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Abstract. Given a dense additive subgroup G of R containing Z, we con-
sider its intersection G with the interval [0, 1[ with the induced order
and the group structure given by addition modulo 1. We axiomatize the
theory of G and show it is model-complete, using a Feferman-Vaught
type argument. We show that any sufficiently saturated model decom-
poses into a product of a standard part and two ordered semigroups of
infinitely small and infinitely large elements.
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1. Introduction

Motivated by the possibility of improving the efficiency of timed-automata,
F. Bouchy, A. Finkel and J. Leroux showed that any definable set in the
structure (R,Z, +,—,0,1, <) can be written as a finite union of sums of de-
finable subsets of the form Z+ D, where Z is a subset definable in (Z, +,0, <)
and where D is definable in D := ([0, 1], +1, —1,0, <), the group of decimals
with addition modulo 1 and the induced order [3, Theorem 7]. The first-order
theories of (Z,+,0, <) and (R, +,0, <) are well known, the first one being es-
sentially Presburger arithmetic and the other being ordered divisible abelian
groups, and that of (R,Z,+, —,0,1, <) is basically known (see [22], but also
[2], [17], [5]). It seems natural to complete this picture by looking more closely
at the first order theory of D. It is interpretable in (R, +,0, 1, <), so in par-
ticular decidable. In our preceding paper [1], we gave an axiomatization of
D and showed it admits quantifier elimination by adding some natural unary
definable functions. In fact it itself admits quantifier elimination (see section
5 below). In this paper, we now generalize that analysis to substructures of D
induced by dense additive subgroups G of R containing Z, using the work of
Robinson and Zakon [18]. One can view these substructures in two ways : as
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a quotient G/Z with operations induced by the structure (G, Z,+, —,0,1, <)
(see for instance [7], chapter 8), or simply as G := (GNI, +1,—1,0, <), where
I:=10, 1[. We axiomatize the structures G and show that their theories are
model-complete in a natural language (Theorem 4.1) and decidable whenever
the set of non-zero natural numbers n such that G has no elements of order
n is recursively enumerable (Corollary 4.3).

Another approach, used by M. Giraudet, G. Leloup and F. Lucas, is
through groups endowed with a cyclic order (see [6], [13]). Indeed, one can
view (G N1, +1,—1,0,<) as a subgroup of the unit circle (S!,-) with the
induced circular order, namely the ternary relation R(z,y,z) which holds
whenever the points z,y, z appear in that order when sending the interval 1
to St by the function t — €27, An axiomatization of the structure (S!,-, R)
has been given by Lucas together with a quantifier elimination result [15],
[14]. The two approaches can be linked as follows. Let Rp be the ternary
relation on I defined by Rp(z,y,2) ¢ 2 < y < z2Vy < z < zVz <
x < y, and let Rg be its restriction to G NI. For all z,y € I, we have
x <y <+ Rp(0,z,y). Let G, denote the structure (GN1I,+1,0, Rg), then G,
is a cyclically ordered group. Let T, be the Leloup-Lucas axiomatization of
the first-order theory of G, (see [13, Definition 3.1, Theorem 4.12]), and let T’
be the axiomatization of the first-order theory of G given below (Definition
2.5). By the preceding remarks, the axioms of T, can be deduced from T and
vice versa, and various properties can be transferred between T and T, in
both directions. For example, model-completeness (see [13, Proposition 4.9]),
the fact of not having the independence property (Corollary 4.3), decidability
results (Corollary 4.3) etc.

Our approach is more elementary and direct, so we thought it useful to
present it. The fact that we deal with an order instead of a cyclic order makes
the approach possibly more intuitive. For instance it is easier to identify what
is the largest convex (subsemi)group, or what are the archimedean models.
Of course the counterpart is that we have to deal with two subsemigroups
(the infinitely small elements and infinitely large ones), instead of the group
of infinitesimals only, in the cyclic order case. However we identify the theory
of each of the two subsemigroups and the theory of the corresponding group
of infinitesimals (in the cyclically ordered case) which has not in general the
same Zakon invariants.

In the case of I, one of the key feature is that the torsion subgroup
QnNTis dense. We decomposed an N;-saturated model into a standard part,
the interval I, and two semigroups, the positive infinitesimals and the infin-
itely large elements. Then, we used a Feferman-Vaught type argument which
relied on the fact that these subsemigroups are the positive (respectively the
negative) part of a divisible totally ordered group.

In the general case we proceed as follows. We first write down a theory
T consisting of first-order properties of G, making the distinction whether
the subgroup of torsion elements of G is finite or not (section 2). As before,
we decompose an Nj-saturated model H of T into a divisible subgroup Dg of
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I with the same torsion as G, and a torsion-free subgroup HP? with the same
indices as G (section 3). Note that this subgroup H{° contains the subgroup
H of elements which are either infinitely small or infinitely large. Again
this subgroup HPY decomposes into two subsemigroups that are linearly or-
dered. Even though this decomposition of H can be seen as an analog of a
representation of the corresponding cyclically ordered group [21], it differs by
the fact that H% is now replaced by H.

We show that T is model-complete (section 4) using again a Feferman-
Vaught type argument. The direct sum decomposition enables us to use that
the theory of the subgroup H% admits quantifier elimination (section 3),
even though H% does not appear as a direct summand. Let us note three
special features.

First, the standard part of an Nj-saturated model is still the interval I
and so in general its torsion is different from the torsion of G.

Second, since T' is NIP (section 4), there is a smallest type-@-definable
subgroup of bounded index. However it does not coincide in general with the
kernel of the standard part map, the subgroup H (section 4), as one might
perhaps have expected.

Third, we identify not only the theory of a model H of T', but also the
theory of each subgroup H and HP°. While the theory of H is used to
establish the theory of H, we only know the theory of H° a posteriori.

Set N* = N\ {0}. We use boldface letters x to denote a tuple. For H an
abelian group, we denote by Hy,, the torsion subgroup of H. For basic facts
on the model theory of abelian groups, see e.g. [24].

2. Dense subgroups of D

Recall that I stands for the interval [0,1] = {r e R: 0 < r < 1} and +,
for addition modulo 1. Then (I,+7) is an abelian group isomorphic to the
quotient of the additive group of real numbers by the additive group of the
integers. We add the order induced by the order on the real numbers and
obtain the structure D := (I, +1, —1,0,<). It is not an ordered group since
the group operation +; is not necessarily compatible with the order (note
that D has torsion elements). Recall that D is isomorphic to the circle group
(S',-,1) endowed with the order induced by the order on the unit interval
through the exponential map t — e2™%®. The elements of order n, n > 2, are
quantifier-free definable in D. For instance, the element % is definable by the
formula y # 0 & 2y = 0 and in the same way, for n > 2, the elements
are quantifier-free definable : 1 is the (unique) z such that z # 0 & nz
0& Agcjcn_12 <jz

Let G be a dense subgroup of (R, +,0). We use the same notation as
in [18, Definition 3.1]: for an abelian group H, we denote by [n]H the index
[H : nH]J; note that for n € N, we have [n]H € NU{oco}. Robinson and Zakon
[18] showed that such a structure can be axiomatized as an ordered abelian

[l si=
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group which is regular dense, namely for each positive integer n, x < y implies
that there is an element z such that x < nz < y, and where for each n > 2,
[n]G (finite or infinite) is specified.

We will consider dense subgroups of D. Each of them is induced by a
dense subgroup G of (R, +) containing Z. Throughout the article we will fix
such a G and set the structure G = (GN1,+1, —1,0, <).

Lemma 2.1. For each n > 2, and for every x,y € G, x <y implies that there
erists z € G such that v < nz < y. Moreover, if v < y < %, then we have
(/\?;fﬂzix <nz<yk % <z < %) &

(F20 (x <mzo <y & 20 < 2)) & (Fzn-1 (. <nzpoy <y & =L < z,9)).

Proof. It follows from the fact that G is dense. O

Lemma 2.2. For each n > 2, we have [n]G < [n]G < n[n]G, and if - € G
then [n|G = [n|G. In particular, if Q C G, we get [n]G = [n]G.

Proof. The first inequality follows from the fact that Z C G and the second
one from the fact that [n]Z = n. O

The following observation is well-known.

Lemma 2.3. We have Dy, C QNI, and if x € D has infinite order, then the
cyclic subgroup Zx generated by x in D is dense.

We fix an enumeration (¢y)n=0,1,2,... of Gior with ¢o = 0.

Let L be the first-order language {+,—,0,<}, and let L, = LU {p,, :
n € N*} be the expansion of L by new constant symbols. The interpretation
of the symbols p,, in G, denoted by p%, is as follows.

Case (I) When Gy, is dense, then p& = ¢,,, n € N*.

Case (II) When Gy, is not dense in G, we choose an element & of
infinite order and we set p& = né if n is odd, and p& = —nd if n is even. By
the above observation Z¢ is dense in G.

In both cases, we will denote by pi, 1 < i < n—1, the constant p,,

with m minimal such that the interpretation pC of p,, in G belongs to the
interval ]%, %]

Notation 2.4. Define Ng as the set of n € N* such that G has no element of
order n. Note that if n € Ng then multiplication by n in G is injective, and
that Ng is a multiplicative subset of N. So, if Ng # (, then Ng is infinite and
we have the subgroup Dy, := {% : 0<i<mn-—1, n€ Ng}, and we denote
by Dy, the corresponding substructure of D. This subgroup of D is divisible
(and so pure in D), so it has a direct summand which we fix and denote by
Dg [9, Theorem 13.3.1]. Note that Dg has the same torsion as G.

Definition 2.5. Let Ty be the L,-theory consisting of the following axioms
(1) = (5) and (7) — (10). Let Ty (respectively Tyy) be the theory Ty together
with axiom (6); (respectively axiom (6)rr). We will denote by T the theory
T (respectively Tyy) in case Gy, is dense (respectively in case Gy, is finite).
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(1) the axioms of abelian groups;

(2) for each n € N*, the index of the subgroup of elements of the form nx
is equal to [n]G. (Note that when [n]G is infinite, this is expressed by a
scheme of axioms.)

(3) for each n € N*\ Ng, the axiom

J2(2#40&nz=0& /\ z2<jz)&Ve(nx=0— (z=0V \/ x=jz))
2<j<n—1 1<j<n—1
and for each n € Ng, the axiom VaVy(nz = ny — x =y);
4) the relation < is a strict order with minimum 0 and without a maximum;
5) VaVy(z <y — —y < —x);
(6); in case Gy, is dense the axiom

F(pp=iz& 2£0&mz=0& /\ 2 <jz)

2<j<m—1

ifcn:%,lgigm,m, n € N*;

(6)7r in case Gy, is finite, the axioms np; # 0,n € N*, and p, = npy, if n is
odd, and p,, = —np1, if n is even, and the axioms
F2(z£0&mz=0& ( /\ 2 < J2) & pn, <1z < ppy)
1<j<m—1
ife, = # and pgl <ep < pSQ, m € N*;
(7) for each n > 2, the axiom z < y — Jz(x < nz < y) and the axiom

n—2
a<b<pi—>/\ﬂzi (a<n.zi<b&pi<zi<pﬂ)

i=1

& dzg (a<n.zo<b&:zo<pl)
& Jzp_1 (a <NzZp_1 <b& pra < zn_1> ;

(8) for all n,m € N, the axiom p,, < pp, if p$ < pS;
(9) for all naéural gumbe{g m, 1, mt, such that éﬁ, + éﬁ, < péf + pgl <1
or 1< P & P S P+ Py, (eq%lvalentlé Prr & P < pp + P and
Pn < —Pm and P + Py S P + Pm and Pns > _pm/)
the following axiom :

VoY (o < & < pn & pmr <Y< pm) = P4 P ST+ Y < po+ pm) 3

(9)’ for all natural numbers m,n, m/,n/ such that p%, = —pC, and p% >
—p8 , the following axiom :

Vay (o < & < pn& Py S Y < pm) = T4y < po + P ;
(10) for each n > 1 such that p% < 7, the axiom :

VaVyVz [(e < pn & y<pn & 2<pp) > (e <y z+z2<y+z) & (x<z+vy))].
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It is straightforward to verify that G is a model of T. It follows from
axiom scheme (3) that all models have the same torsion as G, and when there
is n-torsion there are exactly n elements of n-torsion. We will denote by %
the smallest such given by axiom 3, and accordingly <

+ will denote z% in all
models.

Axiom (2) describes the Zakon invariants, axiom (3) the torsion, axioms
(6) 7,71 the torsion w.r. to the ordering, axiom (7) the regularity, axioms (8),
(9) how the constants p, we added are interpreted and finally axioms (9)’,
(10) the compatibility between the constants, the group law and the order.

Lemma 2.6. The following properties are consequences of T.
(a) We have (z < —z& —y<y) =z <y.
(b) There exists n such that (x <y < pp — 2z < 2y).
(¢c) We have pg =0 and the set {p, : n € N} forms a subgroup.
(d) For eachn>2, (x <y < p1/n — nx < ny).
(e) Foreachn >2, (x <y < pi/m— 320 (x <n.20 <y & 20 <y)).
Proof. Ttem (a) : assume that x < —z,—y < y and y < x; so —x < —y by
axiom (4), which implies that * < —z < —y < y, a contradiction; therefore
(r<—2& —y<y) —z<y.
Item (b) follows from axiom (10). Item (c) follows from axioms (6)y,

(6)r7. Item (d) follows from axioms (9), (10). Item (e) follows from axioms
(7), (9), (10). 0

Definition 2.7. Let H be a model of T, we set

HY® ={z € H:x<p,,VYne N}, H® ={z € H: —x < p,,Vn € N*}
and H = H_?_O U H%. Note that both Hj)_o, H are \-0-definable, i.e. a
countable intersection of definable subsets of H without parameters.

In section 4, we will show that T is NIP. So, we know that H has a
smallest type-definable subgroup of bounded index [19]. A natural candidate
is the subgroup K := ﬂ{neN:[n]GeN} nH% which is, in general, a proper
type-definable subgroup of H% of bounded index. We chose the notation
H% because in case G =D, we have K = H and it is well-known that H%0
is the smallest type definable subgroup of bounded index.

Lemma 2.8. Let H be a model of T, and a,b € H such that a,b € H$0 and
a<b, thenb—ac HYP.

Proof. Set ¢ = b— a and assume that ¢ ¢ H". Then for some n > 1 we have
pn<clfcdg H9 . then there exists n; > 1 such that Pn, < —c, therefore
¢ < —pn, = pn, (Lemma 2.6). By axiom (9), we obtain p, < a+c =0, a
contradiction. If ¢ € H%, then —c € H}® and then by axiom (10), we get
b < b— c=a, a contradiction. O

Lemma 2.9. Let H be a model of T. Then H is a torsion-free subgroup of
H.
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Proof. By definition we have 0 € H?ro,x € H?ro — —x € HY » € H —
—x € HY. The set H)" is stable by + (axiom (9)), and so is H using the
function —. Let = € H?ro,y € H%, non-zero, and consider z + y. If 2 = —v,
then z +y = 0. If z > —y, then  — (—y) = 2 +y € HY by Lemma 2.8. If
z < —y, then —y —z € HY® by Lemma 2.8, so z +y € H*. Thus H" is a
subgroup.

In case (I), H is torsion-free since {p, : n € N*} is the set of the
torsion elements. In case (II), if follows from axioms (7) and (9). O

With the induced order H% is not an abelian ordered group since 0 is
a minimum, unless it is the trivial group. However we will check that H_?_O
is the positive part of a unique abelian totally ordered group (H®® \ {0} its
negative part). This follows from well-known results [4], which we will recall
in the next section.

Definition 2.10. Let H be an Nj-saturated model of T and let % € Dyor
with £ € Ng, 1 < i < £. We define (3) :={h € H: H | p, < h <
pm, whenever D = p, < } < pm,m,n € N*} and call it the cut in H
determined by .

Note that one can add two such cuts in H, namely () + (L) and get
the cut (%)7 with n, m € Ng, 1 <i<n,1 < j < m. Since Ng is a
multiplicative set, this will follow from the next lemma.

Lemma 2.11. Let H be an Ry-saturated model of T, n € Ng and let z € H
such that z € (X). Then nz € H% and —z € (%=1). Moreover if nz € H*,
then —nz € HYO.
Proof. Let z € (1). Note that —2 = =1 and z # p,,, for all m. First we
check that —z € (“=1). Suppose py, < =1 < py,, we have to see that pj, <
—2 < pi,. We have pi, < —% < pk,. By Axiom 5, we get —pg, < % < — Pk, -
Hence p},, < + < p}, , where p}, = —pg,,p},, = —pr, (Lemma 2.6(c)). Since
z € (1), we get P, < 2z < py,- Using Axiom 5 again we get pg, < —2 < pp,,
as wanted. Now we check that nz € H%. Suppose not, then we get some
inequality of the form p,,, < nz < pp,,. Since the subgroup generated by
np¥ is also dense in I, we may assume that p,,, = 1.k, , Pm, = N-Pr,, Where
Phkis Phe < % We get np,, < nz < npg,. Now we have z # py,, pi,, S0 by
Axiom 9 we must have py, < z < p,, which contradicts z € (+). Finally, the
last assertion of the lemma follows directly from Axiom (5). O
Let H be a model of T, we set H, = {pH : n € N}. In the following
definition, dually to Definition 2.10, we define the cuts in H, determined by
the elements of H, and we define the standard part map using the density of
{p% :n € N} in D.

Definition 2.12. Let H be a model of T'. Any g € H determines a cut in Hp,
namely the following pair of subsets of H,: C~(g) := {h € H, : h < g},
Ct(g9) :={h € H, : g < h}. We note that C*(g) = 0 +» g € H* and
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C(9) =0 < g € HY. We define the standard part map st : H — D
as follows. We identify p,, with the corresponding real number, and we set
st(pl) = p%, and for g ¢ H,, we let st(g) be the real number r such that
C(9) <r<Ct(g)if C~(9),C"(g) # 0, and st(g) = 0 otherwise.

Lemma 2.13. Let H be an Ny -saturated model of T. Then the map st : H — D
is a morphism of abelian groups and its kernel is equal to H. If H is N;-
saturated, then H/H = D.

Proof. Tt is straightforward that st(—z) = —st(z) and st(x) =0 <> x € H.
Let us show that st(z + y) = st(z) + st(y).

If 2,y € H, then z +y € H and so we are done.

If 2,y ¢ H%, then we have C~(z),CT(z),C~(y),C*(y) # 0 and we
add the cuts as in R using axiom (9) except when z + y = 0. In the case
where z € (£) and y € (%) with 1 <i <n— 1, we use Lemma 2.11. In the
other cases, we use the fact that Q is dense and so for any p,, € C*(z) N (q1),
pm € CF(y) N (g2) we have that p, + pm € (1 + g2).

If v € HY and y ¢ H, then by axiom (9) we have CT(z+y) = CT(y)
and C~(z +y) = C(y), so st(z +y) = st(y).

If € H and y ¢ H, we reduce ourselves to the preceding case using
the function —.

If H is Ny-saturated, then all the cuts are realized. O

3. Monoids and regular groups

Let H |= T, in this section we axiomatize the theory of H% and we show it
admits quantifier elimination (Lemmas 3.13, 3.15). We also define the aux-
iliary subgroup HP® which in general properly contains H0 and appears in
a direct sum decomposition of H, assuming Ni-saturation, where the other
direct summand is Dg (Lemma 4.2).

We introduce the following schemes of axioms.

Definition 3.1. Recall that for n > 2, [n]|G = [G : nG]. Consider the three
axiom schemes:

(1) (regularity) For each n > 2, the axiom : z < y — Jz(x < nz < y).
(2) (indices) For each n > 2, the axiom :

Jr1,. .., Tag (/\—Ely(zi =ny) & /\_|5|21722(1'i+n21 =x; +nz)

i i<j

& VxEIz\/xzxi—&—nz)

where g = [n]G if n ¢ Ng, and fig = [n]G + n — 1 otherwise, with the
convention that if [n]G = oo, then we have the corresponding infinite
list of axioms.
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(3) (indices in G) For each n > 2, the axiom :

N~z =ny) & /\Kj =321, 22(x; + Nz = xj + nzo)
E'Zl, . ,l‘[n]G
&VzIz\,x =z + nz

Definition 3.2. Let L,,, be the language {+,0, <} and T}, be the L,,,-theory
consisting of the following axioms : the axioms for commutative monoids, the
relation < is a total order, VaVbVe (a + ¢ < b+ ¢ <> a < b). Let Ty,on be
Tno together with the following axioms : VaVb(a < a + b), Vavb (a < b —
de(a+ c=10)).

Definition 3.3. Let T},,00 be the L,,,-theory extending 7},,, by adding the
schemes of axioms (1), (2) above (Definition 3.1). Let Ty,,¢ be the Ly,-
theory extending T),on by adding the schemes of axioms (1), (3) above (Def-
inition 3.1).

Lemma 3.4. Let H =T, then HY |= T,,00.

Proof. By Lemma 2.8, Hj)_o is a model of T},,,,. Since H is a model of T, HR_O
satisfies axiom (1) by Lemma 2.6. Assume that H is 8;-saturated. The stan-
dard model G implies the consistency of the following type tp(z1,...,2c) :

—Jy(z; = ny), ~Iz13ze(z; + n21 = 25 + n22), 2 < pm

where i, =1,...,[n]G,i # j,m € N.

So it is realised in H, by, say, hi, ..., hpe. We have hy, ..., hiyc € Hﬂo
and they belong to different cosets modulo nH and so [n]H > [n]G and
[H_(,)_O : nH_?_O] > [n]G.

Let n € N\ (Ng U {0}), so we have 2+ € H. Suppose that n.y € H%
and so for some i, y € (%)7 1<i<n—-1. We gety—% € H and so
[n)H® = [n]G and [H® : nHY°] = [n]G.

Let n € Ng. Since H is Ni-saturated, there is at least one element z;
in the cut (£), 1 <i < n—1and nz € HP\ {0} (Lemma 2.11). Note
that this element is not in the image of another element of H under the map
x — nzx (this would create n-torsion). In particular nz; belongs to a new
coset of nH%. The number of new cosets is equal to n — 1 and since we
specify the torsion in the standard model (axiom (3)), the number of these
new cosets is the same in every model. We obtain [n]H" = (n — 1) + [n]G,
whence [HY : nH] = (n — 1) + [n]G. O

Definition 3.5. Let H be an Nl—saturated model of T'. For each n € Ng and
1 <i<n—1,wedenote by ()" (respectively (£)~) the set of all elements z

K

. n
which are in the cut of > and such that n.z € HY (respectively n.z; € H?).
We consider the monoid generated by H)" (respectively H°°) and all the (£)*

i
. n
(respectively (£)~). We denote this monoid by HY%, (respectively H%,) and

we set H)V := Hﬂ?t U Hg‘?t.

Note that H?%,=HP U{(£)*; n€ Ng, 1 <i<n-—1}.



10 L. Bélair and F. Point

Notation 3.6. We denote by uy,--- ,up,g the cosets representatives of nH 30
inside HY® which do not belong to nH \nH{ (note that [n]G may be infinite
and in this case the enumeration of the coset representatives is infinite) and
by v;.n, 1 < i < n—1, the coset representatives which are in the image of the
cut (£)* by the map = — nz. We will make the convention that u; € nH
and for convenience we will also denote that element by vg .

Lemma 3.7. Let H be an Wi-saturated model of T. Then for every n € N*,
the indices of anf_?t m Hﬂ_‘?t are the same as those for G. Moreover H_?_‘?t
satisfies the reqularity axiom scheme and is a model of Tyr-

Proof. We first show that H?r?t is pure in H, which implies for n € N* that
[H?r(?t : nH?r?t] = [n]G.

First assume that ny € HR_O and y ¢ H. Either n ¢ Ng, so y is of the
form % + z, for some z € HRO and 1 < ¢ < n. Therefore we found an element
in HY° such that ny = nz. Or n € Ng, soy € (£)*, for some 1 < i < n, and
SOy € H?r?t.

Second, assume that ny € (i)Jr with m € Ng, 1 < j <m, then y is in
a cut of the form -2 nm € Ng, 1 < k < nm. So again y € HY,.

Now let us show that Hﬁ?t is regular. Let z < y in H?r?t. We distinguish
the following cases.

If z,y € HY®, then we apply axiom (7) of Definition 2.5 and we find an
element zg € HEO such that x < n.zg < y.

If 2,y € (%)"’, for m € Ng and 1 < i < m, we apply the regularity
of H (axiom (7) of Definition 2.5) and we find an element h € H such that
x < nh < y. But Ng is a multiplicative set, so h € (ﬁ)‘”‘ which belongs to
H_?_?t, 1 <7 <nm.

Finally, if , y belong to different cuts, we use the fact that the quotient
HY/HY =Dy, is dense in D. O

Lemma 3.8. Let H be an Ny-saturated model of T. Then Hf_?t 18 also Nq-
saturated as a pure monoid.

Proof. We have to show that any system of positive primitive formulas with
one free variable and with parameters in Hﬂ?t which is finitely satisfiable is
satisfiable. It is straightforward that H (respectively Hﬂo) is Nj-saturated
and so if this system is finitely satisfiable by an element of H{", it is imme-
diate. Otherwise it is finitely satisfiable by an element of z; ,, + H_?ro for some
Zinm € (%)"’, n € Ng. Since all the cosets z;, + H are disjoint, we may
assume we stay in the same coset. We may then apply the N;-saturation of
H. O

We decompose the problem in two parts: a divisible subgroup of (I, +, 0)
with the same torsion as G on one hand, and on the other hand the subgroup
H?° which has the same indices as G but which is torsion-free. To a nonzero

element u of HY°, we associate a couple (u, £), uy € H?\ {0}, if u € (£)*,
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1<i<n-—1o0r (u0)ifue HP, or (u_,%), u_ € HO\ {0}, ifu e (L),
1<i<n-—1,or (u,0)if u€ H%. The set of these couples is endowed with
the lexicographic order.

We have H?/H® = Dy, . The first step consists in studying the group
HY = HYUHY.

Let Sy, S2 be two commutative monoids with S; C S3. We say that Sy
is pure in S if for all a € S; whenever there exists b € Sy such that n.b = a,
then there exists ¢ € Sy such that n.c=a, n € N.

Lemma 3.9. Let S1, S5 be two models of Tyr00 such that S1 C Sy and assume
that Sy is a pure submonoid of S3. Then Sy is an elementary substructure of
Ss.

Proof. Let S1, S be two models of T},,.g0 such that S; C Sy. By [4], let G1, Gs
be ordered abelian groups such that Sy is the positive part of Gy, k = 1,2.
The inclusion S7 C S5 induces an inclusion of G7 in Go, representing = € G
as T =s— 5,55 € 5;. We get that G1 is a substructure of G5. We claim
that G, k = 1,2, is regular dense and [n]Gy, = [n]|G, for each n > 2. Then it
follows by results of Robinson-Zakon [18] that G; C.. G2, whenever G; is a
pure subgroup of Gg, thus S; C.. S22, as wanted. We check the properties of
Gpi. Let x,y € Gy such that x <y and n € N, n > 2. If z,y € Sk, then there
exists z € Si such that x < nz < y, as wanted. If —z, —y € Si, then we have
—y < —x and there exists z € Sk such that —y < nz < —z,s0x < n(—2) < y,
as wanted. If —x,y € S,y # 0, then 0 < y and there exists z € Sy such that
0 <nz<y,sozx<nz<y, as wanted. This shows that Gy, is regular dense.
Let n > 2, we now check that [n]Gy = ng. Let 1, ..., 2}, € Sk as in axiom
(2) of Definition 3.1. Let x € G. If x € Sk, then x € x; + nSk C x; +nGy, for
some i. If —x € Si, then —x € x; + nS) for some ¢, say —x = z; +ny,y € S,
sox =—z;+n(-y) = (n—Dz;, +nx; +n(—y) = z; +nz+n(z —y) =
zj +n(z+x —y), for some j and z € Si. This shows that [n]Gy < [n]G. We
claim that z; — x; & nGy, i # j, and this implies [n]Gy > [n]G. Indeed, if we
had z; —z; € nGy,t # j, say ; —x; = nx,x € Gy, we would get 21,22 € Sy,
such that x = 23 — 21, and x; + nz; = x; + nzz which contradicts axiom (2)
of Definition 3.1. O

Notation 3.10. Let L/, be the language L,,, expanded, for each n > 2, by the
binary predicate D,,(x,y) defined by D, (z,y) +> 3z1323(x + nz1 = y + nz).

Lemma 3.11. The theory Ty,r00 admits quantifier elimination in the language
L ..

Proof. We apply the following criterion for quantifier elimination (see for
instance [16], 3.1.6) : let Sp,S2 be models of T,,,.¢ and A such that A C
S1,A C Sy as an L], -substructure, let ¢(y,x) be a quantifier-free L -
formula and a € A, and assume there exists b € S; such that S; = ¢(a,b),
then there exists ¢ € Sy such that Sy |= ¢(a, ¢). Indeed, by [4], let G; be the
abelian totally ordered group such that S; is the positive part of G;,i =1, 2.
Let G4 be the subgroup generated by A such that G4 C G1,G4 C Gs.
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Then G; is a regular dense abelian totally ordered group. Let us check that
G4 is a common L], -substructure of G1,G5. We need to check that given
x,y € Ga, G1 |E Dp(x,y) <> Go = Dy (x,y). Write z =d—e,y = f — g, with
d,e, f,g € A. Assume that, say, G; = D,(x,y). Then there exist 21,25 €
(1 such that  + nz; = y + nze. We may suppose that z1,20 € S;. We
obtain d —e+mnz;y = f — g+ nz, sod+ g+ nz; = f+ e+ nzy, and then
S1 E Dp(d+g,f +e€). So Se E Dn(d+g,f +e), since A is a common
L, -substructure of S1,.S2. We obtain Gy = D, (z,y).

We are now in the position of applying the quantifier elimination result
of V. Weispfenning for ordered regular dense abelian groups in the language
of ordered abelian groups with the predicates D,, n > 2 [23]. We obtain
Gy = Ju(u > 0 & ¢(a,u)), which implies that Go = Ju(u > 0 & ¢(a,u)),
and any such element u gives the sought after element c. (I

Definition 3.12. Let T,g « be the L-theory of torsion-free abelian groups
together with the following axioms : the relation < is a strict total order; the
function x — —x swaps the order; the subset {z : © < —z} U {0} is a model
of Trnroo; and finally the axiom (z < —2z & —y <y) >z <wy.

Lemma 3.13. Let H be an N;-saturated model of T, then H is a model of
TT‘G,<'

Proof. We have already seen that HY = {z : © < —z} U {0}. The result
follows from Lemmas 3.4 and 2.6. O

Lemma 3.14. Let Fy, F be two models of T,g, < such that Fy C Fy and assume
that Fy is a pure subgroup of Fo. Then Fy is an elementary substructure of
.

Proof. For a model F of T,g <, let Fly :={x € F: x < —z}U{0}, then F} is
a model of T},-09. Let Fy, F1 be two models of T;¢, <« such that Fy C F;. Then
Iy + C Iy 4 and by Lemma 3.9 we have Fy 4 Cc. Iy 4. By the compactness
theorem, there exists a model Fy of T,.g « such that Fy C.. F> and Fy 4 C
Fi 4+ CFy . Leti: Fy 4 — F5 4 be the inclusion. Note that since the order
< is total, we have either x € Fy  or —x € F 4, but not both if z # 0.
Let ¢* : Fy — F; defined by i*(x) = z if € Fy 4 and i*(x) = —i(—x)
if —x € Fy . We check that ¢* is a morphism and so F} is a substructure
of Fy. Indeed, we have i*(0) = 0, and so i*(—z) = —i*(z). To check that
i*(z 4+ y) = i*(z) + i*(y), it suffices to consider the case where z € Fy 4 and
—y € Fiq. Ifot+y € Fi 4, wehave i*(2) = i*(z+y+(—y)) = i(z+y+(—y)) =
i(x+y)+i(-y) =i (x+y)+i"(—y) = i"(x +y) —i"(y), therefore i* (x +y) =
i*(z) +i*(y). If —(x +vy) € Fi 4, then using —(z +y) = (—z) + (—y) we
get back to the preceding case. It remains to verify that = < y implies that
i*(z) < *(y). If x,y € Fy 4, it is straightforward. If —z, —y € Fy 1, we use
the fact that — reverses the order. The only other possibility is that z, —y €
Fi 4. In this case we obtain z, —y € F5 4, namely i*(z), —i*(y) € Fa 4, so
i*(z) < i*(y) since Fy |= Trg,<. We obtain Fy C Fy C Fj, and since Fy Ce. F
we get Fy Ce. Fy. O
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Lemma 3.15. Let L' := LU {D,(z,y) : n € N*}. The theory T,¢ <« admits
quantifier elimination in L' and is complete.

Proof. Given a model F of T,g <, set Fy :={z € F: 2 < —z}U{0}. Then
F+ ': Ter~

We use the same criterion as above to prove quantifier elimination :
let Fy,F> be models of T,¢,« and A such that A C F;, A C F, as an
L’-substructure, let ¢(y,x) be a quantifier-free L'-formula and let a € A.,
Suppose that there exists b € Fy such that F; | ¢(a,b), then there exists
¢ € Fy such that Fy = ¢(a,c). Let Ay = {x € A: x < —z} U {0}. Then
A, is a common L'-substructure of Fy 4, F5 . By Lemma 3.11, we have
(F14+,Ay) = (Fp4,Ay). Since either z € Fy 4 or —z € Fj 1, we obtain
for all z,y € Fy 4, that F, = D,(z,y) iff there exist 21,20 € Fj 4+ such
that  + nz; = y + nza. So we may consider Fj 4 as an L] -substructure
of F}. By the compactness theorem, there exists a model F' of T;g « such
that F, < F and Fy 4 C F as L, -substructures. Let ¢ : F; ; — F denote
the inclusion map, and let i* : F; — F be the map defined by i*(z) = z
if z € F1 4, and i*(z) = —i(—2z) if —x € F} 4. As in Lemma 3.14, we have
i*(0) = 0,i*(—x) = —i*(x),i"(x + y) = i*(z) + i*(y), and @* is injective.
Moreover Fy |= Dy (z,y) iff F = D,(i*(x),i*(y)). The forward direction is
clear. For the converse, assume that F' = D, (i*(z),i*(y)). We distinguish
the following cases. If =,y € Fy 4, then we immediately obtain that Fy ; =
D, (x,y), and so Fy = D, (z,y). If —x,—y € Fy 4, then Iy = D,(—z,—y)
by the preceding case, so Fy = D, (z,y). If —z,y € Fi 4, say uj,uz € F
such that —i(—x) 4+ nu; = y + nug, then nu; = i(—x) + y + nuy. Therefore
F E D,(i*(0),i*(i(—x) + y)), and by the first case, F} = D, (0,—x + y), so
Fy = Dy(z,y). Then, i* embeds F; into F' as an L’-substructure. We obtain
F |= Fu(g(a,u), so Fr = Ju(o(a,u).

Let us show that T;.¢ < is complete. Let o be an L’-sentence. Since Ty¢, <
admits quantifier elimination, we may assume that o is quantifier-free and so
it is a boolean combination of sentences of the form D,,(0,0) or 0=0. O

4. Model-completeness and completeness
Let L}, := L, U{Dy(z,y) : n € N*}.
Theorem 4.1. The L;)-theory T s model-complete.

Recall that we have fixed the following direct sum decomposition: D =
Dy, @ Dg (2.4), with D¢ having the same torsion as G.

Lemma 4.2. Let M C N be two Np-saturated models of T. Then we can
decompose M and N in a direct sum of the form M = M & M?®, N =
M@ N, where M = Dg, M2 C N, and M°, N are torsion-free groups
with the same indices as G.

Proof. Let M, N?° be defined as before, we have M?° C NP°. By Lemma
2.13, N/N% =D and N% is the kernel of the map st. We have st(MPY) =
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Dy, = st(NPY) and M/MP° = Dg = N/NP°. The subgroup M is pure in
M and so has a direct summand M in M (see e.g. [24]). Furthermore, this
direct summand is isomorphic to Dg. Since M + NP0 contains the kernel of
st and st(M 4+ N%) = st(N), we have M + N%° = N and it is a direct sum.
a

Proof of Theorem 4.1:

We follow a strategy similar to [10], using the decomposition given by
Lemma 4.2.

First we make the following observation. Let H be an Nj-saturated
model of T and let H be a direct summand as in Lemma 4.2 (and so iso-
morphic to Dg). Denote the projection on H by [ |;. For g,h € H, we will
distinguish the following configurations for g < h, setting g1 = [g]1,92 =
g — lg]1,h1 = [h]1,he = h — [h]1, so that, for instance g = g1 + g2 is the
decomposition of g along the direct factors. We need also to specify whether
go € (%), hy € (£),0 <4, j <n—1, with the convention that HO corre-

sponds to the cut (2). Note that st(g) = g1 + £, st(h) = hy + L for some

n?

0 <1i,j < n. Since n € Ng, multiplication by n is injective and it preserves

the order relation except in the following case: suppose that a € (%)* and
b € (£)*, then na > nb. However in that case, we have that if a € (%)

and na € H, then a € (%)~. Therefore for a,b € (L), if na € H? and
nb € HY, then a < b. Using the fact that na € H® iff —na € H{, we can
always express the order relation within a cut, back in HY.

Using this decomposition, we consider the different cases for g < h. Let
st(g) = g1+ + and st(h) = hy+ £ with 0 < 4,j < n—1, we have the following
cases :

st(g) < st(h) (4.1)

and either

(i) st(g) # 0,st(h) # 0 and we distinguish the subcases whether
g1 # hy or g1 = hy (in case g; = hq, it implies that ¢ # j),
(ii) st(g) =0, namely gy =i =0, and g € HY and st(h) # 0,
(iii) st(h) =0, namely h; = j = 0 and h € H® and st(g) # 0,

st(g) = st(h) (4.2)

namely g1 = hy,7 = j and either

(i) g2 € (£)7,ha € (L), equivalently ngs € H, nhy € HY,
(ii) g2 € (%)+,h2 € (%)‘*‘7 with go < ha,ngs < nhy and ngs € HY, nhy €
HY,

(iii) g2 € (%)_,hg € (%)_, with go < ho,ngs < nhe and ngs € H, nhy €
H,
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Now let us examine the congruence relations D,, in HY?. Recall that an
element v € H is in nH if and only if u—v;,, € nH or v; ,,—u € nHY, 0 <
i <mn —1 (see Notation 3.6). Moreover if u € (%)*, for some 1 < j <m—1,
then u € nH if and only if mu — v; ym € NMMHY or v; pm — mu € nmHYY,
1 <i < nm—1. (Note that mu ¢ nmHY® (otherwise u would belong to H{°).
Also, since m € Ng, we get that mn € Ng.)

Now suppose that u, v € HX°, we distinguish two cases.

Either u, v € (#) and so v — u or u — v belong to HY. We get in case

v—ue HY, that

n—1
H = Dy(u,v) if HY | \/ Du(v—u,viy) (4.3)
=0

and similarly when u —v € H{°.

Oruce (#) and v € (%),Ogi#jgm—l, and then we get:
mn—1
H = Dy(u,v) iff HY = \/ Dy (mu+ vipm, mo) (4.4)
i=1

(or Dy (mu, mv + v ) 1 < i <n.m —1).

Let M, N be two R;-saturated models of T' with M C N. Let M = Dg
as in Lemma 4.2 and denote the projections on M by [ Jiar,[ Jin, and
the projections on M, NP° by [ Joam, [ Jo.n. Since both M and N
are models of T, <, M a L’-substructure of N%, by Lemma 3.14 we may
choose the same coset representatives of nN% in N9 as those for nM? in
M n € N. As in Notation 3.6, we will denote those coset representatives
by u1 = von,** , URIG) V1,ns "t * s Un—1,n- NoOte that for all x,y € M we have

M | Dy(x,y) it M = Dy(fe]iar, [yliar) and M = Dy ([a]oar [Y)o,ur)-
N [ Dy(z,y) if M = Do(fe]ia [ylia) and NP | Dy([2]2,n. [yl,n)-

7

Since the function ” —” is existentially definable in T', w.l.0.g. we may
consider existential formulas where ” —” does not occur.

Let ¢(z,y) be a L) -quantifier-free formula, where ” —” does not occur,
and let a € M. Assume that there exists b € N such that N |= ¢(b,a). Since
< is a total order we may assume that ¢(z,a) is of the form

d(z,a) = N tj(x,a) <tj(z,a)& N\ tz,a)=t)(r,a)&

jeJ LeA
N D, (ti(z,0), t;(2,2)) & [\ —Dn,(tr(z,a),t,(x,a)),
keA keA’

where t;,to, 1y, t;, t), 1), are Ly-terms.

We can write a term t(x,a) in the form ¢(x,a) = s(z) + r(a), where
s,r are Ly,-terms, and if a € MP°, then so is r(a). Consider all terms
tj,tg,tk,t;.,t},t; written in this form with the corresponding indices, e.g.
tj(z,a) = s;(x) + rj(a). The projections are group morphisms, so we get
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[sj(x) + (@)l = [s;(@)h + [rj(a)]1 = s;([z]1) + r;([a];), and similarly for
[ 2
We have the following equivalences :

N = ty(z,a) = ty(z,a) iff Dg = se([z]h) +re([al,) = sp(fx]) + ri((a];) and
N [ se([2]2) + re([aly) = si([z]2) + ri([al,). (4.5)
N & Dy, (tr(z,a), ty(x,a)) iff De &= Dy, (sk([el) +re((aly), i, ([2]1) + ri.([a],)) and
N |& Dy, (s([2]2) + ri([al,), si([2]2) + 7 ([a],)}4.6)

Using (4.3), (4.4), we can express the congruence conditions D,,, on the
second projection, back in the subgroup N in the following way.
Assume first that si([z]2) + ri([aly), s ([z]2) +7.([a],)) € (&), then

we get: "
N |& D, (s([2]2) + ri([aly), si([2]2) + 7k ([aly)  iff
ngm—1
N E \/ Dugm(msi(al2) +mre(aly), vigm +msi([e]2) + mrk([al,))-(4.7)
i=0

Assume now that sy, ([z]2)+7i([al,) € () and s} ([z]2)+7}([al,)) € (%)7
0<iz#j<m-—1, then we get:

N | Du(si([2]2) + ri([aly), si([2]2) + ri([aly))  iff
npm—1
N = \/ Dy (msi([z]2) + mri([aly) + vinm, msy([2]2) + mri([al,))), (4.8)
(or Dy (msy([]2) + mry([aly), msy ([2]2) +mrg([aly)) + vinem))-

W.lo.g., we may assume that [b]; € M and that not only [b]s € (%),
0 <1i<n,n € Ng, but all the components of the terms [a]s also belong to a
cut of the form (%), for some 0 < j < n. Since n € Ng and so multiplication
by n is injective, we obtain the following equivalence:

N = se([bla) + re(faly) = sy([blo) + v ((aly)  iff
N b sy ([8]2) + nre([aly) = nas)([bl2) + nrf([al,). (4.9)

(We could have used that it is the negation of being in strict order relation).
Recall that st(s;(b) + 7;(a)) (respectively st(s;(b) + 77(a))) is determined
by the type of b (over Dg) and since the first projections of s;(b) + r;([a]),
respectively s’(b) +77([a]) belong to M, the cuts of the form %, 0<i<n—1,
n € Ng, to which their second projections belong to, are also determined by
the type of b. Observe the following.

(1) We saw in (4.1), (4.2) that the truth of an atomic formula of the
form s;(b) + 7;(a)) < s;(b) + 7 (a) is determined by on one hand the first
projection of these terms, the cuts to which their second projections belong
to and the order type of n.(s;([bl2) +r;([a]2)), n.(s;([b]2) +7)([a]z)) in N,

(73) We saw in (4.7), (4.8) that the truth of congruence condition of the
form Dy, (sx([b]2) +7k([aly), s, ([bl2) + 7} ([a],)) can also be expressed in N
using cosets representatives v; n,, n, for some i.
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(4ii) Finally in (4.9), we reduce the truth in NP0 of s¢([b]2) +7¢([al],) =
sy([b]2) + r}([aly), to a statement in N°.

In each of the above three cases, all the requirements put together can
be expressed as a partial type of quantifier free formulas, say ®(z,a), and we
have N |= ®(b,a). Now it remains to note that ®(z,a) being satisfied by an
element b € N, implies that it is finitely consistent in M, and so if ¢ realises
it in M, then M = ¢(c, a).

We use on one hand that M/M% =~ N/N > D (Lemma 2.13), and
that M an L’-substructure of N° and so an elementary substructure by
Lemma 3.11. Let ®(y, [a];) be the partial type of quantifier free formulas
determined by ®(x,a) and satisfied by [b]1, and let ¥(z, [a]2) be the partial
type of quantifier free formulas determined by ®(z,a) and satisfied by [b]s.
We have Dg = ®([b]1,[a]1) and N = 9([b]z, [a]2). Since M C.. N
there is d € M such that M |= 1)(d, [a]z). In case d is of the form n.d’,
with n € Ng, then there is d’ in M belonging to a cut (%), 1<i<n-1.
Let ¢ = [b]1 + d'. Then ¢ € M, [c]1 = [b]1,[c]2 = d, and by (4.1), (4.2),
(4.7), (4.8) and (4.9), we conclude that M = ¢(c,a). This concludes the
proof of Theorem 4.1. O

Recall that a first-order theory is said to be NIP if no formula has the
independence property. Y. Gurevich and P. Schmitt showed that the theories
of ordered abelian groups are NIP [8].

Corollary 4.3. The theory T is complete, and decidable whenever Ng is re-
cursiely enumerable. The theory T is NIP.

Proof. We first show the completeness of T' by proving that two N;-saturated
models of T are elementarily equivalent. We follow the same strategy as in
Theorem 4.1. Let o be a sentence true in some RNj-saturated model H of T.
By Lemma 4.2, H decomposes as H, isomorphic to Dg, and HP. Since T is
model-complete, we may assume that o is of the form 3% ¢(Z), where ¢(T)
is a conjunction of formulas which are atomic or negated atomic. Let a be a
tuple of elements of H such that H = ¢(a). By the proof of Theorem 4.1,
this is equivalent to the requirements that two partial types are satisfied in
respectively H and H. Since H is isomorphic to Dg, finite satisfiability of
the first partial type does not depend on the model we are considering and for
the second partial type, we apply the completeness of T, « (Lemma 3.15).
In particular T" axiomatizes the theory of the standard model G.

The model G is NIP since we can interpret any formula in the ordered
abelian group (G, +,0, 1, <) where we can use the result of Y. Gurevich and
P. Schmitt and therefore the complete theory T is NIP.

Finally, the completeness of T implies its decidability in case T has an
r.e. axiomatization, namely if Ng is r.e. (I

Note that since T" is NIP, we know that in any definable group in a
model of T, there is a smallest type-definable subgroup of bounded index [19].
Recall that [n]G is equal to [n]H, where H is a model of T. We suspect that
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N {(neN:[n]GeN} nH% is the smallest type definable subgroup of H of bounded
index.

Remark 4.4. Using Rieger’s theorem [6], we may apply our results to cycli-
cally ordered groups. Let G be a cyclically ordered group and let (vw(G), <)
be its unwound. Assume that ww(G) is densely ordered. Let zg be a cofi-
nal positive element in ww(G) such that uw(G)/{zg) = G. Choose a set of
representatives for G in the interval [0 z¢[, take the linear order induced by
the one of uw(G) on that interval. Then depending on whether the torsion
subgroup of G is dense or finite, we get a model of T or Ty (Definition 2.5).
Therefore we can translate the above theorem and corollary on the theory T'
to the corresponding theories of cyclically ordered groups.

Note that following the proof [11, Example 2.10] that if (G, +, <) is an
ordered abelian group, then its theory is not strongly? dependent, one can
show that the theory of H is not strongly? dependent.

Now, the ordered group of the integers has NIP, as well as the group of
decimals D (cf. Corollary 4.3). In view of the result of Bouchy-Finkel-Leroux
recalled in the introduction on the decomposition of definable subsets in the
expansion of the ordered additive group of real numbers with the integer part
function, one can ask whether one could deduce that its theory has also NIP.
However, we haven’t seen how to combine the two other results. But, one can
show NIP by using Weipsfenning quantifier elimination [23, Theorem 3.1] to
reduce to the ordered group of integers and the ordered group of the whole
real line, which we did when we first wrote this paper. More precisely, one
can show that the theory of the structure (R,+,—,|.|,<,0,1,=,; n € w) is
NIP. In the meantime the paper [5] by Dolich and Goodrick has appeared,
where they show a somewhat stronger result [5, Proposition 3.1], so we will
refrain from giving a proof here.

5. Quantifier elimination for all decimals

In [1] we showed quantifier elimination for the structure D in a language
with extra unary function symbols, and mentioned that these extra symbols
could be eliminated to get quantifier elimination down to the language L =
{+,—,0,<}. In this section we set G = D and we show how to eliminate
the extra symbols. Note that given the connection with the circular group
formalism, this also follows from the quantifier elimination established by
Lucas (see [14], [12]).

Note that for G = D, the set of torsion elements {c, : n > 1} is equal
to {% :n > 2,1 <1i < n}, and our convention yields p% = ﬁ Also, since we

n

now have all the possible torsion, we get H)® = H.

For each natural number n,n # 0,1, consider the function f, : D — D
defined by f,(z) = the smallest y such that ny = =, that is f(z) = Z. Note
that in D we have f,(z) =z < (nz =2 & Aycjcp_12 < 2+ %). In [1], we
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used the relation % =2 fn(%) to reduce the set of constant symbols p, to
just pL-

For the sake of easier readability in this section, we will use the symbols
% as constant symbols p,, in the language L,.

We let L,y = L, U {f, : n > 2}. Since f, is definable in I for the
language L, it follows that the theory of I is also model-complete in L, ¢.
It turns out that in L, s our axioms for D can be formulated as universal
axioms as we showed in [1], and thus quantifier elimination in L,  follows.
For the benefit of the reader we reproduce the axioms here.

Definition 5.1. Let 7 be the following set of axioms in L, .
(1) The axioms for an abelian group;
(2) the relation < is a strict order relation with 0 as a minimum;
(3) Va¥yl(z <y — (2 < 2+ faly — 2) < 9)&(z £ 0 — & < o+ fo(—2) )}
(4) VxVy(x <y — —y < —x);
(B5) Vo (3 #0& 21 =0& (26 =0 (z=0Vz = 3))).
The following three axioms for each natural number n # 0, 1.
(6) VaVy (nfn(z) =2 &fn(z) <z & (ny =2 — fu(z) <y)) ;
(7) Va (/\KM L(EA0&nE =0)& (ne =0 Voo qo= 1)) ;
(B) L2 <=l
(9) For all natural numbers m,n,m/,n! # 0,1, the following axiom :

i S . : .

A ((<x§z&]§y§]) +]<x+y<+])

S n m/ m n - ml n.om

i,,i0,5/,0< L+ <1
whereO§i1<n/,0§i<n,0§jl<m/,0§j<mand%::0.

(10) For all natural number n > 3, the following axiom :

1 1 1
(chﬁ&ygﬁ&zgE)—>((m§y<—>x+z§y+z)&(xSx—i—y)).

Recall the definitionof 2 inD:z=1 ¢ 2£0&nz=0& No<jcn1 2 < jz
Let T’ be the axiomatization of D in the language L obtained from T', by
replacing each constant symbol % using the definition of %, and by replacing
each function symbol f,, by its definition. For example, x < % becomes Ju(u #
0&3u=0& u<2u& z<u),and fo(y—x) < y becomes Fv(2v =
y — &V (20 =y —ax — v < v')&v < y). We now show how to eliminate
the symbols f,, and % in the theorems of T'.

Lemma 5.2. For every n,i € N,n > 2,1 < i < n, there exist quantifier-free
L-formulas 0; (), ¢n i(x) such that in every model of T' we have that for
allz #0, x =% < 0;n(x) and v < - < i () hold.

Proof. Tt suffices to check in . Suppose x # 0. First recall that = % e
2z =0 and z < % < x < 2z. Let us consider the relation x = % We may
assume that i,n are coprime, and then we have x = = < nx = 0&o(1)z <

. < o(n—1)z, where o is the permutation of 1,...,n—1 which corresponds

to the correct ordering of %, 2%7 coy(n— 1)% modulo 1. Now consider the
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relation z < % We claim that x < % & < 2x < ... < nzx. Certainly
v <152 <2 < ... < nz(from axiom (9), when n > 3). For the
reciprocal, with n > 3, if x < 2z < ... < nz, then by induction we have
v < A If L <z, then 221 < (n — 1)z and nz < —L; (computing modulo

1). Since ”T_l > L when n > 3, we would obtaln nr < (n— 1)z and a

contradiction. Hence x < H must hold, as wanted.

Now let us consider the relation z < }L, 1 <i<n,n> 3. It suffices to
show, by induction on n, that we can subdivide evey interval [%, %[, 0<
t < n, in subintervals whose extremities belong to 2{O, oo %} and
such that within each such subinterval I we have U[(l)x <oz <--- <
or(n—1)z for some permutation oy of 1,...,n, and such that o7 # o7, when
I # J. The cases n = 2,3 follow from the previous remarks. Let us consider
the induction step from n to n + 1.

First note that the interval ]0 is defined by T <2z <3z < -

’n+1[

(n+1).=, and]_H, [ is defined by z > 2z > 3z > -- (n+1):c1nan
interval [n+17 n+1[ 0 < k < n, we have that (n 4+ 1).2 modulo 1 is equal to

(n+1).x — (k—1). Let us compare it with m.x — ¢, where 1 < m < n and
0<{¢<m. Notethat if k —1 < (n+1).x <k and £ < m.x < ¢+ 1, then
¢ < k—1.Now,if (n+1).x—(k—1) = m.x—¢, then (n+1—n).x = k—1—¢ and
S0 T = :;11:751 . So that if there is no subdivision inside our interval, we have
either (n+1).x—(k—1) < m.x—~Lfor all z, or (n+1).x—(k—1) > m.z—{ for all
x, and so coming back modulo 1, either (n+1).x < m.z, or (n+1).z > m.x.

We are left to check that we could subdivide any two intervals [fl;_&, HL_H[

[’:;;11, n+/1[ 1<k #k <n+1in such way that they are associated to two
distinct permutations of {1,--- ,n+ 1}. By the pigeonhole principle, we have
that in the remaining n — 1 intervals we have exactly one point of the form %,
0 < k < n (there cannot be two in the same interval) Hence, by induction,
we can distinguish an interval of type [n+1, n+1[ 1< k<n+1, from an
interval not adjacent to 1t We are left to be able to distinguish adjacent in-

tervals. Let us consider 5. For sufficiently small positive €, we can arrange
(n+1). (n+1 e) (mod 1) to be near 1 whereas (n + 1) (nJrl +¢) (mod 1) is
near 0. We obtain that z < (n + 1).z to the left of 2=, and > (n+ 1).x

n+1 ’
to the right of +1, which is sufficient to distinguish the two intervals which
are adjacent in ——. O

n+1

Theorem 5.3. The theory T' admits quantifier elimination in the language L.
As before, it follows from the following lemma.

Lemma 5.4. Suppose M, N models of T' and A a common substructure, A C
M, A CN. Let ¢(y,x) be a quantifier- free L-formula and a € A, and suppose
there exists b € M such that M = ¢(a,b). Then there exists c € N such that

N E é(a, c).
Proof. We can assume A, M, N are Nj-saturated. We will use a similar argu-
ment and notation as in Theorem 4.1. Let [ J1a,[ J1.nv:[ o, [ Jo.v be
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the projections. By Lemma 5.2, we have [a]; ;s = [a]1n, and (a € M «
a € N%) for all @ € A. Then A% is a pure subgroup of A. Since A is pure-
injective (being Nj-saturated), A% is a direct summand of A [24]. Let A be
a subgroup of A such that A = A® A%, and M be a subgroup of M max-
imal such that A C M and M N M = {0}. Then M = M & M. Indeed,
first note that M is divisible, and contains all + -+ by maximality and since
M is torsion free. Hence, for € M, if = ¢ M, then there exist a positive
integer n and m; € M such that m; +nz € M. Let b = my + nz and
mt € M,br € M be such that nm/ = my,nbl = b. We get nx = n(br — mr),
soxr =—ml+ % + br, for some %, and —m/ + % € M,br € M, as wanted.
Similarly we get a subgroup N such that A € N and N = N & N, It follows
from these remarks that in the construction for Theorem 5.3, we can assume
that the projections are such that for all a € A we have [a]; p = [a]; v and
[a)2.pr = [a]2,n. Now using Lemma 3.11 instead of Lemma 3.14, the calcu-
lations in Theorem 4.1 apply directly (and simplify since we no longer have
to worry about cuts) to check that if there is b € M such that M | ¢(a,b),
then there is ¢ € N such that N |= ¢(a, c). O
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