ...} (with the total ordering

z1 < x2 <<y <yp <) the set 77 1({xq,22,...}) is a Young diagram u C ),

and so
SIX Y] = 5200 y) = 3@ an . nvn ) = S sulsn, ) (239)
BCA
Particular cases A = (1¥) and A = (k) yield
k
exx,y) = 3 esx)en () (2.40)
i=0
k
he(x,y) =D ha(x)hii(y) (2.41)
i=0

2.4 Quasisymmetric Polynomials

Quasisymmetric polynomials are a more general form of polynomials which include all

symmetric polynomials. Their role in this theory is as a link between a particular
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plethystic substitution called superization and the combinatorial structures from the
first chapter. This link will allow for a combinatorial interpretation of the axioms that

define Macdonald polynomials.

Monomials

Definition 2.4.1. Let n be a positive integer and D a subset of {1,2,...,n —1}. The

degree n monomial quasisymmetric polynomial indexed by D is given by

Mn,D(X) = Z Ta, " ZLq, (2.42)

0<ay S"'San
a;i=aiy 1 i¢D

where the a;’s are integers. For example;

Ms 124y = r2a2xs + zirdry -+ w2l + x%x%xs) +-+ x%x%u + -

- Y 2l

O<a<b<e

As seen in section 1.5, subsets of {1,2,...,n — 1} are in bijective correspondence with

compositions of n. Define the alternate notation
M. = Mlcl,set(o) (2'43)

The example above is My (243 = M2 4-25-4) = M(22,1)- This notation allows for a

somewhat simpler definition of the monomial quasisymmetric polynomials:

M= Y yo= Y afi-af (2.44)
yCx 0<idy < =<,
lyl=i(c)

where ¢ = (¢1,...,¢x). Also using this same notation it is clear that

my =Y M. (2.45)
‘C=p
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Fundamental basis

Definition 2.4.2. Let n be a positive integer and D a subset of {1,2,...,n—1}. The

degree n Gessel’s quasisymmetric polynomial indexed by D is given by

Quo()= S a7, (2.46)

O<a1 < <an
Ay =Qy41 :>7,¢D

where the a;’s are integers. In other words;

Qn,D = Z ]V[n,D’ (2'47)

DCD’

For example;

@s,(24) = Ms 24y + Ms (124 + Ms (234 + Ms (1234

As with the monomials, define the alternate notation

Qe = Q\c|,set(c) (2'48)

which allows for the equivalent definition
Qe= > M, (2.49)
a<refC

The application of Mébius inversion to equation 2.47, yields a formula for the monomials

in terms of Gessel’s quasisymmetric polynomials:

Mup =Y (-1)PHPQ, b (2.50)
DCD’

For example;

Ms 2,4y = Us,(24) — ¥5,1,2,4) — U5,{2,34) + C5,{1,2,34)

The space of quasisymmetric polynomials is the one generated by any of the two families

defined above.
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Super Quasisymmetric Polynomials

Definition 2.4.3. Consider the super alphabet Z, & Z_ with a total order < whose
restriction to Z, is the usual order on integers. Let n be a positive integer and D a
subset of {1,2,...,n — 1}. The degree n super quasisymmetric polynomial indexed by
D is given by

Oup(cy)= 3 zaza, (251)

1< <an
a;=a;4 €Ly =i¢D
a;=0;4 )| E€EL_=1€D

where the a;’s are elements of Z & Z_ and

2, foraeZ,
24 =

Y_q foraeZ_

An immediate property of super quasisymmetric polynomials is the following:

Qn,p(x) = Qn,n(x,0) (2.52)

Proposition 1.3.5 (or more specifically the remark right after its proof), along with
equation 2.51, implies a formula of @, p(x,0) in terms of any bijective filling & : wv —

{1,2,...,n} of a tuple of skew partitions v of size n, satisfying DC(£) = D, namely;

Qupce(xy)= Y. 2° (2.53)

@ Hr—Z WL
st(p)=¢

If £ is a standard Young tableau, then the equality becomes

Qn,DC(E)(X>Y): Z z’ (2.54)
T7€SSYT4(v)
st(r)=¢

This formula will be useful to relate LLT polynomials to super quasisymmetric polyno-

mials. Setting y = 0 yields

Qupo(x) = Y. X (2.55)
TESSYT(v)
st(r)=¢



54

From this equation and proposition 1.3.2, it can be deduced that

sl(¥)= > Qupce®) = Y Quprex) (2.56)
(v) (v)

£CSYT(v £ESYT(v

for any skew partition v, as a result of the combinatorial definition of Schur polynomials.

This suggests the definition of super Schur polynomials as follows:

Definition 2.4.4. Let v be a skew partition. The super Schur polynomial indexed by

v is given in terms of quasisymmetric polynomials by

§U(X,y) = Z Qn,DR(E) (X, y) = Z z’ (257)

£€SYT(v) TESSYT 4(v)

The super Schur polynomials will be proven later to be independent of the total ordering

assigned to the set Zy =Z WZ_.

Superization

Definition 2.4.5. The superization of a symmetric function f, denoted f, is defined by
the plethystic substitution:

Jxy) =wy fIX +Y] (2.58)

where X =z14+ 20+, Y =y1 + 92+ -, and the operator wy is the usual operator

w acting on f as a symmetric function on the variables y1,ys,. . ..

Equation 2.45 shows that any symmetric polynomial is itself quasisymmetric, thus it can
be written in an unique way as a linear combination of the elements of any given linear
basis of the ring of quasisymmetric polynomials. If f(x) is a symmetric polynomial,
then there are unique coefficients ¢, p (n > 1, D C {1,...,n — 1}) such that
f=" Y cpQnup(x)
n>1
Dg{1>yn'—1}
This unique expression is intimately related to the superization of symmetric polynomials

as follows;
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Proposition 2.4.1. (Haglund, Haiman, Loehr, 2005) If f is a symmetric function,
given in terms of quasisymmetric polynomials as:
f = > pQnp(x)

n>1
DC{1,.. n—1}

then its superization f(x,y) = wy f[X + Y] is given by

f(X, y) = Z Cn,DQn,D(xa y):
n>1
DC{1,...,n—1}
Proof. Since Schur polynomials generate all symmetric polynomials, it is enough to prove
that §)(x,y) is the superization of s)(x) where ) is a partition. For a total ordering of
Zy =7, WZ_, and a positive integer n, define the indices 11,19, ...,%2, as a reordering
of the numbers 1,...,n,—1,...,—n such that i; < 19 < ... < 49y, and set z; = z; for

1€ Z,y and 2; = y_; for 1 € Z_. Consider the restriction

§,\(21,...,Z.mZ_l,...,z_n): Z 77
TESSYT4(N)
T(NC{1,...,n,~1,...,—n}

It is clear that for any 7 as in a the previous sum, and any positive number k£ with
1<k < 2n, the set 7= ({i1,...,4x}) is a partition u(¥) C X, so the previous sum can be

rewriten as follows:

2n

Sa(21, -y 2ny 221,y 20n) = > T 5.0 (2ir)

0=pOCuMC-.CuZ) =) k=1
It is clear that

(k) 1 (k=1) . . . .
ENETDT i € Z, and p®\p®=1) is a horizontal stripe

i

~ (k) y(k—1) - 3 . . .

S k) p(k=1) (2i,) = zl’: e T ir € Z— and p®\p*=1) is a vertical stripe
0 otherwise.

and so

s —1{(z ifipy € Z
gp.(k)\li(k—l)(zik> = pEwlt () ¢ !
S(uten uk- 0y (24,) = wy (8,000 u0e-1) (23,)) i Gk € Z
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As a consequence:

§,\(21, s )Znyz—la et ;Z*n) = WY(S,\(Zl, et )ZTL7Z—17 c )Z—Tl))
which implies the general result

i\(x,y) =wysa(x,y) = wysy[X + Y] (2.59)

The previous proof implies the otherwise striking result that 3,(x,y) does not depend

on the total ordering assigned to Z4 =Z4 W Z_.

2.5 LLT Polynomials

In {Lascoux, Leclerc, Thibon, 1997), the authors introduced new families of symmetric
functions on the variables z1, zo,... with coefficients in the field of rational functions
Q(q). These were defined combinatorially in terms of the so called ribbon tableaux. The
definition of LLT polynomials given here is a variant of one of these families which was

introduced in (Haglund, Haiman, Loehr, Remmel, Ulyanov, 2005).

Definition 2.5.1. Let v be a tuple of skew partitions. The LLT polynomial indexed
by v is given by:

Gulxig)= », ¢™x7
rESSYT(V)

Expression in terms of Quasisymmetric Polynomials

As in the case of Schur polynomials, the symmetry of these functions on the variables
21,29,... 18 not evident from their definition. An entirely combinatorial proof of the
symmetry of LLT polynomials was done in (Haglund, Haiman, Loehr, 2005). This proof

starts by expressing G,(x;¢) in terms of quasisymmetric polynomials as follows:



o7

Consider the polynomial
Guoyi) = Y, ¢ (2.60)
T7€SSYT4 (v)
where z; =x; if1 € Zy and z; =y_; if 1 € Z_. A direct consequence of equation 1.12 is
the following:

Gu(x,0;9) = Gu(x;9) (2.61)

Grouping the sum in equation 2.60 by the standardization of 7, one obtains

Gulxyig)= > ™ N a7
£ESYT(v) rESSYT4(v)
st(r)=¢

which combined with equation 2.55 yields

Gu(x,y;q) = Z 7™ Qb (%, ) (2.62)
£eSYT(v)

And as a special case, from equations 2.52 and 2.61;

Gu(x0)= > ¢"9Qu pogx) (2.63)
£ESYT(v)

This shows that G,,(x,y; q) is the superization of G, (x; ). This superization is essential

in Haglund’s proof of the symmetry of G (x;q).

Schur Positivity

The coefficients of LLT polynomials when expressed as a linear combination of Schur
polynomials are all polynomials in ¢ with nonnegative integer coefficients. This fact has
been proven by Grojnowski and Haiman in (Grojnowski, Haiman, 2007) and by S. H.
Assaf (Assaf, 2007) using two very different approaches. In (Grojnowski, Haiman, 2007),
the result follows as a particular case of a purely algebraic positivity result. The proof in
(Assaf, 2007) is entirely combinatorial; it gives an interpretation of these coefficients in
terms of a new combinatorial construction called dual equivalence graph. As will be made
clear later, this result gives a combinatorial proof for the positivity of the coefficients of

Macdonald polynomials when expressed as linear combinations of Schur polynomials.



CHAPTER I

MACDONALD POLYNOMIALS

Other important families of symmetric polynomials, not mentioned in the previous chap-
ter, include the Zonal, Jack and Hall-Littlewood symmetric polynomials, all of them in
the ring of symmetric polynomials in the variables xy,zs,... with coefficients in the
field of rational functions on a subset of {q,t}. These three families, along with Schur
polynomials, all indexed by partitions, satisfy an orthogonality relation < fy, f, >= 0
when A # p, for some convenient scalar products <,> defined on the ring of symmetric
polynomials with coefficients that are rational functions on {q,¢}. These orthogonal-
ity relations allow these families to be uniquely obtained through an orthogonalization
process, when some other conditions (such as triangularity relations) are given. For

instance, Schur polynomials are uniquely defined by the axioms:

1. sy =my+ Zc,\umu.
n=<A

2. (sy,s,) =0 whenever A # p.

where the Hall scalar product (,) is given by

2\ if A= 12
{Px,p) = (3.1)
0 otherwise.

and zy is the coefficient defined in equation 2.17. It can be proven that

(s, 8) = Ou (3.2)
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for all partitions A, ¢4, using the general result that two basis uy and vy satisfy (uy, v,) =
6 if and only if they satisfy >, ua(x)un(y) =[], ;(1 - z;y;) 1. This result is obtained
by observing that

k

H(l — ) = iy ~los(1-21s) — o Fu, Cuor o /K
1,7

R L p/\(x)p/\(}’)

z
A partition A

and it implies the relation

<mx\a h;z.> = 6/\,u (3.3)

Each of the three relations (sx,s,) = (my, hy) = <p,\, f—“:> = 0, defines uniquely the

Hall scalar product.

In (Macdonald, 1988), Macdonald introduced a common generalization to Schur, Zonal,
Jack and Hall-Littlewood symmetric polynomials, as the unique family of homogeneous

polynomials Py(x;q,t) satisfying the two axioms

1. Py=my + Z caplg, tymy for some coefficients ¢y, € C(g,1).
p=A

2. <Py, P,>=0 whenever A\ # p.

where the scalar product <,> is given by

(A 1=¢M .
Z/\((Lt) =2\ Hz(:1) 1__32 if A= o

<p/\)p,u > =
0 otherwise.

Refer to (Macdonald, 1988) or (Macdonald, 1995) for the original proof of the existence
and uniqueness of this family of symmetric polynomials. The first axiom is called a
triangularity aziom as it basically says that the matrix of the coefficients ¢, is upper
triangular with respect to any total order that extends the inverse dominance order. This
first axiom clearly shows that {P)}a-n generates the space of homogeneous symmetric

polynomials of degree n with coefficients in C(g, 1).
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The first problem that one encounters when working with these polynomials is the fact
the coefficients are not polynomials, but rational functions on {g,t}, which makes tasks
such as finding patterns or conjecturing combinatorial formulas very difficult. In order to
simplify the expansions, Macdonald defined a natural renormalization of the polynomials

P, as follows:

Definition 3.0.2. Let p be a partition. The Macdonald polynomial indexed by p is

given by the formula

X
Hu(x,t) = I, [m q,t-l} [T(gmt) — sty
uey

where X =21+ 29+ - -.

The coefficients of H), are all polynomials in the variables ¢,¢. Haiman (Haiman 1999)
proved that the orthogonality and triangularity axioms that define the polynomials

P,(x;q,t) are equivalent to the following axioms on the polynomials H,(x;q,t)

L HAX(1—g)ig,t] = Y aru(g, t)sa(x)

Arp

2. Hy[X(1—t);q,¢] = Y banlg,)sn(x)

Az !
3. (Hu(x:9,t),8(m)(x)) =1 for n = |y

where () is the Hall scalar product. The observations

e f[—A] = (=1)"w(f)[4] for any homogeneous symmetric function f of degree n,

e w(s)(x)) = sy(x) for any partition A,

A= u e XN < for any partitions A and p, and,

the basis {s)}\-n and {my}- are mutually lower triangular with respect to the

dominance order,

imply that the three axioms above are equivalent to the following axioms:
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1. H,[X(g—1);q,t] = Z exu(g, tyma(x)

A=y

2 HyX(t—1)q,t] = > daulg, hma(x)

A=p

3. <Hu<x;Q>t)7S(n)<x)> =1lforn= “L‘
3.1 Combinatorial Formula

In this section, a combinatorial formula for Macdonald polynomials first conjectured by
Haglund (Haglund, 2004) is presented. The proof outlined here is based on the one in
(Haglund, Haiman, Loehr, 2005). This proof shows that the formula conjectured by

Haglund satisfies the three axioms at the end of the previous section.

Theorem 3.1.1. (Haglund, Haiman, Loehr, 2005) The Macdonald polynomial H,,(x;q,1t)

admits the following combinatorial formula
Hisa)= Y gmpmieiys 34
pu—ZLy

where inv and maj are the statistics on fillings studied in the first chapter.

Among the most important immediate results of this theorem, is the fact that the
coefficients of Macdonald polynomials are all in Z, [g,1], a result that was first proven

six years after Macdonald introduced the polynomials H,(x;q,1).

In order to prove equation 3.4, define the expression C,(x;¢,t) as its right hand side:
Culxiat)= Y g™Ameloxe (35)
o:u—ZLi
Before proving the equality Hu(x;¢,t) = CL(x;q,t), a deeper study of C,(x;q,t) is
necessary. Notice first that the symmetry of C,(x; g, t) is not evident from its definition.

A proof of its symmetry follows.

Proof that C,,(x;q,t) is a symmetric function. Group equation 3.5 by descent sets as
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follows:

(%5 ¢, 1) Z Z mV(tp tmaj(p) o

DCu pp—Z4

Des(p)=D
_ Z q—Zarm(u) 12 (leg(u)+1) Z q|1n"(¢)|x¢ (3.6)
DCu ou—Ly
Des(¢)=D

where the sums on the exponents of ¢ and t are over all the cells u € p.

For D C p, let v = rbb(y, D) = (M, ... %) be the tuple of ribbons as in definition
1.3.5. Given a filling ¢ : u — Z define the filling ¢ : ¥ — Z as the one corresponding
entry by entry to ¢ as in proposition 1.3.1. From the definition of rbb(y, D) it is
clear that ¢ is a semi standard Young tableau if and only if Des(p) = D. Also from
proposition 1.3.1; |Inv(p)| = |Inv(y)|. Therefore;
Cu(x;iq,t) = Z g~ 2= arm(u) 2 (leg(u)+1) gVl (3.7)
DCu PESSY T (rbb(u,D))

and from definition 2.5.1;

Culx;qt) = »_ g~ Zamlleel g b by (x,q) (3.8)
DCu
The symmetry of LLT polynomials concludes the proof. O

Now that C,(x;¢,t) has been proven to be symmetric, it makes sense to compute its
superization, for which it is necessary to express it as a linear combination of quasisym-
metric functions. Grouping equation 3.5 by the standardization of ¢, produces:

Cuxgth= YOm0 Y e (3.9)

é:#—*{li,--»,lﬂl} pru—Zy
& bijective st(p)=¢

From proposition 1.2.5 (more specifically the remark right after its proof), it results that

for any bijective filling € : o — {1,2,...,|p|}, the following formulas hold for the qua-

sisymmetric function @, pree) (%) and the super quasisymmetric function Ql,u.l,DR({) (x,y):
@)1, DR(¢ Z x? (3.10)

Ppp—Z
st(p)=¢
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Qu.pree) (X, ¥) = Z z¥ (3.11)

(LR TESY/ARCY/
st(p)=¢

with z; = @; for ¢ € Z4 and 2z; = y_; for ¢ € Z_. Thus combining equations 3.9 and 3.10

one can express Cy,(xX; g,t) in terms of quasisymmetric polynomials;

Culx;q,t) = > ¢OmAOQ ) prie (x) (3.12)

&p—{1,2,..,[pl}
£ bijective

As a result, the superization of Cy,(x;¢,t) is given by

Culx,y;q,t) = Z g™ O maQ ) preey(x,y)
Ep—{1,2,....[ul}
£ bijective
— Z qinV(w)tmaj(w)Zw (3.13)
O u—Ly WL

In order to prove the equality H,(x;¢q,t) = Cu(x;q,t), it will be shown that C,, satisfies
the three axioms of the characterization of Macdonald polynomials presented at the

beginning of this chapter, namely,

(T1) CulX(g—1);q,8] = > exulg, thma(x)
A=y

(T2) C,[X = (g, hma(x)
A<y

(N) (Colx:0,1), 50y (x)) = 1 for m = |

Proof that Cy,(x;q,t) satisfies (N). Since sy = hy = hyy, and (ma, hgy) = 6xn)
(from equation 3.3); <Cp(x;q,t),s(n)(x)> is the coefficient of m,) in the expansion
of C,, in terms of monomial symmetric polynomials. But m,y = p, = Zk21 zy, thus
it is enough to show that the coefficient of 2} in C,(x;q,t) is 1. This is evident since

inv(p) = maj(y) = 0 for the constant filling ¢ = k. O
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For (T1) and (T2) it is necessary to find a combinatorial formula for the expressions

CulX (g —1);q,t] and C,[X (¢t —1);¢,t]. The identity

pr0e—y) = (pX]+ GO mlY])| =X - Y]

shows that in general

f[X_Y}:]E(Xv_y)

Which yields the two combinatorial formulas

CulX(q—1)19,t] = Culgx, —x; ¢, t)

= Z (— 1)) gplo)tinv(p) ymai(e) ol (3.14)

pp—Zy WL _

C#[X(t - 1)7 q, t] = C’/L(txy —-X;q, t)

= Z (—1)™e) ginvie)p(o)+maile) ¢l (3.15)

pp—ZLy WL _
where m(p) is the number of positive entries of ¢, p(¢) is the number of negative entries

of ¢, and |¢| is the filling resulting from replacing each entry ¢ of ¢ by |i|.

Recall that different total orderings of Zy = Z, W Z, yield different definitions of inv

and maj on super fillings, and these identities are true for any of these definitions.
For convenience, the following notation will be used;

o) = (_1)m(<p)qp(¢)+inV(<p)tmaj(<p)Zl<p|

B(p) = (_]_)m(</>)qinv(</>)tp(</>)+maj(</?)ZW)|

With this notation:

CulX(g—=1igtl= Y oly) (3.16)
pip—Zy

CuX(t—Digtl= > B (3.17)
ppu—Ls

Proof that Cy(x;q,t) satisfies (T1). Consider the order <y in Z4 satisfying 1 <; —1 <3
2 <y —2---. Let ¢ : p — Abe a super filling on p. Let ¥ be the involution on super
fillings defined by the following two properties:
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1. If there is no pair of attacking cells u, v in u such that |p(u)] = |p(v)|, then
Y = .

2. Otherwise, let a be the smallest integer satisfying a = |¢(u)| = |p(v)| for some
pair of attacking cells u, v. Fix vy to be the last cell in the reading order that
is part of an attacking pair u, vy with |o(u)| = |¢(vg)| = @ and fix ug to be the
last cell in the reading order that attacks vp and satisfies [@(ug)] = a. Define

Voo(ug) = —plug) and Pe(w) = pw for all w # ug.

It is clear that |¥p| = |¢|, and so the equality
xIPel — ol (3.18)

holds for every super filling ¢. Consider now the cases in which such pair of attacking
cells u, v satisfying |¢o(u)| = |p(v)| exists. The following relation is evident from the
definition of ¥:

(=1)™¥) = _ (1)) (3.19)

Define the indicator J(a,b) for a,b € Z4 as the one satisfying J(o(u), p(v)) = I,(u,v)

for every super filling ¢. In other words:

1 ifa>bora=>b€eZ._
J(a,b) =
0 ifa<bora=beZ,

Now notice that J,(a,b) = J(a,—b) for all a,b € Z4. Let u; be the cell immediately

above g, then this relation implies

J(¥o(ur), To(uo)) = J(e(u1), —p(uo)) = J(p(u1), ©(uo))

This is; u; is descent in Wy if and only if it is a descent in ¢. Now let uy be the cell
immediately below ug. It is clear that vy and ug attack each other, and vy precedes uz
in the reading order. Consequently, from the maximality of vy (in the reading order),
the integer |p(u2)| must be necessarily different from |@(vg)| = [¢(uo)|. This implies the

relation

J(Wep(uo), Wep(uz)) = J (= (uo), p(uz)) = J(w(uo), p(u2))
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This is; ug is a descent in Yy if and only if it is a descent in ¢. These observations show

that Des(Ty) = Des(y), and consequently;
maj(¥y) = maj(y) (3.20)

inv(¥y) — inv(p) = [Inv(¥y)| — [Inv(p)| (3.21)

Let u be any cell such that v and ug attack each other and u precedes ug in the reading
order. Using again the relation J(a,b) = J{a, —b), it is clear that u, up form an inversion

in Wy if and only if they form an inversion in ¢.

Now let u # vy be any cell such that % and wug attack each other and ug precedes u in
the reading order. It is clear that u and vy attack each other, so from the maximality of
up (in the reading order); |p(u)| is necessarily different from |¢(ug)| = |@(vo)|, thus, as

in previous observations,

J(To(uo), Po(u)) = J(—p(uo), p(u)) = J(p(uo), p(u))

As a result; ug, v form an inversion in Yy if and only if they form an inversion in ¢.

Since |@(uo)| = |p(vo)| and ug, vo attack each other; then ug, vy form an inversion in

any filling p if and only if p(ug) € Z_, thus,
[Inv(Pp)| — [Inv(p)| = m(Ty) — mlyp)
And since m(¥) — m(p) = p(i0) — p(Tp);
Inv(¥)| — [Inv(p)| = p(e) — p(¥p) (3.22)
Combining equations 3.21 and 3.22 one obtains;
p(Vyp) + inv(¥p) = p(p) + inv(p) (3.23)
and combining equations 3.18, 3.19, 3.20 and 3.23, one concludes that the relation

a(Vy) = —a(p)
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holds for every super filling satisfying Wy # . As a consequence, since ¥ is an involu-

tion, one has the formula

CulX(qg—1)q,1 = Z (—1)™@) gple) Hinv(p) pmai(e) le| (3.24)
Yo=¢
Let A be a partition such that xI¢l = x* = 3:1\1 > -3:;\‘ for some super filling ¢ : 4 — Z4

satisfying Wi = (. It only remains to prove that A < 4/, thisis, Ay+- -+ < py+- -+
for all j > 1. Ay + -+ + A; is the number of entries in ¢ with absolute value at most j.
The super fillings ¢ satisfying Wy = ¢ are those such that any pair u, v of attacking cells
satisfies |p(u)| # |@(v)|. In particular, all the entries in a given row must be different.

As a result;

/\1+v--+/\j§Zmin{mi,j}:/ﬂl—k'--—l—u;.
i

Proof that C,,(x;q,t) satisfies (T2). Asin the previous proof, the idea is to find an invo-
lution @ on super fillings, that cancels out all terms in the sum of equation 3.17, except
for those in the expansion of my for A < u. For this proof, the most convenient total
ordering of Z.. is the one satisfying 1 <2 2 <53 <9 -+ <9 —3 <9 —2<5 —1. Define the
involution ® on super fillings as the one satisfying the following two conditions for all

super fillings ¢ : p — Z.:

1. If each cell u = (4, j) € u satisfies |p(u)| > 7, define p = .

2. Otherwise, let a be the smallest integer for which there exists a cell u = (i,5) € p
such that a = |p(u)| < j, and let ug = (ig, jo) be the first cell in the reading
order such that a = |@(u)| (notice that this cell satisfies a < 7). Define ®p(ug) =

—p(ug) and Pe(w) = p(w) for all w # ug.

It is clear from this definition that |®¢| = |¢|, and so

x|®el — Il (3.25)
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Consider now a super filling ¢ corresponding to the second case enumerated above. The

following relation is clear from the definition of ®:
(~Lymi#e) = —(~1y0 (3.26)

Since jo > a > 1, ug is not in the bottom row. Let u; = (49,50 — 1) be the cell
immediately below ug. If |o(u1)] < |p(u)l = a, then from the minimality of a;
lp(u1)] > jo — 1, which is a contradiction, since it implies a > jo. Hence |p(u;)] is
necessarily greater than or equal to [p(ug)|. If [@(u1)| > |¢(ug)| and @(ug) € Z_ then
J((uo), p(u1)) = 1 and J(Dp(ug), Lp(u1)) = 0. If [p(u1)] > |p(uo)| and @(ug) € Z+
then J(i(ug), (1)) = 0 and J(Bp(uo), Bip(ur)) = L. 1F fp(ur)] = | o(uio)] and (uo) €
Z_ then J(p(up),p(u1)) = 1 and J(Pp(ug), Pe(u1)) = 0. Finally, if [¢(u1)| = l¢(uo)]
and @(ug) € Z+ then J(w(up),v(u1)) =0 and J(Pp(ug), Pe(u1)) = 1. In general;

J(@p(ug), ®p(u1)) — J(p(uo), p(u1)) = p(p) — p(P¢p) (3.27)

Suppose now that ug is not in the top row. Let uy = (ip,jo + 1) be the cell immediately
above ug. Since a < jo < jo+1, then |[p(us)| must be necessarily greater than a = |p(ug)|
(otherwise it would contradict either the minimality of a or the minimality of ug in the
reading order). If p(ug) € Z_ then J(p(u2),¢(up)) = 0 and J(Pp(uz), Po(ug)) = 1.
Otherwise, if @(ug) € Z4, then J(p(uz), o(ug)) = 1 and J(Pp(uz), Pp(ug)) = 0. In

general;
J(@p(uz), D(ug)) — J(p(u2), ¢(uo)) = p(®y) — p(w) (3.28)

Multiplying equation 3.27 times (leg(ug) + 1) and equation 3.28 times (leg(up) + 1) =
leg(ug), adding up the resulting equalities, and using the fact that all other cells besides

up have the same entries in ¢ and ®¢, one obtains

> (leg(u) + D)(J(@p(u), Bo(u)) — J(p(u), o)) = p(p) — p(2p)

uey

where u’ denotes the cell immediately below u. This equality is equivalent to

maj(®yp) + p(®y) = maj(p) + p(p) (3.29)
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Notice that this equality holds even if ug is in the top row. In that case (leg{up)+1) =1

and equation 3.28 is not used.

Multiplying equation 3.27 times arm(ug) and equation 3.28 times arm(usg), adding up
the resulting equalities, and using the fact that all other cells besides ug are have the

same entries in ¢ and $¢, one obtains

> am(u)(J (B (u), Pp(u)) — I (p(u), (') = k(p(®p) — p(v)) (3.30)

uep

where k = arm(us) — arm(up). In case ug is in the top row, this result holds for

k = —arm(up). To avoid losing generality, define arm(us) = 0 when ug ¢ p.

Let v € u be any cell such that u, ug attack each other, and u precedes ug in the
reading order. Notice that there are exactly arm(us) + ig of these cells. Using the same

arguments as before, |¢o(u)| > |¢(wo)|, and so

J(@p(u), Po(ug)) — J(w(u), @(uo)) = p(2p) — plp) (3.31)

Now let u € u be any cell such that u, ug attack each other, and wug precedes w in the
reading order. Notice that there are exactly arm(ug) + 4o of these cells. From the same

arguments above, |p(u)| > |p(ug)|, and so

J(@p(uo), Pep(u)) — J((uo), p(u)) = p(w) — p(Pp) (3.32)

Summing up equations 3.31 and 3.32 over all their corresponding cells u, and considering

the invariance of all other entries under @, one obtains

[Inv(@)| — |Inv(p)| = k(p(Pp) — p(¥)) (3.33)

Combining equations 3.30 and 3.33, it results
inv(®p) = inv(yp) (3.34)
And combining equations 3.25, 3.26, 3.29 and 3.34, one concludes

a(®p) = —aly)
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for all super fillings ¢ with ®¢ # ¢, which yields

CulX(t—1);q,t] = Z (—1)m(e) ginv(e) gple)+majle) [l
Sp=¢p

Now let ) be a partition such that xl¢l = x* = x?‘ :

- -:le‘ for some super filling ¢ : pp —
Zy satistying ®p = . A\ + -+ + Ay is the number of entries in the filling || that are
not greater than k. Since |¢(4, )| < 7 for all (4,7) € u, these entries must be in the first

k rows of u, and consequently

Ao A Sy

This concludes the proof of theorem 3.1.1. The following are some interesting special-

izations of Macdonald polynomials

Hu(x;0,0) = hn =50y (0= |]) (3.35)
Hy(x;1,0) = hy (3.36)
Hy(x1,1) = (z1+22+ )" (3.37)

H,(x;0,0) sums x¥ over all fillings ¢ that have no descents and no inversions. This
is, all fillings that are weakly increasing in the reading order. This observation proves

equation 3.35.

H,(x;1,0) sums x¥ over all fillings ¢ that have no descents. This is, all fillings that are

weakly increasing in the reading order on every column, which clearly implies equation

3.36.

H,(x;1,1) is the sum of x¥ over all fillings ¢ : p — Z,. This is clearly equal to
(z1 +z2+ - )" A more algebraic approach (see (Macdonald, 1995)) produces

H,(x;0,1) = h,, (3.38)
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Some general properties of Macdonald polynomials that follow from their definition
(see (Macdonald, 1995) for properties of the P,’s and their corresponding properties of

Macdonald polynomials) and will be useful later, are;
Hu’(XQQat) = Hu(x§taQ) (3'39)

HF‘ (X, q, t) = qn(#/)tn(ﬂ)wH#(x; q_lx t_l) (340)

3.2 g,t-Kostka polynomials

The g, t-Kostka polynomials are the coefficients that appear upon expressing the Mac-

donald polynomial H,, in terms of Schur polynomijals:

Definition 3.2.1. Let 1 be a partition of size n. The g, t-Kostka coefficients K, (q,t)

(A F n) are the ones appearing in the expression:

Hu(x:0,8) = 3 Kolg,9)53(x)
AFn

From equation 3.2, it is immediate that the coefficient of s, in the expansion of any
symmetric polynomial f(x) as a linear combination of Schur polynomials, is equal to

(f,sx). It follows that
Kux(9,1) = (Hu(x; 4, 1), 5x(x)) (3.41)
Equation 3.35 gives
K3u(0,0) = 0xny (0= |ul) (3.42)
Equations 2.28 and 3.3 show that (s),h,) = K, and so the coefficient of sy in the

expansion of h, in terms of Schur polynomials is K,. Thus from 3.38 and 3.36:
K/\p,(oy 1) = K/\p, (343)
K3, (1,0) = Ky (3.44)
A bijective argument using the RSK algorithm produces;

KoL) = (&1 + 22+ -)" 53) = f (3.45)
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Indeed, this is a consequence of the equivalent relation

(i +z2+- )t = Zf’\S,\ (3.46)
Abn

which follows from observing that the left hand side is the “weighed” sum of the lexico-
graphic words (ﬁ) with a = (1,...,n), and the right hand side is the “weighed” sum of
all pairs of a standard Young tableau and a semi standard Young tableau of the same

shape A+ n.

Equations 3.39 and 3.40 produce:
K/\u'(Q7t) = K/\u(t)Q) (347)

KA#(Q; t) = qn(ﬂl)tn(ﬂ) K/\'l-t(q_ln t_l) (348)

The polynomials K,(q,t) have positive integer coefficients. This integrality property
has been proven using different methods (see (Bergeron, 2008) for a list of references),
while the positivity is a result of the Schur-positivity of LLT polynomials, recently proven
in (Assaf, 2007) and (Grojnowski, Haiman, 2007). The proof in (Assaf, 2007) offers a
combinatorial interpretation of the coefficients of LLT polynomials in terms of Schur
polynomials, which combined with equation 3.8, produces a purely combinatorial proof

of the fact that K,(q,t) € Ng,t].

3.3 Cocharge Statistic

In (Lascoux, Schiitzenberger, 1978), the authors proved a combinatorial formula for the
expression of the Hall-Littlewood symmetric polynomial H,(x;0,t) as a linear combina-

tio of Schur polynomials, namely;

Theorem 3.3.1. (Lascoux, Schiitzenberger, 1978) The Hall-Littlewood symmetric poly-

nomial H,(x;0,t) is given in terms of Schur polynomials as follows;

Hy(x;0,t) = > o =0 s(x) (3.49)

Apartition \7€SSYT()\,u)
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where SSYT(A, ) is the set of semi standard Young tableauz that have exactly p; entries
i for 1 <4 <I(u) (notice that |SSYT(A, )| = K,), and cc(r) is the cocharge statistic

on semi standard Young tableaua.

Before explaining what the cocharge statistic is, it is important to mention that this

theorem provides another proof of equations 3.38 and 3.43.

The reason why the description of the cocharge statistic was not included in chapter
1 is that, because of its complicated definition, it would disturb the simplicity of the
other statistics presented in the same chapter. In (Haglund, Haiman, Loehr, 2005)’s
own words, this statistic now emerges naturally from the simpler concepts of inversions

and descents of a filling.

Definition 3.3.1. Given any filling ¢ : A — Z,, define the reading word of v, denoted
w(yp) as the word w : {1,...,|A|} — Z, that results from writing the entries of ¢ in the

reading order of the cells of A.

Definition 3.3.2. For any permutation o : {1,...,n} — {1,...,n}, define DR(0) as
follows:

DR(o)={ie{l,...,n—1}:0(8) > (i + 1)} (3.50)

This is equivalent to the reading descent set DR(£) (defined in the first chapter for
bijective fillings), when o = w(¢).

Definition 3.3.3. Let w: {1,...,n} — Z, be any word. For a subset § C {1,...,n}
define the subword wg as the one that results of considering only the entries w(z) for

i € S. For instance, if w = 162417, then w(; 356y = 1217.

Definition 3.3.4. Let w : {1,...,n} — Zy be any word. Define the subset S =

{k1,... k. } €{1,...,n} inductively as follows:
k1 = max{k : w(k) =1}

max{k < k;:wk) =i+1} if{k <k wk)=i+1}#0
max{k : w(k) =i+ 1} f{k <ky:wk)=i+1} =0

ki1 =



75

The inductive process ends when k,1 can not be defined. The cocharge of the word w
is given inductively by
cc(w) = ce(ws) + cc(wyy, . np\s)
cclo) = Z m —1i if o is a permutation of m
1€DR(0)
Notice that the cocharge of a word is well defined if it has more i’s than (or as many

i’s as) (1 +1)’s for all £ > 1, since wg (as in the definition) is always a permutation and

wyy,.. n)\s Satisfies this condition as long as w does.

Definition 3.3.5. Let v : A — Z4 be a filling of a partition A\. The cocharge of ¢ is
simply given by

cc(p) = ce(w(y))

Haglund, Haiman and Loehr’s proof of theorem 3.3.1 is achieved by rewriting the right

hand side of equation 3.49 as follows:

> > d>oox (3.51)

Apartition \ 7€SSYT(),u) pESSYT(N)

Which reduces the proof to finding a bijection between pairs of semi standard Young
tableaux (7, p) € Uyppz)y SSYT(A, 1) x SSYT(A) and fillings ¢ : p — Zy with inv(yp) =

0, such that the multiset of entries of ¢ is the same as that of p, and maj(¢) = cc(7).

It can be proven that for any word w that is a reordering of 1#12#2 ... k#* for some
partition u = (g1, ..., uk), the cocharge of w is equal to the cocharge of € «— w, where
¢ is the empty filling. Thus the RSK correspondence gives a natural way of rewriting

expression 3.51:

Z Z tcc(‘r) Z x? | = Ztcc(b)xa (3'52)

Apartition \ T€SSYT(),u) PESSYT(N) (&)

where x® = x4, -+~ Z,, for a = (a,...,an). The sum on the right hand side is over

all lexicographic words (E) with positive integer entries such that b is a reordering of
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1#12#2 ... ke (k = [(u)). Haglund proved that for any I(u) = k multisets M, ..., My
with |M;| = u; (1 <4 < k), there is one unique filling ¢ : ¢ — Z,. under the conditions
that inv(p) = 0 and that the entries of ¢ in the ith row are the elements of A for
i =1,...,k. Thus for any such lexicographic word (E) there is one unique filling ¢ with
inv(y) = 0 and such that the entries of ¢ in the ith row are the a;’s for which b; = 4.
The proof of theorem 3.3.1 follows then from an inductive argument that shows that the

relation

maj() = cc(b) (3.53)

holds for said unique filling ¢.

3.4 Algebraic Approach

The most remarkable non-combinatorial applications of the theory of Macdonald polyno-
mials appear in the theory of representations of the symmetric group. Refer to (Vargas,
2008) for an almost purely algebraic outline of the most important known results con-
cerning coinvariant spaces and the so called Garsia-Haiman modules. While seeking to
prove the integrality of K),(g,t), some expressions involving Macdonald polynomials,
such as equation 3.37 motivated Garsia and Haiman (Garsia, Haiman, 1996b) to find an
interpretation of H,, in terms of the representation theory of some bigraded &;,-modules.
One of the most important results of this work, proven almost ten years after it was first

conjectured by Garsia and Haiman (Garsia, Haiman, 1993) is that
Frobg:(Hu) = H, (3.54)

Where Frobg; is the bigraded Frobenius characteristic and H,, is the space defined below
in this same section. An interesting consequence of this result is that the dimension of
H,, is nl. This became known for a while as the n! conjecture. Although apparently a

simple result, it is still awaiting an elementary proof.

The large amount of research in the subject makes it impossible to condense all the

important results in one sketch. For this reason, and in order to keep an elementary
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approach, all is given here is a basic introduction to what was previously known as the
n! conjecture.
For a partition u - n, define the determinant;
Au(x,y) = det(@]yh)1cncn (3.55)
(i) en
Notice that every entry of the matrix on theright hand side is indexed by a pair (&, (3, §))
and so in order for this definition to make sense it is necessary to use a particular order

for the cells of u. The lexicographic order is the most commonly used, even though what

follows does not depend on the chosen ordering. For = (2,2,1), one has

2

Iz 2y v1 oz
2

I 2o 25 y2 @y

Dpony(x,y) =det | 1 a9 23 vy 20 (3.56)

2
L zo 25 y2 z2y2

Lozo 25 y2 o
In the cases i = (n) and p = (1™), this is equivalent to the Vandermonde determinant.

Define the operators J; and J,, as the partial derivative operators given by

g
. )= ==
9z,9(x, ) Do, (x,y)

. Og
ang(x)Y) - 8_”91](X,Y)
and set O0x = (0,,0z,,...), 0y = (0y,,0,,...). The now proven (Haiman 2001) n!

conjecture states the following:
Theorem 3.4.1 (n! theorem). The space H,,, defined by
Hy = {f(0x%,0y)Aulx,y) : f(x,y) € Clx,y]} (3.57)
has dimension n!l.
Haiman’s proof of this theorem is far from elementary, but it shows stronger facts,

which among other results, imply that the g, --Kostka coefficients have positive integer

coefficients. An explicit basis of H,, is yet to be found.
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Nabla Operator

The linear nabla operator V on symmetric polynomials is given in terms of its action on

Macdonald polynomials H,(x;g,1):
V(Hll) = q”(#')t”(#)Hu (3.58)

Since Macdonald polynomials generate the space of symmetric polynomials with coeffi-

cients in C(g, t), equation 3.58 defines V(f) for any symmetric polynomial f.

The application of V to the families of symmetric functions studied in the previous
chapter, yield some interesting results (see (Loehr, Warrington, 2008) for a list of them),

and some important conjectures (see chapter 4) have been established.

The nabla operator was introduced in (Bergeron, Garsia, 1999; Bergeron, Garsia, Haiman,
Tesler, 1999) as a way to simplify some expressions that appear in the Frobenius char-
acteristics of the intersection of Garsia-Haiman modules. Thus it plays an important
role in the algebraic approach of this theory. One of the most important relations is the
fact that V(e,) is the Frobenius characteristic of the diagonal coinvariant ring (Haiman
2003), i.e., the one defined by D, = C[x,y]/I where x = (z1,...,2n), ¥ = (Y1, -, ¥0)
and I is the ideal of polynomials f(x,y) with no constant term that are invariant under
the diagonal action of the symmetric group given by of(x,y) = f(ox,0y) for o € G&,.
This in particular was shown to imply that the dimension of the diagonal coinvariant
ring is equal to (n + 1)*7!, which was previously known as the (n 4+ 1)"~! conjecture.
Haiman’s proof of this result uses the same techniques he developed to prove the n!

conjecture.

3.5 g,t-Catalan numbers

The g, ¢-Catalan polynomials (Garsia, Haiman 1996a) appear as the Hilbert series of the
antisymmetric part RS of the diagonal coinvariant ring. They are given in terms of the
nabla operator by

Cnlg,t) = (en, Ven) (3.59)



79

A remarkable combinatorial formula for Cy, (g, t) was shown to hold by Haglund and Gar-
sia (Garsia, Haglund, 2002), giving an elementary proof of the positivity and integrality
of its coeflicients, as well as directly showing that it is a t-analog of the Carlitz-Riordan

g-Catalan numbers.

Theorem 3.5.1. ((Garsia, Haglund, 2002), reformulated as in (Haiman 2003)) Denote
by b(\) the number of cells u in a partition A for which

leg(u) < arm(u) < leg(u) + 1

(see figure 8.1). Let 6, (n = |)|) be the staircase partition (n — 1,n —2,...,1). Then

the q, t-Catalan polynomial is equal to the sum

Culg,t) = 3 ¢l (3.60)
par

Figure 3.1 Cells u such that leg(u) < arm(u) <leg(u) + 1.

The symmetry
Cnlg,t) = Cnlt,q) (3.61)

can be easily shown to be true from the original definition (equation 3.59). However, no

simple bijection is known to prove this equality from the combinatorial formula 3.60.



CHAPTER IV

FURTHER DEVELOPMENT AND OPEN PROBLEMS

These are some of the most important conjectures and open problems that have been
proposed in the theory of Macdonald polynomials. Some of them are purely combinato-
rial while others require some algebraic concepts for their understanding. Some of the
statements include terms that have not been defined in this work, for which the reader

is advised to refer to the cited literature.

1. Finding elementary proofs of the n! and (n + 1)"~! conjectures.

2. (Bergeron, Garsia, Haiman, Tesler, 1999) For all A and g, the polynomial (—1)**) (V(s)),

has positive integer coefficients, with x(\) = ( ) + 2o ni<(i=1) (1—1-X).

3. (Bergeron, Bergeron, Garsia, Haiman, Tesler, 1999) For all partitions u and all
cells (4,j) € p, the bigraded Frobenius characteristic of the space M\ (i ;) is

given by the symmetric function H, ;.

4. (Haglund, Haiman, Loehr, Remmel, Ulyanov, 2005) A combinatorial formula for
Vien):

Z Z 2f|<5n\/\|qdinv(r)x‘r

ACn 7€SSYT((A+17)\N)
where A + 1% = (A +1,A +1,..., A, + 1) and dinv(r) counts the number of

d-inversions of T, i.e., the number of pairs of cells ((4, 7), (k,1)) such that 7(z, j) >

7(k,1) and either

(a) k+1{=1+jand i<k, or,

Su)
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(b) k+l=14+j—1andi>k.

5. Define the “higher” ¢, t-Catalan numbers by the formula

CI™(q,) = (en, V"er)
Then they are given by

C,sm)(q,t) = Z qm(;)_l)‘ltb(m)()‘)

ACméy,

where mé, = (m(n—1),m(n—2),...,m) and b(™()\) is the number of cells v € A

such that leg(u) < arm{u) < leg{u) + m.

. (Haglund, Haiman, Loehr, Remmel, Ulyanov, 2005) A combinatorial formula for

(el, V(en)) (known to be the Hilbert series of the diagonal coinvariant ring) indexed

by parking functions:

Dp(q,t) = (€T, V(en)) = qu(f)tdinv(f)

f
The index f in the sum varies over all parking functions on {1,...,n}. A parking
function is simply a function f : {1,...,n} — {1,...,n} satisfying

1FYL, kD > kfork=1,...,n

The weight of f is given by w(f) = (ngl) — >, fi. It is easy to show that every
parking function on {1,...,n} is in unique correspondence with a standard Young
tableau 7 of (A4 1™)\\ for some A C é,, such that f(7) is the column occupied by
the entry ¢ in 7. This said, the parameter dinv(f) is simply dinv(7). See (Haiman

2003).

. A general combinatorial formula for Vsy in terms of nested labelled Dyck paths was

very recently conjectured in (Loehr, Warrington, 2008). See (Loehr, Warrington,
2008) for a complete list of proven results and current conjectures involving the

nabla operator.
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8. Although a purely combinatorial proof that K),(g,t) € N[g,t] has already been
presented in (Assaf, 2007), it is still an open problem to find a simple combinatorial

formula for the ¢, t-Kostka polynomials of the form

Knlaf= 3 grsles
TESYT(N)

for some statistics o and . The existence of such formula is suggested from the

fact that K),(1,1) = f*=[SYT())|.

The resolution of any of these open problems would lead to remarkable discoveries within
the theories of Macdonald Polynomials and Garsia-Haiman modules, and numerous ap-
plications to representation theory and several other important research topics in Algebra

and Combinatorics.
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V(), see Nabla operator

<read; se€e reading order

<ref, See refinement order

C, see contention order

alphabet, 14, 18
super, see super alphabet
arm, 6

attacking cells, 19

Cauchy identity, 48

cocharge, 73

composition, 35

content function, 8

content reading descent set, 32
content reading order, 29

contention order, 10

d(), see descent set of a ribbon

DC(), see content reading descent set

Index

Des(), see descent set of a (super) filling

descent set
of a filling, 18
of a ribbon, 10
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of a super filling, 22
of a word, 18
diagonal coinvariant ring, 78, 82
diagrams, 3
size of, 4
Dick paths, 82
dominance order, 11
DR(), see reading descent set

Dual RSK algorithm, see RSK* algorithm

f# = |SYT(), 16
fillings, 14
entries of, 14
of a tuple of skew partitions, 27
shape of, 14
super, see super fillings

Frobenius characteristic, 78, 81
Garsia-Haiman modules, 76, 78

Hall scalar product, 59
Hilbert series, 78, 82
homogeneous polynomial, 40
hook, 7

hook length formula, 17

horizontal strips, 8
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ip(u,v), 21, 22 natural order, 13

Inv(p), see inversions of a (super) filling

] parking functions, 82
inv()

artitions, 5
over fillings, 19 P

conjugates of, 6
over super fillings, 23 8

. length of, 5
of tuples of skew partitions, 28

. . number of, 6
inversions

d , 10
of a filling, 19 orders on

ts of, 5
of a super filling, 22 parts o

ize of
of a word, 19 size of, 5

plethystic substitution, 49

J(a,b), 66
q,t-Catalan numbers, 78
K, see Kostka numbers higher, 82
Kostka numbers, 17 q,t-Kostka polynomials, 72
o 6 quasisymmetric polynomials, 21, 25, 37, 50
€g,

fundamental, see Gessel’s

Gessel’s, 52

lexicographic order

on cells, 14
monomial, 51
on partitions, 11
super, 53
lexicographic words, 33, 35

rbb(u, D), 28
Macdonald polynomials, 25, 39, 59
) reading descent set, 21
maj( )
reading order, 13
over fillings, 19
refinement order, 37
over super fillings, 23

representation theory, 45, 76, 83
maximal chain, 15

ribbons, 9
n(), 9 tuples of, see tuples of ribbons
(n+ 1)1 conjecture, 78, 81 row insertion, 34, 35
n! conjecture, 77, 81 RSK algorithm, 33, 34, 48

Nabla operator, 78, 81 RSK* algorithm, 35, 48
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semi standard
fillings, 14
super fillings, 24
of a tuple of skew partitions, 29
Young tableaux, 15
of a tuple of skew partitions, 29
skew partitions, 7

tuples of, 26

SSYT(), see semistandard Young tableaux

st(), see standardization
standard

fillings, 14

semi, see semi standard

Young tableaux, 15

of a tuple of skew partitions, 29

standardization, 23, 30
statistics on fillings, 18
super alphabet, 21
super fillings, 21

of a tuple of skew partitions, 27
super tableaux, 24

superization, 54, 64

symmetric functions, see symmetric poly-

nomials
symmetric group, 41
symmetric polynomials, 39, 41
complete homogeneous, 42
elementary, 42
fundamental theorem, 44

homogeneous, 41, 49

LLT, 39, 56

Macdonald, see Macdonald polynom.

monomial, 42

power sum, 42

Schur, 18, 39, 45

superization, 54

Zonal, Jack and Hall-Littlewood, 59

SYT(), see standard Young tableaux

tuples of ribbons, 28

Vandermonde determinant, 77

vertical strips, 8
w( ) involution, 44

Young diagrams, 4
conjugates of, 5
corners of, 4, 6

size of, 4

zy, 44



