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NOTATION

Les vecteurs sont écrits en gras minuscule, a € R™. Les matrices sont écrites en gras
majuscule A € R™ ", Les quantités estimées & partir des données sont écrites avec
des chapeaux, A Le transposé et I'inverse de la matrice A sont notés respectivement
par : AT, A™'. Le vecteur 1, est le vecteur unitaire, le vecteur 0 est le vecteur nul

et la matrice identité de taille ¢ X g est notée par : I,.






RESUME

La régression, au sens large, est I'une des méthodes d’inférence les plus utilisées en
modélisation. La régression modélise la relation entre les régresseurs et la variable
réponse. Cette modélisation se résume par ’estimation de I'influence des régresseurs
sur la moyenne conditionnelle de la variable réponse. Alors que l'inférence sur la
moyenne conditionnelle est généralement acceptable, il arrive que 1’intérét porte sur
'estimation des queues de la distribution de la variable réponse conditionnellement
aux régresseurs. Dans ce contexte, la régression classique est inefficace et il faut aller
au-dela de ’estimation de la moyenne conditionnelle. La littérature moderne offre des
approches pour répondre & ce genre de problématique, notamment avec la régression
asymétrique des moindres carrés pondérés.

La régression asymétrique des moindres carrés pondérés ou régression expectile (RE)
a récemment gagné en popularité, en partie grace a ses propriétés statistiques et
computationnelles attrayantes. La RE estime les fonctions expectiles/percentiles de
la distribution de la variable réponse en fonction des régresseurs et de leur coefficient.
Par conséquent, la RE permet d’examiner et d’analyser I'influence des régresseurs
sur la distribution conditionnelle de la variable réponse, révélant ainsi une variété de
formes d’hétérogénéité. De plus, la RE est trés simple a4 mettre en oeuvre compara-
tivement & son analogue, la régression quantile (RQ).

Dans la présente thése, nous introduisons la RE & P’analyse des données longitu-
dinales. Nous étudions I’association de la RE au modéle GEE et au modéle linéaire
avec effets-fixes (EF). Le modéle GEE et le modeéle EF sont des modéles trés réputés
et communément utilisés en biostatistique et en économétrie. Les données longitu-
dinales sont de loin les données observationnelles les plus appréciées. Les données
longitudinales prennent en compte la dynamique, le développement et le change-
ment de la population a I’étude et offrent une meilleure inférence des paramétres du
modéle. Ensuite, nous présentons le plan de la thése.
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Dans le chapitre préliminaire, Chapitre I, nous introduisons les statistiques asymé-
triques (quantile et expectile) et quelques-unes de leurs propriétés. Nous discutons
leurs similarités et complémentarités. Par la suite, nous introduisons les modéles de la
régression quantile (RQ) et de la régression expectile (RE) associés au modéle linéaire
simple. Aprés l'introduction des modéles RQ et RE, nous présentons les propriétés
asymptotiques de leur estimateur. Nous terminons le chapitre par la présentation
succincte du modéle GEE, du modéle EF et du modéle linéaire avec effets-aléatoires
(EA), ainsi que les propriétés asymptotiques de leur estimateur.

Dans le second chapitre (Chapitre II), nous introduisons une nouvelle classe d’es-
timateurs qui découle de l'association de la régression des moindres carrés asymé-
triques pondérés et des équations d’estimation généralisées (GEE). Cette nouvelle
classe estime 1’expectile de la variable réponse en fonction des régresseurs et inclut
une structure de corrélation hypothétique dans les équations d’estimation pour mo-
déliser la dépendance des données. De plus, les structures de corrélation couramment
utilisées avec le modeéle GEE se généralisent et s’appliquent naturellement dans les
équations d’estimation de cette nouvelle classe d’estimateurs. Cette derniére permet-
tra au modéle GEE de capturer ’hétérogénéité des effets des régresseurs et de tenir
compte de I’hétérogénéité non observée.

Nous avons montré les propriétés asymptotiques de ces nouveaux estimateurs et
avons proposé un estimateur robuste de leur matrice de variance-covariance. Les
résultats des simulations exhaustives ont démontré leurs qualités favorables dans
différents scénarios et leurs avantages par rapport 4 d’autres méthodes similaires. Fi-
nalement, nous avons étudié I’effet d’un nouveau traitement sur la douleur du travail
pendant ’accouchement pour illustrer la méthode.

Le troisiéme chapitre (Chapitre III) introduit le modéle de la régression expectile
avec effets-fixes (ERFE). Le modéle ERFE hérite de propriétés attrayantes pour
I'analyse des données longitudinales. D’abord comme extension du modéle EF, le
modeéle ERFE, dans sa spécification, tient compte de la corrélation entre les régres-
seurs du modéle et les caractéristiques individuelles non-observées, comme les fac-
teurs génétiques et environnementaux. Ensuite, gréce & I’approche de la régression
des moindres carrés asymétriques pondérés, le modéle ERFE permet 1’estimation et
I’analyse de I'influence des régresseurs sur la localisation, 1'échelle et la forme de la
distribution conditionnelle de la variable réponse.
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Cela dit, le modéle ERFE pose aussi le probléme 1ié au modéle EF désigné par les
termes «incidental parameter problems».

Nous montrons que l'estimateur ERFE est un «iterative within-transformation esti-
matory. Autrement dit, I’estimateur ERFE peut étre dérivé en utilisant de maniére
itérative la stratégie de la «within-transformation» proposée dans le cadre du mo-
" déle EF pour résoudre le probléme et éliminer le parameétre individuel. Nous établis-
sons les propriétés asymptotiques de I'estimateur ERFE et suggérons un estimateur
convergent et hétéroscédastique pour sa matrice de variance-covariance.

Nous avons évalué les performances de l'estimateur ERFE & travers une simulation
exhaustive et I’avons comparé au modéle de la régression quantile avec effets-fixes
(QRFE). Les résultats sont mitigés, le modele ERFE est compétitif et plus per-
formant dans certains scénarios. Nous ’avons employé pour étudier le rendement

scolaire sur le salaire avec les données réelles sur I’étude de la dynamique des revenus
(PSID).

Le dernier chapitre (Chapitre IV) porte sur une approche originale pour résoudre
le «incidental parameter problem» dans le modéle ERFE. Cette approche, que nous
-désignons par PERFE, consiste & appliquer une pénalité au paramétre individuel.
En plus de conserver les propriétés attrayantes du modéle ERFE, le modéle PERFE
permet l'estimation des régresseurs invariants dans le temps. Nous avons appliqué
la, pénalité l; afin de régulariser le parameétre individuel autour de la valeur zéro. Le
degré de régularisation est contrélé par le paramétre de régularisation et sa valeur
-optimale est choisie en s’appuyant sur le critére d’information bayésien (BIC). Nous
appliquons également une astuce pour déterminer le chemin de la solution du para-
métre de régularisation et réduire le temps de calcul.

Les résultats de la simulation montrent que ’estimateur PERFE est plus performant
que le modéle ERFE et le modéle QRFE avec pénalité (PQRFE). Nous appliquons
le modéle PERFE aux données PSID pour étudier ’hétérogénéité du rendement sco-
laire.

MOTS-CLES : Expectile regression, Quantile regression, Longitudinal data, Pa-
nel data, GEE, Working correlation, Fixed-effets, Within-transformation, Penalty
method, shrinkage.






INTRODUCTION

La régression statistique est I’'une des méthodes d(; modélisation la plus ancienne dis-
ponible dans la boite & outils de I’analyste de données. On peut retracer ses origines
au milieu du XIX siécle dans les travaux de Boskovic qui, en 1755-1757, minimise la
somme des valeurs absolues des erreurs dans le but de mesurer la longueur de cing
méridiens terrestres. Quelques années plus tard, en 1789, Laplace lui emboite le pas
et utilise la méme approche dans son célébre traité (Lovering, 1888). Une deuxiéme
méthode de régression communément désignée méthode des moindres carrés ordi-
naires (MCO) fut quant & elle introduite au début du XIX siécle. La méthode MCO
minimise la somme des carrés des résidus. A I’époque, la méthode MCO était la mé-
thode statistique la plus accessible compte tenu des limitations computationnelles.
Cette méthode est attribuée & Legendre et & Gauss qui 'ont développée indépen-
damment et 'ont utilisée dans le domaine de la physique et de ’astronomie. C’est
cette derniére approche qui constitue la régression statistique, telle qu’on la connait
aujourd’hui. L’expression «régression linéaire» et le développement de sa fondation
mathématique ont fait leur apparition plus tard, dans le domaine de la biostatis-
tique. En effet, 'expression «régression linéaire» apparait pour la premiére fois en
1886, dans l'illustre article de Galton (1886) sur ’étude de la relation entre la taille
des fils et celle des péres. Pearson, le collégue de Galton, a rigoureusément élaboré

la théorie mathématique a l'origine de la régression multiple, utilisée aujourd’hui.



Présentement, la régression cléssique et ses différentes extensions sont utilisées dans
-plusieurs domaines des sciences appliquées, notamment en écologie, génétique, éco-
nonﬁe, sociologie, assurances et en médecine. La régression classique modélise la
relation entre les régresseurs et la variable réponse. Cette relation, entre la variable
réponse et les variables explicatives, est résumée par l'estimation de l'effet de ces
derniéres sur la moyenne de la distribution de la variable réponse. La moyenhe est
"une mesure de tendance centrale avec de belles propriétés statistiques. Par exemple,
la moyenne est une statistique exhaustive pour la famille exporientielle et elle est faci-
lement calculable. Souvent, I'influence des régresseurs sur la variable réponse change
seloh qu’on se trouve & gauche ou & droite de la queue de la distribution de cette
derniére. Dans de telles situations, 1’effet dans la moyenne uniquement né refléte pas
cette hétérogénéité de 'effet des régresseurs. Considérons, par exemple, les facteurs
de risque comme le statut tabagique de la mére pendant la grossesse sur le poids du
bébé 4 la naissance. Il y a de fortes chances que I'impact et la magnitude de I'effet du
tabagisme pendant la grossesse différent pour un bébé en insuffisance de poids versus
un bébé en embonpoint. Ainsi, la régression classique est impuissante ou insuffisante
pou.;r‘capturer leffet des régresseurs sur les queues de la distribution de la variable
réponse. A moins que l'effet des régresseurs soit uniforme sur toute la distribution

de la variable réponse.

C’est dans ce contexte que d’autres méthodes de régression, capables d’estimer plus
que la moyenne, ont vu le jour. Parmi ces méthodes, il y a la régression quantile
(RQ) et la régression expectile (RE). Avec le progrés informatique et ’augmentation
. de la puissance de calcﬁl, ces deux méthodes ont élargi le champ de la modélisation
statistique au-dela des frontiéres de la régression classique de la moyenne. La RQ et

la RE permettent d’estimer l'effet des régresseurs & différents points ou percentiles



de la fonction de répartition de la variable réponse. Plus précisément, la RQ estime
les quantiles tandis que la RE estime les expectiles de la fonction de répartition de la
varviable réponse en fonction des variables explicatives et des paramétres du modele.
Les deux méthodes prennent en considération I’hétérogénéité non-observée et ’hété-
rogénéité des effets des variables explicatives. De plus, les deux méthodes n’énoncent
aucune hypothése sur la forme de la distribution de la variable réponse. La RQ et
la RE générent de nouvelles classes d’estimateurs qui offrent un portrait global et
détaillé de la variabilité de la variable réponse en fonction des variables explicatives
du modéle. Le réle de ces deux classes d’estiméteurs, quantiles et expectiles, est trés
similaire dans la modélisation. En somme, ’estimation de I'une ou l'autre de ces
classes suffit pour dresser un portrait global. Toutefois, elles se distinguent par leurs

avantages et leurs inconvénients.

Dans la présente thése, nous avons étudié particuliérement la RE. En raison de
la similarité et de la complémentarité des deux méthodes, nous présentons la revue
de littérature des deux méthodes. Nous mettons I'accent sur leur application aux

données longitudinales.

Le quantile de niveau « est une statistique d’ordre communément utilisé en ana-
lyse descriptive. La médiane, les quartiles et les quintiles font partie des quantiles
les plus familiers et les plus courants. Dans une analyse descriptive, ils qffrent une
image compléte, sous forme de box-plot par exemple, de la distribution de la va-
riable. Grace a la RQ), il est possible de dresser un portrait similaire de la relation
entre plusieurs variables en modélisation. Par exemple, nous pouvons théoriquement
avoir deux box-plots de I'effet du tabagisme sur le poids du bébé, un pour les fumeurs

et un autre pour les non-fumeurs.



L’introduction de la RQ remonte & 1978 avec I’article fondateur de Koenker et Bassett
(1978). Dans cet article, les auteurs proposent une nouvelle classe d’estimateurs basée
sur la RQ. Ils présentent les> propriétés d’équivariance de cette classe et établissent
leurs propriétés asymptotiques. L’originalité de ’article réside dans I'introduction des
quantiles comme solution de minimisation d’une fonction de risque fondée sur la fonc-
tion de perté [;. Comme cette fonction de risque n’est pas partout différentiable, les
méthodes d’estimation traditionnelles, par exemple 'algorithme de Gauss-Newton,
ne s’appliquent plus pour générer les estimateurs de la RQ. Pour contourner ce pro-
bléme, Koenker et Bassett ont reformulé le probléme d’optimisation dans le cadre de
la programmation linéaire, une autre innovation de leur article, (Koenker et Bassett,

1978).

Les solutions obtenues par cette méthode ne sont pas analytiques, mais il est pos-
sible de les approcher numériquement avec différents algorithmes. L’algorithme du
simplexe est le premier algorithme proposé pour trouver les estimateurs de la RQ.
Une version plus efficace et plus attractive de cet algorithme fut proposée par Barro-
dale (1973). Un autre algorithme réputé plus efficace et plus attrayant en temps de
calcul, lorsque la taille de ’échantillon augmente, est i’algorithme du point intérieur
(Koenker et Vasco, 1987). Aujourd’hui avec le progrés fechnologique, la recherche
de nouveaux algorithmes et I’amélioration de leur efficacité est devenue un champ
de recherche trés actif. En particulier, pour 'application de la RQ aux données de
graﬁdes dimensions. Pour obtenir plus de détails & ce sujet, veuillez consulter 1'article

de Mkhadri et al. (2017).



Pour favoriser ’accessibilité a cette nouvelle méthode et développer des algorithmes
performants, la question de I'inférence statistique s’est posée. Koenker et Basset sont
précurseurs dans ce domaine. Ils ont proposé 3 tests pour les estimateurs [;, qui
correspondent au test de Wald, au test des rapports de vraisemblance et au test du
| multiplicateur de Lagrange, (Koenker et Bassett, 1982). Par la suite, Koenker et Ma-
chado (1999) ont développé un indicateur de la qualité d’ajustement de la RQ linéaire
similaire au coeflicient de détermination utilisé pour l'estimateur de la régression des
moindres carrés. Pour compléter I'inférence des estimateurs de la RQ, il ne restait
plus que la génération d’intervalle de confiance. Sur ce plan, la tache s’annongait
‘plus ardue. En effet, 'expression de la matrice de variance-covariance de l'estima-
teur de la RQ est fonction de la densité de la variable d’erreur et l'estimation de
cette derniére est cofliteuse en tempsy ét en puissance de calcul. Koenker et Machado
ont réalisé une revue de littérature sur le sujet (Koenker et Machado, 1999). Dans
cet article, ils ont recensé les différentes approches d’estimation de la densité de 1’er-
reur et plusieurs méthodes pour estimer directement l'intervalle de confiance. Dans
ce méme article, ils ont présenté d’autres alternatives pour géhérer les intervalles
de confiance de‘s estimateurs de la RQ, comme la méthode de l'inversion du test de
rang ou la méthode du rééchantillonnage (Bootstrap). Cette derniére méthode existe -
selon différentes versions cataloguées dans 'article de Koenker et Machado (1999).
En terme de rééchantillonnage, Kocherginsky et al. (2005) ont proposé un algorithme
plus performent en temps pour générer les intervalles de confiance des estimateurs
de la RQ & partir d’une chaine de Markov marginale modifiée. Ce développement
théorique a favorisé I’accessibilité et 1'utilisation de la RQ. Aujourd’hui, son champ
d’application couvre pratiquement tous les domaines des sciences appliquées. Pour
une bonne revue de littérature sur le sujet, on peut consulter l’excellent livre de

Koenker (2005) ot la récente revue de littérature (Koenker et al., 2018).



Finalement, la recherche sur la RQ s’est concentrée & son adaptation ou extension &
différents modeles préalablement élaborés pour modéliser les effets des variables ex-
plicatives sur la moyenne de la variable réponse. Powell (1986) a généralisé la RQ aux
données censurées, Machado et Silva (2005) l'ont adaptée aux données de comptage.
Koenker et Bilias (2002), Fitzenberger et Wilke (2006) I'ont appliquée aux modéles
de durées. Plus récemment, la RQ a été adaptée aux données longitudinales (Koen-
ker,“ 2004; Canay, 2011; Harding et Lamarche, 2009; Lamarche, 2010; Galvao, 2011;
Galvao et Montes-Rojas, 2010). L’article de Farcomeni et Marino (2015) et le cha-
pitre 19 du livre «Handbook of quantile regerssions (Koenker et al., 2018, chap. 19)
présentent une excellente revue de littérature de ’adaptation de la RQ aux différents

modéles d’analyse des données longitudinales.

Contrairement au quantile, ’expectile n’est pas une statistique courante, hormis
la moyenne qui est un expectile de niveau 7 = 0.5. L’expectile est une moyenne
pondérée avec la seule particularité que son poids associé est une variable aléatoire
fonction des données. Comme les quantiles, les expectiles suffisent pour décrire la
distribution d’une variable aléatoire, notamment avec la moyenne et quelques ex-
pectﬂes supérieurs et inférieurs & la moyenne. Il est aussi possible de représénter la
distribution d’une variable aléatoire avec un box-plot produit & partir des expec-
tiles“. Nous retrouvons dans la littérature deux écoles (Kneib, 2013b; Eilers, 2013;
Koenker, 2013) qui opposent quantile et expectile et qui exhaussent les qualités de
l’un:par rapport & lautre. A cet égard, nous les considérons complémentaires avec
chacun ses avantages et ses inconvénients. Les expectiles généralisent la moyenne et
sont plus faciles & calculer, tandis que les quantiles généralisent la fnédiane et sont

plus robustes. Par ailleurs, mentionnons que le quantile est une statistique d’ordre



alors que l'expectile est une moyenne pondérée. En d’autres termes, les quantiles
se concentrent sur l’ordre des observations tandis que les expectiles ciblent leurs va-
leurs (Farooq et Steinwart, 2017). Dans notre thése, nous nous intéressons au modéle

RE qui est une généralisation naturelle de la régression OLS, RE du niveau 7 = 0.5.

L’introduction du modéle de la régression expectile (RE) dans la littérature remonte
a la méme période que celle de la RQ (Koenker et Bassett, 1978). L’estimateur du
‘modéle de la RE fut introduit en 1978 par Aigner et al. (1976) sous le nom de es-
timateur des moindres carrés asymétriques pondérés. Cependant, c’est dans ’article
de Newey et Powell (1987) que le nom expectile fut évoqué pour la premiére fois.
Outre 'introduction du nom, on retrouve dans cet article (Newey et Powell, 1987)
une étude détaillée des propriétés de la fonction expectile. Notamment, le fait que la
fonction expectile est invariante par translation affine. Cet article présente également
la méthode de la RE pour un modéle linéaire simple et montre les propriétés asympto-
tiques de cette nouvelle classe d’estimateurs. Quelques années plus tard, Efron publie
un article (Efron, 1991) illustrant les bienfaits de 'utilisation de cette nouvelle classe
d’estimateurs tout en vantant ses propriétés analogues a celles des quantiles. Par la
suite, peu ou pas d’études sur le modéle de la RE ont été publiéeé dans la littéra-
ture, probablement, parce que les efforts étaient concentrés sur le développement du
modéle de la RQ. Comme le mentionne Eilers (2013), aprés 'article d’Efron (1991),
le modéle de la RE est resté dans 'ombre pendant des décennies. Aujourd’hui, le
sujet refait surface et intéresse les chercheurs comme le démontre le grand nombre
de publications sur le sujet. Les premiéres contributions ont porté sur 1’application
de la méthode RE au modéle de spline et de lissageA (Schnabel et Eilers, 2009; Rossi
et Harvey, 2009; Sobotka et Kneib, 2012; Sobotka et al., 2013). D’autres travaux ont

été publiés, notamment sur la confrontation des deux statistiques. L’objectif visait &



montrer comment obtenir des quantiles & partir d’une grille fine d’expectiles. Fiha—
lement, des articles sont parus sur le probléme du croisement des courbes et sur la
promotion de I’application du modéle RE (Kneib, 2013a; Schnabel et Eilers, 2013;
Walfrup et al., 2015a). |

Aujourd’hui, la RE est combiné & de nombreux types de modéles : bayésiens (Majum-
dar et Paul, 2016; Waldmann et al., 2016; Xing et Qian, 2017), non-paramétriques
(Righi et al., 2014; Yang et Zou, 2015), non-linéaires (Kim et Lee, 2016), réseau de
neurones (Xu et al., 2016; Jiang et al., 2017), machine a vecteurs de support (Farooq

et Steinwart, 2017), lissage et spline avec pénalité (Schulze et Kauermann, 2015).

Notre thése est présentée dans ’ordre suivant : ’amorce est constituée d’un chapitre
préliminaire. Dans ce chapitre, nous présentons formellement les quantiles ef les> ex-
pectiles, puis la RQ et la RE. Ensuite, nous introduisons les données longitudinales
ainsi que quelques méthodes développées particuliérement pour leur analyse. Les cha-
pitres subséquents sont formés de trois articles différents dont la somme constitue le
corps de la présente these. Finalement, la conclusion résume notre travail et apporte

quelques pistes de réflexion sur de nouvelles avenues de recherche.



CHAPITRE I

CHAPITRE PRELIMINAIRE

1.1 - Quantiles et Expectiles

Nous allons introduire le quantile et I’expectile d’une variable aléatoire Y dans le cas
univarié. Nous présenterons les caractéristiques de chacun et nous examinerons leur

ressemblance.
1.1.1 Quantiles
Le quantile de niveau 6 € [0, 1] de la variable aléatoire Y est défini par
g(Y) = F7(0) = inf{y; F(y) > 0},

ol F' est la fonction de répartition de la variable aléatoire Y. Considérée comme

fonction de 6 € (0,1), le quantile go(Y") caractérise la loi de Y.

Le premier quartile, la médiane et le troisiéme quartile sont respectivement

Q1Y) = qas(Y), m(Y) = qos(Y) et Qs(Y) = qors(Y).
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Ils représentent les quantiles les plus connus et sont souvent utilisés pour résumer la
distribution F de la variable aléatoire univariée Y.

Parjexemple, le vecteur (—0.674,0,0.674)7T contient les quartilés de la distribution -
normale standard. Plus généralement, lorsque Y ~ N (u, 0?), nous avons g(Y) =

pw~+o®71(6), ou & désigne la fonction cumulative de la loi normale centrée réduite.

Il est aussi possible de définir le quantile go(Y") de niveau 6 de la variable Y comme

solution du probléme de minimisation suivant :

argmin E[rp(Y — ¢)], (1.1)

seER

ol 7o(u) = |6 — L(u < 0)| - |u|. Il faut noter que le quantile go(Y") solution de ’équa-
tion (1.1) n’est unique que lorsque la fonction de répartition de la variable Y est

absolument continue.

Etant donné un échantillon empiriQue {y1," . , Un}, on peut définir de la méme fagon

le quantile empirique g3(Y) de niveau 8 comme solution de I’équation

S € R

. 1 |
argmin / ro(y — s)dFy,(y) = argmin {; > oy — <)} :
R s€ i=1

ol F,(.) est la fonction de répartition empirique de Y.
1.1.2 Expectiles

L’expectile de niveau TE [0, 1] de la variable aléatoire Y est quant & lui défini par :

pr(Y) = argmin E[p, (Y — ¢)], | , (1.2)

seR
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ot p-(u) = |7 — 1(u < 0)| - v?. Ainsi, 'expectile d’une variable aléatoire est défini
selon la fonction de perte s, tandis que le quantile s’obtient avec la fonction de perte

l.

Newey et Powell (1987) montrent que la solution du probléme (1.2) est le paramétre
- solution de I’équation :

1—-2r
1—171

pr(Y) = p — E [{Y — pr(V)I{Y > NT(Y)}]7 (1.3)

ol u = p1/2 = E(Y). Cette définition montre que 'expectile est une fonction de
Pespérance de la queue de la distribution de Y. Par exemple, si Y ~ N (i, 02) alors

wr(Y) = pr est solution de ’équation :

27 = D pr@(E) + p = Tpr + (1 — T)A(=E) — TA(E),

ou & = (u, — u)/o, Mz) = ¢(x)/(1 — ®(x)) est la fonction de risque (hazard func-

tion), et ¢(z) la densité de la normale standard.

En prenant la condition d’ordre premier de la fonction objectif (1.2), on obtient

la relation suivante :
E [y (Y — )Y = )| =0, (1.4)
ot la fonction 9, (t) = |7 — 1(¢ < 0)| est la fonction qui assigne des poids 7 et 1 — 7
respectivement lorsque Y > u, et Y < p,. De cette relation (1.4), on déduit une
définition plus attrayante de ’expectile :
Ur(Y — pr) Y}
E (Y —p)] |

Cette derniére définition (1.5), qui est plus pertinente dans le contexte de la régres-

tr =E (1.5)

sion, révéle que les expectiles, tout comme la moyenne, sont des moyennes pondérées.
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La seule particularité est que le poids est une variable aléatoire fonction de la distri-

bution de Y.

Etant donné un échantillon aléatoire, {(y:)}?,, Pexpectile empirique de niveau 7

ﬁ — - 'd)r(yz _ﬁr) n
= > i ¥ (ys — i)

est la solution qui minimise la fonction suivante

=D pr(¥i =) (1.6)

La plupart des belles propriéfés de la fonction expectile sont présentées et démontrées
dans Particle original de Néwey et Powell (1987). Parmi ces propriétés, deux sont trés
utiles et regroupées dans le premier théoréme de I'article (Newey et Powell, 1987).
La premiére est le fait que la fonction expectile caractérise la fonction de répartition
de Y, de la méme maniére que la fonction quantile. En particulier, & chaque valeur de
la fonction de répartition, on peut associer un et un seul expectile. La seconde est sa
propriété d’équivariance. L’expectile est équivariant par changement de localisation
et d’échelle (location and scale equivariance), c’est-a-dire, pour tout ¢t € R, et s >0
nous avons :

pr (Y +1t) = su(Y) +t.

La Figure 1.1 présente les fonctions de perteé des quantiles et des expectiles pour
trois valeurs de 7 = @ = (0.1,0.5,0.9). On peut voir sur ce graphique la distribution
asymmétrique des poids selon le niveau. Par exemple, lorsque 7 = 0.1, les obsevations
a droite de ’expectile et du quantile correspondant regoivent un faible poids (0.1) et

les observations & gauche recoivent un poids élevé, 0.9.
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Relation entre quantile et expectile

Un fait intéressant est que plusieurs caractéristiques et expressions existantes pour
les quantiles ont leur analogue avec les expectiles. Par exemple, les quantiles et
les expectiles sont des statistiques équivalentes pour des distributions absolument
continues. C’est-a-dire qu’a chaque quantile gy, de niveau 6, on peut trouver un
expectile p,, de niveau 7y, tel que : go¢ = pr,. Pour le montrer, considérons, d'un

coOté, le niveau € du quantile gp défini par :
0 = F(go) =E[1(Y < go)]- (1.7)

D’un autre coté, la condition d’ordre premiére de la fonction objectif (1.2) sous sa

forme intégrale :

MHr
[ ety = ) = iy =7 [ty = pelaFy ~ [ (= pr)ary =0
R oo
nous permet de définir le niveau
E Y = i 1Y < 7))

ST RSl .08

de 'expectile ..

Maintenant, soit le quantile gy de niveau 8. Pour chaque 8 fixé, définissons le ni-

veau Ty tel que
Qo = Hrp- | (1.9)
A partir des expressions (1.7-1.9), nous avons :

__ Y2 —E[Y1(Y <g)]
? E[JY — gol]

(1.10)
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et
qde

BY - al=- [ w-wih+ [ = )Ry -

=p—2E[Y1(Y < gq)] — go(1 - 26).
Ainsi, pour chaque 0 fixé, il existe un 74 tel que u,, = gy avec :

_ Hqg - E[Y]I(Y < QQ)]
p—=2E[Y1(Y < gp)] — go(1 —26)

‘Ce résultat est également vrai pour la classe des modéles conditionnels (ex : ré-

To

gression), comme 'ont montré Yao et Tong (1996). Ainsi, par cette correspondance
bijective les expectiles peuvent s’interpréter comme des quantiles et vice versa. Ce
résultat est trés utile dans des situations o ’estimation des quantiles est trés longue
et que son unicité n’est pas garantie. D’ailleurs, Yao et Tong (1996) utilisent cette
correspondance pour estimer, dans un cadre non-paramétrique, les quantiles condi-
tionhels & partir des expectiles conditionnels. Il existe un développement similaire,

avec une notation différente, dans l'article (Waltrup et al., 2015b).

En plus de montrer que I’expectile d’une distribution F' est un quantile d’une distribu-
tion G , Abdous et Remillard (1995) ont étudié d’autres conditions ot les expectiles et
les quantiles coincident. L’expectile peut également s’interpréter comme 1’espérance

de la queue de la distribution «tail expectationy,

Pour terminer, Koenker (1993) a montré que lorsque la fonction de répartition de Y’

est définie par

F(y)=1/2{1 +sign(y)v1+4/(4 +y°)}, yeR
alors

o = He-
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1.2 Régression Quantile (RQ) et Régression Expectile (RE)

Auparavant, la modélisation de la complexité de la relation des régresseurs et de la
variable réponse se traduisait par I’estimation de l'effet des régresseurs sur la mé-
diane ou la moyenne de la variable réponse. Aujourd’hui, avec I'introduction de la
régression quantile (RQ) et de la régression expectile (RE), la modélisation permet
de capturer ’hétérogénéité de cette relation complexe. Grace & ces deux outils, la
modélisation offre une image globale et détaillée de l'influence des régresseurs, non
seulement sur les statistiques centrales, mais sur toute la disfribution de la variable
réponse. Dans cette section, nous introduisons ces deux nouveaux outils de modéli-

sation dans le cadre d’'un modéle linéaire classique.

Considérons I'échantillon {(y;, x;),i = 1,...,n} de taille n généré par le modéle

linéaire classique suivant :

i =" B+, (1.12)

onx; = (zl,...,20)T € RP est le vecteur des p régresseurs qui influencent la variation
i y g .

de la variable réponse ;. Le vecteur 3 € R? est le paramétre inconnu qui capture

I’effet et la magnitude de cette influence et qu’on doit estimer. Le scalaire ¢; est le

terme d’erreur.

121 Régression Quantile

Le quantile conditionnel gy(y;|2;) de niveau 8 est défini par :

w(yilz:) = F, ., (0) = inf{y; Fyj0,(y) > 0},
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olt F, |z, est la fonction de répartition conditionnelle de y;|x;. Dans le cadre de
la fégression linéaire classique (1.12), le quantile conditionnel est supposé étre une

fonction linéaire des régresseurs, c’est-a-dire

a0 (il®:) = ;" By (1.13)

La aéﬁnition classique du quantile conditiOnnel, a ’aide de la fonction de répartition
de la variable réponse, ne permet pas l'inférence des régresseurs sur les quantiles de
la variable réponse. Il a fallu attendre I'introduction, péu’ Koenker et Bassett (1978),
du quantile comme solution d’un probléme d’optimisation pour pouvoir faire de I'in-
férehce sur les quantiles conditionnels de la distribution de la variable réponse en

fonction des régresseurs.

Sous cette caractérisation, Koenker et Bassett (1978) ont défini I’estimateur du pa-
ramétre 3, € R? du modéle de RQ (1.13) comme solution du probléme suivant :

s

‘ n .
B, € argmin {l Evrg(yi - :biT,Bg)} . (1.14)
Berr (TS _
La solution du probléme d’optimisation (1.14) n’est pas analytique car la fonction
objectif associée & la RQ n’est pas différentiable & ’origine. Les solutions propo-
sées‘ sont numériques et sont générées par différents algorithmes comme ’algorithme
du simplexe, P’algorithme du point intérieur (Koenker, 2005), l’algorithme Majorize-
Minimize (MM) (Hunter et Lémge, 2000), ou ’approximation linéaire par morceaux
(Li et al., 2011). Avec I’essor des données de hautes dimensions, les algorithmes sus-
mentionnés deviennent vite cotiteux en terme de calcul. Récemment, des alternatives

visant & approximer la fonction de perte par des fonctions lisses ont vu le jour. L’ar-

ticle de Mkhadri et al. (2017) donne plus de détails & ce sujet.
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En plus d’introduire 'estimateur de la RQ, Koenker et Bassett (1978) ont dérivé
ses propriétés asymptotiques. Sous certaines conditions de régularité, I’estimateur de

la RQ, Bg, est convergent et asymptotiquement gaussien. Nous avons :
VB, - B;) ~ N (0,6(1 - 0)[DF " (6)DE(6)[DR) 1))

ol Df;2 (0) = limpyeon™t >0 @iz et D?(Q) = limp oo n ™ Y0 flga(uilz:)) i T,
(Koenker, 2005). La fonction f est la densité de y; et gp(y;|x;) est le quantile condi-
tionnel de niveau 6.

La variance de l'estimateur de la RQ dépend de I'estimation de la densité au point
qo(yi|®;). L'estimation de cette derniére est difficile et cotiteuse en temps et pose des
problémes computationnels, (Yin et Cai, 2005). Face & ce probléme, la précision des
estimateurs de la RQ est souvent obtenue par d’autres approches comme la méthode
du Bootstrap. Ce probléme a largement été documenté dans la littérature. Pbur plus

de détails, consulter (Koenker, 2005; Kocherginsky et al., 2005).

Les estimateurs de la RQ ont plusieurs avantages. En plus d’étre des estimateurs
robustes, ils bénéficient de belles propriétés d’équivariance qui sont trés attrayantes
pour réduire le temps de calcul des algorithmes. Par exemple, pour toute fonction
croissante h, nous avons gg(h(y)) = h(ge(y)). En particulier, go(sY +1t) = sqp(Y) +¢,
ot (s,t) € RT x R. Nous avons les propriétés suivantes (Koenker et Bassett, 1978) :

* Bs(\y, X) = ABy(y, X), ) € [0,00);

o Boo(\y, X) = ABy(y, X), )€ (—o00,0];

o Byly+ X7, X) =By, X)+7, 7ERP

o Byly, XA) = A7'By(y, X),

ot X = (z;7,...,z,")T et A est une matrice non-singuliére de taille p x p.
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Pour terminer, mentionnons que le probléme de I’équation (1.14) peut se résoudre
comme un estimateur de maximum de vraisemblance du paramétre 3, lorsque le
terme d’erreur, €;p = y; — x; ' By, suit une distribution asymétrique de Laplace (Ge-

raci et Bottai, 2007, 2014).
1.2.2 Régression Expectile

Le modéle de la RE introduit selon Newey et Powell (1987) pour le modéle linéaire

classique (1.12) est défini par :
pr(viles) = &' B,, avec p,(eir) =0. (1.15)

Le paramétre 3, capture l'effet des régresseurs et permet d’étudier leur influence sur
la localisation, I’échelle et la forme de la distribution conditionnelle de la variable ré-
ponse. L’hypothése p.(g;-) = 0 garantit que Perreur du modéle est centrée au niveau

de son expectile de niveau 7.

Sous I’hypothése d’homoscédasticité avec un seul régresseur, c’est-a-dire sous le mo-
déle y = By + x5y + &, l’expectﬂe de la variable réponse est : p.(y|z) = Bor + 201,
ot for = Bo + pr(er). De sorte que, seul 'ordonnée & 'origine est fonction de 7
et les fonctions expectiles sont des lignes paralléles. Tandis que, sous I’hypothése
d’hétéroscédasticité, par exemple sous le modéle y = Sy + z81 + (10 + 112)€, Pexpec-
tile de y est donné par : u,(y|x) = Bor + xB1,. Cette fois-ci, Pordonnée & origine,
Bor = Bo + Yoir(€:), €t la pente, B1, = B1 + 11z (€,), sont fonction du parameétre

7. Ces remarques s’appliquent également au modéle de la RQ).

L’estimateur du parameétre du modéle de la RE (1.15) est défini comme 'unique
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solution qui minimise la fonction objectif suivante :

1 |
=Y ey =" By), (1.16)
i=1

pour tous les B, € RP. Comme la fonction de perte associée a la fonction expectile est
contintiment différentiable, I’application des conditions du premier ordre a ’équation

(1.16) génére l'estimateur du modéle de la RE

B, = (Zw P (Eir ) ) me Eir)Yis (1.17)

ot &y = 4 — ;7 B, et 1, (t) = [r—1(t < 0)|. Contrairement & I'estimateur du modéle
de la RQ, 'estimateur du modéle de la RE se calcule assez facilement et de maniére
itérative. L’algorithme des moindres carrés pondérés récursifs le génére en un clin
d’oeil comparativement au tembs de calcul nécessaire pour obtenir l’estimateur du
modéle de la RQ. Newey et Powell (1987) ont dérivé les propriétés asymptotiques de
I’estimateur du modéle de la RE pour des erreurs i.i.d. Sous certaines conditions de

régularités, ils ont montré que :
VB, - B,) ~ N (0, Di*(r)Do(7) D (7)),

olt Do(7) = limp—s00 9y 07 Var(tp- (i )eir |ziz;” et D7) = n7 limy o0 Dy g Elthr(eir)] s

Les estimateurs des modéles RQ) et RE ont des matrices de variance-covariance
asymptotiques similaires qui sont utiles pour 'inférence. Lorsqu’on compare les deux
matrices des deux modeéles, on observe qu’il est plus facile d’estimer celle du modéle
RE. En effet, on peut estimer les deux termes Var[y, (g, )] et E[1),(gir)] par leurs
moments empiriques respectifs. A cet effet, Newey et Powell (1987) ont proposé cet
estimateur robuste .ﬁ_l(T)ﬁo(T)jjl_ 1(T) avec

ﬁo(T =n 121/12 sw a”wzwz et Dl = n_IZ’g[)T Eir) ;T .

i=1 i=1
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Ils bnt montré également que l'estimateur est convergent, c’est-a-dire :
D, (r)Do(7)D; (1) = D1'(r)Do(7)Di* (7).

Soulignons que l'estimateur du modéle de la RE a été étudié auparavant par Aigner
et al. (1976) qui Pont présenté sous la forme paramétrique comme un estimateur
de maximum de vraisemblance. Sous le modéle (1.12), supposons une distribution
normale asymétrique (DNA) pour la variable d’erreur, € ~ DNA(g; ., 02, 7), de

densité
: 2 T(1—17)

. 2 _ €= lr
f(E’NT,O’T)_W\/;—I-mexp{—pT( pn )}’ (1'18)

ou fi-, 0, et T sont respectivement les paramétres de localisation, d’échelle et d’asy-

métrie. Maintenant substituons p;, par p, = x;' 3. et supposons que les n obser-
vations sont indépendantes, alors 'estimateur du modele de la RE est équivalent au

maximum de la fonction de vraisemblance définie comme suit :

L(B;0,7,y) o o~ exp { - Z@(@&) }

i=1
ot y = (y1,...,Yn)". La distribution asymétrique (DNA) présentée ici (1.18) n’est
paé a confondre avec celle présentée par Azzalini (1985). Dans son article, Azzalini
introduit une nouvelle classe de densités définie & partir du produit de la densité
standard  fy (-) et de la fonction de répartition Fy(-) d’une variable aléatoire Y. Cette

nouvelle classe est paramétrée par A et la distribution normale correspond a A = 0.

Nous terminons cette section par la présentation des fonctions quantile et expec-
tile de quelques distributions usuelles. Dans la Figure 1.2, on peut observer que les
deux fonctions, quantile et expectile, sont strictement croissantes et couvrent toutes

les valeurs de I’ensemble Ir = {y|0 < F(y) < 1}. Les courbes des deux fonctions
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s’entrecroisent au point ¢ = 7 = 0.5 pour les lois symétrique (normale, Student).

Enfin, notons la proximité des courbes quantile et expectile de la loi de Student.
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Figure 1.1: Fonctions de perte des expectiles et des quantiles
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1.3 Analyse des données longitudinales

Dans la présente section nous introduisons les données longitudinales et quelques
méthodes d’analyse. Les méthodes d’analyse des données longitudinales se classent
en deux grandes familles : les modéles marginaux et les modéles conditionnels. Nous

présenterons des méthodes apparentées aux deux.

Les données utilisées en statistique se répartissent en deux classes : les données

expérimentales et les données non-expérimentales, observées ou observationnelles.

Les données expérimentales proviennent d’une étude expérimentale, dans laquelle
le chercheur posséde un certain controle sur la construction de I’échantillon. Le cher-
cheur peut assigner selon une méthode aléatoire ou non-aléatoire les sujets dans un
groupe traité/exposé ou dans un groupe contrdle/placebo. Les données expérimen-
tales sont considérées comme les données de référence. Les résultats obtenus sont
dépourvus d’un certain nombre de biais, entre autres, le biais de sélection. Cela dit,
les études expérimentales sont rares en raison de leur coiit élevé, et avant tout pour
des questions d’éthique. En effet, nous ne pouvons imaginer que pour étudier l'effica-
cité d’un nouveau médicament un chercheur décide lui-méme quels sujets regoivent
le traitement et quels sujets regoivent le placebo, et ceci, sans leur consentement.
Nous ne pouvons pas non plus imaginer que pour déterminer 'effet du tabagisme
de la mére sur la mortalité infantile, un chercheur détermine quelles femmes devront
fumer ou s’abstenir de fumer pendant la grossesse. Tous ces exemples transgressent

Iéthique.

Les autres types de données, non-expérimentales, sont désignées comme des don-
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nées observationnelles. Elles constituent la majorité des données empiriques et sont
générées par un processus qui échappe au contréle du chercheur. Parmi ces données
observationnelles, les données longitudinales sont de loin les données les plus appré-

ciées.

Les données longitudinales sont recueillies et analysées dans plusieurs champs d’ap-
plication tels que ’épidémiologie (Smith et al., 2015), la génétique (Furlotte et al.,
2012), l’économie (Hsiao, 2007), pour ne citer que ceux-la. Une étude longitudi-
nale consiste & suivre la dynamique d’une cohorte et & recueillir périodiquement les
mesures des caractéristiques des sujets de la cohorte sur une période donnée. Une
étude longitudinale capture la dynamique, le développement ou le changement de
la population et permet de mieux distinguer/expliquer ’hétérogénéité. Les études
longitudinales sont appréciées, entre autres, parce qu’elles offrent une meilleure infé-
rence des paramétres du modéle, notamment une plus grande puissance sté,tistique
et des prédictions plus précises. Elles sont également trés utiles pour séparer 1’effet
de ’age de V’effet de la cohorte. Elles sont nécessaires dans I’étude dés relations cau-
sales avec des données observationnelles. En effet, un des critéres de causalité est la

régle de temporalité, c’est-d-dire que la cause précéde 'effet (Rofhman et al., 2008).

Les données longitudinales sont cafactérisées par la présence d’une dépendance intra-
groupe, ¢’est-a-dire que les observations provenant d’un méme sujet sont inter-dépendantes.
Cette structure de dépendance lui confére son principal avantage par rapport aux
données transversales. Néanmoins, cette dépendance complique I'analyse statistique
et doit étre modélisée afin de générer des estimateurs efficaces et non biaisés. Les mé-
. thodes standards de modélisation, comme la régression linéaire simple, produisent

des estimateurs biaisés de la matrice de covariance lorsqu’elles sont ajustées aux don-
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nées longitudinales. Pour tenir compte de cette structure de dépendance, plusieurs
méthodes ont été élabofées. Elles se classent en deux grandes familles : les modéles
marginaux et les modéles conditionnels. Ces familles se distinguent principalement

par la maniére dont elles modélisent la dépendance.

Par la suite, pour simplifier les notations et améliorer la lisibilité, les modéles mathé-
matiques seront présentés avec des données implicitement équilibrées. C’est-a-dire
que tous les individus/sujets auront le méme nombre d’observations, m. Cela dit, les

résultats obtenus se généralisent également aux données déséquilibrées.

1.3.1 Modéles marginaux

Les modéles marginaux modélisent I’effet des régresseurs sur la moyenne de la variable
rép(;nse avec une spécification du modéle identique & celle d’un modéle pour I'analyse
des données transversales. Les niodéles marginaux n’insérent pas d’effets aléatoires
dans la spécification de leur modéle. Dans le cadre des modéles marginaux, la dépen-
dance des données de la variable réponse est caractérisée par la formulation d’une
structure de corrélation hypothétique. Pour plus de détails, voir I’excellent livre de

Hardin et Hilbe (2012).

Une méthode d’estimation couramment utilisée dans le cadre des modéles margi-
naux est la méthode d’estimation des équations généralisées, couramment désignée
GEE. Le modéle GEE a été proposé par Liang et Zeger (1986) dans le but de pro-
longer les modéles linéaires généralisés (McCullagh et Nelder, 1989) & I’analyse des
données longitudinales. La méthode GEE résume la relation entre les régresseurs et

la variable réponse en estimant I’effet sur la moyenne marginale populationnelle. Elle
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tient compte de la dépendance intra-groupe des données par 'inclusion formelle d’une
matrice de corrélation (des observations de la variable réponse d’un méme individu)

dite working correlation dans I’équation d’estimation des paramétres du modéle.

Pour mieux formaliser le probléme, considérons les données {yi;, @i; }1<i<n,1<j<m Ob-

servées sur n sujets, avec y;; la variable réponse du sujet ¢ mesurée au temps j et

@i = (T35 .. ,mfj)T le vecteur des régresseurs de dimension p. Lorsque les données
sont regroupées par sujet, nous notons ¥y; = (Yi1,...,%m)' le vecteur réponse de

taille m du sujet ¢ et X; la matrice des régresseurs de dimension m X p.

Le modeéle GEE est une méthode de quasi-vraisemblance (Hardin et Hilbe, 2012). Sa
spécification se limite & la caractérisation des deux premiers moments, 1’espérance
marginale et la variance, de la variable réponse et & la supposition d’une structure de
corrélation qui capture le mieux la dépendance des observatibns provenant d'un méme
sujet/groupe. Dans un premier temps, ’espérance marginale de la variable réponse
E[yz]\zc”] = w;; est lie aux régresseurs par une fonction connue g(u;;) = ni; = ;' B,
ol B € RP représente le vecteur des paramétres. Dans un deuxiéme temps, il faut
exprimer la variance de la variable réponse qui est fonction de ’espérance & travers
la fonction de variance v(-). Enfin, il faut assumer une structure de corrélation pour

modéliser la dépendance des observations de chaque sujet.
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L’estimateur f'] du paramétre B par la méthode des GEE est obtenu par la résolution

du systéme d’équation S(B3) = 0, ou
S(B) =) Di"Vii(a)(y: - m(B)), (1.19)
i=1

ot D; = 0p;(B)/0B et p; = (a1, - - - Wim) 7. La matrice de variance-covariance de

I’estimateur 3 est définie par
Vi@) = ¢4 Ri(@) A},

oll ¢ est le paramétre d’échelle, A; = diag[v(ui;)]j~, et a le vecteur des paramétres
de taille ¢ qui caractérise la matrice de corrélation R;(cx) associée & la matrice de

covariance V(o).

La matrice de corrélation R;(a) est de dimension m x m. Elle décrit la structure de
corrélation des observations provenant d’un méme sujet par I'intermédiaire de a. 11
existe plusieurs types de structures de corrélation. Nous présentons uniquement les
' plué usuels. Pour une liste exhaustive des autres formes de structure de corrélation,

voir le livre de Hardin et Hilbe (2012).

La structure de corrélation indépendante est la forme la plus simple de la matrice de
corrélation. La structure de corrélation indépendante suppose une corrélation nulle,
pts = 0,Vt # s, pour toute paire distincte du méme sujet. L’hypothése n’est pas
toujours vérifiée, mais Pan (2001) montre que l'estimateur associé est généralement
performant. La structure échangeable est une simple extension de la corrélation in-
dépendante. Elle suppose une corrélation commune, p;, = a,Vt # s, entre chaque
paire de mesures provenant d’'un méme sujet. Elle est aussi désignée par les termes

«corrélation commune» ou «corrélation composée». Le parameétre o est un scalaire
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et est le méme pour tous les sujets de ’échantillon. La corrélation échangeable est
généralement plus appropriée pour des ensembles de données dans lesquels les obser-
vations n’ont aucune dépendance au temps. La structure de corrélation AR1 définit
la corrélation d’une paire d’observations comme une fonction décroissante de leur
distance dans le temps, pys = ol*~*l. Cette structure de corrélation attribue la corré-
lation la plus élevée a la paire d’observations adjacente et la corrélation la plus faible
4 la paire distante. Ce type de corrélation est indiqué lorsque les mesures répétées ont
une dépendance temporelle. Comme pour la corrélation échangeable, le paramétre o
est un scalaire. La corrélation non structurée, comme son nom l'indique, n’impose
aucune structure & la matrice de corrélation et définit la corrélation de n’importe
quelle paire de mesures différemment sans aucun modéle explicite, pss = s, VE # s.

De ce fait, chaque paire d’observations a une corrélation distincte.

Le systéme des équations d’estimatiqn généralisées (1.19) dépend du paramétre d’in-
térét B et du paramétre de corrélation « et il n’a pas de solution explicite. Une
procédure itérative d’estimation en deux étapes est nécessaire pour estimer 3 et les
paramétres de nuisance « et d’échelle ¢. Le paramétre ¢ représente le paramétre de
sur-dispersion dans les modéles linéaires généralisées (GLM). L’algorithme d’estima-

tion est présenté ci-dessous en supposant une corrélation échangeable.
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Algorithme : L’algorithme des équations d’estimation généralisées

" I OB : . ) o
Etape 1. Initier 8 ) = B, Uestimateur des moindres carrés ordinaires.

Etape 2. Pour r = 1,2, ..., calculer la mise & jour de I’estimateur & ’étape r — 1.
- n m
R D DY DL
1—1 t=1
al ¢ ————— Z Uslzs,

(N1 —p)qb(") i=1 t<s

N nm(m—1 ~ ’ T"'(T—l)
ouN1=%etuij=yij—wij .

Etape 3. Calculer

-1

I’B"(T) "'('r‘ 1) [Z D TV__I ~(r—1 ))D :I S(a(r_l), E(T—l)) '

Etape 4. Itérer les Etapes 2-3, jusqu’a convergence.

L’algorithme s’applique également aux autres formes de structures de corrélation.
Pour 'adapter, il suffit de choisir le paramétre de corrélation approprié a, qui est
soit un scalaire, s0it un vecteur ou une matrice, selon le type de corrélation. Par
exemple, pour une structure de corfélation AR1 auto-régressive d’ordre 1, le para-

métre scalaire o est mis & jour & PEtape 2 de P’algorithme précédent comme suit :

o~ NZ Z uitﬂi,t+1,, N2 = n(m - 1)
. N2 -

1,—1 t<m—1
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Pour une structure de corrélation non-structurée, chacun des m(m + 1)/2 éléments

du paramétre o est estimé par

&ts — = ﬂituis, N =nm.

‘ Lorsque le modéle est correctement spécifié, Liang et Zeger (1986) ont montré,
sous certaines conditions réguliéres, que ’estimateur du paramétre d’intérét 3 par la
méthode GEE est convergent et asymptotiquement normal. Plus précisément, nous
avons

Va(B - ) % N (0,Var(B)),
" ou

Var(8) = B"'MB™!
avec B = lim, ,oon ' S0 DTV'D;, M =limg,eon™ > 14 DTV Var(y,)V;'D;
et ' \ 7
Var(y;) = E[(y; — pa)(y; — Ni)T]-

Voir (Liang et Zeger, 1986) pour plué de détails. Afin d’utiliser ce nouvel estimateur
pour faire de 'inférence, comme construire des intervalles de confiance ou réaliser des
tests d’hypothéses, il faudra estimer sa matrice de variance-covariance. L’estimateur
proposé par Liang et Zeger (1986) est une adaptation de l'estimateur robuste de
White (1980), communément appelé I'estimateur «sandwich». Ainsi I’estimateur de

la matrice de variance-covariance est :

~—1] -~ ~—-1

Var(8) =B MB

ou
B=n"! Z ﬁiTV;l(a, g)ﬁz

i=1
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et

n .
M =n""Y " D V(6,6) |vi — m(B)] |wi - m(B)| V(@ §)Ds.
‘ i=1

Notez que lorsque la matrice de corrélation R; correspond & la vraie structure de
corrélation, alors I’estimateur de la variance se réduit a

n

Var(3) =n"'Y_ D;"V;'(@,¢)D:.

i=1
L’approche GEE propose une multitude de structures de corrélation pour modéliser
la dépendance intra-groupe. Face & toutes ces possibilités, le processus de sélection
_de la structure de corrélation peut s’avérer complexe et difficile. Heureusement, il y a
des critéres qui ont été développés pour aider dans cet exercice, (Jang, 2011). Dans la
plupart des logiciels statistiques le critére de quasi-vraisemblance «quasi-likelihood
information criterion (QIC)» est implémenté pour choisir parmi les différentes struc-
tures de corrélation. Le QIC, développé par Pan (2001), permet simultanément la

" sélection du modele et la sélection de la structure de corrélation. Le QIC, une adap-

tation du critére (AIC) pour le modéle GEE, est défini par :

A -~

QIC(R) = —2Qu(B(R),3) + 2 Trace (4 V n(B) )

ol ,@(R) est Destimateur GEE avec la corrélation d’intérét R. La matrice V g est
I'estimateur robuste de la matrice de covariance et ﬁl est inverse de l’estimation
de la covariance du modéle GEE sous I’hypothése de la structure d’indépendance
évaluée & B(R) La fonction @), est la fonction quasi-vraisemblance sous I’hypothése
de la structure d’indépendance évaluée 4 B(R) Elle a pour expression :
QuB(R),8) => > QB(R), &; (vij, xi;)),
i=1 j=1

ot Q(, &; y) = fyu[(y~t) BV (£)]dt est défini pour différents modéles par (McCullagh
et Nelder, 1989; Hardin et Hilbe, 2012). |
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Méme si le critére QIC de Pan est utile dans le processus de sélection de la struc-
ture de corrélation qui modélise le mieux la dépendance intra-groupe, il faut se fier,
lorsque c’est disponible, aux connaissances de la structure de corrélation provenant

d’autres sources.

Dans la section suivante nous présentons la deuxiéme famille des modéles condi-

tionnels.

1.3.2 Modéles conditionnels

Les modeéles conditionnels se distinguent des modéles marginaux par I'introduction
d’un paramétre individuel dans 'équation du modéle. Ce paramétre individuel qu'on
désigne généralement par «effets aléatoiresy permet de tenir compte de la dépen-
daﬁce entre les observations provenant d’'un méme sujet. Plusieurs théories relative &
cette famille ont été développées séparément dans divers domaines d’application. De
ce fait, les méthodés élaborées pour étudier les modéles de cette famille se nomment
différemment selon le champ d’application. En sciences de la santé, comme en biosta-
tistique ou en épidémiologie, les termes modéles mixtes linéaires généralisés (GLMM)
ou modéles multiniveaux ou hiérarchiques sont fréquents. Tandis qu’en économétrie,
les méthodes pour ajuster ces modéles avec effets aléatoires sont réparties en deux

sous-groupes : les modéles avec effets fixes et les modéles avec effets aléatoires.

D’abord, dressons le portrait. Considérons le modéle linéaire général employé pour

I’analyse des données longitudinales avec un modéle conditionnel :

Yij :wijTﬁ+giT7+<i+uij) 1= ]-7--',”; .7: ]-7'-->m» (120)
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1 2
z’jaxija"w

ou y;; est la variable réponse, x;; = (z :cfj)T € RP est le vecteur des ré-
gresseurs mesurés sur l'individu i au temps j. Le vecteur g; € RY est le vecteur
des caractéristiques individuelles observées telles que : le sexe et le statlit marital et
~ € R? le vecteur associé. Le scalaire (; représente les caractéristiques individuelles
non-observées comme la dextérité, les facteurs génétiques et environnementaux e{; le
scalaire u;; est le terme d’erreur. Le vecteur 3 € RP est le paramétre d’intérét que

nous voulons estimer.

A cette étape, nous présenterons les deux modéles : modeéle avec effets fixes et modéle
avec effets aléatoires. Malgré leur popularité en économétrie, les termes «effets fixes»
et «effets aléatoires» portent souvent confusion. A premiére vue, le mot«effets fixes»
suggére que le paramétre individuel dans le modéle avec«effets fixes» est fixe et que
le paramétre individuel dans le modéle avec «effets aléatoires» est aléatoire. Ce n’est
pas le cas. Dans les deux modéles, le paramétre individuel est un paramétre aléatoire.
Les termes utilisés pour désigher les deux modéles font référence & la relation ou a
la nature de 'association qui existe entré les régresseurs x;; et les effets individuels

non-observés ¢;, (Greene, 2011):

Modéle avec effets fixes

Le modéle avec effets fixes (EF) est un modéle communément utilisé pour analyse

des données longitudinales. Dans sa spécification, le modéle EF prend en compte les

régresseurs non mesurés ou non mesurables et inclus dans ’équation du modéle. De
’, . . ' . Kl P b ’, e ’

plus, sa spécification sous-tend la possibilité d’une corrélation entre les régresseurs

omis et ceux présents dans le modéle. Cette derniére caractéristique fait du modéle

EF un outil attrayant pour ’analyse de données longitudinales. Par exemple, dans
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'estimation de l'effet du rendement scolaire, le niveau d’éducation est corrélé a 'ap-

titude individuelle qui est une caractéristique individuelle souvent omise du modéle.

Dans les études épidémiologiques et biologiques, le facteur génétique ou environ-
nemental des sujets est indisponible alors qu’il est une caractéristique individuelle

corrélée a la variable d’intérét du modéle. Dans la suite, nous présentons formelle-

ment le modéle EF.

Considérons le cadre général représenté par 1’équation (1.20), le modéle EF suppose -
lexistence d’une corrélation entre les effets individuels (;, et les régresseurs x;;. Cette

relation est formalisée par ’équation suivante :
E[Ci]wﬂ, Lri2y. .- 7wim] = h(a:ﬂ, Lo, - .- ,Cﬂim) = T, (121)

otl h est une fonction non-définie. Contrairement a I'intuition, le terme«effets fixes»
du modele EF désigne le fait que la dépendance entre les régresseurs et les effets indi-
viduels est fixée & n; (1.21). L’inclusion de cette hypothése dans ’équation du modéle

général (1.20) permet de définir ’équation du modéle EF sous la forme suivante :
Yij = Tij' B+ g Y + 1 + wig + (G — i) ’ |

=@y B+gi' Y+ + ey (1.22)

=z B+ m + &ij, (g;"~ est inclus dans x;; ' 3),
ol &35 = Ui+ [¢; —m;i]. Par construction le terme (; —7; est non-corrélé aux régresseurs
et E[¢; — m] = 0. Avec cette transformation, la moyenne conditionnelle de y;; est
modélisée par : |

ElyijlTi1, Ti2, - - -, Tim] = wijTﬂ + n;.

Pour des raisons pratiques, on représente souvent I’équation du modéle EF (1.22)

sous la forme matricielle suivante :

y=XpB+Zn+e, (1.23)
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ol y est le N x 1 vecteur, X est la matrice N X p, 17 et € sont respectivement les
vecteurs de taille n X 1 et N x 1, avec N = nm. La matrice Z de taille N x n est

connue sous le nom de matrice d’incidence et permet de tenir compte de la dépen-

dance des données.

Les estimateurs des paramétres B3 et 7 du modéle EF sont les vecteurs qui mini-

misent la fonction de risque suivante :

Rer(B,m) = |y - XB — Zn|’, (129

ol la norme est définie par ||u||> = uTu. Dans le cadre du modele EF, en plus du
paramétre d’intérét 3, il faut estimer le paramétre individuel 7 non-observé dont la
dimension augmente en fonction de la taille de Péchantillon n. La nature infinie de
la dimension de ce paramétre individuel introduit des complications, communément
désignées par : probléeme du pammétre d’incidence. 1l existe plusieurs méthodes d’es-
timation pour résoudre ce probléme d’incidence, entre autres, le «first difference»,
le <<1east square dummy variable» ou la méthode de la transformation intra-groupe
(<<Within--transf6rmation»). Toutes ces méthodes produisent le méme estimateur. Ce-
pendant, la méthode de la transformation intra-groupe est la plus pratique compu-
tatidnnellement. Elle permet une estimation directe du paramétre d’intérét B indé-

pendamment du paramétre individuel 7, c’est-a-dire sans pour autant devoir estimer

cette derniére.

La méthode intra-groupe ou «within-transformation» s’exécute en deux étapes. Dans
un premier temps, on applique une transformation linéaire (matrice de projection) &
’équation initiale du modéle EF (1.22) pour éliminer le paramétre individuel. Dans

un second temps, on ajuste la méthode des moindres carrés ordinaires (MCO) sur le
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nouveau modéle. L’estimateur de la méthode intra-groupe ou «within-transformations

du modéle EF ﬁw qui en découle est défini par :
Bw = (X"MzX) X My, (1.25)
ol les matrices de projections sont définies par :
Mz =1Iy— Pget PZ =Z(Z"Z2)'Z7.

Notons que, par construction, la matrice M z est orthogonale aux régresseurs inva-
riants dans le temps. Ainsi, le modéle EF ne permet pas I'inférence des régresseurs
invariants dans le temps. Cela constitue la principale limite du modéle EF. Cela dit,
il y a différentes astuces pour éluder ce probléme, comme la multiplication par la

variable temps des régresseurs invariants.

Il a été démontré, sous certaines conditions de régularité, que I'estimateur intra-
groupe est sans biais, convergent et normalement distribué asymptotiquement (Hsiao,
2015; Arellano, 2003). En particulier, ces propriétés asymptotiques sont prouvées
lorsque la, taille de I’échantillon 7, ou le nombre de période m, ou les deux tendent
vers linfini. Si lintérét porte sur le paramétre d’incidence, on peut l’estimer par :

A~ —_—

— T3 s
=Y, — & ﬁW} Z——l,...,'ﬂ,

oy, =m Yy et Ty = (Th,..., 7)) avec T = m Y L a7, Il faut noter

que cet estimateur est non-convergent lorsque le nombre de périodes est fixé.

La matrice de variance-covariance asymptotique de l'estimateur intra-groupe By,
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est donnée par

N -1 -1
Var(By ) = limn| X*TX*| X*T Var(e*) X*| X*TX*
w

i=1

n—oo
n -1 n n -1
T *T 3y * *T x xT * *T yrx*
—iﬁnm”{zxi sz Z;Xi E(eje] )XiI:Z;Xi Xz:| )

OﬁX*=MzXet€*=Mzs.

Afin de produire une inférence statistique valide, Arellano (1987) a proposé un esti-
mateur robuste qui tient compte de ’hétérogénéité des données et de la corrélation

des observations provenant d’'un méme individu/sujet. Cet estimateur est donné par :

n —1 n —1
Var(By) =n| L x17x] ixf&éfx:[zxz*x:} |

i=1 i=1 i=1

=Y - X By

Il est également possible d’estimer le modéle EF par 'approche de la vraisemblance,

voir par exemple (Hsiao, 2015; Arellano, 2003).

Modéle avec effets aléatoires

L’autre méthode communément utilisée pour modéliser les données longitudinales
est ie modéle avec effets aléatoires (EA). Le modele EA se distingue du modéle EF
par son hypothése d’indépendance sur la relation entre les effets individuels non-
observables et les régresseurs du modéle (Cameroh et Trivedi, 2005). Cela dit, cette
hypbthése n’est pas toujours vérifiée dans les études empiriques. Dans la réalité, il
y a ‘toujours des caractéristiques individuelles qui ne sont pas mesurées et qui se

retrouvent dans le terme d’erreur du modéle.
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L’hypothése d’indépendance entre les effets individuels et les régresseurs est repré-

sentée par la formule suivante :
E[C¢|w“,mi2,...,wim] =1. r (126)

L’intégration de cette hypothése d’indépendance permet de réécrire I’équation géné-

rale du modele (1.20) et de définir le modéle EA comme suit :

Yij = mijTB +g;"v+n+{G—n}+ Usj
= ;' B+g;,"y + 1+ i +uy (1.27)
= mijT,B + v; + uy, (giTw et n sont inclus dans :I:ijT,B)

oll 1) est une constante et v; est ’effet aléatoire du groupe ¢. Le vecteur x;; inclut la
constante et toute autre variable invariante dans le temps: Avec cette transformation,
nous avons Elv;|@i1, o, . .., Tim] = E[§ — n]|@i, T2, - - -, Tim] = 0 et la moyenne

conditionnelle de y;; est modélisée par :
Elyij|@i1, Tio, . . ., Bim) = @55 B.

Ainsi, la moyenne conditionnelle du modeéle EA est similaire & celle d'un modéle
de la famille marginale, bien que nous ayons utilisé un modéle de la famille condi-
tionnelle avec la présence d’un effet aléatoire (; dans ’équation initiale du modéle
(1.20). Ce résultat n’est pas éurprenant. Lee et Nelder (2004) soulignent qu’un mo-
déle conditionnel peut produire une moyenne conditionnelle (modéle EF) ou une

moyenne marginale (modéle EA).

Le modéle EA est complété par les hypothéses suivantes : v; ~ N(0,0,) et u;; ~

N (0, o) pour obtenir un modéle normal multivarié y ~ N (0, X) avec une structure
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de covariance spécifique, 3.

L’estimateur du modéle EA peut s’obtenir en maximisant la vraisemblance du modéle

normal multivarié, ce qui revient & minimiser la fonction de risque suivante :

RYSO(B,m) = |ly — XBI°, (1.28)

~ ol la norme est définie par |u||> = wTu. Comme dans le cadre de la régression linéaire
simple, la solution du probléme (1.28) est obtenue par la méthode des moindres carrés

ordinaires (MCO). L’estimateur MCO est défini par :

-1 n

n
BMCO = [ZXiTXi:l ZXiTy¢~ '
i=1

i=1
L’éstimateur MCO est convergent mais pas efficace (Greene, 2011; Arellano, 2003;
Hsiao, 2015). Il ne tient pas compte de la structure de dépendance des données. Il
a été suggéré, pour un estimateur efficace, de minimiser plutét la fonction objectif

suivante :
REZE(BM) =y - XBllz-, (1.29)

ol la norme est définie par |lull%-1 = TS lu. L'estimateur qui en découle est
l'estimateur des moindres carrés généralisés ou le «generalized least square (GLS)
estimatory. Il est défini par :

___]_n

N 1 . n
Baus = [XT2x] xTm = [SxiTx] Xy
i=1 i=1

L’estimateur GLS peut se générer également par transformation. Pour ce faire, il

—-1/2

faut multiplier les données initiales par la matrice X~ /. Puis, appliquer la méthode

MCO sur les données transformées, {y* =212y X* = E_I/QX}.
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Sous certaines conditions de régul.arité, Pestimateur GLS est sans biais, convergent,
efficace et asymptotiquement gaussien (Greene, 2011). Le théoréme de Gauss-Markov
démontre que l'estimateur GLS est «BLUE» (Best Linear Unbiaised Estimator),
c’est-a-dire qu’il est le meilleur estimateur sans biais dans la classe des estimateurs
linéaires. Il est possible de dériver I'estimateur GLS en maximisant une fonction
de vraisemblance (Greene, 2011). La matrice de variance-covariance de I’estimateur

GLS est donnée par

Var(Bgrs) = X271 X.

Pour estimer la matrice de variance-covariance de 'estimateur GLS, il suffit d’estimer
la matrice de variance-covariance X. Plusieurs estimateurs sont proposés en fonction
de I’hypothése sur le degré de dépendance et le degré d’hétérogénéité des données.

Pour plus de détails, voir (Greene, 2011).

Nous terminons cette section par la présentation de I'estimateur du modéle EA pro-
posé par Henderson (1950). L’approche d’Henderson est une procédure hybride a la
croisée de 'approche fréquentiste et de ’approche bayésienne. Comme le rapporte
Robinson (1991), Henderson explique que son estimateur ne devrait pas étre consi-
déré comme un estimateur de maximum de vraisemblance, méme s’il provient de la

maximisation d’une vraisemblance jointe.

Dans le cadre du modéle EA et sous I’hypothése que v ~ N(0,0%%,) et u ~
N(0,0%%,), Henderson propose de maximiser la fonction de densité jointe de y et v
2 1 v T X, 0
exp ~52
20°\y—XB-2v) |0 =,

-1
v
(y—Xﬁ—Zv

)
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par rapport & (3 et v. La maximisation de cette pseudo vraisemblance revient a mi-
nimiser la fonction objectif suivante : |

-1
o= T2
y—XpB—2Zv y—XB—-2Zv

=S v+ (y—XB-2Zv)'S (y - XB - Zv).

¥, 0
0o X,

L’estimateur des effets aléatoires gaussien dérivé de cette optimisation est BLUE et

a pour expression :
By =[XT(Zu+ Z5,Z") ' X' X (2o + 25, Z7) 1y. (1.30)

L’estimateur By peut étre considéré comme un estimateur bayésien ou comme un
estimateur pénalisé des moindres carrés (Robinson, 1991). En effet, Koenker (2004)
a montré que 'estimateur des effets aléatoires gaussien d’Henderson minimise la

fonction objectif suivante :
2 2
ly = XB - Zv|g: + vl -

La reformulation de l’estimateur d’Henderson comme la solution d’une régression

pénalisée suggére ’existence d’une classe plus large d’estimateurs.

La bénalité rajoutée au modéle EA permet de comprimer le paramétre individuel
aufdur de la valeur nulle. Cette compression a I’avantage de controler la variabilité
il;troduite par le paramétre d’incidence et de réduire simultanément sé dimension
de nature infinie lorsque la taille de ’échantillon augmente. Il y a deux pénalités
prédominantes, [; et ls, qui sont couramment utilisées dans la littérature (Friedman
et al., 2010). Les deux pénalités sont utiles, mais leur impact est trés différent dans

la pratique. Lorsqu’il s’agit de sélectionner des variables et de trouver une solution
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dite «sparse», la pénalité I; est mieux adaptée (Tibshirani, 1996). Dans le processus
de sélection, le degré de compression est controlé par le paramétre de régularisation

dont la valeur optimale est difficile & trouver.

En haute dimension, la valeur optimale du paramétre de régularisation peut étre
déterminée par la méthode de la validation croisée. La méthode de la validation croi-
sée consiste & partitionner 1’ensemble des données en deux classes : ’ensemble des
données d’apprentissage avec lequel le modéle est ajusté et I’ensemble de données
d’essai a,véc lequel la puissance prédictive du modéle est évaluée. Les détails de cette
approche se trouvent dans l’excellent livre de (Hastie et al., 2001). Cependaﬁt,,‘l’ef—
ficacité de la méthode de la validation croisée nécessite la disponibilité de grandes
quantités de données. Pour cette raison, d’autres critéres tels que la validation croisée
généralisée (GCV), le critére d’information d’Akaike (AIC) ou le critére d’information
de Bayes (BIC) sont souvent recommandés. Le BIC est particuliérement apprécié,

entre autres, pour sa consistance.

~ Nous présentons, ici, deux critéres bayésiens pour permettre de sélectionner le meilleur
- paramétre de régularisation. Le premier critére est le critére de sélection de Wang
et Leng (2007) connu sous le nom d’approximation des moindres carrés (AMC) et
défini par :
AN AN /\——-1 AN AN AN _
BICi» = (B — ﬁo)TZ (Bo)(B — Bo) + (nm) 'df, log(nm). (1.31)
Les estimateurs EA et Z\io sont respectivement les estimateurs avec et sans pénalité,

S(B,) = @(BO) et dfy représente le nombre de degré de liberté.

Le second critére de sélection est un critére proposé par Wang et al. (2007a,b) dans
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le cadre de la régression quantile. Son expression est donnée par :

n m

~ 1
BICay = (nm)_l Z Z Tr(yij = wijTlBT)\ — ;) + E(nm)‘ldf,\ log(nm), (1.32)

i=1 j=1

ou 7, est la fonctibn de perte asymétrique [; et dfy une mesure de la dimensionna-
lité‘effective du modéle ajusté. Dans leur article, Galvao et Montes-Rojas (2010) ont
choisi comme degrés de liberté dfy la dimension de ’ensemble {3 U {i| || > }} pour
les deux critéres. Le paramétre x est un nombre choisi suffissamment petit. Galvao et
Montes-Rojas (2010) ont sélectionné trois valeurs différentes de x € {0.001,0.01,0.1}
pour évaluer la sensibilité relative des critéres. Ils ont montré que les trois valeurs

menaient aux mémes conclusions.

Dans le chapitre suivant nous présentons le permier ‘article de notre thése qui est
soumis pour publication. Dans ce premier article nous combinons la régression ex-
pectile & la méthode des estimations des équations généralisées (GEE) pour I’analyse

des données longitudinales.



CHAPITRE I1

PREMIER ARTICLE : WEIGHTED ASYMMETRIC LEAST SQUARES
REGRESSION FOR LONGITUDINAL DATA USING GEE

Amadou Barry, Karim Oualkacha, Arthur Charpentier

Abstract.
The well-known generalized estimating equations (GEE) is widely used to estimate
the effect of the covariates on the mean of the response variable. We apply the GEE
method using the asymmetric least squares regression (expectile) to analyze the
longitudinal data. Expectile regression naturally extends the classical least squares
method and has properties similar to quantile regression. For instance, Expectile re-
gression allows the study of the heterogeneity of the effects of the covariates over the
entire distribution of the response variable, while also accounting for unobserved he-
terogeneity. In this paper, we present the generalized expectile estimating equations
estimators, we derive their asymptotic properties and we propose a robusf estimator
of their variance-covariance matrix for inference. The performance of the new esti-
mators is evaluated through exhaustive simulation studies, and their advantages in
‘relation to existing methods are highlighted. Finally, the labor pain dataset is ana-
lyzed to illustrate the usefulness of the proposed model.

Keywords : Expectile regression, Quantile regression, GEE, Longitudinal data.
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2.1 Introduction

Lof;gitudinal and clustered data arise in many application fields such as epidemiology
(Sniith et al., 2015), genetics (Furlotte et al., 2012), economics (Hsiao, 2007), and
other fields of biological and social sciences. They are characterized by the presence
of a within-subject dependence that gives them desirable properties over the cross-
sectional data. However, that dependency makes the statistical analysié challenging
and needs to be addressed in order to generate unbiased and highly efficient estima-
tors. Generalized estimating equations (GEE) (Liang et Zeger, 1986) is a commonly
used method for the analysis of such data within a marginal model framework.

A niarginal model estimates the expectation of the marginal distribution of the out-
come without specifying the within-subject dependence, like cross-sectional models
(Fitzmaurice et al., 2008; Diggle et al., 2013). The GEE model completes the mar-
ginal model by introducing a “working” covariance matrix in the estimation pro-
cess to account for the within-subject dependence. As a result, the GEE yields a
consistent estimator with high efficiency even with misspecification of the true cova-
riance structure (Liang et Zeger, 1986). The GEE model estimates only the effects
of the covariates on the expectation of the marginal distribution of the outcome.
The‘expectation is a very important éummary statistic, but limiting the study of the
effects of the covariates to this is not enough unless the covariates uniformly affects
the whole distribution of the response variable. With its favorable properties, the

GEE can be extended beyond the mean using the expectile regression (ER).

ER models the relationship between the covariates and the response variable by
estimating the effect of the predictors at different points of the conditional cumula-

tive distribution function (c.d.f.) of the response variable. These points are generally
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the mean (expectile of level 0.5), and other expectiles above and below the mean.
ER estimates the impact of the covariates on the location, scale, and shape of the
response distribution. By doing so, the ER captures the heterogeneity of the effects
of the covariates on the response variable. For example, when covariates affect the
meaﬁ and the tail of the distribution in different ways.

ER was introduced in 1976 by Aigner et al. (1976) under a likelihood-based approach.
A decade later, Newey et Powell (1987) presented a detailed study of this new class
of estimator. They presented its favorable properties, like its location and scale equi-
variance property, and. derived its asymptotic properties. After the Efron (1991)
paper, expectile lived quietly in the shadows for decades, as mentioned in (Eilers,
2013). Recently, it came into the spotlight. After its re-discovery, early contribu-
tions to ER focused on the application of the ER method to spline and smoothing
model (Schnabel et Eilers, 2009; Rossi et Harvey, 2009; Sobotka et Kneib, 2012; So-
botka et al., 2013). Other works focused on contrasting ER and quantile regression
(QR), on showing how to get quantiles from a fine grid of expectiles, on the crossing
curves problem and on promofing application of ER (Kneib, 2013a; Schnabel et Ei-
lers, 2013; Waltrup et al., 2015a). Today ER is extended to many classes of models,
such as Bayesian (Majumdar et Paul, 2016; Waldmann et al., 2016; Xing et Qian,
2017), nonparametric (Righi et al., 2014; Yang et Zou, 2015), nonlinear (Kim et Lee,
2016), neural network (Xu et al., 2016; Jiang et al., 2017), and support vector ma-
chine (Farooq et Steinwart, 2017). Recently, Schulze et Kauermann (2015) combined

smoothing and random intercept to fit clustered data with penalized splines. -

ER generalizes mean regression in the same way that quantile regression (QR) (Koen-
ker et Bassett, 1978) generalizes median regression. The QR method Was adapted to
longitudinal data using GEE approach. The main idea consists of smoothing the QR
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estimating functions in order to make them differentiable with respect to regression
parameters. Jung (1996) proposed the quasi-likelihood approach to analyze the Iﬁe—
dian regression model for dependent data. Chen et al. (2004) derived a QR estimator
for correlated data using GEE approach based on independence working correlation.
Along the same lines, Fu et Wang (2012) combined the between- and within-subject
estimating functions to account for the cotrelations between repeated measurements
in the estimation of QR model. Lu et Fan (2015) proposed a general stationary auto-
corFelation matrix for the working correlation to enhance the efficiency of the QR

inference.

Both QR and ER provide an overview of the effects of the covariates on the dis-
tribution of the response variable. Their resemblance and usefulness have already
been discussed in the literature, see for examples (Efron, 1991; Kneib, 2013c; Wal-
truf) et al., 2015a).

This paper makes its contribution by introducing a new class of estimators for the
analysis of dependent data. Section 2.2 defines the expectile statistic, and introduces
the ER method for cross-sectional data and the generalized expectile estimating equa-
tion (GEEE) method for longitudinal data. In Section 2.3, the asymptotic properties
of the GEEE estimator of the model parameter‘s and an estimator of its variance-
covariance matrix are presented. The evaluation of the small‘ sample performance
of the estimators, through extensive simulation studies, is presented in Section 2.4.
The GEEE estimator is applied to a real data set and the results are presented in
Section 2.5; the conclusion is presented in Section 2.6. All proofs are available in the

Appendix.
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2.2 Models _and Methods

This Section introduces the univariate expectile and the ER model.

2.2.1 Expectile and expectile regression

Expectile of a random variable Y is defined as the solution p,(Y) which minimizes

the loss function
E{p, (Y — 0)} (2.1)

over 0 € R for a fixed value of 7 € (0,1). The function p-(-), of the form
pr(t) = — Lt < 0)| - £°

is the asymmetric square loss function that assigns weights 7 and 1 — 7 to positive

and negative deviations, respectively.

By equating the first derivative of (2.1) to zero, the expectile can also be defined

as solution of

IR - ALY > m0)Y], 22)

’ pr(Y) = pir = pp —

where u = pg5(Y) = E(Y). This definition, presented by Newey et Powell (1987),

shows that expectile is determined by the tail expectations of the distribution of Y.

Interestingly, we found that expectile can be defined as

wr(Y - ,U’T)
E [ (Y — ur)] Y}’

where 1,(t) = |7 — 1(¢ < 0)| is the check function. This latter deﬁnition,i which is

/'I’T:IE

much more meaningful in the context of regression, reveals that expectiles, like the
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mean, are weighted averages.

Given a random sample, {(y;)},, the 7-th empirical expectile

77/)7 Yi — T) .
Z S ey — )

is the solution which minimizes the empirical loss function

= prlyi—0). (2:3)

Newey et Powell (1987) have shown that expectile fﬁnctioﬁ has attractive properties.
Expectile summarizes the c.d.f. of Y in the same way that quantile does. Moreover,
expectile is location and scale equivariant, that is for s > 0 and t € R, p,(sY +t) =
s,uT;(Y) + t. More details about the properties of expectile and results on ER are
given by Efron (1991).

To introduce the ER method, consider the classical linear regression
yi = ;' B+ e, (2.4)

where y; is the scalar response, ¢; is the random efror, x; € RP is the vector of
covariates and 3 € RP? is the unknown parameter that needs to be estimated. Under
this framework, Newey et Powell (1987) introduced the ER model for a fixed 7 € (0, 1)

as
pr(yilw:) = "B, with pr(e)=0. (2.5)
The assumption p,(¢;) = 0 ensures that the random error is centered on the 7-th
expectile. The corresponding ER estimator is defined as the unique solution which
minimizes the objective function
1 n
= ey — ' B;) (2.6)

n -
=1
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over 3, € RP. The asymmetric loss function associated with the expectile function

is continuously differentiable, and solving equation (2.6)' gives

(sz Pr(Eier)a ) (wam Eitr yz), (2.7)

where &, = y; — aziTBT. The ER estimator is easily computed with the iterated
weighted least squares algorithm. In addition to deriving the asymptotic properties
of the above ER estimator, Newey et Powell (1987) proposed a robust estimator of

the variance-covariance matrix of 3,.

Note that the ER estimator was presented previously by Aigner et al. (1976) through
a likelihood-based approach. The likelihood is derived by assuming an asymmetric

normal distribution (AND) for the disturbance, u ~ AND(u; si,, 0%, 7), with density

. o2.7) = 2 (1_T) . U — Ur
fu; por, 0%, 7) e Y prhe { p7< - )} (2.8)

where u,,0, and 7 are respectively the location, scale and asymmetric parameters.
~ Now, substitute y;, = «;73, and assume the n observations are independents, then

the ER estimator is equivalent to the maximum of the likelihood function

n P .
L(B;0,7,y) o< 0 ™" exp { -> p (%—:&> }

1=1

where y = (y1,...,%,)T. The AND distribution is not to be confused with the class of
density functions related to the standard density function and proposed by Azzalini

(1985).



52

2.2.2  GEEE for longitudinal data

This Section presents the model and method of the GEEE for longitudinal data.

Consider the data {yit, Tit}1<i<n,1<t<m; generated by the following model
Yit = i B+ i, o (2.9)

where y;; is the t-th observation of the response variable for the i-th individual,
Tt = (zh,...,2%) is the p x 1 covariates, ¢;; the random error and B the p x 1
true parameter vector that needs to be estimated. Equation model (2.9) can be

conveniently represented in individual notation as
Y, = XiB + &, | ) (2.10)

where y, is the dependent observations of the response variable of the individual 4,
X ; the corresponding m; X p matrix covariates and &; the vector error. Individual

observations can also be stacked and presented in matrix form as
y=XpB+e, (2.11)

where y and gare N x 1 vectors, X is N X p matrix and N = Z?zl m;.

Using the location-scale equivariance property of the expectile function, the cor-
responding conditional expectile of level 7 of the model equation (2.9) is defined

as
P (Yit| i) = mitTJBTa pr(ew) = 0. (2.12)

The assumption, u,(g;) = 0, is introduced to guarantee that the random error is cen-
tered on the 7-th expectile. The parameter 3, measures the effect of the covariates

x;; on the location, scale and shape of the conditional distribution of the response.
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A practical estimator of the parameter can be obtained by looking for the solution

of the following expectile estimating equations

SH(B,) =Y X Wy, - XiB) [y - XiB,| =0, (213)
i=1 :

where U, (y; — X,3.) = diag (;DT (i1 — €7 BL), -+ b (Yims — mimiT,BT)). The re-
sulting estimator B - can also be dérived as the minimizer of the following objective
‘function N

%[— 21: ; pr (yit ~ mitT,Bq-) (2.14)

over B, € RP. The explicit form of the resulting estimator By, is similar to (2.7).

When 7 = 0.5, the estimator ,B 7 corresponds to the GEE estimator introduced by
Liang et Zeg_er (1986) with an independent working correlation between observations
from the sarﬁe subject. This fact is exploited to extend the GEE to the generalized
expectile estimating equation (GEEE). |

The GEEE method models the underlying correlation structure from the same sub-
ject by formally including a hypeothesized structure with the within-subject correla-
tion. For a fixed 7, the GEEE estimator BT is derived by solving the following GEEE
equations
S(8,) =Y XV (yi - XiB) [y - XiB, | =0, (219
i=1

where V', is a working covariance matrix represented as
1 Sl
Vi =02A2 Ri(a,) Al

17T

(2.16)
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and 02 is the nuisance parameter. A;, is the m; x m; diagonal matrix with the va-
riance function v(u;) as diagonal elements and R;(c,) as the working correlation

matrix.

The working correlation matrix R;(c,) describes the correlation pattern of within-
subject observations with the K x 1 vector parameter c,. Liang et Zeger (1986)
proposed several types of working correlation structures (independent, ’exchangeable,
autoregressive, unstructured, etc.) for the case 7 = 0.5. These working correlations
are ‘adapted and extended to the GEEE approach. The extension of some of the most

common and popular ones are presented below.

The GEEE independent working correlation structure is the simplest form of wor-
king correlation with identity matrix and is the structure assumed by the expectile
estimating equations model (2.13). The GEEE exchangeable structure is a simple ex-
tension of the independence working correlation. It assumes a common correlation,
Pisr = Q,Vt # s, between any pair of measurements. The GEEE AR1 structure
corr‘elation defines the correlation of a pair of observations as a decreasing function
of their distance in time, p;, = ath—SI. This structure assigns the highest correla-
tion to adjacent pairs of observation and the lowest correlation to distant pairs. The
GEEE unstructured, as its name suggests, imposes no structure to the correlation

matrix and defines the correlations of all pairs of measurements differently, without

any explicit pattern, p;sr = Qusr, Vt # s.

All these types of working correlation are usually unknown and must be estima-
ted. They are estimated in the iterative fitting process using the current value of the

parameter vector. Indeed, the estimators can be computed as iterated weighted least
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squares estimators. The estimation algorithm for the GEEE exchangeable working

correlation can be summarized as the following stepwise procedure.

Algorithm : The GEEE algorithm

. ~(0 ~
Step 1. Let ,65) = 3;,, the estimator obtained from (2.13).
Step 2. Given B(T_l) from the r — 1 step update |

EXEA § § 77/)7' Ezt‘r 1t7-a

zltl

&9) — ——T(r)- ZZ¢T Eztr 51t7’¢7‘(5157)€zs7'a
(Nl ) i=1 t<s
. (1)
where Ny = 30 my(m; — 1) and & = yir — it B,

Step 3. Update ﬁ(r) by

~(r) (T 1) ~(r ~(r-1) ~(r=1) Zr—1)
B « [ZXTV @r-w. 8 ")x)| s@r B ),

T T

~(r-1) (r—1)

) =W, (y; - X:B, ).

Step 4. Repeat the above iteration, Steps 2-3, until convergence.

where W (B,

The algorithm also applies to other types of working correlation; simply choose
the appropriate estimator of the parameter a which is either a scalar or a vector,
depending on the type of correlation. For example, for a GEEE autoregressive AR1

working correlation structure, the scalar parameter a, is estimated by

n

aq- (N‘;—__QZ Z wT Eitr EthwT(&'l t+1, 7-)51, t+1,7 Ny, = Z( _ 1)

oz i=1 t<m;—1 i=1
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For a GEEE unstructured working correlation structure, every element of the m;(m;+-

1)/2-vector parameter ¢, is estimated by

B = T 13 9, r(Eur)Buar o Bir) s

T i=1

Geﬁeralization to other GEEE-working correlations is straightforward. The algorithm
converges rapidly, usually after 5 iterations, for all the correlation structures, except
for the Un working correlation. Similar to the GEE algorithm (7 = 0.5), (Hardin
et Hilbe, 2012, chap. 2, p.78) the algorithm of the unrestricted working correlation
structure is not always guaranfeed to converge, especially when the number of within-

subject observations increase or when the dataset is unbalanced.

In Section 2.3, it is shown that the GEEE estimator BT is consistent and asymp-
totically normally distributed. In addition, the simulation results of Section 2.4 show
that the GEEE method yields a consistent and highly efficient estimator even with

a misspecification of the true covariance structure.

GEEE for a sequence of expectiles

The sequence of expectiles is often necessary, usually the mean and a few expectiles
above and below the mean, to describe the effect of the covariates on the conditional
distribution of the response variable. Also, the simultaneous estimation allows them
to share strength among each other and to gain better estimation accuracy than‘

individually estimated (Liu. et Wu, 2011). For a fixed 7 = (7y,...,7,) the GEEE
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estimating functions are defined as

=Y (W o XV (1,09, - 1,6 X)8,) [L,®y - (I, © X8, ],
(2.17)

where S, is defined in (2.15), and W = [diag(wg)]}_, is the ¢ X ¢ matrix of weights
controlling the relative influence of the g expectiles. Vi = [diag(Vir,)]{-, is a gm; x
gm; block-diagonal working covariance matrix. For any fixed 7, the expression of

the m; x m; matrix V,, is givén by (2.16) and

v, (lq Ry;— (g ® Xi),B,.)‘ = diag (11’71 (Y —. XiB,,), - o (y; — Xiﬂrq))

The parameter 3, is obtained using the iterative re-weighted least squares algorithm,
as shown above, for a single expectile. We used equation (2.17) to derive the asymp-
totic properties of the GEEE estimators and to estimate the vériance—covariance
matrix of the GEEE estimators in the feal data application. However, we obtain the

same GEEE parameter estimates using equation (2.15) or equation (2.17).

In the next Section, the asymptotic properties of the GEEE estimator are presented

for a sequence of expectiles.

2.3 Asymptotic properties

This Section presents the asymptotic properties of the GEEE estimator for several
fixed expectiles 7. In the first step, the asymptotic properties of the GEEE estimator

,@ 1+ With the independent working correlation structure are presented. Subsequently,
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the asymptotic properties of the GEEE estimator a.r with a general correlation
structure are derived. The main reason for presenting the results of B 1+ Separately is
that ; it is also the estimator of the expectile regression for a marginal model based
on the AND distribution (2.8). In the following Section, we assume that n — oo and

that m = max;<;<, m; is fixed. The proof of all results can be found in the Appendix.

2.3.1 Asymptotic properties for the independent GEEE
To begin, assume the following conditions.

A1l. The data {(y;, X;)}-, are independent across %, and

Var [\IlT(siT)eiT] =E [\I’T(siT)eiTsiTT\I’T(eiT)] = ¥+, where g;; = (smT, . ,eiTqT)T
1 | | )
Ein, = (Eilrka <oy Eimyry )T, Eitry, = Yit — witTIBTk and lIJT(EiT) = [dlag(‘l’rk (Esz))] k=1.
- A2. The limiting forms of the following matrices are positive definite
' n
Dp(r)=lim N7 (W X,) E¥,(:)](I, ® X5),

n—o0 -
=1

Dp(r)=lim N7'Y (W@ X)) 5 (W ® X,).
i=1

A3. max 1<i<n |[aczt[| < M.
1<t<m;

Assumptions A1-A3 are standard for longitudinal data models. Condition A1l en-
sures independence across individuals, but permits a within-dependency between

obseivations, of the same individual and allows heterogeneity across individuals.
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Condition A2 is a standard full rank condition. Observe that, when 7 = 1/2,
then ;05 = 1/4Var[e;ps] becomes the variance of €; up to a factor and Dy =
1/4lim, 0o N71Y"0 | X7 Var(ej5) X ;. Considering Dy = 1/2limp 0o N2 300 | X7 X5,
we see that this factor disappears in the expression of the variance of the estimator.
Therefore, when 7 = 1/2, the condition A2 is reduced to a condition on the ma-
trices N~1 57 | X;" Varle;] X; and N71 Y7 | X;" X;. Condition A3 is important
both for the convergence and for the Lindeberg condition. The following Theorem
states the results of the asymptotic properties of the GEEE estimator B I+ assuming

an independent working correlation structure.

Theorem 2.3.1. Assume that B,, is the solution of the estimating function (2.13)
and suppose the data are generated by model (2.9), and that conditions A1-A3 are
satisfied. If Bl (ein)|* < A and Eley, |*T < A for some v > 0 and A > 0,

then for every fized sequence of expectiles T = (T1,...,T,)

\/N(Z;h— - B,) E N(O> D1_11(T)DIO(T)D;11(T))'

In order to use this new estimator 3 r to make inference, an estimator of its VC-
matrix is presented in Theorem 2.3.2. T his will make it possible to construct large
sample confidence intervals or hypotheses tests. This estimator is a generalization
of the robust VC estimator proposed by White (1980) and used in, among other
things, multilevel analysis (Liang et Zeger, 1986). This estimator inherits the same
property namely in that it takes int(; account the within-subject-correlation and the

heteroscedasticity between subjects. In sum, the proposed VC-matrix estimator is a
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commonly advocated covariance matrix estimator for longitudinal data. Let,

Br(r) = N Y (W © X&), @ X0,

i=1

n
Dp(r) =N71> (W X:) 5 (W @ X;)
i=1
where 3, = U, (€;r)€ir€ir ' ¥, (€ir) and &, is obtained by replacing 3, with BI.,.

in the expression of ;. Then, we have Theorem 2.3.2.

Theorem 2.3.2. Suppose the data are generated by model (2.9) and that conditions
A1-A3 are satisfied. If B¢, (Eir )| < A and Eleyr, [*™ < A for some v > 0 and

A > 0, then for every fized sequence of expectiles T = (11,...,7,)

~-1

~ —1 ~ _ _
Dy, (7)Dro(7)Dy (1) 5 D7 () Dro(T) D7 (7).
2.3.2 Asymptotic properties for the general GEEE estimator

After presenting the asymptotic properties of the GEEE-independent working cor-
relafion estimator, this subsection presents the asymptotic properties of the GEEE-
estimator for a general working correlation. Assume that

B1. The data {(y;, X;)}, are independent across 4 and Var [‘I’T(ei,.)ei.,.] = Y.

B2. The limiting forms of the following matrices are positive definite

n

Dy(r)=lim N (WeX,)"VIE[W, ()1, ® X),

n—00 -
=1

n
Do(t)=lm N7') (WeX,) VIS,V (WeX,).

n—00 -
=1
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B3. max 1<i<n ||Zi] < M.
1<t<m,

The following Theorem derives the asymptotic properties of the GEEE estimator

with a general working correlation, under the above conditions.

Theorem 2.3.3. Suppose the data are generated by model (2.9) and that conditions
B1-B3 are satisfied. If E[t),, (i, )|*7” < A and Eley,, [*T < A for some v > 0 and

A > 0, then for every fized sequence of expectiles T = (11,...,T,)

VN(B, - B,) % N(O, D;l(T)DO(T)Dl—l(—r)) :

In the same way as with the GEEE-independent working correlation estimator, the
following Theorem 2.3.4 proposes an estimator of the VC-matrix of estimator ,@T.
Consider ‘71-7. to be a consistent estimator of V';-. Then, under the above conditions,

Theorem 2.‘3.4 is stated as follows

Theorem 2.3.4. Suppose the data are generated by model (2.9) and that conditions
B1-B3 are satisfied. Assume E|t,, (Eitr )" < A and Eley,, [*T < A for some
v >0 and A > 0. Then for every fized sequence of expectiles 7 = (11,...,7,)

-1

D, (r)Do(m)D; (v) % Di*()Do(r) D1 (7)
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where

A~ - 51 -
Dy(r)=N"! Z(W@’ X))V Ur(Eir)(I, ® X),

i=1 ’

Do(r) =N (W e X))V, 8.V, (Wae X)),

i=1

and i\)i'r =W, (Ez‘r )Ei'rgir T\Ij‘r (grr) .
24 Simulations

In this Section, the small sample performance of the estimators is evaluated through
extensive simulation studies. The random samples are generated from the following

linear model (M) :
Vit = Bo + i1 + (1 + yzi )i, © =1,...,n andt=1,...,m;. (2.18)

Two versions of model (2.18) are considered with respect to the parameter v €
{0,1/10} : a location-shift model (My) corresponding to v = 0, which helps assess
ﬁhe performance of the estimators for an homoscedastic scenario, and a 1ocation—sc.ale—
shift model (Mi/10) corresponding to v = 1/10, serving to asséss the performance of

the estimators in the presence of heteroscedasticity..

The corresponding GEEE model of (My) is p,(yit) = Bor + /1 where Bo, = So +
ﬂT(éit), so that only the intercept term varies with 7 and the expectiles functions are
parallel lines. The GEEE model related to the (M;/10) model is 1o, (y;t) = Bor + TitPrr
where Bor = Bo+ pr(gi) and B, = B1 + Y- (€i). Therefore, in the presence of hete-
roscédasticity both the intercept and the slope vary with 7.
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We generate the regressor z;; from a Gaussian distribution in (Mp) and from a
Chi-square distribution in (Mi/19) and set the parameters fy and f; to 0. In order
to allow for simulation of dependent errors with different marginal distributions, we
first simulate dependent uniform margins from a Gaussian copula with an AR1 cor-
relation structure. We then generate the dependent random errors as quantiles of
the uniform margins from three distinct marginal distributions : Normal, Student
with three degrees of freedom and Chi-square with three degrees of freedom. We also
centered the random errors on the 7-th expectile. Specifically, we generaté the data

as follows

1. Generate z from a Gaussian distribution in (Mp) and from a Chi-square in
(M 1/10) )
2. Generate a uniform sample : (u1, ..., Un,) from a Gaussian Copula with AR1

correlation structure;

3. For t =1,...,m;, generate the dependent random error &}, = F~!(u;;), where
F(.) is one of the three marginal distributions : Gaussian, Student or Chi-

square distribution ;
4. Center the random error : €;; = €}, — u,(€},);

5. Generate the final sample : y;; = Bo + ZitB1 + (1 + YZit)€i-

We used three different values for the AR1 correlation structure : low p = 0.1, me-
dium p = 0.5, and high p = 0.9 correlations. Each model is produced according to
two different sample sizes n € {50,100}. Finally, for the number of repeated measu-
rements m;, a balanced design With m; = 4 and an unbalanced design are studied. In

the unbalanced design, m; is an number randomly generated between 3 and 8 with
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equal probability. The extensive simulation is carried out with 400 replications for
each parameter-combination scenario. In each scenario, the focus is on the effect of
the‘regressor, T, at the expectiles 7 € {0.25,0.5,0.75}. All computations are imple-

mented in R code language (R Core Team, 2018).

Thé results of the GEEE regression are analyzed using four different and popular
working correlation matrices : independence, exchangeable, AR1 and unstructured
correlation. The average bias (Bias) and relative efficiency (EFF) in relation to the
independent working correlation of the estimates are reported for the measurement of
~ the quality of the different estimators. The standard deviation (SD) of the 400 para-
meter estimates is used as a benchmark to evaluate the average asymptotic standard
errors (SE). We also reported the percentage of probability coverage (Ppg5) based on

the sandwich estimate of the covariance matrix.

We used the quasi—likelihood criterion (QIC) as a model—se].ection criterion to choose
among the different working correlation structures. The QIC is a criterion developed
by Pan (2001) for model selection and selection of working correlation structures.
The QIC is a modification of the Akaike Information Criterion (AIC) for the GEE
model. In our case, the statistic is defined as
1 o= O 22 ~ o~ o~
QIC(R) =2 > 2 1 2Trace (QIVR(,B)), (2.19)
24 o2
=1 t=1 .

where V R(B) is the robust covariance estimate and €y is the inverse of the cova-
riance estimate under the independent working correlation evaluated at 3,.(R), the

par@meter estimate under the working correlation of interest.

To compare with the quantile regression approach, the simulation results of the linear
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quantile mixed model (LQMM) (Geraci et Bottai, 2007, 2014) were reported. The
LQMM is a conditional quantile regression model with random effects parameters
included to account for the within-subject dependence. The choice of the LQMM is
motivated by the fact that the linear mixed model (LMM) estimate is equivalent to
the exchangeable correlation estimate in the linear Gaussian setting, when 7 = 0.5
(Liang et Zeger, 1986). The simulation was carried out by choosing, for each distri-
bution, the asymmetric points for which the quantiles are equal to the expectiles. For
example, the Gaussian quantiles of 7 = (0.33,0.5,0.67) correspond to the Gaussian

expectiles of 7 = (0.25,0.5,0.75).

For the sake of brevity, we present in this paper only the simulation results for the
normal distribution. The simulation results for the other distributions (Student and
- Chi-Square) are in the Supplementary material I. We also published these results

and the codes on our GitHub repository (https ://github.com/AmBarry/expectgee).

Table 2.1 and Table 2.2 report the Bias and EFF results, respectively, for the
(My) and (My/10) models when the error follows a multivariate normal distribution
with an AR1 correlation structure and p € {0.1,0.5,0.9}. Overall, the estimation
biases are all very close to 0 for the location-shift and location-scale-shift scenarios.
The bias of the three estimators is comparable for the three values 0.1, 0.5. and 0.9
of p. The Un and AR1 estimators do slightly better than the Ind estimator in terms

of efficiency, particularly when the correlation is higher p € (0.5, 0.9).

To evaluate the asymptotic standard error (SE), we use the standard deviation (SD)
as a benchmark. The results are presented in Table 2.3 and Table 2.4 when the

error follows a normal distribution respectively for the (Mp) and (M, /10) models. We
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reported in the same tables, Table 2.3 and Table 2.4, the probability coverage of
the different correlation structures. We observe that the values of SD and SE decrease
as n becomes large. In general, the values of SD and SE are very close, pébrticularly
in ﬁhe location-shift scenario. However, from time to time, the results show underes-
timate standard errors in the location-scale-shift scenario. This underestimation is
more pronounced for the standard error of the Un correlation structure. This result
is confirmed by the values of the probability coverage. The estimators of the Ind
and Arl correlation structures have generally a very good probability coverage, even
though their values sometimes fall below the nominal value (95%). On the other
hand, the probability coverage of the uN estimator isv7 with some exceptions, below :
the nominal value, in the location-scale-shift scenario. Similar performances are ob-
served when the error is generated by a Student or a Chi-Square distribution. These

results can be found in the Supplementary material I.

Overall, the different estimators are efficient and have small biases regardless of
the correlation structure. Consequently, our results confirm that the GEEE method
yields a consistent and highly efficient estimator even with a misspecification of the

true covariance structure (AR1).

Table 2.5 presents the QIC results of the different correlation structures with res-
pect to the balanced/unbalanced data, the My/M;/10 model and the sample sizes
n € {50,100}. The QIC is most likely to correctly select the AR1 structure from the
four given correlation structures in the My scenario, particularly for the unbélanced-
data. In the Mo scenario, the QIC is most likely to select either the AR1 or the
Un :‘structure. This last result is unexpected but not surprising. Similar results have

been reported by Jang (2011).
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As in Pan’s paper (Pan, 2001), many studies did not include the unrestricted struc-
ture correlation as a candidate in the evaluation of the QIC or other criteria (Jang,
12011). But when included, the results showed that the QIC was strongly biased to-
wards selectirig the unrestricted structure. Please, see (Jang, 2011) and the reference

therein for those studies and for further details.

The last Tables 2.6-2.7 report the simulation results (Bias and probability cove-
rage) of the LQMM estimator and the GEEE estimator with exchangeable working
correlation. Generally, both methods are competifcive in term of Bias and probability
coverage (95%). Nevertheless, the LQMM model performs less well, in terms of bias
and probability coverage, in the location-shift scenario, with errors generated by a

Chi-square distribution..
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Tableau 2.1: Location-shift scenario — Bias and relative efficiency of GEEE estimator with different correlation structures at 3

percentiles with p € (0.1,0.5,0.9), and the error term & ~ N(0,1).

50 100 50 100

T p GEEE Bias EFF Biass EFF Bias EFF Bias EFF

0.25 0.1 Ind -0.0006 1.00 -0.0003 1.00 0.0006 1.00 -0.0007 1.00
Arl " -0.0006 1.00 -0.0002 1.00 0.0008 0.92 -0.0006 1.00

Un -0.0003 0.93 -0.0001 1.00 0.0006 1.00 -0.0006 1.11

0.5 Ind 0.0001 1.00 -0.0007 1.00 -0.0002 1.00 0.0002 1.00
Arl . 0.0002 0.86 ‘-0.0005 0.80 -0.0002 0.83 0.0002 0.78

Un -0.0003 0.79 -0.0002 0.80 -0.0003 0.92 0.0004 0.89

0.9 Ind  -0.0009 1.00 0.0003 1.00 0.0003 1.00 0.0001 1.00
Arl  -0.0003 0.36 0.0000 0.40 0.0003 0.38 0.0000 0.33

Un -0.0007 0.71 -0.0001 0.40 0.0001 0.69 0.0005 0.67

0.50 0.1 Ind  -0.0006 1‘.00 0.0000 1.00 0.0004 1.00° -0.0009 1.00
Arl  -0.0006 1.00 0.0000 0.90 0.0005 1.00 -0.0008 0.89

Un  -0.0006 1.00 0.0001 0.90 0.0002 1.00 -0.0008 1.00

0.5 Ind 0.0000 1.00 -0.0005 1.00 -0.0003 1.00 0.0002 1.00

Arl  0.0001 0.85 -0.0004 0.89 -0.0004 0.83 0.0002 0.78

Un -0.6002 0.85 -0.0001 0.89 -0.0004 0.83 0.0003 0.89

09 Ind -0.0009 1.00 0.0004 1.00 0.0005 1.00 0.0001 1.00
Arl  -0.0002 0.38 0.0001 0.33 0.0003 0.33 0.0000 0.38

Un  -0.0001 0.38 0.0001 0.33 0.0001 0.58 0.0002 0.38

0.75 0.1 Ind  -0.0006 1.00 0.0001 1.00 0.0001 1.00 -0.0010 1.00
Arl  -0.0006 1.00 0.0001 1.00 0.0002 1.00 -0.0009 1.00

Un -0.0007 0.93 0.0002 1.00 -0.0002 1.08 -0.0010 1.11

0.5 Ind 0.0000 1.00 -0.0003 1.00 -0.0003 1.00 0.0001 1.00
Arl  -0.0001 0.86 - -0.0003 0.80 -0.0005 0.83 0.0001.0.78

Un -0.0003 0.79 0.0000 0.80 -0.0007 0.92 0.0001 0.89

0.9 Ind  -0.0008 1.00 0.0006 1.00 0.0006 1.00 0.0001 1.00
Arl  -0.0002 0.36 0.0002 0.40 0.0001 0.42 0.0000 0.33

Un -0.0007 0.64 0.0000 0.40 0.0005 0.67 -0.0001 0.56
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Tableau 2.2: Location-scale-shift scenario — Bias and relative efficiency of GEEE estimator with different correlation structures

at 3 percentiles with p € (0.1,0.5,0.9), and the error term ¢ ~ N(0, 1).

m=4 m~U(3,T)

‘ 50 100 50 100
7 p GEEE Bias EFF Bias EFF Bias EFF Bias EFF
0.25 0.1 Ind 0.0013 1.00 0.0005 1.00 0.0007 1.00 0.0006 1.00
" Arl  0.0010 1.00 0.0000 1.00 0.0003 1.00 0.0002 1.00
Un 0.0022 0.81 0.0005 0.88 0.0014 0.75 0.0008 0.87
0.5 Ind -0.0022 1.00 0.0012 1.00 0.0015 1.00 0.0003 1.00
Arl  -0.0037 1.00 -0:0004 1.00 0.0001 1.00 -0.0013 1.00
Un -0.0025 0.83 -0.0006 0.88 0.0008 0.80 -0.0004 0.81
0.9 Ind 0.0000 1.00 0;0024 1.00 -0.0010 1.00 0.0013 1.00
Arl  -0.0007 1.00 0.0021 1.00 -0.0015 1.00 0.0009 1.00
Un -0.0005 0.92 0.0026 0.89 -0.0005 0.78 0.0008 0.82
0.50 0.1 Ind  -0.0006 1.00 -0.0001 1.00 0.0001 1.00 0.0003 1.00
Arl  -0.0006 1.05 -0.0001 1.00 0.0001 1.00 0.0003 1.00
Un -0.0003 0.85 -0.0001 0.88 0.0004 0.70 0.0004 0.87
0.5Ind -0.0031 1.00 0.0001 1.00 -0.0004 1.00 -0.0001 1.00
Arl  -0.0030 1.00 0.0001 1.00 -0.0004 1.00 -0.0001 1.07
Un -0.0026 0.83 -0.0002 0.88 -0.0004 0.75 0.0001\ 0.87
0.9 Ind  -0.0015 1.00 0.0009 1.00 -0.0023 1.00 .0.0006 1.00
Arl  -0.0019 1.00 0.0010 1.00 -0.0025 0.96 0.0006 1.00
Un -0.0026 0.83 0.0012 0.83 -0.0017 0.78 0.0003 0.82
0.75 0.1 Ind  -0.0025 1.00 -0.0009 1.00 | -0.0008 1.00 0.0002 1.00
Arl  -0.0021 1.00 -0.0005 1.06 -0.0004 1.00 0.0006 1.00
Un -0.0026 0.81 -0.0009 0.88 -0.0010 0.70 0.0003 0.81
0.5 Ind  -0.0040 1.00 -0.6009 1.00 -0.0020 1.00 -0.0006 1.00
Arl  -0.0024 1.00 0.0006 1.00 —0.0QO? 1.05 0.0009 1.00
Un -0.0025 0.83 0.0004 0.88 -0.0016 1.05 0.0007 0.81
09 Ind -0.0024 1.00 -0.0006 1.00 -0.0039 l.OO -0.0001 1.00
Arl  -0.0027 0.96 -0.0001 1.00 -0.0038 0.96 0.0004 1.00
Un —0.0048 0.88 -0.0002 0.89 -0.0039 0.74 -0.0002 1.06
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Tableau 2.3: Location-shift scenario — Standard deviation, asymptotic standard errors and coverage probability of the GEEE

estimator with different correlation structures at 3 percentiles with p € (0.1,0.5,0.9), and the error term € ~ N(0,1).

m=4 m~U(3,7)
50 100 50 100

7 p GEEE SD SE Py SD SE Pygs SD SE Pgs SD SE Pogs
0.25 0.1 Ind  0.014 0.014 0.98 0.010 0.010 0.99 0.014 0.013 0.97 0.009 0.009 0.99
Arl  0.014 0.014 0.97 0.010 0.010 0.99 0.013 0.012 0.98 0.009 0.009 0.99

Un  0.014 0.013 0.97 0.010 0.010 0.98 0.014 0.013 0.97 0.009 0.010 0.99

051Ind  0.014 0.014 0.97 0.010 0.010 0.98 0.012 0.012 0.99 0.009 0.009 1.00

Arl  0.012 0.012 0.98 0.008 0.008 0.99 0.011 0.010 0.98 0.008 0.007 0.98

Un  0.013 0.011 0.96 0.008 0.008 0.99 0.011 0.011 0.97 0.008 0.008 0.99

0.9 Ind  0.014 0.014 0.97 0.009 0.010 0.99 0.014 0.013 0.97 0.009 0.009 1.00

Arl  0.006 0.005 0.99 0.004 0.004 1.00 0.005 0.005 0.99 0.004 0.003 1.00

Un  0.011 0.010 0.90 0.007 0.004 0.95 0.009 0.009 0.95 0.006 0.006 0.98

050 0.1 Ind  0.013 0.013 0.97 0.010 0.010 0.99 0.013 0.012 0.98 0.009 0.009 0.99
Arl  0.013 0.013 0.98 0.010 0.009 0.98 0.013 0.012 0.97 0.009 0.008 0.99

Un  0.014 0.013 097 0.010 0.009 0.99 0.013 0.012 0.97 0.009 0.009 0.98

0.51Ind  0.013 0.013 0.98 0.010 0.009 0.98 0.012 0.012 0.99 0.009 0.009 1.00

Arl  0.011 0.011 0.98 0.008 0.008 0.99 0.010 0.010 1.00 0.007 0.007 0.99

Un  0.012 0.011 0.96 0.008 0.008 0.98 0.010 0.010 0.98 0.007 0.008 0.99

0.91Ind  0.013 0.013 0.98 0.009 0.009 0.99 0.013 0.012 0.98 0.009 0.008 1.00

Arl  0.005 0.005 0.99 0.004 0.003 1.00 0.005 0.004 0.99 0.003 0.003 1.00

Un  0.008 0.005 0.97 0.005 0.003 0.98 0.006 0.007 0.98 0.004 0.003 0.99

0.75 0.1 Ind  0.014 0.014 0.96 0.010 0.010 0.99 0.014 0.012 0.97 0.009 0.009 0.98
Arl  0.014 0.014 0.96 0.010 0.010 0.99 0.014 0.012 0.96 0.009 0.009 0.98

Un  0.015 0.013 0.95 0.010 0.010 0.98 0.014 0.013 0.96 0.009 0.010 0.99

0.5 Ind  0.014 0.014 0.98 0.010 0.010 0.98 0.012 0.012 0.98 0.009 0.009 0.99

Arl  0.012 0.012 0.98 0.008 0.008 0.99 0.011 0.010 0.98 0.008 0.007 1.00

Un  0.013 0.011 0.95 0.009 0.008 0.98 0.011 0.011- 0.98 0.008 0.008 0.99

09 Ind  0.014 0.014 0.97 0.010 0.010 0.98 0.014 0.012 0.98 0.009 0.009 0.99

Arl  0.006 0.005 0.98 0.004 0.004 1.00 0.005 0.005 0.99 0.004 0.003 1.00

Un  0.011 0.009 0.90 0.006 0.004 0.96 0.009 0.008 0.94 0.006 0.005 0.97
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Tableau 2.4: Location-scale-shift scenario — Standard deviation, asymptotic standard errors and coverage probability of the

GEEE estimator with different correlation structures at 3 percentiles with p € (0.1,0.5,0.9), and the error term e ~ N(0, 1).

m=4 m~U(3,7)
50 100 50 100

T p GEEE SD SE PFg SD SE Fge SD SE Fg SD SE | Pygs
0.25 0.1 Ind  0.026 0.021 0.92 0.019 0.017 0.94 0.022 0.020 0.94 0.017 0.015 0.97
Arl  0.026 0.021 0.92 0.019 0.017 0.95 0.023 0.020 0.94 0.017 0.015 0.97

Un 0.026 0.017 0.87 0.020 0.015 0.91 0.023 0.015 0.85 0.017 0.013 0.94

0.5 Ind  0.027 0.023 0.93 0.019 0.017 0.93 0.024 0.020 0.94 0.017 0.016 0.97

Arl  0.028 0.023 0.92 0.020 0.017 0.94 0.025 0.020 0.94 0.018 0.016 0.97

Un 0.029 0.019 0.84 0.020 0.015 0.90 0.025 0.016 0.86 0.018 0.013 0.93

0.9 Ind 0.028 0.024 0.92 0.020 0.018 0.95 0.028 0.023 0.91 0.020 0.017 0.95

Arl  0.029 0.024 0.92 0.021 0.018 0.94 0.028 0.023 0.91 0.020 0.017 0.94

Un 0.030 0.022 0.85 0.021 0.016 0.90. 0.030 0.018 0.80 0.021 0.014 0.89

0.50 0.1 Ind 0.024 0.020 0.96 0.018 0.016 0.95 0.022 0.020 0.95 0.016 0.015 0.97
Arl  0.024 0.021 0.96 0.018 0.016 0.95 0.023 0.020 0.94 0.017 0.015 0.97

Un - 0.025 0.017 0.90 0.019 0.014 0.92 0.023 0.014 0.84 0.017 0.013 0.93

0.5 Ind 0.025 0.023 0.93 0.019 0.017 0.94 0.023 0.020 0.94 0.017 0.015 0.97

Arl  0.026 0.023 0.92 0.020 0.017 0.94 0.024 0.020 0.94 0.017 0.016 0.97

Un 0.027 0.019 0.87 0.020 0.015 0.90 0.024 0.015 0.84 - 0.017 0.013 0.92

0.9 Ind 0.028 0.024 0.94 0.020 0.018 0.96 0.026 0.023 0.94 0.019 0.017 0.96

Arl -~ 0.029 0.024 0.92 0.020 0.018 0.96 0.027 0.022 0.94 0.019 0.017 0.96

Un  0.029 0.020 0.87 0.020 ‘0.015 0.93 6.028 0.018 0.79 0.019 0.014 0.90

0.75 0.1 Ind  0.024 0.021 0.92 0.019 0.016 0.96 0.023 0.020 0.94 0.018 0.016 0.95
Arl  0.025 0.021 0.93 0.019 0.017 0.96 0.0240.020 0.94 0.018 0.016 0.96

Un 0.025 0.017 0.88 0.019 0.014 0.92 0.024 0.014 0.82 0.018 0.013 0.91

0.5 Ind 0.025 0.023 0.92 0.020 0.017 0.96 0.024 0.020 0.91 0.017 0.016 0.96

Arl  0.026 0.023 0.92 0.021 0.017 0.94 0.024 0.021 0.92 0.018 0.016 0.96

Un 0.027 0.019 0.86 0.021 0.015 0.92 0.025 0.021 0.83 .0.018 0.013 0.92

0.9 Ind 0.030 0.025 0.92 0.020 0.018 0.96 0.027 0.023 0.94 0.019 0.017 0.96

Arl  0.030 0.024 0.91 0.020 0.018 0.95 0.027 0.022 0.92 0.019 0.017 0.96

Un 0.032 0.022 0.84 0.021 0.016 0.92 0.029 0.017 0.82 0.020 0.018 0.90
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Tableau 2.5: Total percentage of the working correlation matrix selected by QIC for the different correlations p € {0.1,0.5,0.9}

from 1200 independent replications. The true correlation matrix is AR1.

Balanced Data Unbalanced Data

n = 50 n = 100 n = 50 n = 100

Ind Exc AR1 Un Ind Exc AR1 Un Ind Exc AR1 Un Ind Exc AR1 Un

Location-shift model

N 358 6.83 45.83 43.75 3.42 5.08 48.42 43.08 3.83 8.25 63.25 24.67 2.67 4.08 55.42 37.83
Ts 8.17 14.00 46.67 31.17 8.42 11.83 48.92 30.83 8.00 14.08 59.17 18.75 5.83 '11.25 58.50 24.42
x3 5.75 11.50 45.67 37.08 5.00 9.42 48.08 37.50 4.00 10.83 61.92 23.25 4.08 .6.58 58.67 30.67

Location-scale-shift model

N 16.75 16.67 20.42 46.17 19.33 15.42 23.25 42.00 13.67 18.25 27.08 41.00 13.17 16.17 23.67 47.00

Tz 8.25 13.67 43.25 34.83 10.75 14.75 38.83 35.67 10.42 11.92 39.50 38.17 10.33 14.33 36.83 38.50

x5 4.25 9.58 37.92 48.25 3.42 6.83 38.17 51.67 3.50 9.33' 39.00 48.17 4.42 7.00 40.42 48.17
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Tableau 2.6: Bias and probability coverage of the GEEE estimator with exchangeable working correlation and the LQMM estimator
at 3 percentiles when p € (0.1,0.5,0.9) for a balanced panel with the error term & ~ N(0, 1).

n = 50 n = 100

Bias Pyos Bias Pogs

p 1™ Exc LQMM Exc LQMM Exc LQMM Exc LQMM

Location-shift model

0.1 = -0.0005 -0.0008 0.97 1.00 -0.0002  -0.0001 0.98 0.99
75 -0.0006 -0.0008 0.98 0.99 0.0000 - 0.0000 0.99 -0.98

73 -0.0006 -0.0008 0.97  0.98 0.0001 0.0001 0.99 0.99

0.5, 0.0005 0.0000 0.97 0.99 -0.0007  0.0000 0.98 0.99
7> 0.0003 0.0007 0.97 0.98 -0.0005 -0.0005 0.99 0.99
T3 0.0001 0.0000 0.98 0.98 -0.0004 -0.0002 0.99 0.9

0.9 , 0.0001 0.0002 0.99 0.99 0.0003  -0.0003 0.99 0.99
7 0.0001 0.0000 1.00 0.99 0.0004 ~ 0.0005 1.00 0.99
73 0.0002 -0.0001 0.98 0.98 0.0005  0.0008 0.99 1.00

Location-scale-shift model

0.1 7, -0.0008 -0.0003 0.99 0.99 -0.0007  0.0007 0.99 0.98

T, -0.0001 -0.0005 0.99 1.00 0.0000  0.0001 1.00 0.99

73 0.0006 0.0000 0.98 0.99 0.0008 0.0005 0.98 0.98
0.5 7 -0.0019 0.0008 -0.98 0.99 -0.0018  0.0002 0.97  0.99
Ty -0.0002 0.0008 1.00 0.98 -0.0001  -0.0002 1.00 0.98

73 0.0015 0.0006 0.98 0.99 0.0016  0.0002 0.98 0.98
0.9 7, -0.0018 0.0004 0.97 0.99 -0.0017  0.0000 0.99 1.00
72 -0.0001 -0.0003 0.98 0.99 0.0000  -0.0004 1.00 0.99

73 0.0017 -0.0005 0.98 0.99 0.0017  -0.0008 0.97 0.99
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Tableau 2.7: Bias and probability coverage of the GEEE estimator with exchangeable working correlation and the LQMM estimator
at 3 percentiles when p € (0.1,0.5,0.9) for an unbalanced panel with the error term ¢ ~ N(0, 1).

n=>50 n =100

Bias P0_95 Bias P0,95

p 7 Exc LQMM Exc LQMM Exc LQMM Exc LQMM

Location-shift model

0.1  0.0007 0.0010 0.97 0.97 -0.0006  -0.0006 0.99 0.99

T 0.0005 0.0009 0.97 0.99 -0.0008 -0.0009 0.99 1.00
73 0.0001 0.0001 0.97 0.97 -0.0009 -0.0009 0.98 1.00

0.5 7 -0.0002 -0.0003 0.98 0.99 0.0002 0.0001 1.00 0.99
Ty -0.0003 -0.0006 0.99 0.99 0.0002 0.0001 1.00 0.99
73 -0.0004 0.0004 0.97 0.98 0.0002 0.0000 1.00 1.00
6.9 71 0.0005. 0.0009 0.99 0.98 0.0000 0.0003 1.00 1.00
72 0.0003 0.0007 0.99 0.99 0.0000 -0.0006 1.00 1.00
73 0.0000 0.0003 0.99 1.00 0.0000 0.0003 1.00 1.00

Location-scale-shift model

0.1 7 -0.0007 -0.0015 0.99 0.99 -0.0008  0.0007 1.00 0.99
7 0.0000 -0.0014 0.99 0.99 -0.0001  0.0011 1.00 0.99

| 73 0.0006 -0.0007 0.98 0.98 0.0005  0.0009 1.00 1.00
0.5 7y -0.0015 -0.0006 0.99 0.98 -0.0015 0.0013 0.99 0.99
T3 -0.0001 0.0001 1.00 0.98 0.0000  0.0008 1.00 0.98

73 0.0013 -0.0009 0.99 0.99 0.0014  -0.0003 0.99 0.99
0.9 7, -0.0017 0.0004 0.97 0.98 -0.0017  -0.0002 0.99 1.00
7 0.0000 -0.0005 0.98 0.98 0.0000  0.0004 1.00 1.00

73 0.0017 0.0008 0.97 0.97 0.0016  0.0002 0.98 0.99
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2.5 Application

In this Section, the propdsed method is applied to the repeated measurements labor
pain dataset previously reported by Davis (1991). It is a commonly used dataset in
biostatistics, and used several times in the quantile regression framework (Jung, 1996;
'Geraci et Bottai, 2007; Lu et Fan, 2015). The dataset comes from a clinical trial on the‘
effectiveness of a medication for labor pain relief for 83 women in labor. The treatment
group (43 women) and the placebo group (40 women) were randomly assigned. The
response variable is a self-reported score measured every 30 min on va, 100-mm line,
where 0 means no pain and 100 means extreme pain. A nearly monotone pattern
of missing data was found for the response variable, and the maximum number of
measurements per woman was six. Figure 2.1 shows the box-plot of the response
variable for all women by treatment group. At first glance, we can determine that
the response variable is non-normal. We also observe the evolution of the mean and
the median over time. The objective is to study the effect of medication on the

self-reported pain score from the following equation
Yit = Po + B1Bi + BoTis + B3 RT3 + €, (2.20)

where y;; is the t-th measure of the pain for the i-th subject. R; is the treatment
variable with value 0 for placebo and 1 for treatment, and 7}; is the measurement

time divided by 30min. The corresponding GEEE equation, for a fixed 7

pr(Yir) = Bor + PrR; + BoTit + B3R T, (2.21)

with four working correlations (Ind, Exc, AR1, Un), was estimated for three asym-
metric points, (0.25,0.5,0.75). Note that, in the presence of heteroscedasticity, the

random error is correlated to the covariates and as in the simulation Section both
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parameters, the intercept and the slopes, will vary with 7. Table 2.8 presents the
resﬁlts of the estimated parameters, their standard errors, as well as their 95% confi-
dence intervals. It is observed that the different GEEE methods produce comparable
esti‘mates. The estimated parameter Eo is not significant except for the percentile
7 = (0.75. This indicates that the baseline pain does not differ significantly between
the two groups. The estimated parameters BQ and 33 are significant at 5% level for
the' GEEE methods, except for 33 of the GEEE with an Exc working correlation.
This means that time and its interaction with treatment affects the level of pdin. To
invéstigate the effect of the drug on pain over time, we study the evolution of this

difference

por(Yit|Ri = 1) — pr (yie| R = 0) = By + BT,

for which the result is presented in Figure 2.2. We see that medication helps wo-
men feel a relief from their labor pain. Indeed, the pain of women in the placebo
group grows faster with time than that of the treated group, and this is for all the
GEEE methods and at different percentiles (0.25,0.5,0.75). We also observe that the
difference between the placebo group and the treated group Vafies according to the
different values of 7.

Using the QIC measure to choose among the 4 working correlation structures leads
us to select the Un (QIC = 2416.515) or the ARl (QIC = 2416.924) correlation
structures over the Exc (QIC = 2418.182) or the Ind (QIC = 2419.414) structures.
These results are consistent with the structure of the dataset. The repeated data are
uniformly spaced in time and the correlation of the response variable is stronger for
adjacent measurements than for distant ones. ; |

This real application shows that the GEEE method can be an excellent comple-

ment to the GEE method which remains a widely used method for the analysis of



7

longitudinal data. In addition to taking into account the heterogeneity of covariate
effects and the unobserved heterogeneity, the GEEE method inherits all the favorable
properties of the GEE method.
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Figure 2.1: Box-plot of measured labor pain for all women in placebo and medication groups. The solid lines connect

the medians and the dashed lines connect the means.
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Tableau 2.8: Parameters estimates (Est) with their standard errors (SE) and 95% confidence intervals (CI) obtained from the GEEE

independent, exchangeable, AR1 and unstructured working correlation at three percentiles, 7 = 0.25,0.5,0.75.

T= 0.25 0.5 0.75

GEEE Est SE P CI Est SE P CI Est SE P CI

Bo 2.63 4.83 0.59 (-6.83,12.09) 15.66 6.62 0.02 (2.68,28.64) 35.76 8.06 0.00 (19.97,51.55)

-6.19,14.86) -2.23 7.69 0.77 (-17.31,12.85) -12.92 9.89 0.19 (-32.30, 6.46)

81 4.34 537 0.42
Ind
0.0

(
B, 10.70 1.97 (

0 (6.83,14.57) 11.33 1.62 0.00 ( 8.16,14.49) 9.84 1.48 0.00 (6.94,12.74)

Bs -9.65 2.12 0.00 (-13.‘80,-5.49) -9.58 2.03 0.00 (-13.56,-5.59) -7.32 2.22 0.00 (-11.67,-2.97)

Exc By 1.69 11.47 0.88 (-20.78,24.17) 17.14 12.61 0.17 ( -7.59,41.86) 38.17 12.06 0.00 (14.53,61.81)

B1  1.68 12.50 0.89 (-22.83,26.18) -4.31 14.56 0.77 (-32.85,24.22) -12.19 14.22 0.39 (-40.07,15.69)

B2 10.15 4.65 0.03 (1.03,19.26) 11.25 4.31 0.01 ( 2.80,19.70) 10.05 3.61 0.01 (2.97,17.14)

Bs -8.71 4.94 0.08 (-18.39, 0.96) -9.15 4.96 0.06 (-18.87,0.56) -7.03 4.34 0.11 (-15.53, 1.47)

ARl B, 353 6.37 0.58 (-8.95,16.02) 15.80 8.92 0.08 ( -1.68,33.28) 33.07 10.98 0.00 (11.55,54.59)
Bi 429 7.44 056 (-10.28,18.87) -1.69 10.83 0.88 (-22.92,19.54) -13.22 14.85 0.37 (-42.33,15.89)
B, 806 1.37 0.00 (5.37,10.74) 9.08 1.57 0.00 (6.01,12.16) 8.76 1.59 0.00 (5.6511.87)

Bs -7.62 1.64 0.00 (-10.84,-4.40) -8.14 2.21 0.00 (-12.46,-3.81) -6.52 2.91 0.03 (-12.23,-0.82)

Un B 224 636 0.73 (-10.23,14.70) 16.95 7.95 0.03 (1.36,32.54) 38.67 9.01 0.00 (21.00,56.34)
Bi 2.50 6.96 0.72 (-11.15,16.14) -4.15 9.14 0.65 (-22.07,13.76) -12.36 10.56 0.24 (-33.06, 8.33)
B2 1039 2.81 0.00 (4.88,15.89) 11.30 2.52 0.00 (6.36,16.25) 10.05 2.24 0.00 . (5.65,14.45)

Bz -9.13 2.97 0.00 (-14.94,-3.32) -9.21 2.97 0.00 (-15.03,-3.39) -6.95 2.94 0.02 (-12.70,-1.19)
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2.6 Conclusion

We combined weighted asymmetric least squares regression and generalized estima-
tiné; equations to derive a new class of estimators : generalized expectile estima-
ting equations estimators. This new GEEE class models the underlying correlation |
structure from one subject by formally including a hypothesized structure with the
within—sub ject correlation. In addition, this new model captures the heterogeneity of
covériate effects and accounts for unobserved heterogeneity. We also showed how to
extend and adapt some of the most common and popular GEE working correlations.
We derived the asymptotic properties of this new estimator and proposed a robust
estimator of its variance-covariance matrix. The results of the exhaustive simulations
displayed its favorable qualities under various scenarios and its advantages in relation
to existing methods. The QIC is most likely to select the correct working correlation
(AR1) among the four working correlation structures used in the simulation. Finally,
we fit the GEEE model to the labor pain data. The results revealed a strong associa-
tion of treatment and time on the labor pain of the two groups of women. This result
is consistent with the results obtained in other studieé (Lu et Fan, 2015; Leng et
Zhahg, 2014). In addition, the results show that the heterogeneity of the evolution of
paiﬁ according to time depends on whether one is in the center or on the left /right of
the tail of the distribution response. The application of the QIC criterion to choose
between the four correlation structures leads to the selection of either the AR1 or
the Un working correlation structures.

The proposed model opens the door to other avenues of research. Unlike the quan-
tile regression model, the expectile regression and the GEEE method will naturally
generalize to the dichotomous or count data, or to other longitudinal models already

used to estimate the effect of covariates on the average of the response.
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Figure 2.2: Representation of the estimated labor pain obtained from the GEEE method with the different working
correlations (Ind, Exc, AR1, Un) at three percentiles, (0.25,0.5,0.75). ' '
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2.7 Appendix

2.7.1 Supplementary Material I : Additional results
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Tableau 2.9: Location-shift scenario — Bias and relative efficiency of GEEE estimator with different correlation structures at 3

percentiles when p € (0.1,0.5,0.9) and the error term & ~ t3.

T=4 T ~U(3,7)

50 100 50 100

7 p GEEE Bias EFF Bias EFF Bias EFF Bias EFF

0.25 0.1 Ind 0.0001 1.00 0.0023 1.00 -0.0014 1.00 0.0005 1.00
Arl  0.0001 1.00 0.0021 1.00 -0.0015 1.00 0.0005 1.00

Un 0.0006 0.92 0.0024 0.89 -0.0018 1.00 0.0005 1.00
0.5Ind -0.0012 1.00 0.0000 1.00 0.0001 1.00 0.0016 1.00
Arl  -0.0010 0.88 -0.0007 0.89 0.0011 0.88 0.0014 0.88

Un ;0.0005 0.85 -0.0012 0.89 0.0012 1.08 0.0014 0.88
0.9 Ind -0.0020 1.00 -0.0002 1.00 -0.0016 1.00 -0.0004 1.00 A
Arl  -0.0002 0.44 .-0.0002 0.44 -0.0009 0.48 -0.0001 0.47

Un 0.0019 1.00 -0.0007 0.83 -0.0026 1.86 0.0004 1.76

0.50 0.1 Ind 0.0002 1.00 0.0017 1.00 -0.0011 1.00 0.0003 1.00
Arl  0.0003 0.95 -0.0015 1.00 -0.0012 1.00 0.0004 1.00

Un. 0.0006 0.91 0.0019 0.94 -0.0012 1.05 0.0005 1.07

0.5 Ind - -0.0002 1.00 0.0003 1.00 0.0003 1.00 0.0009 1.00
Arl  0.0001 0.86 -0.0006 0.81 0.0010 0.86 0.0006 0.86

Un 0.0004 0.86 -0.0006 0.81 0.0004 0.81 0.0004 0.93

0.9 Ind -0.0616 1.00 -0.0004 1.00 -0.0007 1.00 0.0001 1.00

Arl  -0.0004 0.41 -0.0003 0.38 -0.0003 0.42 .0.0002 0.43

Un 0.0015 0.68 -0.0012 0.56 -0.0002 1.00 0.0008 0.57

0.75 0.1 Ind 0.0004 1.00 0.0017 1.00 -0.0009 1.00 -0.0002 1.00
Arl  0.0005 1.00 0.0016 1.00 -(570009 1.00 -0.0002 1.00

Un 0.0009 0.88 0.0019 0.89 -0.0007 0.96 0.0000 1.00

0.5 Ind 0.0004 1.00 0.0004 1.00 0.0007 1.00 0.0004 1.00
Arl  0.0005 0.88 -0.0003 0.89 0.0013 0.88 0.0000 0.88

Un 0.0005 0.81 0.0001 0.79 -0.0006 0.88 -0.0003 0.94

09 Ind -0.0016 1.00 -0.0006 1.00. 0.0002 1.00 0.0006 1.00
Arl  -0.0005 0.46 -0.0004 0.42 0.0003 0.45 0.0008 0.44

Un . 0.0000 1.88 -0.0010 0.68 -0.0001 0.77 0.0001 1.00
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Tableau 2.10: Location-shift scenario — Bias and relative efficiency of GEEE estimator with different correlation structures at 3

percentiles when p € (0.1,0.5,0.9) and the error term & ~ x3.

T=4 T ~UB3,T7)
50 © 100 50 100

v p GEEE Bias EFF Bias EFF Bias EFF Bias EFF
0.25 0.1 Ind  -0.0002 1.00 -0.0003 1.00 -0.0006 1.00 -0‘.0013 1.00
Arl  -0.0006 1.00 -0.0002 1.00 -0.0007 0.95 -0.0014 1.00

Un -0.0006 0.96 -0.0002 1.00 -0.0009 1.00 -0.0012 1.13

0.5 Ind  -0.0007 1.00 0.0002 1.00 -0.0002 1.00 0.0010 1.00
Arl  -0.0012 0.83 0.0000 0.82 0.0008 0.81 0.0011 0.80

Un -0.0014 0.79 0.0001 0.82 0.0002 0.86 0.0013 0.93

09 Ind  -0.0008 1.00 —0.000i 1.00 -0.0017 1.00 0.0006 1.00
Arl  -0.0005 0.37 0.0003 0.35 -0.0005 0.36 0.0004 0.40

Un 0.0005 0.62 0.0004 0.41 -0.0011 0.50. 0.0011 047

0.50 0.1 Ind  -0.0013 1.00 -0.0005 1.00 -0.0008 1.00 -0.0015 1.00
| Arl  -0.0017 1.00 -0.0005 1.00 -0.0009 1.00 -0.0016 1.00
Un -0.0014 0.94 -0.0008 1.00 -0.0008 1.00 -0.0015 1.10

0.5 Ind  -0.0011 1.00 0.0006 1.00 0.0001 1.00 0.0009 1.00

( Arl  -0.0022 0.82 -0.0001 0.87 0.0014 0.83 0.0013 0.81

Un -0.0025 0.79 -0.0002 0.83 -0.0004 0.83 0.0016 0.90

0.9 Ind -0.0006 1.00 0.0001 1.00 -0.0018 1.00 0.0006 1.00
Arl  -0.0008 0.41 0.0003 0.39 -0.0003 0.38 0.0007 0.40

Un 0.0016 0.56 0.0003 0.43 -0.0016 1.45 0.0008 1.05

0.75 0.1 Ind  -0.0023 1.00 -0.0007 1.00 -0.0007 1.00 -0.0018 1.00
Arl  -0.0028 1.00 -0.0008 1.00 -0.0008 0.98 -0.0018 1.00

Un -0.0024 0.91 -0.0012 0.94 0.0002 0.98 -0.0018 1.07

0.5Ind -0.0015 1.00 0.0015 1.00 0.0005 1.00 0.0007 1.00
Arl  -0.0034 0.87 0.0001 0.88 "~ 0.0017 0.88 0.0015 0.86

Un  -0.0043 0.82 -0.0004 0.82 -0.0021 0.90 0.0023 0.93

0.9 Ind  -0.0007 1.00 0.0007 1.00 -0.0018 1.00 0.0007 1.00

Arl  -0.0012 0.43 0.0004 0.44 -0.0001 0.44 0.0008 0.41

Un 0.0022 1.36 -0.0001 0.56 -0.0013 0.90 0.0020 1.03




85

Tableau 2.11: Location-scale-shift scenario — Bias and relative efficiency of GEEE estimator with different correlation structures

at 3 percentiles when p € (0.1,0.5,0.9) and the error term € ~ tg.

T=4 T ~U3,T)

50 100 50 100
T p GEEE Bias EFF Biss EFF Bias EFF Bias EFF
0.25 0.1 Ind 0.0020 1.00 0.0004 1.00 0.0048 1.00 -0.0002 1.00
Arl 0.0014 1.03 -0.0001 1.00 0.0043 1.00 -0.0008 1.00
‘Un 0.0035 0.75 0.0006 0.79 0.0048 0.68 -0.0002 0.77
0.5 Ind 0.0033 1.00 0.0037 1.00 -0.0002 1.00 0.0008 1.00
Arl 0.0015 1.00 0.0018 1.04 -0.0016 1.00 -(]‘(]00’9 1.00
Un  0.0042 0.74 0.0021 0.82 -0.0011 0.63 -0.0008 0‘.75
0.9 Ind 0.0000 1.00 0.0016 1.00 0.0002 1.00 -0.0014 1.00
~Arl  -0.0003 0.98 0.0010 1.00 -0.0006 1.00 -0.0015 0.97
Un -0.0009 0.73 0.0017 0.80 0.0000 0.74 -0.0019 0.78
0.50 0.1 Ind 0.0010 1.00 -0.0001 1.00 0.0013 1.00 -0.0008 1.00
Arl 0.0010 1.00 -0.0001 1.00 0.0013 1.00 -0.0008 1.00
Un 0.0021 0.76 0.0002 0.84 0.0017 0.71 -0.0008 0.74
0.5 Ind | 0.0025 1.00° 0.0020 1.00 0.0010 1.00 0.0006 1.00
Arl 0.0023 1.03 - 0.0018 1.00 0.0011 1.00 0.0006 1.04
Un 0.0034 0.76 0.0017 0.81 0.0006 0.62 0.0002 0.79
0.9 Ind -0.0012 1.00 -0.0001 1.00 -0.0022 1.00 -0.0011 1.00
Arl  -0.0019 0.97 -0.0007 1.00 -0.0027 0.97 -0.0010 0.96
Un ° -0.0029 0.75 -0.0006 0.81 -0.0032 0.82 -0.0022 0.74
0.75 0.1 Ind 0.0002 1.00 0.0002 1.00 -0.0013 1.00 -0.0016 1.00
Arl 0.0007 1.00 0.0009 1.00 -0.0008 1.00 -0.0012 1.00
Un 0.0009 0.73 0.0007 0.77 -0.0009 0.84 -0.0017 0.77
0.5 Ind 0.0017 1.00 0.0012 1.00 0.0025 1.00 0.0008 1.00
Arl 0.0031 1.00 0.0027 1.03 0.0042 1.00 0.0024 1.00
Un 0.0026 0.76 0.0025 0.77 0.0029 0.62 - 0.0008 3.38
0.9 Ind -0.0031 1.00 -0.0011 1.00 -0.0046 1.00 -0.0019 1.00
Arl  -0.0041 0.97 -0.0017 0.97 -0.0050 0.97 -0.0019 0.97
Un -0.0079 0.87 -0.0013 0.78 -0.0069 1.51 -d.0044 0.73
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Tableau 2.12: Location-scale-shift scenario — Bias and relative efficiency of GEEE estimator with different correlation structures

at 3 percentiles when p € (0.1,0.5,0.9) and the error € ~ x2.

T=4 T ~U(3,7)

50 100 50 100

7 p GEEE Bias EFF Bias EFF Bias EFF Bias EFF

0.25 0.1 Ind 0.0012 1.00 0.0049 1.00 -0.0023 1.00 0.0039 1.00
Arl  0.0005 1.00 0.0038 1.00 -0.0033 1.00 0.0030 1.00

Un 0.0032 0.84 0.0047 0.90 -0.0007 0.74 0.0042 0.88

0.5 Ind 0.0018 1.00 0.0010 1.00 0.0026 1.00 0.0023 1.00
Arl  -0.0019 1.00 -0.0025 1.03 -0.0005 1.03 -0.0010 1.04

Un  -0.0008 0.85 -0.0028 0.90 0.0015 0.75 -0.0008 0.89

09 Ind  -0.0009 1.00 -0.0001 1.00 0.0034 1.00 0.0018 1.00
Arl  -0.0013 1.00 -0.0011 1.00 0.0019 1.00 0.0005 1.00

Un  -0.0011 0.83 -0.0015 0.88 0.0030 0.78 0.0001 0.87

0.50 0.1 Ind  -0.0023 1.00 0.0052 1.00 -0.0049 1.00 0.0035 1.00
| Arl  -0.0022 1.00 0.0051 1.00 -0.0051 1.00 0.0036 1.03
Un  -0.0006 0.82 0.0051 0.85 -0.0039 0.73 0.0039 0.83

0.5Ind -0.0009 1.00 -0.0003 1.00 -0.0003 1.00 0.0013 1.00
Arl - -0.0018 1.02 -0.0007 1.02 -0.0006 1.02 0.0010 1.03

Un  -0.0022 0.82 -0.0013 0.88 0.0002 0.71 -0.0002 0.81

09 Ind -0.0040 1.00 -0.0018 1.00 0.0022 1.00 -0.0002 1.00
Arl  -0.0035 1.00 -0.0018 1.00 0.0012 0.98 -0.0008 1.00

Un  -0.0049 0.84 -0.0028 0.86 0.0011 0.85 -0.0012 0.90

0.75 0.1 Ind  -0.0069 1.00 0.0041 1.00 -0.0097 1.00 0.0031 1.00
Arl  -0.0059 1.00 0:.0051 1.02 -0.0090 1.00 0.0040 1.00

Un  -0.0058 0.78 0.0041 0.81 -0.0098 0.79 0.0034 0.81

0.5Ind -0.0055 1.00 -0.0031 1.00 -0.0048 1.00 -0.0011 1.00
Arl  -0.0028 1.01 0.0005 1.02 -0.0017 1.02 0.0025 1.02

Un . -0.0046 0.88 -0.0008 0.81 -0.0021 0.71 0.0015 0.82

0.9 Ind  -0.0092 1.00 -0.0059 1.00 -0.0013 1.00 -0.0032 1.00
Arl  -0.0077 0.97 -0.0044 i.OO -0.0017 0.97 -0.0028 0.98

Un -0.0111 0.84 -0.0059 1.14 -0.0026 1.32 -0.0036 1.02
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Tableau 2.13: Location-shift scenario — Standard deviation, asymptbtic standard errors and probability coverage of the GEEE

estimator with different correlation structures at 3 percentiles when p € (0.1,0.5,0.9) and the error term € ~ t3.

m=4 m~U(3,7)
50 100 50 100

7 p GEEE SD SE Py SD SE Py SD SE Pyg SD SE P
0.25 0.1 Ind  0.026 0.025 0.96 0.019 0.019 0.98 0.024 0.023 0.97 0.018 0.017 0.98
Arl  0.026 0.025 0.97 0.019 0.019 0.98 0.024 0.023 0.97 0.018 0.017 0.98

Un 0.027 0.023 0.93 0.020 0.017 0.95 0.029 0.023 0.94 0.018 0.017 0.97

0.5 Ind  0.029 0.026 0.96 0.019 0.018 0.98 0.026 0.024 0.97 0.018 0.017 0.98

Arl  0.026 0.023 0.98 0.017 0.016 0.98 0.024 0.021 0.97 .0.017 0.015 0.98

Un 0.033 0.022 0.89 0.020 0.016 0.94 0.029 0.026 0.89 0.019 0.015 0.93

0.9 Ind  0.029 0.025 0.96 0.020 0.018 0.98 0.026 0.021 0.96 0.017 0.017 0.99

Arl 0.014 0.011 0.98 0.009 0.008 0.98 0.012 0.010 0.99 0.010 0.008 0.99

Un 0.031 0.025 0.80 0.019 0.015 0.83 0.020 0.039 0.87 0.016 0.030 0.87

0.50 0.1 Ind  0.022 0.022 0.97 0.016 0.016 0.98 0.020 0.019 0.98 0.015 0.014 0.98
Arl  0.022 0.021 0.97 0.016 0.016 0.98 0.019 0.019 0.98 0.015 0.014 0.99

Un 0.023 0.020 0.95 0.016 0.015 0.96 0.021 0.020 0.96 0.015 0.015 0.98

0.5Ind 0.024 0.022 0.98 '0.016 0.016 0.98 0.023 0.021 0.98 0.015 0.014 0.98

Arl  0.022 0.019 0.97 0.014 0.013 0.99 0.021 0.018 0.97 0.013 0.012 0.98

Un 0.025 0.019 0.93 0.015 0.013 v0.96 0.024 0.017 0.93 0.014 0.013 0.97

0.9 Ind  0.023 0.022 0.98 0.017 0.016 0.99 0.021 0.019 0.96 0.014 0.014 1.00

Arl  0.010 0.009 0.99 0.007 0.006 0.99 0.009-0.008 0.99 0.007 0.006 1.00

‘Un 0.020 0.015 0.85 0.012 0.009 0.90- 0.015 0.019 0.91 0.011 0.008 0.94

0.75 0.1 Ind  0.027 0.025 0.97 0.020 0.019 0.97 0.023 0.023 0.98 0.018 0.017 0.98
Arl  0.027 0.025 0.97 0.020 0.019 0.97 0.022 0.023 0.98 0.018 0.017 0.98

Un 0.029 0.022 0.94 0.020 0.017 0.96 0.026 0.022 0.94 0.018 0.017 0.96

0.5'Ind  0.030 0.026 0.96 0.020 0.019 0.98 0.030 0.024 0.98 0.018 0.017 0.98

Arl  0.028 0.023 0.97 0.018 0.017 0.98 0.028 0.021 0.98 0.016 0.015 0.98

Un 0.033 0.021 0.89 0.020 0.015 0.93 0.035 0.021 0.90 0.017 0.016 0.94

0.9 Ind  0.026 0.024 0.98 0.021‘ 0.019 0.98 0.025 0.022 0.96 0.016 0.016 1.00

Arl  0.013 0.011 0.98 0.010 0.008 0.99 0.011 0.010 0.98 0.008 0.007 1.00

Un 0.031 0.045 0.78 0.018 0.013 0.84 0.020 0.017 0.89 0.015 0.016 0.88
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Tableau 2.14: Location-shift scenario — Standard deviation, asymptotic standard errors and probability coverage of the GEEE

estimator with different correlation structures at 3 percentiles when p € (0.1,0.5,0.9) and the error term & ~ X%-

m=4 m ~U(3,7)

50 100 50 100
v p GEEE SD SE Pygs SD SE Pygs SD SE Pugs SD SE Pogs
025 0.1 Ind  0.025 0.024 0.97 0.019 0.017 0.96 0.022 0.022 0.96 0.016 0.015 0.97
Arl  0.025 0.024 0.96 0.019 0.017 0.96 0.022 0.021 0.96 0.016 0.015 0.98
Un  0.026 0.023 0.94 0020 0.017.0.95 0.023 0.022 0.96 0.017 0.017. 0.98
05Ind  0.025 0.024 0.97 0.017 0.017 0.99 0.021 0.021 0.98 0.015 0.015 0.98
Arl  0.021 0.020 0.96 0.015 0.014 0.98 0.018 0.017 0.98 0.012 0.012 0.98
Un  0.023 0.019 0.94 0.015 0.014 0.97 0.019 0.018 0.96 0.013 0.014 0.98.
0.9 Ind  0.025 0.024 0.97 0.016 0.017 0.98 0.023 0.022 0.95 0.016 0.015 0.98
Arl  0.010 0.009 0.98 0.007 0.006 0.99 0.009 0.008 0.98 0.006 0.006 1.00
Un  0.016 0.015 0.87 0.008 0.007 0.96 0.014 0.011 0.91 0.008 0.007 0.98
050 0.1 Tnd  0.035 0.032 0.97 0.026 0.023 0.95 0030 0.020 0.96 0.022 0.021 0.96
Arl 0,034 0.032 0.96 0.026 0.023 0.95 0.030 0.029 0.95 0.022 0.021 0.96
Un  0.035 0.030 0.93 0.026 0.023 0.95 0.031 0.029 0.95 0.022 0.023 0.97
0.5Ind  0.034 0.033 0.98 0.023 0.023 0.99 0.030 0.029 0.96 0.021 0.021 0.97
Arl  0.029 0.027 0.96 0.020 0.020 0.99 0.025 0.024 0.97 0.018 0.017 0.98
Un  0.032 0.026 0.94 0.021 0.019 0.97 0.028 0.024 0.94 0.019 0.019 0.97
: 0.9Ind  0.034 0.032 0.98 0.022 0.023 0.98 0.030 0.029 0.96 0.022 0.020 0.97
Arl  0.013 0.013 0.98 0.009 0.009 0.99 0.012 0.011 0.98 0.008 0.008 0.99
Un  0.024 0.018 0.85 0.014 0.010 0.91 0.019 0.042 0.89 0.014 0.021 0.94
0.75 0.1 Ind  0.050 0.045 0.96 0.037 0.033 0.93 0.041 0.041 0.95 0.031 0.030 0.95
| Arl  0.049 0.045 0.96 0.037 0.033 0.93 0.041 0.040 0.95 0.031 0.030 0.96
Un  0.050 0.041 093 0.037 0.031 0.93 0.043 0.040 0.94 0.031 0.032 0.96
05Ind  0.049 0.045 0.96 0.033 0.033 0.98 0.043 0.040 0.96 0.029 0.029 0.96
Arl  -0.043 0.039 0.95 0.029 0.029 0.97 0.038 0.035 0.95 0.026 0.025 0.97
Un  0.049 0.037 0.90 0.032 0.027 0.94 0.048 0.036 0.90 0.031 0.027 0.96
0.9Ind  0.050 0.044 0.95 0.031 0.032 0.96 0.042 0.039 0.95 0.032 0.029 0.96
Arl  0.020 0.019 0.96 0.014 0.014 0.98 0.018 0.017 0.96 0.013 0.012 0.98
Un  0.043 0.060 0.79 0.028 0.018 0.82 0.037 0.035 0.84 0.025 0.030 0.90
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Tableau 2.15: Location-scale-shift scenario — Standard deviation, asymptotic standard errors and probability coverage of the

GEEE estimator with different correlation structures at 3 percentiles when p € (0.1,0.5,0.9) and the error term & ~ ¢3.

m=4 m~U3,7)
50 100 50 100
T P GEEE SD SE PFgs SD SE Fg SD :SE Pyg SD SE PFgs
0.25 0.1 Ind 0.047 0.036 0.91 0.033 0.028 0.92 0.042 0.031 0.89 0.032 0.026 0.95
Arl  0.047 0.037 0.91 0.033 0.028 0.92 0.042 0.031 0.89 0.032 0.026 0.96
Un 0.048 0.027 0.78 0.033 0.022 0.86 0.043 0.021 0.76 0.032 0.020 0.84
0.5 Ind 0.050 0.038 0.92 0.035 0.028 0.92 0.057 0.038 0.92 0.037 0.028 0.93
Arl  0.051 0.038 0.91 0.035 0.029 0.93 0.057 0.038 0.93 0.037 0.028 0.95
Un 0.053 0.028 0.78 0.036 0.023 0.86 0.059 0.024 0.80 0.038 0.021 0.85
0.9 Ind  0.056 0.041 0.91 0.035 0.030 0.92 0.052 0.038 0.91 0.038 0.032 0.95
Arl  0.056 0.040 0.90 0.035 0.030 0.91 0.053 0.038 0.91 0.038 0.031 0.94
Un 0.062 0.030 0.79 0.038 0.024 0.84 0.059 0.028 0.76 0.042 0.025 0.81
0.50 0.1 Ind  0.041 0.033 0.94 0.029 0.025 0.96 0.035 0.028 0.94 0.026 0.023 0.97
‘Arl  0.041 0.033 0.94 0.030 0.025 0.95 0.036 0.028 0.94 0.027 0.023 0.97
Un 0.042 0.025 0.84 = 0.030 0.021 0.88 0.036 0.020 0.79 0.027 0.017 0.88
0.5 Ind . 0.042 0.034 0.95 ‘0.031 0.026 0.96 0.048 0.034 0.94 0.028 0.024 0.96
Arl  0.043 0.035 0.95 0.031 0.026 0.96 0.049 0.034 6.95 0.028 0.025 0.96
Un 0.045 0.026 0.84 0.032 0.021‘ 0.89 0.050 0.021 0.80 0.029 0.019 0.88
09 Ind  0.045 0.036 0.95 0.031 0.027 0.96 0.040 0.034 0.94 0.030 0.027 0.97
Arl  0.044 0.035 0.94 0.030 0.027 0.96 0.040 0.033 0.92 0.030 0.026 0.97
Un 0.048 0.027 0.81 0.033 0.022 0.87 0.043 0.028 0.76 - 0.030 0.020 0.87
0.75 0.1 Ind  0.054 0.037 0.90  0.038 0.030 0.92 0.041 0.032 0.90 0.034 0.026 0.92
Arl  0.054 0.037 0.90 0.039 0.030 0.91 0.042 0.032 0.91 0.034 0.026 0.91
Un 0.055 0.027 0.80 0.039 0.023 0.85 0.043 0.027 0.73 0.035 0.020 0.84
0.5 Ind  0.056 0.038 0.92 0.041 0.030 0.95 0.078 0.039 0.90 0.034 0.029 0.94
Arl  0.057 0.038 0.92 0.041 0.031 0.95 0.078 0.039 0.91 0.034 0.029 0.94
Un 0.060 0.029 0.77 0.042 0.023 0.89 0.082 0.024 0.76 0.035 0.098 0.83
0.9 Ind  0.051 0.039 0.90 0.040 0.032 0.92 0.046 0.037 0.90 0.034 0.030 0.93
Arl  0.049 0.038 0.90 0.037 0.031 0.92 0.047 0.036 0.88 0.033 0.029 0.93
Un 0.053 0.034 0.74 0.042 0.025 0.83 0.048 0.056 0.72. 0.033 0.022 0.83




90

Tableau 2.16: Location-scale-shift scenario — Standard deviation, asymptotic standard errors and probability coverage of the

GEEE estimator with different correlation structures at 3 percentiles when p € (0.1,0.5,0.9) and the error term € ~ x%.

m=4 m~U3,T)
50 100 50 100

T ~p GEEE SD SE Py SD SE P SD SE Fg SD SE Fugs
025 0.1 Ind  0.043 0.037 0.91 0.030 0.029 0.97 0.039 0.034 0.90 0.029 0.026 0.96
Arl  0.044 0.037 0.90 0.030 0.029 0.96 0.039 0.034 0.90 0.030 0.026 0.95

Un 0.044 0.031 0.84 0.031 0.026 0.92 0.041 0.025 0.80 0.030 0.023 0.92

0.5 Ind 0.047 0.039 0.94 0.033 0.030 0.92 0.040 0.036 0.94 0.029 0.027 0.95

Arl  0.048 0.039 0.92 0.034 0.031 0.90 0.041 0.037 0.93 0.030 0.028 0.94

Un 0.050 0.033 0.85 0.035 0.027 0.89 0.043 0.027 0.84 0.031 0.024 0.89

0.9 Ind  0.051 0.042 0.90 0.034 0.032 0.95 0.044 0.041 0.94 0.031 0.030 0.96

Arl  0.052 0.042 0.90 0..034 0.032 0.96 0.044 0.041 0.92° 0.032 0.030 0.96

Un. 0.054 0.035 0.82 0.035 0.028 0.91 0.046 0.032 0.81 0.033 0.026 0.90

0.50 0.1 Ind » 0.058 0.049 0.90 0.042 0.039 0.96 0.054 0.045 0.88 0.040 0.035 0.95
Arl  0.059 0.049 0.90 0.042 0.039 0.96 0.055 0.045 0.87 0.040 0.036 0.95

Un 0.059 0.040 0.84 0.043 0.033 0.91 0.056 0.033 0.75 0.041 0.029 0.92

0.5Ind  0.064 0.051 0.91 0.045 0.040 0.91 0.054 0.048 0.92 0.041 0.037 0.94

Arl  0.066 0.052 0.89 0.046 0.041 0.91 0.056 0.049 0.92 0.042 0.038 0.94

Un 0.069 0.042 0.79 0.047 0.035 0.86 0.057 0.034 0.82 0.046 0.030 0.87

0.9 Ind 0.069 0.056 0.88 0.046 0.042 0.93 0.061 0.054 0.91 0.043 0.040 0.95

Arl  0.070 0.056 0.89 0.047 0.042 0.92 0.062 0.053 0.89 0.043 0.040 0.94

Un 0.073 0.047 0.77 0.049 0.036 0.85 0.064 0.046 0.76 0.045 0.036 0.89

0.75 0.1 Ind  0.079 0.065 0.87 0.060 0.052 0.92 0.076 0.058 0.84 0.057 0.048 0.92
Arl  0.079 0.065 0.86 0.061 0.053 0.92 0.077 0.058 0.84 0.057 0.048 0.94

Un 0.081 0.051 0.80 0.061 0.042 0.86 0.077 0.046 0.72 0.057 0.039 0.85

0.5Ind 0.087 0.067 0.84 0.063 0.053 0.90 0.075 0.063 0.90 0.058 0.049 0.92

Arl  0.090 0.068 0.85 0.064 0.054 0.90 0.077 0.064 0.90 j0.059 0.050 0.92

Un 0.094 0.059 0.76 0.065 0.043 0.83 0.078 0.045 0.78 0.060 0.040 0.85

09 Ind 0.096 0.073 0.82 0.065 0.056 0.90 0.085 0.071 0.86 0.060 0.054 0.90

Arl  0.096 0.071 6.82 0.065 0.056 0.89 0.086 0.069 0.86 0.061 0.053 0.91

Un 0.102 0.061 0.71 0.070 0.064 0.80 0.091 0.094 0.74 0.065 0.055 0.84
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Tableau 2.17: Location-shift scenario — Bias and probability coverage of the GEEE estimator with exchangeable working corre-

lation and the LQMM estimator at 3 percentiles when p € (0.1,0.5,0.9) for a balanced panel.

n = 50 n =100

Bias P0_95 Bias P0V95

p 7 Exc LQMM Exc LQMM Exc LQMM Exc LQMM

N 0.1 7 -0.0005 -0.0008 0.97 1.00  -0.0002 -0.0001 0.98 0.99
72 -0.0006 -0.0008 0.98 0.99  0.0000 0.0000 0.99 0.98

73 -0.0006 -0.0008 0.97 0.98  0.0001 0.0001 0.99 0.99

0.5 7, 0.0005 0.0000 0.97 099 -0.0007 0:0000 0.98 0.9
75 0.0003 0.0007 0.97 0.98 -0.0005 -0.0005 0.99 0.99

73 0.0001 0.0000 0.98 6.98 -0.0004 -0.0002 0.99 0.99

0.9 7, 0.0001 0.0002 0.99 0.99 0.0003 -0.0003 - 0.99 0.99
T2 O.v0001 0.0000 1.00 0.99 = 0.0004 0.0005 ‘1.00 0.99

73 0.0002 -0.0001 0.98 0.98 0.0005 0.0008 0.99 1.00

73 0.1 7, 0.0000 -0.0001 0.97 . 0.97  0.0021 -0.0005 0.98 0.96v
72 0.0001 -0.0015 0.97 0.97 0.0015 -0.0013 0.98 0.97

73 0.0004 -0.0049 0.97 0.98 0.0016 -0.0020 0.97 0.97

057 -0.0010 -0.0010 0.98 0.98 -0.0005 0.0007 0.98 0.98

Ty -0.0001 -0.0027 0.98‘ 0.97  -0.0004 -0.0008 0.98 0.98
73.0.0003 V-O.0026 0.97 098 ’—’(k).0001 0.0607 0.98 0.97

0.9 7, -0.0001 -0.0005 0.97 0.99  -0.0004 0.0004 0.98 0.99

7o 0.0000 -0.0010 0.99 0.99 -0.0005 -0.0001 0.99 0.98

73 '0.0002 -0.0010 0.99 0.97 -0.0007 0.0000 0.98 0.99
Xg‘().l 71 -0.0005 0.0376 0.98 0.62 -0.0003 0.0381 0.96 0.34
| 72 -0.0016 0.0325 0.97 0.71  -0.0005 0.0340 -0.95 0.48

73 -0.0027 0.0284 0.96 0.83 -0.0008 0.0295 0.93 0.66

0.5 7, -0.0016 0.0352 0.97 0.70  -0.0003 0.0371 0.98 0.44

72 -0.0024 0.0294 0.96 0.82 -0.0001 0.0312 0.98 0.59

73 -0.0032 0.0238 0.96 091  0.0004 0.0251 0.97 0.79

0.9 7 -0.0006 0.0341 0.98 0.78 0.0000 0.0374 0.99 - 0.48

7 -0.0009 0.0212 0.98 O.Sé 0.0001 0.0237. 0.98 0.76

73 -0.0016 0.0088 0.96- 0.96  0.0004 0.0095 0.97 0.96
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Tableau 2.18: Location-shift scenario — Bias and probability coverage of the GEEE estimator with exchangeable working corre-

lation and the LQMM estimator at 3 percentiles when p € (0.1,0.5,0.9) for an unbalanced.

n = 50 n = 100

BlaS P0,95 Bias P0,95

p 7 Exc LQMM Exc LQMM Exc LQMM Exc LQMM

N 0.1 7y 0.0007 0.0010 0.97 0.97 -0.0006 -0.0006 0.99 0.99
T 0.0005 0.0009 0.97 0.99 -0.0008 -0.0009 .0.99 1.00

73 0.0001 0.0001 0.97 0.97 -0.0009 -0.0009 0.98 1.00

0.5 7, -0.0002 -0.0003 0.98 - 0.99 0.0002 0.0001 1.00 0.99

T, -0.0003 -0.0006 0.99 0.99  0.0002 0.0001 1.00 0.99

73 -0.0004 0.0004 0.97 0.98 0.0002 0.0000 1.00 1.00

0.9 r, 0.0005 0.0009 0.99 098 0.0000 0.0003 1.00 1.00
T2 0.0003 0.0007 0.99 0.99 0.0000 -0.0006 1.00 1.00

73 0.0000 0.0003 0.99 1.00 0.0000 0.0003 1.00 1.00

T; 0.1 74 -0.0015 -0.0014 0.97 0.98  0.0005 -0.0011 0.98 0.96
T, -0.0012 -0.0011 0.98 0.96  0.0004 -0.0008 0.99 0.96

T3 ;0.0010 -0.0020 0.97> 0.97 -0.0001 -0.0013 0.98 0.97

0.5 7, 0.0006 0.0001 0.98 099 0.0014 0.0003 0.98 0.98
7 0.0006 -0.0001 0.98 0.98 0.0006 0.0011 0.99 0.98

73 0.0009 0.0033 0.98 0.98  0.0000 0.0005 0.98 0.98

: 0.9 7, -0.0009 -0.0004 0.99 0.98 0.0001 0.0003 0.99 0.99
72 -0.0003 -0.0005 0.98 0.98  0.0004 0.0004 1.00 0.99

73 0.0002 0.0001 0.98 0.97 0.0008 0.0013 1.00 0.98

x5 0.1 7 -0.0008 0.0383 0.96 0.56  -0.0012 0.0371 0.96 0.24
To -0.0010 0.0336 0.96 0.68 -0.0014 0.0337 0.96 0.34

73 -0.0008 0.0299 0.96 0.74 -0.0018 0.0301 0.96 0.52

057 0..0007 0.0365 097 066 0.0010 0.0370 0.98 0.34
T 0.0011 0.0303 0.96 0.76 0.0012 0.0311 0.98 0.55

73 0.0012 0.0257 0.95 0.86 0.0013 0.0261 0.97 0.73

0.9 7, -0.0008 0.0355 0.97 0.70- 0.0002 0.0361 0.99 0.47

7o -0.0006 0.0219 0.97 087  0.0003 0.0236 1.00 0.81

T3 -0.0004 0.0082 0.95 096  0.0005 0.0120 0.98 0.97
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Tableau 2.19: Location-scale-shift scenario — Bias and probability coverage of the GEEE estimator with exchangeable working

correlation and the LQMM estimator at 3 percentiles when p € (0.1,0.5,0.9) for a balanced panel.

n = 50 n =100

Bias Pg.gs Bias . Po,gs

p T Exc LQMM Exc LQMM Exc LQMM Exc LQMM

N 0.1 7, -0.0008 -0.0003 0.99 0.99 -0.0007 0.0007 0.99 0.98
72 -0.0001 -0.0005 0.99 1.00 0.0000 0.0001 1.00 0.99

73 0.0006 0.0000 0.98 0.99 0.0008 0.0005 0.98 0.98

0.5 7, -0.0019 0.0008 0.98 0.99 -0.0018 0.0002 0.97 0.99

T3 -0.0002 0.0008 1.00 0.98 -0.0001 -0.0002 1.00 0.98

73 0.0015 0.0006 0.98 0.99 0.0016 0.0002 0.98 0.98

0.9 7, -0.0018 0.0004 0.97 0.99 -0.0017 0.0000 0.99 1.00

72 -0.0001 -0.0003 0.98 0.99  0.0000 -0.0004 1.00 0.99

73 0.0017 -0.0005 0.98 0.99 0.0017 -0.0008 0.97 0.99

73 0.1 7 -0.0011 -0.0003 1.00 0.98 -0.0011 -0.0016 0.99 0.98
T 0.0001 0.0004 1.00 0.99  0.0000 -0.0010 0.99 0.97

73 0.0013 -0.0011 1.00 0.98 0.0012 -0.0010 1.00 0.98

0.5 7, -0.0025 0.0027 1.00 0.98 -0.0019 0.0023 1.00 0.98

72 0.0000 0.0017 1.00 0.98 0.0003 0.0011 1.00 0.98

73 0.0025 0.0007 1.00 0.97  0.0026 -0.0006 0.99 = 0.98

0.9 7 -0.0026 0.0155 0.98 0.96 -0.0025 0.0149 0.98 0.96

75 -0.0001 -0.0001 0.98 0.99  0.0000 0.0001 0.99 0.98

73 0.0025 -9.0150 0.99 0.96 0.0025 -0.0156 0.99 0.94

x5 0.1 7, -0.0015 -0.0010 0.98 0.95 -0.0015 0.0033 0.98 0.98
72 -0.0002 -0.0027 0.98 0.97 0.0001 0.0059 1.00 0.99

73 0.0019 -0.0034 0.98 0.98  0.0020 0.0057 1.00 0.97

0.5 7, -0.0036 0.0015 0.96 0.96 -0.0034 0.0022 0.96 0.97

79 -0.0002 0.0001 0.98 0.96 0.0001 0.0003 1.00 0.96

73 0.0043 -0.0101 0.98 0.95 0.0044 -0.0094 0.99 0.96

0.9 7, -0.0037 0.0101 0.98 096 -0.0035 0.0149 0.96 .0.95

7, -0.0001 -0.0112 0.99 0.97  0.0001 -0.0061 0.99 0.96

73 0.0045 -0.0433 0.98 0.92 0.0047 -0.0398 0.98 0.91
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Tableau 2.20: Location-scale-shift scenario — Bias and probability coverage of the GEEE estimator with exchangeable working

correlation and the LQMM estimator at 3 percentiles when p € (0.1,0.5,0.9) for an unbalanced panel.

n = 50 n = 100

Bias Po,gs Bias P0,95

p 7 Exc LQMM Exc LQMM Exc LQMM Exec LQMM

N 0.1 7y -0.0007 -0.0015 0.99 0.99 . --0.0008 0.0007 1.00 0.99
72 0.0000 -0.0014 0.99 0.99 -0.0001 0.0011 1.00 0.99

73 0.0006 -0.0007 0.98 0.98  0.0005 0.0009 1.00 1.00

0.5 7 -0.0015 00006 0.99 0.98 -0.0015 0.0013 0.99 0.99

79 -0.0001 0.0001 1.00 0.98  0.0000 0.0008 1.00. 0.98

75 0.0013 -0.0009 0.99 0.99 0.0014 -0.0003 0.99 0.99

0.9 7, -0.0017 0.0004 0.97 098 -0.0017 -0.0002 0.99 1.00

75 0.0000 -0.0005 0.98 0.98 0.0000 0.0004 1.00 1.00

73 0.0017 0.0008 0.97 0.97 0.0016 0.0002 0.98 0.99

T3 0.1 7, -0.0009 0.0007 0.99 097  -0.0012 -0.0008 1.00 0.99
72 0.0000 -0.0002 0.99 0.96 -0.0002 -0.0003 1.00 0.97

73 0.0010 -0.0001 0.98 0.96  0.0007 0.0008 1.00 0.97

0.5 7, -0.0022 0.0019 1.00 097 -0.0017 0.0001 1.00 0.98

75 0.0001 0.0005 1.00 0.97 0.0002 -0.0005 0.99 0.99

73 0.0025 -0.0005 1.00 0.96 0.0022 -0.0008 1.00 0.98

0.9 r, -0.0028 0.0134 0.99 0.96 -0.0026 0.0161 0.99 0.93

79 -0.0003 -0.0013 0.98 0.98 -0.0001 0.0006 1.00 0.98

73 0.0020 -0.0172 0.99 0.94 0.0023 -0.0151 0.99 0.94

x% 0.1 , -0.0018 -0.0008 0.98 098 -0.0012 0.0030 0.98 0.98
T2 -0.0005 -0.0027 0.99 0.96 0.0002 0.0022 1.00 0.96

73 0.0013 -0.0035 0.99 0.96 0.0022 0.0012 0.99 0.96

0.5 7, -0.0030 0.0020 0.98 0.97 -0.0028 0.0024 0.95 0.97

T2 0.0000 -0.0017 0.99 0.97  0.0003 0.0007 0.99 0.98

73 0.0036 -0.0120 0.99 0.98  0.0039 -0.0087 0.98 0.96

0.9 = -0.0035 0.0141 0.98 0.96 -0.0035 0.0121 0.92 0.96

T 0.0000 -0.0052 1.00 0.97 -0.0002 -0.0091 0.99 0.97

73 0.0046 -0.0337 0.98 0.93  0.0042 -0.0376 0.99 0.92
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2.7..2 Supplementary Material II : Proof of the Theorems

We present the following Lemma 2.7.0.1, which is an important result for the proofs
of different results in this thesis. It plays a central role in approximating our objective

functions by quadratic functions. We give its proof right after the statement.
Lemma 2.7.0.1. Let r(t) = pr(u —t) — p,(t) + 2t (u)u then

r(t) = O(t?).
Proof of Lemma 2.7.0.1.

Replacing the functions p.(-), and 4, (-) by their expression, the function r(-) is
r(t) = |7 —1(u < t)|(u—1)? — |7 — 1(u < 0)ju? + 2|7 — 1 (u < 0)|ut.

According to the sign of £, we can distinguish two cases. If ¢ > 0, we have :

’

(1-7)2, ifu<0<t
" =90 -2)w—t)2 +7 H0<u<t

2

TH%. fo<t<u

\

If £ < 0, one has,

(

(1 —7)t2, ifu<t<O

r(t) = ¢ 2r — 1(u— t.)2‘+ (1—7)t% ift<u<O

T2, ift<O0<u
\

Then, we have r(t) = O(¢?). ‘ O
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Préof of Theorem 2.3.1.

Con81der the follovvlng obJectlve function

Ryg(6 Z Z Z wk{pT (smk xi' 6., /VN ) —pr (em)} (2.22)

k=1 i=1 t=1

‘where § = (6,7, .. ,6TqT) is a pg x 1 vector, §,, T a p x 1 vector of parameters and

Eitr, = Yit — Mitr, and ipr, = iBz’tTﬂTk-

Ry, is a convex function of § and is minimized by &

— ~

57’1 \/—]\7 (ﬂn - 167'1)

)
I
|

6Tq \/N(IGT.] - ﬂfq)
The idea is to approximate Ry, by a convex quadratic function with a unique mini-
mum and use result from Lid Hjort et Pollard (2011) to show that 8 has the same

asymptotic distribution that minimizing value.

The convex function E [p,r (Qm — x4 6, /VN ) - pT(aitTk;)] is twice continuously
differentiable and it reaches its minimum at 8, = 0. It ‘can be represented in the

neighbourhood of d,, =0 as
E l:pT (E’itTk - witT(sTk/\/N) - pT(eitTk)] = _2N_1/26'Tk Tmit E[QPT(EitTk)'SitTk]

+ N—laTkTmit ]E[@[’T(gitfk)]m“-raﬂ t 0‘ g
(2.23)

where ¥,()\) =7 — 1(\ < 0). Since

argmin [E [p, (smk — witTJTk/ \/—]\7 ) — Pr (Eim)} =0
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then by the first order condition
E[w’l'(git’l'k)git’rk] = O) (2.24) .
and equation (2.23) can be reduced to

2 N
E [pT (sitr, "8, /N —pf(eim)] = N7, Bl (Sin, @i 65, +0| 81, VN

(2.25)

Define

Dit(git‘rk) = _2¢T(5it7‘k)€it'rk- (2.26)

Notice that by (2.24), E[Dj(eitr, )] = 0. Let
Tit((srk) = Pr (&m - witTJTk/\/N) - P¢(€z‘wk) - (sTkTwitDit(EitTk)/\/jv—

then Ry, can be written as

’ q n  mg .
RNq(é) = Z Z Z wkéfrkTa:itDit(eitTk)/\/N
k=1 i=1 t=1 .
q no mg
+ Z Z Z Wk ( E [.OT (Emk - witT5Tk/\/N) - PT(5itTk)])
k=1 i=1 t=1
q no my

#3055 (rul60) - B (6] ).

k=1 i=1 t=1
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Using Lemma 2.7.0.1 it follows that

n

q
1N Z Z Z wké-rk i Dy 8zt'rk)

k=1 i=1 t=1
1
b LSS S w8 T B cun T8, + 0[5 P+ O[5
k=1 i=1 t=1
o 4> z
= = Wi, wzt¢7‘(51t7 ) Eitry,
\/N k=1 i=1 t=1 ’ ’
1 q n. o m;
+ NZ > wpby i Bl (it )it 0, + 0p(1)
k=1 i=1 t=1
1 q
~ _2—\/_7\[- I; wpdy, "X (e, )Er, + ¥ ;wkamTXTE[quk (£4,)] X 85,
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Now consider RE\I,E? the first term to the right of Ry, We have

-2
Ryy(0) = =0T (W & X)T ¥ (er)e,
wy X' -~ 0 v, (e) - 0 €r,
-9 .
Y
VN
0 - wX' 0 e W (er,)) \Er,
=2 e
= _ﬁaT ;(W ® X)W (eir)eir
wy 221 33::1!)71 (Eitn )Ea‘tn
Wy Y iy Tt (Eitm ) Eitry
-2 n
= ——4"
We 4oy xz‘lﬂf%q(gurq)&ﬁq
| Wa et xfﬁbﬁ(&cq)@m_
4 _26"B

To prove the asymptotic normality of B, we apply the Cramér-Wold device, Theo-.
rem A.2 and verify the Lyapunov’s condition, Theorem A.3.

Let Zy; = AT(W @ X ;)W (e;;)eir and consider n=1/2 >y Zni, where A is a pg x 1
unit vector, ATA = 1. The summands Z,; are independent with E[Z,;] = 0 and

Var {n_m . Zm] > v/ > 0, by condition A2. By the Minkowski’s inequality, we
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have

2+v

my
Z Z WE Akl Z 2t s, (Eitr, )Eitr,

1 t=1

q9 P
l
Z Z Wi AT Pn (it )ity

2+4v

1
2+u) z+—u] 24v

2+4+v

( E ’wk/\klmétwm (itry )Eitry

By the Cauchy-Schwarz inequality, we have

2+v
= JwpAuzy | E

E Wy Aklxét/[pﬂc (EitTk; )git'rk %Tk (5it'rk )5it'rk

2+4v 4+v 1/2 4+4-v 1/2
< (M) [ Bl (a1 [ Blein, ]

< (Ml/\kl|)2+yAv

where the last inequality follows by E|¢r, (€itr,)|*" < A and Eleyr, |*™ < A. Hence,

q P my X 2+v
E|Zn |2 < {ZZZM[AMAW}

k=1 =1 t=1 .
< A(Mm)%—ul)\T]lpql?-Fu

S Am2+u(pq) 1+1/.

Then by the Liapounov CLT, Theorem A.3, B is a zero mean Gaussian vector
with covariance matrix Dyo(7). For the second term to the right of Ry, we have, by

condition A2,

R{(8) = N7167 i(w ® X;)"E [wf(sif)] (I, ® X;)é

i=1

— (sTD[l(‘T)(s.

Thus, the limiting form of the objective function is

Roq(5) = —25TB + JTDH(‘T)(s
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where B is a zero mean Gaussian vector with covariance matrix Do(7). Application

of Corollary A.1 or Theorem A.1 gives the result of Theorem 2.3.1. Ol

Proof of Theorem 2.3.2.

For the proof of Theorem 2.3.2, we must show the convergence of Dy, (7) and Dyo(7). Dpi(7)
is a diagonal matrix of general term N~w;, >0 | X7, ()X, 1 < k < q. It suf-

fices to show the convergence of N2 3" | X, TW, (€, )X, to obtain that of Dy (7).

We have -

‘ N Z X \I’Tlc (ssz)X N Z X E ‘I’Tk (Emc)

‘_ZX Tk sz'rk — \IITk(siTk)]Xi

’NZX T, (i) X ZX E[@,, em)]x

< LSS ol o Ban) — ) (2.27)

i=1 t=1

1 & 1 ¢
+ ‘]—V— ZXiTq’Tk(siTk)Xi - ZXiTE['I’Tk(sirk)]Xi

ZZI(IEztI < pM|5IT —B; |>

zltl

l NZX T, (ei,) X ZX B[, (i, )] X |-

Since plim B - = (3., then by the Markov’s inequality the first term of the last equa-
tion of (2.27) converges in probability to 0 and by the Markov’s Law of Large Num-
bers (LLN) the second term converges in probability to 0. Hence, Dp (1) 4D (7).
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The matrix 1310(7') is a block matrix of dimension pg X pg and of general term
wkw;-N"l Yoy Xin)mTin, 1< k,j <gq, where gm}j =¥, (€ir,)EirEir, ' ¥r, (Eir,y)
" To obtain the convergence of D 10(7), it suffices to show the convergence of its general
term. To lighten the notation, we will show the convergence of N~ 3" X inliTX i
Without loss of generality, the case for 7; # 74, that is N™*> " X iTﬁiTijX iy 18
derived similarly.

Notice that €;; = &; — Xi(,/[;, —B,) and
8t = €uncir —€i(B,—B,) X"~ X (B, B,)eir +Xi(B,—B,) (B, —B,) X",

With the above relationship let’s break down the expression of —117 Z;;l X in]iTX i

as fdllows :

1 & ~ 1< ~ .
N Z X,‘TZiTXi = *N“ Z XiT‘I’T(EiT)EiTEiTT\I'T(EiT)Xi
s =1 i=1

1< . ~ .
— 5 2 X U Eir)enr (B, — B) T X T (8ir) X

i=1

: Lo ~ R R
- N Z XiT\I;T(EiT)'X_i(IBT - IBT)e’iTT\IJT(EiT)Xi
=1

+ = S X EX(B, ~ BB, ~ )X @)X,
=1

Now let’s develop the first term to the right of the previous equation as follows :

Z XiT\I’T (/E\iT)EiTé'iTT\IJT (EZT)X; = Z XiT‘I’T(EiT)ei'reiTT‘I’T(EiT)Xi

i=1 i=1

+ Z Xz'T‘I’T (sif)eiTeiTT(\I’T(giT) - ‘I’T(EiT))Xi
i=1

-+ Z-X'LT(\I,T(EW) - \I’T(Eir))EiTEiTTlIJT(siT)Xi
i=1 .

+ ZXzT(‘I’T(ng) - \I’T(siT))EiTeiTT(\I;T(EiT) - \I;T(siT))Xi

1=1
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The new expression of % > 7 | X;"%;, X; is :

~ Z XS, X, = Z XU, (eir)eneir o (eir) X (el)
=1 i=1
~ NZwaar)ei,(BT - B)XTU.(E:) X, (e2)
i=1 '
1 < N ~ ~
- N 2=ZI XiT‘I’T(siT)Xi(IBT - IBT)EiTT‘IIT(_EiT)Xi (63)
1 . ~ ~ .
+ N ; XiT‘I’T(siT)Xi(IBT - 167-)(:37- - IBT)TXiT‘I'T(SiT)X’i |
(e4)
1 ¢ ~
=+ N Z XiT‘I’T(siT)si'reiTT(‘I'T(Eir) - ‘IIT(siT))Xi (65)
+ Z X 5zT - ‘IIT(EiT))EiTEiTT‘I’T(eiT)Xi (66)
N ZX E’LT - \IlT(siT))EiTeiTT(‘I’T(giT) - ‘I’T(slT))Xl
(e7)

The demonstration will consist of showing the convergence of each of these terms :
(e2)-(e7). Note that to show the convergence of (e4) is to show that of (e2) and that
of (e6) is equivalent to that of (e5) and (e7). In the following, we will show respecti-

vely the convergence of (e3), (e4) and (e6).

Using the relation, Vec(ABC) = (CT ® A) Vec(B), equation (e3) is transformed
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as follows :
‘: 1 - T -~ 2 T ~
Véc (_]\7 ; Xz \I'T(siT)Xi(ﬁT - IBT)siT ‘I’T(siT)Xi)

1< . . PR
= Y X, (En)enr © X", (€,) X Vee(B, — B,).

i=1
Applying Lemma A.1, we have

: ~ N 14v

E|| X", (E:r)eir @ X", (Eir) Xi| "

< (BT e B X T e X )

Repeated application of Minkowski’s and Holder’s inequalities shows that

) . P ‘my 2 14+v
E | X, @ e =E[Z’Z¢Z¢r(at)5it |

N T
[i (]EIletsz Eit)Eit 242 ) ] +

k=1

p m; ) 5 12 242vN 14+v
< {Z |:Z (E|aﬁﬁ¢r(at)€it|2+2u> * V] }

k=1 " t=1

IN

(o) (M)
The last inequality is obtained by applying the assumptions E|t, (€ )|*t < A and Eley|[*™ <
A. Similarly

242u 4+4v

E | X7 (&) X" < B[ XiTe2(E0)

Y _1 72+
= [Z Z (El(zpyg(atf)xft)ﬂ%%) 2+2u}

k=1 t=1
< (pm)**VA.

Then, by the Markov’s LLN it follows that

Vec (% Xn: X", (8:r) X (B, — ﬁf)eiT‘I’T(gw)Xi) = —=0,(1)0p(1).
i=1 .
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Considering that Vec(B, — 3,) = Op(VN) and that
E[| X, (&) X7 < (pm)**A, term (c4) is

1 & A ~ -~ .
N Vec (; XiT\IIT(eiT)Xi(IBT - ,37)(,37 - ﬂT)TXiT‘I’T(EiT)Xi> |

-5 Z X, @)X ® X", (@)X Ved|(B, — B,)(B. — B,)7]
1
= Nop(l)Op(1)~

In the same way (e2) converge to 0. Now consider (e6)

”mitmikT(wT(git) - ¢T(€it))¢f<8ik)€it81k’| < || 15it|2]l(l€itl < p || l BT - B
B.-8)

where M is a generic constant. Since plim BT = 3., as shown above by the Mar-

)

< M1 (Jeu] < pM |

kov’s inequality, the expectation of (e6) converge to 0. In the same way (e5) and (e7)

converge to 0.

We have just shown that

1 ¢ = 1< _
N Z X,"8,X; — ~ Z X", (eir)eircin Wo(eir) Xi B 0.

i=1 i=1

Application of the Markov’s LLN also yields

N ZXi V. (eir)eireir Wr(eir) X — N ZXi 3, X; = 0.

i=1 i=1

Thus, application of the triangular inequality shows that D wo(T) S D r0(T). O

Proof of Theorem 2.3.3.
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We will next present the proof of Theorem 2.3.3. We will start by showing the

convergence in probability of S

n

S(8,) = Y (W & X)TV¥, (1,09, - (8 X8, ) [, e v~ (L © X)8, ]

i=1
which is a block diagonal matrix. Its convergence will be derived element-wise. Let
S(8,) = Yo, XV, (y, - XiB,)[y; — X.8,] = X0, Si(8B,) be the estima-
ting function for a single 7 and denote the elements of the positive definite matrix

as Vt_Tl = (Uits)1<t,s<mz“

Repeated application of Minkowski’s inequality and application of assumptions El, (g54:) |2 <

A and Eley,[**” < A show that

m; m; 2y 14v
l: E ‘l’ taztswr 81.57')81.57' :| }
1

t=1 s=

B> ~ £ {

'M“

j=1

D mg 24-2v 1-|1-u 14+v
ﬁ { Z (Z Z ‘Z’ to-’ltsz 51,37')51,37' ) :l }
j=1 " t=1 s=1
o omy my 2420\ T3] 2) 1+
S {Z ZZ ( zto'ztsw'r 5137‘)5137 ) :| }
j=1 " t=1 s=1
i p m; . My “+v
< {3 a3 o] }
j=1 t=1 s=1
My M 24-2v
< M) A(D] Y lows)
t=1 s=1

< (M)A VT
< (pmM2)1+”A
where the last inequality is derived from the equivalence of norms. This gives as the

Markov’s LLN condition

E || X, Vi, (v, - X.8,) [y — X.8,]|* <
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Therefore, by the Markov’s LLN N~{S(8,) — E[S(8,)]} = 0,(1). Since S(8,) is
a convex function of 3, the convergence is uniform by the convexity Lemma of

Pollard (1991a).

Furthermore E[S(3,)] is continuously differentiable with
8E _
D, (8,) = ZX VI E (W (y; — Xi8,)] X
which is negative definite, under condition B2. Since E ['gbf(yit-—mit 8,) [(yit~mitﬁr)]] =
0, then 3, is the unique solution E[S(3)] = 0. .'

In summary, we have shown that the convex function S(3,) converges in proba-
bility uniformly to E[S(8,)] which has a unique minimum then, due to to Lemma
A of Newey et Powell (1987), we have 3., the solution of S (B) = 0 converges in
probability to 3, unique solution of E[S(8,)], that is, ,BT 2 B,.

Next step is to derive the asymptotic normality of the GEEE estimator, BT. Consider
S(B,) =>1r,8:iB,), where S; is a pg x 1 vector defined as

w1 ?_L—:il Zmzl xzto-'tts7'1 ¢T1 (E it )6 itm

w1 Z Es 1 zto-ltSTl ¢7'1 (Eztn )Eztn

Wq 21 221 wzlto-itsrq 'Qqu (Ez’th )Ez’trq

'LUq Z 25_1 zto-'ltSTq ¢Tq (Eith )Eith ]
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and let Zp; = AT(W®X,)TV 1 W, (e;;)eir, where A is a pg x 1 unit vector, AT\ = 1.
The summands Z,; are independent with E[Z,;] = 0 and Var [n_l/ 2y Zm] > vl >
0, by condition B2. By the Minkowski’s inequality, we have

m; . Mg

b
§ § wk:/\kl E E zno-ztsrk"pﬂrk (Elt’Tk)EltTk

=1 t=1 s=1
D m; my

q
. l .
§ § E Wy /\kl T;10itsty, 'ﬁb‘rk (5 itTy )f? itTy

!
( E 1 wk)\klxito—itsrk ¢Tk (E’I:t’Tk )Eit’rk

2+v
ElZni|2+u = E

24-v

1
2+u> 24——11} 2+v

24v
‘M/\klo-ztsrk Az 2'“’ |:|

q D 3 3 +v
SEN) 9 3% 2 ST
k=1 l=1 t=1 s=1
q p +v
<area[ S Sl vall, |
, k=1 I=1

_<_ (Mm)2+VA|AT]].pq|2+V

< (Mmpg)**" A

Then, by the Liapounov CLT, Theorem A.3, N~1/28(83,) is a zero mean Gaussian

vector with covariance matrix Do (7).

Now consider the Taylor expansion of N=1S in the neighborhood of 3,

N718(B) = N'S(B,) + D:(B,)(B - B,)

NI W @ XV (o)1, © X)) + Dy(8,) | (8- B,).

i=1

The last term of the equation is 0,(1) by application of the LLN and the Slutsky’s
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Theorem. Because S (,?3,) =0 and ,BT is in the neighborhood of 3., we have

VN, - 8,) = Dyl(ﬂ%sw + 0p(1).

Therefore VN(B, — 8) % N(O, Di‘l(T)DO(T)Dl_l(T))-. | O
Proof of Theorem 2..3.4.

As for Theorem 2.3.2, the proof of Theorem 2.3.4 consists in showing the conver-
gence of D1(7) and Do(7). This is done following the same steps as Theorem

2.3.2. : ]






CHAPITRE III

DEUXIEME ARTICLE : WEIGHTED ASYMMETRIC LEAST SQUARES
REGRESSION FOR LONGITUDINAL DATA WITH FIXED-EFFECTS

Amadou Barry, Karim Oualkacha, Arthur Charpentier

Abstract.

The ﬁxéd—effects (FE) model is a commonly used model for the analysis of longitu-
dinal data. FE is distinguished from other models, in part, by its ability to account
for unmeasured factors. To improve and complete this \approach, we adapted the
FE model to expectile regression (ER). The ER captures the effect of covariates on
the percentiles of the response variable. In this way, besides inheriting the attractive
properties of the FE model, the expectile regression with fixed-effects (ERFE) makes
it possible to study the influence of covariates on the location, scale and shape of
the conditional distribution of the response. In our paper we study the asymptotic
properties of the ERFE estimators and suggest robust estimators of their variances-
covariances matrix. The simulation results show that the ERFE model estimators
perform well emd~ are compétitive with the quantile regression with fixed-effects mo-
del estimators. Both methods are illustrated on a real data set.

Keywords : Expectile regression, Quantile regression, Fixed-effects, Within-transformation,

Longitudinal data, Panel data.
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3.1 Introduction

Ordinary least squares (OLS) regression is the most 'widely-used modelling method
available in the toolkit of the data analyst. OLS and its extensions are used in all
“areas of applied science such as ecology, genetics, economics, sociology, medicine,_to
name a few. OLS regression models the average relationship between the covariates
and the response variable. It summarizes their relationship by estimating the impact,
of the covariates on the conditional mean of the response variable. Unfortunately,
this‘summary fails to account for the heterogeneity of the effects of the covariates
on the response variable. For example, if the interest lies on the tails of the distri-
bution of the response variable, OLS regression will not suffice, unless the effect of

the covariates is the same on the location and the tail of the conditional distribution.

Todéy, with technological advances, there are alternative statistical modelling tech-
niques developed to tackle this issue. One of them is the weighted asymmetric least
squéres regression, also called expectile regression (ER) ER pertains to the esti-
mation of unknown expectiles of the cﬁmulative distribution function of a response
variable as a function of a set of covariates and a vector of regression coefficients. The
vector coefficients represents the impact of the covariates on the location, scale, and
shape of the response distribution. The ER method makes no assumption regarding
the shape of the distribution of the response variable, allowing for investigation of a
comprehensive class of covariate effects. In summary, ER provides a thorough and
detailed insight into the influence of the covariates on the distribution of the response

variable.
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Expectile statistic is similar and relatéd to quantile. Both characterize the distribu-
tion function from a sequence of asymmetric points. Expectile generalizes the mean
and is computationally less demanding while quantile generalizes the median and
is more robust. Another important point is that quantile is an order statistic while
expectile is a weighted average. In other words, quantile focuses on the ordering of
the observations while expectile targets their values (Farooq et Steinwart, 2017). In
this paper, we are interested in the ER model, which is a natural generalization of

the OLS regression, ER of level 7 = 0.5.

ER was first presented by Newey et Powell (1987). There is currently a growing in-
terest in the literature regarding ER. The first study that revives the subject applied
ER to spline and smoothing models (Schnabel et Eilers, 2009; Rossi et Harvey, 2009;
Sobotka et Kneib, 2012; Sobotka et al., 2013). Other research focused on contrasting
ER and quantile regression (QR), showing how to derive quantile_s from a fine grid
of expectiles, on the crossing curves problem and on promoting application of ER
(Kneib, 2013a; Schnabel et Eilers, 2013; Waltrup et al., 2015a). Recently Schulze et

Kauermann (2015) combined smoothing and random intercept models to fit cluste-

red data with penalizéd splines.

Today ER is extended to many classes of models, Bayesian (Majumdar et Paul,
2016; Waldmann et al., 2016; Xing et Qian, 2017), nonparametric (Righi et al., 2014;.
Yang et Zou, 2015), nonlinear (Kim et Lee, 2016), neural network (Xu et al., 2016;
Jiang et al., 2017) and support vector machine (Farooq et Steinwart, 2017). This

paper contributes in this direction by extending ER to longitudinal /panel data.

Longitudinal study is by far the most valued observational study in applied research.
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Longitudinal data arises in many applications such as epidemiology (Smith et al.,
2015), genetics (Furlotte et al., 2012), econometrics (Hsiao, 2007), etc. Longitudinal
stuélies consist of recording repeated measurements of characteristics of subjects of a
cohort over a peﬁod of time. They capture the dynamic, development or change, at
a group and subject level of the cohort. It allows the researcher to take into account
the variability of the characteristic’s measurements through time and the heteroge-
neity between subjects. With longitudinal studies, we obtain improved inference of
parameters and more accurate predictions for individual outcomes. For further de-

tails about the advantages and limits of longitudinal data, see (Diggle et al., 2013;
Fitzmaurice et al., 2008; Frees, 2004).

Because of the repeated measurements, longitudinal data is inherently correlated
and its analysis thus requires appropriate statistical methods. Marginal and condi-
tional models are the two main approaches used to analyze within-subject dependent
data. Marginal models are designed to describe marginal means and the covariance
structure of the data is treated as nuisance parameters. Therefore marginal models
are specified like cross-sectional ones. The asymptotic properties of marginal ER es-

timators are presented by Barry et al. (2018a).

In conditional models the correlation structure is specified by the introduction of
a subject-specific parameter in the model equation. The subject-specific parameter
accounts for the within-subject dependency. It is common to all observations coming
from thé same subject and it represents the unobserved heterogeneity. More details
about these family models can be found here (Stefanie et al., 2016; Lee et Nelder,
2004).



115

In econometrics, there are two popular conditional models . the fixed-effects and the
random effects models (Greene, 2012). The fixed-effects (FE) model is a commonly
used model to analyze longitudinal data, mainly because it considers the correlation
between the covariates of the model and the unmeasured factors. For example, the
ability of the subject which is correlated to the education level is always a missing
covariate in the Mincer earnings equation model (Lemieux, 2006). In health studies,
the birthweight effect on infant mortality depends on the genetic characteristics of

the mother ; usually unmeasured.

In this paper, we combine the asymmetric least squares regression to the FE model
to allow the FE model to estimate the effects of the covariates on the location, scale
and shape of the distribution of the response variable. Our main contribution is the
derivation of the asymptotic properties of the ER with fixed-effects (ERFE) estima-
tors and the adaptation of the within-transformation strategy in the ER framework
to solve the incidental parameter problem. Take note that the quantile regression
method was applied in the FE framework (Koenker, 2004; Galvao, 2011). In that
context, these researchers were unable to apply the within-transformation strategy
to solve the incidental parameter problem. Instead, they rely on the Bahadur repre-

sentation of the infinite sub ject-specific parameter.

In the next Section 3.2, we introduce the expectile function and the expectile re-
gression model and then present the expectile regression with fixed-effects (ERFE)
model. In Section 3.3, we derive the asymptotic properties of the ERFE estimator
and propose an estimator of its variance-covariance (VC) matrix. We present the
small sample performance of the ERFE estimator in Section 3.4 and its application

to a real dataset in Section 3.5. The conclusion is in Section 3.6 and the proofs are
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in the Appendix.

3.2 ; Models and Methods

3.2.1 Expectile and expectile fegression

Expectile of level 7 € [0,1] of ar.v Y is defined as the unique solution of

pr(Y) = argmin E{p, (Y — 6)},
feR

where p,(t) = |7 —1(t < 0)] - £* is the asymmetric square loss function that assigns
Weights 7 and 1 — 7 to positive and negative deviations respectively.

Expectile function has attractive properties. Expectile generalizes the mean, that is
the :mean of ar.vY isequal to uos(Y). Expectile is location and scale equivariant,
that is for s > 0 and ¢t € R, p,(sY + 1) = sp-(Y) + ¢. Most importantly, expectile
function summarizes the cumulative distribution function (c.d.f.) of a r.v in the same
way that quantile function does. A detailed study of the other properties of the ex-
pectile function can be found in Newey et Powell (1987). |

The main limit raised about expectile function is its interpretation. But, this should
not be considered a serious disadvantage. We have found that expectile function is

a weighted average :

¢T(Y — /vb‘r)
E [%(Y - Nf)] v

/J’T(Y) = Wy =

)

where 9¥,(t) = |7 — 1(¢ < 0)| is the check function. The only subtlety is that

the weights are random. Given a random sample, {(v:)}7,, the corresponding 7-
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th sample expectile

Z Zwr Yi — T) )yi (31)

1= 1@[)7- Y —
is the weighted mean, where the welghts depend on the sample data. For a fixed 6,

equation (3.1) is derived as the solution which minimizes the empirical loss function
- pf(yi - 9) (32)

Newey et Powell (1987) introduced the expectile function to the linear regression
as a tool to study the effects of covariates on the location, scale and shape of the

distribution of the response variable. Consider the linear regression model
yi=x; B+e with pu(g) =0, (3.3)

where x; is a p X 1 vector of covariates, y; and €; are respectively the response variable
and the random error with unspecified distribution function. 3 € RP? is the unknown
parameter that needs to be estimated. The assumption pr(g;) = 0 ensures that the
random error is centred on the 7-th expectile. In the linear regression settings, the

corresponding linear ER model for a fixed 7 € (0,1) is given as
pr(yilews) = "B, (3.4)
The ER estimator is defined as the vector BT which minimizes the function
n
> b (y —~ mfﬁT)
i=1

over B, € RP. Since the loss function p,(t) is continuously differentiable, we have

through the first order condition

[ZwT 'B )i ] Zwﬂ' -z )a:iyi (3.5)
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where ¥.(t) = |7 — 1(¢ < 0)] is the check function. The ER estimator can be compu-
ted as iterated weighted least squares estimators. For the special case of 7 = 0.5, Bo.s
is the OLS regression estimator. This makes ER a natural complement of the OLS
regfession. Whenever the conditional mean is the target, the ER should be used in

order to have an overall picture of the impact of the covariate.

In éddition, expectile is an interesting alternative to quantile. It is shown that expec-
tile of level 7 is a quantile of level o, the expression of a can be found here (Waltrup
et al., 2015a). Empirically one can obtain a rough idea concerning the location of ,@T
in the conditional distribution of v; given x; by calculating the proportion of obser-
vations for which y; < :L'iTﬁT. As noted by Newey et Powell (1987), in the case where
x; is independent of ¢; this proportion will be a consistent estimator of F'(u-(e;|x;)),
where F(-) is the c.d.f. of ¢; and p.(g;|x;) is the 7-th expectile of ;. Expectile is
more advantageous computationally than quantile. Another important advantage of
the ER estimator is its variance-covariance matrix is readily available to construct
confidence intervals and hypothesis tests, whereas that of the QR estimator requires
estimating the unknown density at 0, a computationally difficult and expensive task

that can cause some numerical computational problems, (Yin et Cai, 2005).

Thé ER estimator can be derived through a likelihood-based approach by assuming
an ésymmetric normal distribution (AND) for the disturbance (Aigner et al., 1976).
Assume ¢; ~ AND(g; p, 02, 7) with density -

fmatn) = LT apl i (22)

where o is a known nuisance parameter. Let u;; = a:iT,BT and assume the n obser-

vations are independent then the ER estimator is equivalent to the maximum of the
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likelihood '
L(3 ) o o~2n f o | B zi' B,
2O, T o "ex — | —T ,
T ) ) y p Z=1 p O_

where y = (y1,...,%n)".

3.2.2 Fixed-effects model for longitudinal data

Consider the standard linear fixed-effects model for longitudinal data

-
Yij = il}ij ,3 + (07} + 81‘]', (36)
where y;; is the scalar response variable, x;; = (zj;, x?j, e ,xfj)T € RP is the vector of

covariates measured on subject ¢ at time j, o; is the subject-specific effects parameter
and €;; is a random error with unspecified distribution function. Equation model (3.6)

is conveniently represented in individual notation as
v, = XiB+Z,au+e, : (3.7)

where y, and g; are m x 1 vectors, X; is a m x p design matrix and Z; isa m X n
incidence matrix and « is a n X 1 subject-specific effects vector. Equation (3.7) can
also be represented in matrix form by stacking all the observations

y=XpB+Za+e, (3.8)

where y and € are [V X 1 vectors, X and Z are respectively N x p and N x n ma-
trix with V = mn. The incidence matrix Z identifies the n distinct subjects of the

sample. Take note that a balanced design is implicitly assumed.

Given the complications introduced by the presence of the infinite dimensional para-

meter « in the fixed-effects model, various strategies have been proposed to estimate
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the parameters of the model. The most frequently applied strategy is the within-
transformation method. Tt consists of pre-multiplying both sides of the equation
model (3.8) by a N x N idempotent matrix Mz = Iy — Z(Z7Z)"'1Z7 to get rid of
the infinite-dimensional parameter. The model that results from this transformation
is represented as |

vy =X"B+e", (3.9)

Whére y'=Mzy and X* and e* are defined simiiarly Subsequently, we fit the ordi-
nary least squares (OLS) regression to the transformed data and derive the estimator
of the parameter of interest. The OLS estimator of the fixed-effects model, known as.

the within-transformation estimator, is
B=(XTX*)1X*Ty* | (3.10)

The within-transformation estimator is consistent and asymptotically normally dis-
tributed, (Greene, 2012). For further details about the fixed-effects model and the
within-transformation strategy, see (Rabe-Hesketh et Skrondal, 2008; Wooldridge,
20()2). In the following subsection, we study the expectile regression for fixed-effects

(ERFE) model and derive the iterative-within-transformation ERFE estimator.

3.2.3  ERFE model for longitudinal data

We define the ERFE model of the linear fixed-effects model (3.6) as
pr (yijlos, Tig) = @' B, + 245" @, (3.11)

for every fixed 7 € (0,1). It is implicitly assumed that y,(e;;]o4, @) = 0. This as-
sumption ensures that the random error is centred on the 7-th expectile. In this

setting the parameter 3, € RP captures the influence of the covariates x;; on the
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location, scale and shape of the conditional distribﬁtion of the response variable y;;.
The subject-specific effects parameter « is assumed to be independent of 7 across
the percentiles and to have a pure location-shift effect on the conditional expectile
~ of the response. Assuming a 7-dependency of the subject-specific effects implies es-
timating its distribution with the number m of within-subject observations, which is
relatively small in most applications. Take note also that no assumption is made as

to the shape of the distribution of the response variable.

The ERFE estimator of the parameter of the model (3.11) is defined as the vec-

tor minimizing the following objective function

Z Z Pr (yw — IE@jTﬁT — ZijTCX) . ‘ (312)

i=1 j=1

. Since the loss function p-(+) is continuously differentiable, we can apply the first-

order condition. The resulting ERFE estimator Z'IT can be defined as
3. = {XTIIIT [y—XB,—Za] Mz(’T)X} X0, [y— XB,— 28| Mz(r)y (3.13)
where the diagonal check function matrix is

v, [y—-XB'T—Za] = diag (l/JT(yll—mllTB‘r—zllTa): cee ,¢T(ynm—wan,BT-anTa)>-

| (3.14)
The projection matrix M z(7) and its complement Pz(r) are idempotent matrices
and are defined as

My(r) = Iy — P(r) and P5(r) = Z(279,2)7 27 ®,.
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The function W, (-) defined in (3.14) depends on the subject-specific parameter esti-

mator & which, by the first-order condition of (3.12), verifies the relationship
Za = Pg(r)(y — XB,). (3.15)
Usfng equation (3.15), the argument of the check function matrix can be written as
y— XB, - Z& = My(r)(y — XB,)  (3.16)

and then eliminates the incidental parameter estimate from expression (3.13) of the

ERFE estimator.

Now, using the following relationship
U, [Mz(r)(y — XB,)|Mz(r) = Mz (7). [Mz(r)(y - XB,)],

we can redefine the ERFE estimator as

B, = {My()X"W. [My(r)y - XB)|Mo(X )

—~

U - R (3.17)
X Mz(T)X "0, [Mz(1)(y — X3,)| Mz(1)y.

As shown above, the ERFE estimator is a combination of the ER estimator (3.5) and
the within-transformation estimat;or (3.10). An ER estimator : because the expression
of the ERFE estimator depends on the check function matrix which is updated at
each iteration until convergence. A within-transformation estimator : because we can
eliminate the incidental parameter from the expression of the ERFE estimator by
pre-multiplying the initial data [y, X] by the projection matrix M z(7) and then
applying the ER method on the transformed data.
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In summary, the within-transformation strategy is extended to the ER framework.
The strategy is derived by applying the projection matrix M z(7) to the initial data
[y, X], in order to eliminate the subject-specific effects parameter. In addition, like
the ER estimator (3.5), the within ERFE estimator is computed iteratively, using
the iterative weighted least squares algorithm. The detailed algorithm for computing
the iterative-within-transformation ERFE estimator is summarized in the following

stepwise procedures.
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Algorithm : The iterative within-transformation ERFE algorithm

Step 1. For fixed T, let ,@(0) = B,, the ER estimator of Newey et Powell (1987)
and @f:? ~(O ,3 forz'e{l,...,n}, and j € {1,...,m}.

Z]T

Step 2. Given ,6 from the r — 1 step, update

P« 2270, ) 2) 2T &),

~() =)
y* — My, (1)y,

"~ (r) —(r
x" MO mx

5= SR ~(r-1
where ej( )—y "= 1)—X*(r ﬂir ).

Step 3. Update ,BT) by

~(r) ~(r-1) (r—1)

BB+ X

-1~ (r-1) _
Y (r ”)e*(’" 1)

r— r—1

Step 4. Update é?’;(r) by

Step 5. Repeat the above iteration, Step 2-4, until convergence.

When 7 = 0.5 we have W, = 0.5l and the iterative within-transformation ERFE

estimator is nothing else than the OLS within-transformation estimator (3.9).
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From the above algorithm, the multiplication of a vector (say y) by the matrix

M z(7) deviates that vector from its expectile as shown by the following expression

'w‘r 51_7 wT 61]
M - 9. m PR ]
Z( (?/11 E Z yl] » Y1 E Ek : 1/JT 1k)3/1]

k== 1'¢T 1k

V- (Eng) r(Enj) T
ynl Z Zk_ wT gnk yn]7 ... ,ynm Z Zk . ’QDT nk)y .

We can see, from this expression, how the projection matrix M z(T) eliminates the
subject-specific effects parameter and any other time-invariant covariates from the
initial model. For a matrix, like the design matrix X, the transformation is applied

column-wise.

ERFE model for a sequence of expectiles

The preceding development shows that the within-transformation strategy applied
to concentrate out the incidental parameter in the classical linear fixed-effects model
can be generalized in the ERFE. framework. Now, we present the ERFE estimator
for a sequence of expectiles using the transformed data. The sequence of expectiles,
for example the mean and a few expectiles above and below it, is necessary in the
description of the conditional distribution of the response variable. In addition, the
simultaneous estimation allows the multiple expectiles to share strength among each
other and to gain better estimation accuracy than individually estimated expectile

functions (Liu et Wu, 2011).

The iterative within-transformation ERFE estimator 8, = [8,,7,.. .,,@TqT]T, for a

sequence of percentiles T = (71,...,7,)7, is defined as the minimum of the following
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objective function

q n m
Z Z Z VkPr, (y” — wijTﬁTk - zijTa) . (318)
k=1 i=1 j=1 '
The vector v = (vy,...,v,)T is the vector of weights controlling the relative influence
of the q expectiles {r,...,7,}. For a sequence of expectiles, the iterative within-

transformation ERFE estimator is defined as

B =L XN E(VeX)| (VeX)EE) 109 (319

~ -1

where ¥, (e¥) = [diag (T, (v X fiTk))]Z o V = [diag(vy)]{_, and the transfor-
med data [y*, x* | is obtained by pre-multiplying the matrix M z(T) to the initial
data [y, X]. The projection matrix is defined as

A~

Por) = 0 2)[(ve 2)0,@)1,52) (1,02)0.E)

A~

and Mz(7) = Lomg — Pz(T).

However, the within-transformation method is not applicable in the QR framework
because quantile does not commute with linear transformation like expectations.
Instead, Koenker (2004) relies on Bahadur’s representation to concentrate out the

nuisance parameter.
3.3  Asymptotics

In this section, the asymptotic properties of the ERFE estimator are presented. As
stated by Koenker (2004), the presence of the incidence parameter, whose dimen-
sion tends to infinity, can raise other problems. For this reason, we present first the

asyﬂlptotic results of the ERFE estimator in the simplest case, namely for a single 7.
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We then present the asymptotic properties of the ERFE estimator for a simultaneous
sequence of percentiles 7 = (71, ...,7,;). The section ends with the suggestion of an
estimator of the VC-matrix of the ERFE estimator. All the proofs are available in

the Appendix.

Asymptotics for a single expectile

In the following the asymmetric square-loss function of the ERFE model,
pr (yij —xi;' B, — ZijTa),
is replaced by the equivalent, in term of optimization, loss function
Pr (yij = Migr — wijTalT/m - Zif&)/ﬁ) - br(yij - Hz’jr),
where pijr = ;' B, + zi;' . Now, observe that the following estimator

~

/S _ o _ \/ﬂ_%(a - a)

zs\l'r vV m |::3'r - ﬂ’r:l
minimizes the new objective function

Rum(8) = Z Z Pr (yij — Hijr — 93¢jT517/\/m - ZijT50/\/77—1) — pr(Yij — Hijr)-

i=1 j=1
(3.20)
The asymptotic theory of the ERFE estimator is derived using this new objective

~ function (3.20) and under the following assumptions

A1l. The data {(y;, X;)}j-, are independent across ¢, and

Var [\Irf(ei,)sif] ~E [\I'T(siT)siTsiTT\I’T(eiT)] — %, where

€ir = (Eitry -+ Eimr) | Eijr = Yij — wz‘jTﬂT and ¥ (&;;) = [diag('lr/)T(gijT)):Ij:l
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A2. The limiting forms of the following matrices are positive definite

( VAW A VADID.'¢
Do(’]‘) — Wlbl__gnoo m—l /\/ﬁ :

noo \X"%.Z /yn XTS.X/n

/ v N4
Dy(r)= Jim mt| 2 EEEZ ZTERAIX V)

e \XTE())Z2/vE XTE ()X /n

where X, = Var[¥. (e, )e,] = diag[2;-]7;.

A3. max;; ||| < M, where M is a constant.

The stated assumptions A1-A3 are standard for longitudinal data models. Condi-
tion A1 ensures independence across individuals, but allows a within-subject depen-
dency and heterogeneity across individuals. Condition A2 is a full rank condition
and is used to invoke the Lindeberg-Feller Central Limit Theorem. Observe that,
when 7 = 1/2 then D;(7) simplifies and A2 reduces to a condition on the ma-
trices X' X /nm and ZTZ/m. Condition A3 is useful both for the application of
the Lindeberg-Feller Céntral Limit Theorem and for ensuring the finite dimensional

convergence of the objective function.

Theorem 3.3.1. Assume conditions A1-A3, withn,m — oo, and E|y,(g;5,)|* <
A < oo and Elgij|*t < A < 0o for some v > 0. Then 517 the components of the
minimizer, 5, converge in distribution to a Gaussian random vector with mean zero
and variance-covariance matriz given by the lower right p x p block of the matriz

Dl—l(‘T)Do(T)Dfl(T). In others words

vi(B, - 8,) 4 5 (0. [Dr Do) DI 0], ).
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To show the closed form of the above matrix |:D1_1(7')D0(’7')D1_1(7')] assume that
22

the limiting forms of the following matrices are positive definite

Dy(r) =lim X M z(1)"E,Mz(7)X,

n—oo

Dy (r) =lim XTMz"(7)E[¥.(e)|Mz(1)X

n—o0

where M z(7) =1— Pz(7) and Pz(7) = Z[ZTE[\I!T(e)]Z] “1ZT E[W,(e)].

Under the above conditions and the conditions of Theorem 3.3.1 it follows that

Lemma 3.3.1.1.

[ D) Do(DT(r)| = Dy () Do(r)Dy (7).

22

Asymptotics for several expectiles

In this section, the asymptotic properties of the ERFE estimator for several ex-
pectiles 7 = (7y,---,7,) are derived using the transformed data, [y*; X*], where
X* = Mz(7)X and y* = M z(7)y. Both projection matrices M z(7) and Pz(7)

are idempotent and are defined as
M (1) =1y — P3(7) and Pz(7) = Z(Z"E[¥,(e})]Z) " ZT E[¥,(c})]

where ef = y* — X8,

A robust estimator of the VC-matrix is also proposed. Assume the following condi-

tions
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B1. The data {(y;, X;)}%, are independent across i and
1T T ZT 7/7'

. i q
E:Tk = (E”;].Tk’ M ’E;kak)T7 Ez(ka = y:j - w”;jTIBTk a’nd lIl"'(e;‘k‘l') = [dlag(lPTk(ser))] k;=1'

Var [\IIT(s’f )s;;] —E [\IIT(e’-‘) et T (e )] 5 where &, — (e;‘TIT,...,s;‘TqT)T

B2. The limiting forms of the following matrices are positive definite

Dy(1) =lim (V@ X*TE[W, (ck)eier "W, (¢1)]|(V @ X*)/nm.

n—o0

Dy(r) = lim (I, ® X")T B[, (e)](V @ X*)/nm

B3. max 1<icn ||a:Z]]| < M, where M is a constant.
1<5<

Theorem 3.3.2. Suppose conditions B1-B8 are satisfied, and that n,m — oo. If

‘IE|2/)T( g5 )T < A < oo and Elef; |* < A < oo then

2]’7'

V(B - 8:) 4 N (0.D7r) Dofr) DA (r) )

In order to use the ERFE estimator to make inference, an estimator of its VC-
matrix is presented in Theorem 3.3.3. This will make it possible to construct large
sample confidence intervals or hypothesis tests. The proposed VC-matrix estimator is
robust and consistent, and is a generalization of the commonly advocated VC-matrix

estimator proposed by White (1980).

Theorem 3.3.3.

Let
- 1 T pey X
Do(r) = —(V @ X*) T, (ED)ere; T E)(V © X),
N 1 ‘
Di(r) = —(I,® X") 0. (5)(V © X7)

nm
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where the transformed data is obtained by pre-multiplying the initial data with the
projection matriz M 2(T) = Inmg — Pz () and

A~

Pyr)= (0 2)|[we 2) 0. @E)1,02)] 1,020 E)

Then, for every fized T we have

We end this section with the result for a single 7.

Cordllary 3.3.3.1.
Let

—~ —~

1 — e TR\ Tk ox * *
Do(T) - ;L-T—T; Z X@' TlIl‘r (siT)eiTei'T TlIIT (eiT)Xi7
i=1 ‘

1 =37 (o)
‘D1(7)=%ZX¢T‘I’T(€?T)X1'

i=1

with the corresponding projection matrices
My () =Ty — Py(r) and Py(7) = Z(ZTW,(6)2)" 1 ZTW (&%),
Then, under the above conditions and for every fized T, we have

~—1 ~ ~—1

D, (1)Dy(7)D, () % D7 (7)Dyo(7) D1 (7).
3.4 Simulations

In this section, the small sample performance of the ERFE estimators is evaluated
through extensive simulation studies. The simulation deéign proposed here is repli-

cated from Koenker (2004). The random samples are generated from the following
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linear model
Yij = Bo+ ;B + i + (L +yz35)ei5, 1 <i<n, 1 <5 <m. (3.21)

Two versions of model (3.21) are considered with respect to the parameter v €
{0,1/10}. A location shift model (M) corresponding to v = 0, which helps assess
the performance of the estimators for an homoscedastic scenario and a location-scale
shift model (Mj/10) corresponding to v = 1/10 to assess the performance of the es-

timators in the presence of heteroscedasticity.

The corresponding ERFE model of My is p-(yi;) = Bor + xijB1 + a; where fo, =
Bo + pr(€i5), so that only the intercept term varies with 7 and the expectile func-
tions are parallel lines. The ERFE model related to the Mo model is tor (Yi5) -
Bor + ;i f1r + o where Bor = fo+ pr(€i5) and Bir = B1 + Y- (g45). Therefore, in the

presence of heteroscedasticity both the intercept and the slope vary with 7.

The individual-specific effect a; and the disturbance ¢;; are generated by the same
distribution in three different models : normal distribution N(0, 1), Student distri-
bution ¢3 with 3 degrees of freedom, and chi-squared distribution X2 with 3 degrees
of ffeedom. In addition, for each distribution the random error is centred on its 7-th
expectile, pi-(;5). The continuous explicative variable z is generated by a normal dis-
triBution in the location shift model and by a chi-squared distribution with 3 degrees
of freedom in the location scale shiff model. The parameters Sy = f; = 0 are set to
zero. The extensive simulation is carried out with 400 replications. In each case the
focus is on the effect of the covariate (z;;) at the expectiles 7 € {0.25,0.5,0.75}.
Following the various models and sample sizes, n X m €

{50,100, 250} x {5,15,25}, 54 different random samples are created. The results of
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the ERFE regression are analyzed using the quantile regression with fixed-effects
(QRFE) model of (Koenker, 2004) as a benchmark. The simulation of the QRFE
model is carried out by choosing, for each distribution, the asymmetric points for
which the quantiles are equal to the expectiles. For éxample, the Gaussian quantiles
of 7 = (0.33,0.5,0.67) correspond to the Gaussian expectiles of 7 = (0.25,0.5,0.75).

The quality of the estimators is evaluated by the distribution of their bias represented
| as box-plots. The standard deviation (SD) of the 400 parameter estimates is used as
a-benchmark to evaluate the average asymptotic standard errors (SE). We also repor-
ted the bias and the percentage of probability coverage (P, 95) based on the sandwich
estimate of the covariance matrix. All computations are performed with the R v3.4.0
statistical programming language (R Core Team, 2018). The function used to esti-
mate the ERFE model is available on GitHub (https ://github.com/AmBarry /erfe).

The QRFE model is estimated with the rqpd v0.6 package (Koenker et Bache, 2014)
for R.

Figure 3.1 and Figure 3.2 present the distribution of the bias of the ERFE and
QRFE estimators respectively in the location-shift (M) and location-scale-shift sce-
nario (M)/10), when the error is normally distributed. The results for the other distri-
butions (Student and Chi-Square) are in the Supplementary material I. Indicated
in red are the results of the ERFE estimator and in blue the results of QRFE esti-
mator. Columns present the results according, to the values of 7 € (71, o, 73); TOWS
present the results according to the values of m € (5, 15,25). Finally, on the x-axis

we have the values of n € (50,100, 250).

We observe that the bias is relatively small for both estimators, ERFE and QRFE,

in the location-shift scenario, Figure 3.1. The distribution of the bias is symmetric
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and centered around the true value, zero. The size of the interquartile range of the
different box-plots as well as the number of extreme values decrease as the number of
individuals and the number of within-observations per individuals increase, Figure
3.1. This is in line with the asymptotic properties of the estimators and the fact that
the fixed-effects is con;istent when the number of within-observation goes to infinity
(Hginsen, 2007). The ERFE estimator does better than the QRFE estimator whose
box-plots are less centered with a larger range. This finding is valid depending on
the type of distribution (symmetric or heavy tail) and the value of the asymmetric

point (71,72, 73), see the Supplementary material I.

Nafurally, there is more variability in the distribution of the bias in the location-
scale-shift scenario (M /10), Figure 3.2. However, both estimators perform relati-
vely well. The QRFE estimator does better than the ERFE in the location-scale shift
scenario, Figure 3.2. Which is notv surprising, because the QR is known to be more

robust.

Table 3.1 reports the standard deviation (SD) and the asymptotic standard error
(SE) of both methods for the normal distribution, other results are in the Sup-
plémentary material I. Importantly, the SD values show the variability of the
boxplots observed in the previous Figures, Figure 3.1-3.2. As noted early, this va-

riability decreases as n increases.

In general, the values of SD and SE are relatively identical, confirming the consistency
and robustness of the robust sandwich variance-covariance ERFE estimator. Signi-
ficantly, the "asymptotic" SE of the QRFE estimator corresponds to the bootstrap

estimator. The estimation of the SE of the QRFE requires estimating the unknown
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density which is computationally intensive and causes some numerical computational

problems (Yin et Cai, 2005).

The results on the percentage of probability coverage Pygs are presented in Table
3.2 and are in agreement with the previous simulation results. The results also show
that the percentage coverage is below the nominal level (95%) for the ERFE method

when one is not at the center of the distribution in the location scale-shift scenario.

We end this section by comparing the run-times of the ERFE and QRFE algorithms.
We adjusted both methods on a simulated dataset with 4 covariates, 3 asymmetric
points 7 € (0.25,0.5,0.75) and 3 different values of n € (500, 1000, 5000) and m €
(5,15,25). The result shows that the ERFE algorithm outperforms the QRFE algo-
rithm in all cases, Table 3.3. The results for n = 5000 and m = 25 are not printed
because the QRFE algorithm used more memory than available in our computer
(x86_64-redhat-linux-gnu (64-bit) with 125G of RAM). The numerical experiments
is carried out using the microbenchmark package (Mersmann, 2018) from (R Core

Team, 2017).
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Figure 3.1: Location-shift scenario — Bias distribution (box-plot) of the ERFE and. QRFE estimators according to
T= (ﬁ, T2, 73), the number of subjects, n = (250, 100, 50), the number of within-subject observations, m = (5, 10, 15),

and the error term, ¢ ~ N(0, 1).



137

[ ] [ ]
UM IR TR PO AR
ST I LT T
[ ]
® @ '
-0.05 2 o ®
@ ! @
@ @ ®
-0.10 hd
0.10
0.05-}-] g ®
@ [ ]
(2] '—L
.g 0'00 e o SR8 .. .. ; I
m ® l—'—- ®
~0.05 $ e
é ®
[ ]
[ ]
-0.10
0.10
0.05 % e
. .
o i == Ny $_§. 1oL s ||
. T
Y @
-0.05 &
-0.10- = ERFE & QRFE
50 100 250 50 100 250 50 100 250
n

Figure 3.2: Location-scale-shift scenario — Bias distribution (box-plot) of the ERFE and QRFE estimators ac-

cording to 7 = (71,72, 73), the number of subjects, n = (250, 100, 50), the number of within-subject observations,

m = (5,10, 15), and the error term, ¢ ~ AN(0, 1).



Tableau 3.1: Standard deviation (SD) and asymptotic standard error (SE) in the location-shift and location-scale-shift scenario with the error term & ~ A/ (0,1).

m=2>5 m =10
ERFE QRFE ERFE  QRFE
- SO SE SD SE SD SE SD SE

n.= 100

n = 250

50

n =100

71 0.0074 0.0058
79 0.0071 0.0065
73 0.0073 0.0072
71 0.0048 0.0041
79 0.0047 0.0046
73 0.0049 0.0051
71 0.0034 0.0026
T2 0.0033 0.0029

73 0.0035 0.0033

Location-shift model

0.0100 0.0105
0.0103 0.0103
0.0106 0.0106
0.0071 0.0074
0.0069 0.0072
0.0072 0.0075
0.0046 0.0047
0.0045 0.0046

0.0047 0.0047

*0.0049 0.0044

0.0048 0.0044
0.0051 0.0048
0.0037 0.0031
0.0035 0.0032
0.0036 0.0035
0.0022 0.0020
0.0021 0.0020

0.0022 0.0022

Location-scale-shift model

71 0.0282 0.0160
T2 0.0278 0.0209
73 0.0278 0.0236

71 0.0208 0.0126

7 0.0203 0.0164

n = 250

73 0.0203 0.0186
7, 0.0134 0.0087
75 0.0131 0.0113

5 0.0132 0.0129

0.0153 0.0155
0.0150 0.0147
0.0154 0.0151
0.0117 0.0113
0.0104 0.0106
0.0112 0.0109
0.0073 0.0071
0.0067 0.0068

0.0069 0.0071

0.0208 0.0141
0.0198 0.0162
0.0201 0.0178
0.0155 0.0110
0.0149 0.0127
0.0153 0.0140
0.0098 0.0074
0.0095 0.0085

0.0100 0.0094

0.0091 0.0088
0.0087 0.0086
0.0088 0.0087
0.0066 0.0064
0.0065 0.0063
0.0066 0.0064
0.0041 0.0041
0.0040 0.0040

0.0040 0.0041

0.0109 0.0106
0.0108 0.0102
0.0112 0.0108
0.0078 0.0077
0.0076 0.0074
0.0677 0.0077
0.0052 0.0050
0.0049 0.0047

0.0048 0.0050




Tableau 3.2: Bias and probability coverage in the location-shift and location-scale-shift scenario with the error term e ~ A/(0, 1).

m=2>5 m = 10

Bias PO.95 Bias P0.95

r ERFE QRFE ERFE QRFE ERFE QRFE ERFE QRFE

Location-shift model

n=2350 7 0.000 0.000 0.978 0.982 0.000 0.000 0.990 0.972
72 0.000 0.001 0.995 0.975 0.000 0.000 0.992 0.988

73 0.000 0.001 0.992 0.980 0.000 0.001 0.992 0.982

n =100 , 0.001 0.000 0.998 0.988 0.000 -0.001 1.000 1.000
7o 0.000 0.000 1.000 0.985 0.000 0.000 1.000 0.992

73 0.000 0.001 1.000 0.985 0.000 0.001 1.000 0.995

n =250 , 0.000 -0.001 0.998 1.000 0.000 -0.001 1.000 0.998
Ty 0.000 0.000 1.000 1.000 0.000 0.000 1.000 1.060

73 0.000 0.001 1.000 0.998 0.000 0.001 1.000 0.998

Location-scale-shift model

n=250 = 0019 0001 0.722 0975 0.010 0.001 0.840 0.970
7o 0.000 0.000 0.910 0.958 0.000 0.000 0.940 0.965
73 -0.020 0.000 0.852 0.972 -0.010 0.000 0.915 0.978
n =100 7, 0.019 0.000 0.660 0.975 0.011 0.001 0.790 0.982
T2 0.000 0.001 0.942 0980 0.001 0.001 0.970 0.972
73 -0.019 0.000 0.838 0.970 -0.009 0.000 0.925 0.982
n =250 7, 0.019 0.000 0.588 0.988 0.010 0.000 0.818 0.995
75 0.000 0.000 0.980. 0.998 0.000 0.000 0.982 0.998

73 -0.018 0.000 0.792 0.998 -0.010 0.000 0.895 0.998




140

Tableau 3.3: Comparison of the run-times (in milliseconds) of the ERFE and QRFE method

n 200 1000 5000

m 5 15 25 3 15 25 ) 15 25

ERFE 506 1412 3289 1205 4665 11470 16260 112567 -

QRFE 8704 24662 42323 16334 51512 89574 90982 321559 -

3.5 Application

Returns to schobling (also known as returns to education) estimated by the Min-
cer equation (Lemieux, 2006) is arguably the most widely studied topic in empirical
economics. It is often presented in standard econometric textbooks (Baltagi, 2008,;
Greene, 2012; Cameron et Trivedi, 2008) as an example of an endogeneity model.
Indeed, there is a potential correlation between individual ability and the other cova-
riates such as education or experience. In the presence of endogeneity, the FE method
is often preferred to other methods that estimate the average effect. Despite the fact
that it does not estimate the effect of the time-invariant covariates, the FE estima-
tor is consistent even if the subject-specific effects are correlated with the covariates
of the model (Baltagi, 2008). We estimate the earnings equation using the ERFE
estimator which inherits the favourable properties of the FE estimator. In addition
to obtaining the results of the FE estimator on the average salary, available here
(Baltagi, 2008; Baltagi et Khanti-Akom, 1990; Cornwell et Rupert, 1988), we will
also capture the results of the FE estimator on the entire wage distribution. Conse-

quently, the ERFE model allows for both endogeneity resulting from unmeasured
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factors and heterogeneity in the effect of the covariates. For example, we’ll be able
to determine if being unionized is more advantageous for those who have a small or

a large salary. We also consider the QRFE model in our analysis.

We replicated Baltagi and Khanti-Akon’s study (Baltagi et Khanti-Akom, 1990)
using the Panel Study of Income Dynamics (PSID) dataset (Cornwell et Rupert,
1988). The dataset is a cohort of 595 individuals observed over the period 1976-1982.
The respondents, aged between 18 and 65 in 1976, are those who reported a positive

wage in some private, non-farm employment for all 7 years, (Cornwell et Rupert,

1988).

The log wage is the dependent Variable and is regressed on weeks worked (WKS),
years of full-time work experience (EXP), occupation (OCC=1, if the individual is
in a blue-collar occupation), residence (SOUTH = 1, SMSA = 1, if the individual
resides in the South, or in a standard metropolitan statistical area), marital status
(MS = 1, if the individual is married), industry (IND = 1, if the individual works in
a manufacturing industry) and union coverage (UNION = 1, if the individual’s wage

is set by a union contract). The corresponding Mincer equation for both methods

ERFE and QRFE is

ir (log(Wagey;)) or g-(log(Wage,;)) = for + SiWKS;; + BEXP;; + BsEXP,
+ ﬁ4UNIONij + ,85IND2-J~ + BSMSU + ﬁ7OCCij
+ ﬁgSOUTH” + ,BQSMSAU + ;.
We estimated the conditional expectile and quantile of the log wage distribution "

using 91 asymmetric points (0.05,0.06,0.07,...,0.95). We generated the confidence

intervals using the asymptotic and the bootstrap standard error respectively for
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the ERFE and QRFE model. The results of both models are presented in Figure
3.5-3.6. We also presented the parameter estimates, the confidence intervals and the
p—Vélues of some variables for five asymmetric point (0.1, 0.25,0.5,0.75,0.9) in Table
3.4, The complete results for all the variables are in the Supplementary material

I

To the best of our knowledge, there are few or no empirical studies in the litera-
turé comparing ER and QR as presented by Newey et Powell (1987) and Koenker
- et Bassett (1978). To fill this gap, we start by showing the results of the ER and
QR models adjusted to the PSID dataset, Figure 3.3-3.4. Notice that, for a fixed
T, we cannot compare expectile of level 7 and the corresponding quantile of level 7.

Comparing the two approaches must be done globally.

The results presented in Figure 3.3-3.4, show the potential of both ER and QR
models to reveal the heterogeneity of the effects of the covariates on the distribution
of the response variable. It seems that the effects of certain covariates, like EXP or
WKS for example, are constant according to the expectile level, Figure 3.3-3.4.
This would mean that estimation of the covariate effects on the conditional mean of
the response variable would be enough to analyze the data. Nevertheless, there are
other variables (UNION, IND and SOUTH, for example) for which the heterogeneity

of the effects is clearly visible.

Curves from the ER method are smoother than those from the QR method which

seem to be more unstable. Despitebtha,t, both models show similar results with same
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scale and trend. These results, Figure 3.3-3.4, show that the ER model and its ex-
tensions are reliable alternatives for the QR model whose computational cost grows
with the increase of the sample size. We also received warnings of non-uniqueness of

the solutions from the quantreg package (Koenker, 2018).

Figure 3.5 and Figure 3.6 show results of the ERFE and QRFE models. Again,
the results show that, we have to go beyond the mean or median effect in order to
capture the heterogeneity of the effects. The FE model, like other methods that esti-
mate the mean effect, is not sufficient to analyze the returns to schooling because the
impact of most of the covariates vary across the wage distribution. For example, the
ERFE and the QRFE results indicate that being part of a union is significantly more
advantageous for low wages than for high wages. This result, on the effects of unions
on the structure of wages, is consistent with the results obtained by Card (1996). We
see also that the effect of the covariates is not significant in every side of the response
distribution. For example, the ERFE effect of the OCC covariate is not significant on
the interquartile range of the response variable but the effect is significant on the tail
of the response distribution. In other words, the observed salary difference between
withe /blue collar is statistically significant (at 10%) only in the group with low/high
wages, Table 3.4. That is, there is no significant difference between withe/blue col-
lar with average salary. In the other hand, the QRFE effect of the OCC covariate is
significant in the center and right of the response variable. Similar conclusions can
be drawn for the other covariates : the rate of increase/decrease in salary is not the

same depending on whether one makes a small, medium or large salary.

After crossing the computational hurdle, we observe that the course of the effects of

the QRFE model, according to the values of 7, is more volatile and less smooth than



144

the ERFE model, Figure 3.5-3.6. It is more difficult to identify an overall trend of
the heterogeneity of the effects with the QRFE model. For example, in Table 3.4
the QRFE effect of the IND covariate is decreasing between the asymmetric points,

0.1 and 0.25 and then increasing between 0.25 and 0.9.

We observe that the QRFE results display higher rates and different trends in com-
parison to the ERFE model for some covariates. In general, the range of the QRFE
estimates is 10 times higher than that of the ERFE estimates, whose values are almost
0, Figure 3.5-3.6. This difference is not surprising when we consider the distribu-
tion of these covariates and the characteristics of the ERFE estimator. On the one
hand, these covariates, including marital status (MS), have very small within-subject
variation and are therefore practically time-invariant covariates, Figure 3.7. On the
othe}“ hand, the ERFE estimator is a within estimator, whose expression depends on
the within variation of the covariates. In the light of the above explanation, we can

expect these results.

There are alternatives in the literature (Cornwell et Rupert, 1988; Baltagi et Khanti-
Akom, 1990) that have been proposed to circumvent this limit (lack of inference for
the time invariant covariates), while keeping the qualities of the FE model. Future
research should investigate the possibility of adapting these methods (Cornwell et
Rupert, 1988; Baltagi et Khanti—Akem, 1990) under the expectile regression frame-

work.
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Figure 3.3: ER and QR estimated coeflicients with estimated confidence intervals, Part I.
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Tableau 3.4: Parameters estimates (Est) and p-values obtained from the ERFE and QRFE methods at five percentiles,
T = (0.1,0.25,0.5,0.75,0.9).

Var T 0.1 0.25 0.5 0.75 0.9

IND  ERFE 0.0340%** 0.0269*  0.0192 0.0104 0.0063
QRFE 0.0746**  0.0396 0.0745%  0.1205%** (.1391**

OCC ERFE -00179% -0.0195  -0.0215  -0.0246* -0.0255*
QRFE -0.0238 0.0368 0.1042%*%  (.2543%*%* (.4722%%*

UNION ERFE 0.0524*** (.0435%***

QRFE 0.2589*** (.2724%**

0.0328**  0.0228 0.0144

0.2271%%*  0.2158*** (0.2497***

***significant at 1% level, **significant at 5% level, *significant at 10% level.
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3.6 Conclusion

We introduced the ERFE model which follows from the combination of the weigh-
ted asymmetric least squares regression (ER) and the FE model. The ERFE modél
inherits the attractive properties of both models. As with the FE model, the ERFE
model is an instrumental variable model that takes into account the possible correla-
tion between covariates of the model and those missing from the model. In addition, -
the ERFE model allows us to study the influence of covariates on the location, scale

and shape of the conditional distribution of the response.

We show .that the ERFE estimator is an iterative-within-transformation estima-
tor. That is, the ERFE estimator can be derived by using iteratively the within-
transformation strategy to concentrate out the incidental parameter from the model.
We derive its asymptotic properties and suggest an estimator of its variance cova-
riance matrik. The exhaustive simulations show that the ERFE estimator outper-
forms the QRFE estimator in the location-shift scenario. In the location-scale-shift
scenario, the QRFE estimator outperforms the ERFE estimator. This result is not
surprising because QR is known to be more robust than ER which has similar proper-
ties to OLS. Application of regression diagnostic can mitigate the influence of outliers
and enhance the accuracy of ER estimators. Finally, we illustrate the method using

the Panel Study of Income Dynamics (PSID) dataset from Baltagi et Khanti-Akom
(1990).

It is known that QR is much more robust than ER. However, ER can be very useful
to the statistical field. ER is computationally efficient compared to QR which is an

attractive property in the high dimensional framework. In addition, ER naturally
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extend classical statistical models like the generalized estimating equation or the wi-
thin estimator, as shown in this work, which is not always possible for the QR. In
regérd to all of this, we think that ER have its place between the classical statistical
mo&els and the QR models. |

The ERFE model enhances the FE model, which corresponds to the ERFE mo-
del of level 7 = 0.5. At the same time, it suffers from the same limitation. That is, all
time-invariant covariates are eliminated by data transformation, so their coefficients
cannot be estimated. Future research should investigate alternatives to circumvent
this limit. Application of penalties on the individual fixed-effects parameter is a pro-

mising avenue.
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3.7 Appendix

3.7.1 Supplementary Material I : Additional results
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Tableau 3.5: Standard deviation (SD) and asymptotic standard error (SE) of the location-shift and location-scale-shift scenario, n = 50.

T

n=>50, m=95 n =950, m =10
ERFE QRFE ERFE QRFE
SD SE SD SE SD SE SD SE

"N 71 0.0074 0.0058

T2

T3

1

T2

T3

T1

Ty

T3

T1

T2

T3

T1

T2

73

1

T2

T3

0.0071 0.0065
0.0073 0.0072
0.0135 0.0098
0.0124 0.0109
0.0129 0.0125
0.0143 0.0112
0.0173 0.0158

0.0214 0.0212

0.0282 0.0160
0.0278 0.0209
0\.0278 0.0236
0.0517 0.0254
0.0472 0.0327
0.0473 0.0374
0.0614 0.0325
0.0708 0.0493

0.0812 0.0641

Location-shift model

0.0100 0.0105
0.0103 0.0103
0.0106 0.0106
0.0143 0.0140
0.0133 0.0i29
0.0142 0.0143
0.0238 0.0242
0.0270 0.0283

0.0328 0.0328

0.0049 0.0044
0.0048 0.0044
0.0051 0.0648
0.0093 0.0080
0.0079 0.0076
0.0087 0.0088
0.0088 0.0079
0.0117 0.0110

0.0160 0.0153

Location-scale-shift model

0.0153 0.0155
0.0150 0.0147
0.0154 0.0151
0.0199 0.0195
0.0178 0.0162
0.0189 0.0189
0.0328 0.0292
0.0413 0.0381

0.0543 0.0494

0.0208 0.0141
0.0198 0.0162
0.0201 0.0178
- 0.0372 0.0234
0.0335 0.0260
0.0361 0.0296
0.0409 0.0268
0.0515 0.0392

0.0665 0.0525

0.0091 0.0088
0.0087 0.0086
0.0088 0.0087
0.0116 0.0121
0.0108 0.0111
0.0124 0.0121
0.0207 0.0213
0.0237 0.0245

0.0289 0.0284

0.0109 0.0106
0.0108 0.0102
0.0112 0.0108
0.0137 0.0132
0.0118 0.0113
0.0135 0.0131
0.0226 0.0202
0.0285 0.0259

0.0377 0.0343




Tableau 3.6: Standard deviation (SD) and asymptotic standard error (SE) of the location-shift and location-scale-shift scenario, n = 100.

n =100, m =5 n =100, m = 10
ERFE QRFE ERFE QRFE
r SD SE SD SE SD SE SD SE

N

71 0.0048 0.0041
T2 0.0047 0.0046

73 0.0049 0.0051

71 0.0100 0.0072

79 0.0093 0.0080
73 0.0097 0.0091
71 0.0101 0.0080

79 0.0125 0.0113

Location-shift model

0.0071 0.0074
0.0069 0.0072
0.0072 0.0075
0.0096 0.0100
0.0087 0.0093
0.0096 0.0100
0.0176 0.0173

0.0199 0.0200

0.0037 0.0031

0.0035 0.0032

0.0036 0.0035

0.0066 0.0058

0.0058 0.0055

0.0065 0.0063

0.0061 0.0056

0.0080 0.0078

73 0.0154 0.0151 0.0231 0.0234 0.0109 0.0108

Location-shift-scale model

71 0.0208 0.0126 0.0117 0.0113 0.0155 0.0110

75 0.0203 0.0164
75 0.0203 0.0186
71 0.0368 0.0204
75 0.0369 0.0264
75 0.0400 0.0307
71 0.0413 0.0255
75 0.0495 0.0389

73 0.0596 0.0508

0.0104 0.0106
0.0112 0.0109
0.0141 0.0139
0.0126 0.0119
0.0139 0.0135
0.0213 0.0212

0.0265 0.0270

0.0348 0.0354

0.0149 0.0127

0.0153 0.0140

0.0308 0.0195

0.0261 0.0208

0.0277 0.0237

0.0287 0.0213

0.0367 0.0306

0.0474 0.0412

0.0066 0.0064
0.0065 0.0063
© 0.0066 0.0064
0.0093 0.0085
0.0080 0.0078
0.0085 0.0085
0.0150 0.0151
0.0172 0.0175

0.0213 0.0204

0.0078 0.0077
0.0076 0.0074
0.0077 0.0077
0.0100 0.0095
0.0083 0.0081
0.0089 0.0096
0.0149 0.0150
0.0188 0.0190

0.0260 0.0256




Tableau 3.7: Standard deviation (SD) and asymptotic standard error (SE) of the location-shift and location-scale-shift scenario, n = 250.

T

n =250, m=>5 n =250, m = 10
ERFE QRFE ERFE QRFE
SO SE SD SE SD SE SD SE

N T
T2
73
71
T
73
71
T2

T3

T
T2
T3
1
T2
73
1
T2

73

0.0034 0.0026

0.0033 0.0029

0.0035 0.0033

0.0054 0.0045

0.0049 0.0049

0.0051 0.0056
0.0062 0.0050
0.0077 0.0071

0.0098 0.0096

0.0134 0.0087
0.0131 0.0113
0.0132 0.0129
0.0238 0.0139
0.0228 0.0176
0.0234 0.0203
0.0284 0.0172
0.0329 0.0264

0.0388 0.0346

Location-shift model

0.0046 0.0047
0.0045 0.0046
0.0047 0.0047
0.0065 0.0063
0.0057 0.0058

0.0063 0.0064

0.0104 0.0108

0.0117 0.0124

0.0135 0.0147

0.0022 0.0020
0.0021 0.0020
0.0022 0.0022
0.0042 0.0037
0.0037 0.0035
0.0041 0.0041
0.0038 0.0036
0.0050 0.0050

0.0068 0.0069

Location-shift-scale model

0.0073 0.0071
0.0067 0.0068
0.0069 0.0071
0.0086 0.0085
0.0076 0.0074
0.0089 0.0087
0.0131 0.0135
0.0165 0.0171

0.0231 0.0231

0.0098 0.0074
0.0095 0.0085
0.0100 0.0094
0.0167 0.0124
0.0148 0.0134
1 0.0160 0.0155
0.0165 0.0138
0.0209 0.0202

0.0271 0.0276

0.0041 0.0041

0.0040 0.0040

0.0040 0.0041

0.0051 0.0033

0.0047 0.0048

0.0055 0.0053

0.0091 0.0094

0.0106 0.0110

0.0132 0.0129

0.0052 0.0050
0.0049 0.0047
0.0048 0.0050
0.0057 0.0060
0.0052 0.0052
0.0062 0.0062
0.0091 0.0094
0.0115 0.0121

0.0145 0.0159




Tableau 3.8: Bias and probability coverage in the location-shift and location-scale-shift scenario with the error term e ~ ts.

m =195 m =10

Bias Po‘g5 Bias : P().g‘r—',

7 ERFE QRFE ERFE QRFE ERFE QRFE ERFE QRFE

Location-shift model

n=‘ 50 7, 0.001 -0.001 0.940 0.962 0.000 -0.001 * 0.978 0.985
T9 0.001 0.000 0.970 0.972 0.000 0.000 0.985 0.985
5 0.001 0.001 0.980 0.970 0.000 0.001  0.990 0.985
n = 100 ﬁ 0.000 -0.001 0.982 0.990 0.000 -0.002 0.995 0.990
To 0.000 0.000 0.990 0.988 0.000 0.000 0.995 0.995
73 0.000 0.002 0.992 0.975 0.000 0.001 0.995 0.992
n =250 71 0.000 -0.002 0.985 0.995 0.000 -0.002 1.000 0.995
72 0.000 0.000 0.995 1.000 0.000 0.000 1.000 0.998
73 0.000 0.001 0998 0.982 0.000 0.001 1.000 0.998

Location-scale-shift model

n=2900 7 0.029 0.000 0.628 0952 0.017 0.001 0.740 0.978
7o 0.001 0.001 0.890 0.948 0.000 0.000 0.945 0.975
73 -0.028 -0.002 0.802 0.955 -0.016 -0.001 0.848 0.972
n =100 7, 0.028 -0.001 0.612 0972 0.014 0.000 0.800 0.980
7o 0.000 0.000 0.920 0.968 -0.002 -0.001 0.975 0.978
T3 -0.027 -0.001 0.750 0.978 -0.017 -0.001 0.845 0.985
n =250 7, 0.029 '0.000 0.507 0.980 0.016 0.000 0.740 0.995
7o 0.001 0.000 0.950 0.990 0.000 0.000 0.970 0.998

T3 -0.027 -0.001 0.710 0.985 -0.015 0.000 0.838 0.998




Tableau 3.9: Bias and probability coverage in the location-shift and location-scale-shift scenario with the error term ¢ ~ x;%.

m=2>5 m = 10

Bias P0.95 BlaS P0V95

7 ERFE QRFE ERFE QRFE ERFE QRFE ERFE QRFE

Location-shift model

n=>50 7 0.001 -0.001 0.940 0.962 0.000 -0.001 0.978 0.985
T2 0.001 0.000 0.970 0.972 0.000 0.000 0.985 0.985

73 0.001 0.001 0.980 0.970 0.000 0.001 0.990 0.985

n =100 7, 0.000 -0.001 0.982 0.990 0.000 -0.002 0.995 0.990
To 0.000} 0.000 0.990 0.988 0.000 0.000 0.995 0.995

73 0.000 0.002 0.992 0975 0.000 0.001 0.995 0.992

n =250 7, 0.000 -0.002 0.985 0.995 0.000 —0;002 1.000 0.995
| Ta 0.000 0.000 0995 1.000 0.000 0.000 1.000 0.998

73 0.000 0.001 0.998 0.982 0.000 0.001 1.000 0.998

Location-scale-shift model

n=>50 7 0.029 0.000 0.628 0.952 0.017 0.001 0.740 0.978
. 7o 0.001 0.001 0.890 0.948 0.000 0.000 0.945 0.975
73 -0.028 -0.002 0.802 0.955 -0.016 -0.001 0.848 0.972
n =100 » 0.028 -0.001 0.612 0.972 0.014 0.000 -0.800 0.980
7o 0.000 0.000 0.920 0.968 -0.002 -0.001 0.975 0.978
73 -0.027 -0.001 0.750 0.978 -0.017 -0.001 0.845 0.985
n =250 7 O..029 0.000 0.507 0.980 0.016 0.000 0.740 0.995
T2 0.001 0.000 0.950 0.990 0.000- 0.000 0.970 0.998

73 -0.027 -0.001 0.710 0.985 -0.015 0.000 0.838 0.998
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Tableau 3.10: Parameters estimates (Est) with their 95% confidence intervals (CI) and p-values (P) obtained from the ERFE and
QRFE methods at five percentiles, 7 = (0.1,0.25,0.5,0.75,0.9).

T 0.1 0.25 0.5 0.75 0.9
Var Method Est CI P Est CI P Est CI P Est CI P Est ClL P
EXP ERFE 0.11 (0.11,0.11) 0.00 0.11 (0.11,0.12) 0.00 0.11 (0.11,0.12) 0.00 0.11 (0.11,0.12) 0.00 0.11 (0.11,0.12) 0.00
QRFE 0.07 (0.06,0.09) 0.00 0.07 (0.06,0.08) 0.00 0.07 - (0.06,0.08) 0.00 0.08 (0.06,0.09) 0.00 0.10 (0.08,0.12) 0.00
EXP2 ERFE 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00
QRFE 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00
IND ERFE 0.03 (0.01,0.06) 0.01 0.03 (0.00,0.06) 0.08 0.02 (—0.01,0.05) 0.23 0.01 (-0.02,0.04) 0.53 0.01 (—0.03,0.04) 0.70
QRFE 0.07 (0.00,0.15) 0.05 0.04 (—0.03,0.11) 0.25 0.07 (-0.01,0.16) 0.07 0.12 (0.03,0.21) 0.01 0.14 (0.01,0.26) 0.03
MS ERFE -0.05 (—0.07,-0.03) 0.00 -0.04 (—0.07,—0.01) 0.01 -0.03 (—0.06,0.01) 0.09 -0.03 (~0.06,0.01) 0.16 -0.03 (~0.07,0.02) 0.25
QRFE 019 (0.03,0.36) 0.02 0.19 (0.06,0.32) 0.00 0.32 (0.15,0.48) 0.00 0.31 (0.15,0.47) 0.00 0.30 (0.16,0.44) 0.00
oce ERFE -0.02 (-0.04,0.00) 0.07 -0.02 (—0.04,0.00). 0.10 -0.02 (—0.05,0.01) 0.11 -0.02 (—0.05,0.00) 0.08 -0.03 (—0.06,0.00) 0.09
QRFE -0.02 (~0.11,0.06) 0.58 0.04 (—0.04,0.12) 0.36 0.10 (0.01,0.20) 0.02 0.25 (0.15,0.36) 0.00 0.47 (0.31,0.63) 0.00
SMSA ERFE -0.05 (—0.08,~0.01) 0.00 -0.04 (—0.08, —0.01) 0.02 -0.04 (—0.08,—0.01) 0.02 -0.04 (—0.08,—0.01) 0.02 -0.04 (—0.09,0.00) 0.06
QRFE 0.15 (0.06,0.24) 0.00 0.15 (0.08,0.22) 0.00 0.16 (0.09,0.23) 0.00 0.13 (0.05,0.22) 0.00 0.22 (0.10,0.34) 0.00
SOUTH ERFE -0.03 (—0.10,0.04) 0.37 -0.02 (—0.12,0.07) 0.61 0.00 (-—0.12,0.12) 0.98 0.03 (—0.14,0.19) 0.75 0.03 (—0.18,0.24) 0.76
QRFE -0.05 (—0.12,0.02) 0.16 -0.05 (—0.13,0.03) 0.18 0.04 (—0.04,0.11) 0.35 0.11 (0.02,0.20) 0.02 0.18 (0.04,0.32) 0.01
UNION ERFE 0.05 (0.03,0.07) 0.00 0.04 (0.02,0.07) 0.00 0.03 (0.00,0.07) 0.05 0.02 (—0.01,0.06) 0.22 0.01 (—0.03,0.06) 0.48
QRFE 026 (0.18,0.34) 0.00 0.27 (0.20,0.34) 0.00 0.23 (0.15,0.30) 0.00 0.22 (Q‘13’0‘31) 0.00 0.25 (0.10,0.40) 0.00
WKS ERFE 0.00 (0.00,0.00). 0.02 0.00 (0.00,0.00) 0.03 0.00 (0.00,0.00) 0.16 0.00 '(OAOO,OAOO)’ 0.56 0.00 (0.00,0.00) 0.95
QRFE 0.07 (0.06,0.08) 0.00 0.07 (0.07,0.08) 0.00 0.07 (0.06,0.08) 0.00 0.07 (0.06,0.07) 0.00 0.06 (0.05,0.07) 0.00
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3.7.2 Supplementary Material II : Proof of the Theorems

Proof of Theorem 3.3.1.

The proof of Theorem 3.3.1 is adapted from a prbof of Koenker (2004). First,
we present a philosophical approach and, secondly, a thorough‘ one. We adopt a
purely heuristic approach and ignore the complications introduced by the infinite di-
mensional nature of the incidental parameter. In the completed version, we explicitly
concentrate out the incidental parameter before showing the asymptotic property of
the parameter estimator of interest. The Lemma 3.3.1.1 establishes the equivalence

between the two approaches.

Part 1. Let w;j, = x;;' 3, + 24" @ and consider the following objective function
Rom(8) = Z Zpr{yij_,U'ijq-“zijv—réo/\/ﬁ—wij—rél/\/ mﬁ} —pr{¥ij—pijr }- (3.22)
i=1 j=1

The above objective function is a convex function of § that is minimized by

s |%| = Y@= | (3.23)

5, vm(B, - B,)
Our goal is to approximate Ry, by a quadratic function with a unique minimizing
value, énd use results from Lid Hjort et Pollard (2011) to show that 8 has the same
asymptotic distribution of thé,t minimizing value. This quadratic approximation is
mainly composed by the Taylor expansion of the expected value and by a linear

approximation function.
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Let ;= (zz'jT,wijT)T, 6= (50T/\/m, 51T/\/ nm)T and - = Yij — Lijr-
The function E(p, (g:5r — :E{]Tg) — pr(€ijr)) is convex, twice continuously differentiable
and reaches its minimum at g‘= 0. It can be represented in the neighbourhood of

0 =0 as

E [p;(gijr — @i ' 0) — pr(eijr)] = 0 @5 B[y, (€i57))75 " 0

B 9 (3.24)
- 261—(%\23 ]E[lpT(&jT).é?ijq-] + 0”6” ,
where 9,(A) =7 — 1(A < 0). Since
argminE: [pr (<15, — 578) — pr(ei)] = 0
d e Rntp
we have by the first order condition
E[y-(eijr)-€i5r] = 0, (3.25)
and equation (3.24) can be reduced to :
T3 ST~ —~T5 3112
E [or(gijr — @5 0) — pr(eijr)] = 8 @i Bltbr (45-)]23; " 0 + 0H5H - (3.26)

The linear approximation function can be seen as a sort of Taylor expansion of

Ry (8) around & = 0, see (Pollard, 1991b). Define

Dij(f?ijr) = —2¢T(€ij1)-€i]‘r- (3-27)

NOtiCC that by (325), ]E(.D“ (Sijq-)) = (. Define
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ri5(8) = pr(eijr — @35 8) — pr(esjr) — 8 Tij Dyj(Esjr)-

Then

— Zi ( [ (€4 — %TS? - pT(ﬁz'jT)]>

+3 ) 8 @ Dylei) + > D (Tij(g) —-E [Tij(g)])~

i=1 j=1 i=1 j=1

Using Lemma 2.7.0.1, the objective function Rym(d) reduce to

(wl, El. (eijr )5 )6+6TZZ% it (ijr +0H H +0H H

oy

S
2
S

I

o}
A
MS

=1 j=1 =1 j=1
=50 Y (B )5+ 5SS E Do) +oy(1)
i=1 j=1 i=1 g 1

R
>
NgE

s
l
fu

<
i

j=1

(53; E[qpr(gijT)]"?i;‘T) 5 + ET Z Z ZJ Em

(3.28)
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By replacing &;; = (24", 2;;')" and 5 = (80" //m,8,"/+/nm)T by their initial
value, we have
Ry (0) =

n m

T Z Z(zijT‘SO + i 81/ V) (Yig — pigr)- (Yig — tigr)

i=1 j=1

SH

3

1 m
7 Y Bl (yy — ez "0 + 2761 /)
i=1 j:l
NG [&,TZT\II (er)er + 61 /v/nX T, (,)e,
_Irln I: TZT ]E[‘II ET)]Z(SO + 260TZT E[‘I’T(sT)]Xdl/\/ﬁ + leXT E[‘Pf(ef)]X&l/n
= R(),(8) + R2,(5)

The condition A2 and A3 imply a Lindberg condition and we have
1
RW (8) = oy [50TzT + alT/\/ﬁxT] ¥, (c,)e, 5 —267B.

While by condition A2

R®? (§) = % {60TZT E[¥,(e,)]| Z60 + 280" ZT E[¥, (¢,)] X 81 /v + 6, T X TE[¥, (¢,)] X 61 /n
— (5T.D1(5.
Thus the limiting form of the objective function is
Ro(8) = —26TB + 67 D,6

where B is a zero mean Gaussian vector with covariance matrix Dgy. The objective

function R, is convex and its limiting form Ry has a unique minimum. Therefore,
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by TheoremA.1, 3.converge to the argmin of R,.

Part 2. In the precedent proof we overlook the complications related to the infi-
' nite dimensional nature of a. Koenker (2004), following (Bickel, 1975; Ruppert et
Carroll, 1980), used the Bahadur-Kiefer representation of the incidental parameter in
order to concentrate out its effect and express the objective function solely in terms
of the finite dimensional parameter 8. With the smoothness of the asymmetric least
square loss, we can use the first order condition to represent the incidental parameter

as a function of the structural parameter.

Consider the following ob jective function

‘an(5)=—2——zz (255" 00 + 255" 01/ V/n)thr (ys5 — bigr)- (935 — i)

i=1 j=1
1 n m
T SO B (v — i) (215 80 + iy 781 /v/n).
i=1 j=1

This function is twice derivable and the first order condition gives us the exact

representatlon of the 1n01denta1 parameter

601' < T 0 1
—_— r . XT; y
T ¢l kg 1 Ve (Yik — tikr) Uik — Hikr) 2 (Yir — Lier)] Tk N

where Zb_i =m! ZT=1 E [wT (yik — uikT)]. Substituting %—% we have

\/Z;Ll—ﬁ B (i: zm: @y Bldr (v = pyr)] [mijT a ?n}ﬁ ,CZZ; " [1/’1(.%'k - ,uilcr)] fcikT] ) i

i=1 j=1
n m

X Z 3?ij¢’r(.%‘j — pigr)(Yij — Hijr)

i=1 j=1

m m
Z Lij E[% yz] /J*i]T [ Z yzk - ﬂzk yzk - ﬂik)] ) .

i=1 j=1 =1

n
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Note that,

3

m m
Z Tij E[tr( yw /J’%JT [wz] - Z lﬁr Yik — /J'ik)] wikT]
i k=

1 j=1

= XTE[W¥,(s,)]X — XTPZTIE[\I!T(ET)]X

-
Il

= X[l - P;]E[®,(s,)]X

= XMz E[¥.(,)]X

= X"M; "M E[¥,(e,)]X
= X"M; E[W,(c,)|Ms X

and

3

NE

n

m
wijdjr (yij - /J'ZJT yz] ,UJzJT Z Z Lij ]E[Zbr Yij — /’I’ijT)] X

i=1 j=1 i=1 j=1

"Qbr(yik—ﬂikr)(yii;—ﬂikr) X" (e,)e,~ X" Pz "V, (), = X Mz "W, (g, )e,

.
=
Il

iy

g~
NE

Consequently,

-1
\/‘:_rl_% = (XTMZT ]E[‘I'T(ET)]MZX> XM, (e, )e,

. (3.29)
= (XTMZTIE[\IIT(ET)]MZX/m> mIrXTM ", (e;)e,.

Let Xz = M zX then we have m ™' X zTW, (e,)e, = S0, E;nzl Zijz ¥ (Eijr)Eijr /M.
Let Tni = Y1, m~ A &2, (€ijr)€ijr and consider n=Y2 3" T, where X is a
p % 1 unit vector, ATA = 1. The summands Ty,; are independent with E[T},;] = 0 and
Var [n‘l/ 2y Tm] > vt > 0, by condition A2. By application of the Minkowski’s
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inequality, we have

m P 2+4v
ElTniIQ—i—U:]E Z m_lAkaZ@bT(EijT)EijT

=1 k=1

m p o4y ﬁ 24v
< |23 (Bl ndsbetennzn] ™)
7j=1 k=1

m P 2w 5 2+
<[22 m et (B oo ) |
=1 k=1

S MApl-l—V’

where the last inequality follows by E|¢,(g:5:)|* < A and Ele;j, |* < A.

Then by the Liapounov CLT XTM "W, (e,)e, is Gaussian and by condition A2,

~ - ~ ol o~
0, is zero mean Gaussian vector with covariance matrix Var(3,) = D, DoD, . O
Proof of Lemma 3.3.1.1.

~ml~ o~
we intend to show that this new covariance matrix D; DoD, is identical to the

lower right diagonal block matrix DD, D7".

We have (D7 'DoD7")gs = (D7), Do(D71),.T. Using the standard partitioned in-

verse formula for a general 2 x 2 partitioned matrix, we have

e g Z'%.Z Z'%.X | |-FE!
mn(Dl D()Dl )22 = _FE—I E—l ;
X™,Z X', X E™!
=E ' F'Z'%,ZF - X"%,ZF - F'Z'S,. X + X"%,X|E™}

where 17 = X E[¥,(e,)]X - XTE[W,(c,)|Z(ZT E[¥,(c,)|Z) ZTE[¥,(c,)] X =
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mnD,, and ZF = Z(Z"E[¥.(e,)|Z) 1 ZTE[¥.(¢,;)]X = PzX. The term in

square brackets is

F'Z2'S. ZF - XS ZF-F'Z2'S. X + X'%,X
=X"P; 2. P;X-X"S,P;X-X"P;’2,X+X'2, X
= X"[P,"%, Py -3, P;—P;'%, + 31X
= X"[I- P;|%, I - PzX
=X"Mz;'2.MzX

= D,.

Finally, the result follows. O

Proof of Theorem 3.3.2. |
In the following, we remove the asterix as an exponent to lighten the notation. Using
the same approach to the proof of Theorem 3.3.1, the objective function Rpne(6)

can be decomposed into two parts

Rinng(8) = Rizhy(8) + R, (8).
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Ul _
3

m
E Uk(srk wz]’(;bnc €z]Tk) 81.77%

1i=1 j=1

9 ‘
= kaaTkTXT‘I’Tk (eTk)eTk

- maT(V@ax)T\PT(eT)sT
nXT ... 0 U, (e) - 0 €n
-2
= 5T
Vvnm
0 v, X7 0 U, (e.,)) \&,

-2

5T Z(V &® Xi)'T‘I"r(ei'r)ei'r

=1

%

U1 Z;nzl "Ez‘ljz/)ﬂ (5it7'1 )git’rl

_ n Z] 1 z]"/}n(sztn)sml

Uq E] =1 z]¢fq(62t7q)61t7'q

K EJ 1 1_7¢7’q (Ethq)Ethq
~25"B.

To show the asymptotic normality of B, we apply the Cramér-Wold device and verify

the Lyapunov’s condition. . ,

Let Tpi = m™IAT(V ® X;)"¥,(eir)eir and consider n=/23""  T,;, where X is a

pg X 1 unit vector, ATA = 1. The summands T},; are independent with E[T,;] = 0
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and Var [n‘l/ 2y Tm-] > v > 0, by condition A2. By the Minkowski’s inequality,

we have
q p m 24v
24v __ —-1_1
E|Tu|"™ =E _S_ E :Ulc)\kl E :m zij¢¢k(8ika)5ika
k=1 1=1 j=1
q p 2+v
_ —1 !
=E g E E m UkAkl$ij¢Tk(€ika)5ika
k=1 I=1 j=1

A

1
2—|—v> m] 2tv

q p m
< [Z Z Z (E lm_lvk)\kﬂéjlbrk (€ijr, )Eijm

k=1 l=1 j=1

By the Cauchy-Schwarz inequality, we have

' -1 ! 2+ -1 I 2+4v 2
E |m™ vp A 9n, (Eijm )Eijrs = |m 'Uk/\klmijl E (% (€ijm, )Eijm,

_ 5 J1/2 L2
< (m™ M) [l (i)l ] [ Bl ]

< (m_1M|)\kl [.)‘2+VA,

where the last inequality follows by E|t., (€i,)*™ < A and Eléiml“" < A. The-

refore,

m 24v
BT+ < [Zizm—lmxmmﬁ] '

q
k=1 =1 j=1

24v(yT 2+

< AMPIN 1,5

< Apg)'*.

Then by the Liapounov CLT B is a zero mean Gaussian vector with covariance

matrix Do(T).
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q n m

. .
R(,(0) = nm DD vln "y Bl (ein, )i o,

kli—ljl

JU. Z Uk(sTkTX ]E[‘Ilfk (eTk)]X(STk
k 1

— 6TD1 (’7’)6

Thus the limiting form of the objective function is
Roy(8) = —26"B + 8" D, (1)8

where B is a zero mean Gaussian vector with covariance matrix Dg(7). Application

of Theorem 2.2 of Lid Hjort et Pollard (2011) gives the result of Theorem 3.3.2. O

Proof of Theorem 3.3.3.
We have

Dy(r) = ——(1, ® X7, (&) (V @ X7)

nm

= % Z diag (le*T‘Iln( m)X* qu*T\IITq( )X*)

The convergence of 131( ) is obtained by showing the convergence of the general

term —- 3% wX:TE, (e Wk)X *. This general term breaks down as follows :

S X)X = X T ()X = XMy ()8 () M ()X

= XT0, ()M 4(1)X = XU, ()L — Po(r)x *30

= X, ()X — X7, (6)Py(r)X.
We will show the convergence of each of the terms separately. First, consider the

following expression : [t,(€};,) — % (};,)|. This expression is 0 except when w;‘jTBT <
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yhi <l B, or w8, <y < x Tﬁ . It can be bounded as follows :

62 (Ey0) — b (elyr)] < 1 — 201 (Ie5s0] < |2 <BT - m!)
<1 —2r[1(je;

) (3.31)

Z]T

< |1 - 271 (e

|-

As plim ﬁT = 3., we have, by equation (3.31) and Markov’s inequality :

1jT

(nm) ' X T[ W, (e3) — U (e])] Z X;T[W.(e},) — U (e} )] X B 0.
In other words :
(nm) X, (e3) X = (nm)—le\p,(ef;)X +op(1). (3.32)

This result (3.32) is important and will be used frequently below. Another useful
result is the convergence of the function @}, = (372, ¥-(€};,)) " which appears in

the expression of Pz(7). This function is bounded by :
mmin(r,1 —7) < @' < mmax(r,1 — 7).

We have

LS a, - —ZEW

i=

<| mzsz——ZE[sz]

n
1 — 1 .
. ir T Wir|-
nm < nm <
i=1 1=

(3.33)

The first term converges by Markov’s Law of Large Numbers (LLN). The second
term is bounded by : ‘

1 &
‘% - ”_nmzw” = m322|¢7 ’I,_]T zy*r)l

1= i=1 j=1
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Thus, convergence is achieved by the application of (3.31).

Now, let’s show the convergence of the first term on the last line of equation (3.30).

We have :

=1
1 < —~
< =) X;T[T,(er) - U, (e} 3
— nm; ? [ (67,7') (ezr) (3 34)
1< 2 1 & :
—Y X, ()X —— > X;TE[¥, ()X
+ nm; i Uo(e) nm; E[P,(e;,)]

The result (3.32) gives the convergence of the first term on the right of the inequality
and the application of Markov’s Law of large-number (LLN) gives the convergence

of the second term.

The second term on the last line of equation (3.30) is expressed by :

n

m
X' (6* PZ X ZZ wT Eijr wT zkf)mwmlk . (335)

i=1 j=1 k=1

We will use the following relation to show its convergence

@;‘TwT(gij)d)T(gikk‘r) - w;(TwT(g:jT)wT(‘S:kr) = ( Wir _ m')wT( z]T)wT( sz)

+wi {9 (e ) W (Eir) — e ()] + e () [0 (B51) — Wr(e35,)] }-
(3.36)
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To show the convergence of the expression (3.35), consider :

szmwzk 'U)“.'qu- z]T)¢T( zk'r Zzwmmzk Ewm’wT( 1]7')¢T( 1k7-)]

i=1 jk z——l jk
1 ol A~ 5k ok * Lk *
S ‘% Z Z wij:cikT [wiT¢T (Eij'r)wT (Eik'r) - wiT¢T(€ijT)wT (EikT)]
i=1 jk
Z Z wwwik szQpT ’L]T)wT( zk'r Z Z Lij ik E[sz¢T( zgr)¢7'( sz)]
1—1 ik
_m Z Z mijwikT ({D:T - w’z(T)’l)bT (?;jr)wT (éjkT)
i=1 jk

Z Z wwwlk wzr{¢7 1]7’ [¢T ) ¢r (e;kkr)] + "pﬂ'(ajkT)['(p‘r (é?jT) - ¢T (6:77)]}’

Z Z LijLik www‘f‘( IJT)¢T( sz) - % Z Z LijLik E 17¢T( UT>¢T( ZkT)]

zlgk zljk

1 n m . .
_m Z Z wijwikT(wiT - wiT) + nmg Z Z LijTik [¢T zk:r) wT( 1k'r)]
=1 jk jk
n

+ L Z Z wijwikT[@bf(aﬂ) %( zjr)]

2
nm? £ jk

Z Z LijLik ww’w’?’( 137)¢T( zkr) - —?_’L_— Z Z TijTik E[wzr¢7( ZjT)wT( qu-)]

i=1 i=1 gk

nm

(3.37)

Finally, the convergence of the expression (3.35) results from the application of the
relations (3.32) and (3.33 ) and from the application of Markov’s Law of Large Num-

bers.

The second term of the variance-covariance matrix whose convergence we must show



is:
N 1 _
Dy(T) %(V®X)T‘I’T(€*)€*€*T‘I’( WV @ X™),
BXITEL X e e un XIS XD
- Ly
nm 4
vlqu;‘Tfl;qu)/(\j UZX:TE”;TqTqX;(
where

ok

iTRT ‘I’Tk (E:Tk )g:TkA:TJT‘I’ ( TJ)

Again, showing the convergence of the general term suffices :

Lors® o L rg aiyeror T = |
%sz EiTijXi = nmX ‘I’Tk( ) € T v, ( ’Tj)X (338)

Note that,
g:_:8:_—X*(,/B\T—ﬂT)—l-AMz(T)[y—X,BT],

where AM (1) = M z() — M z(r) = P5(r) — Pz(1) = AP (). We have,

e T=ete T —en (B, — B,) X+ e [y — XA, TAP ()"
~ X"(By, - Br)er, "+ X*(B,, — B,,)(B,, — B,) X7
— X*(B,, — By — XB,TAP ()T + AP5(r)ly — XB,Jet T
~ APz (n)ly - XB,)(B,, — B,)TX*T
+ AP (n)ly — XB,,lly - XB,|TAP4(r;)"

Then, replacing X* = ]/\Zz(T)X = X"+ AMz(7)X, we obtain :
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X, ()8 e T, (& )5?*:

Tk TJ

F X @ )enen T (€)X - XYL (&), (B, - 8,) X T, (@) X"

&)ty — XB,TAP ()", (&)X
)X°(B,, — B,,)es, T, (@) X"

« (&
+X*Tw_ (e
X*T k( ;k_k
(€
€

X*
+ X, (85) X" (B, - Br,)(Br, — B,) X T, (6 )X
- X, (85)X"(B,, — )[y XB, AP (7)., (&) X"
+X*T\I!Tk(2k)APZ( ) [y — ]s* v, (€)X
— X, (85, ) APz (n)ly — XB,,1(B,, — B,) X T¥, (&)X
+ X7, () AP(n)ly — XB, ]Iy — XB,,|TAP(r;) T, (€5) X"
+ X, ()€ e T, (81 ) AP £ (1) X '
— X7, (&5,)e, (B, — B,,) X T, (€5 )AP4 (1)) X
+ X, (8 )6k ly — XB,]TAP ()T, (] ) AP (r) X
— X0, (8) X (B,, — By )es, T, (E)AP2(r;) X
+ X1, (€)X (B, — B,) (B, — B,) X, (€] )AP () X
— X, (85)X*(B,, — Br)ly — XB,,]TAP ()W, (&} ) AP2(r)) X
+ X0, (@ )APZ(m)ly — XB,,Je *T‘IJTJ(A* JAP(1;) X
- X", (€, )APz(m)ly Xﬂfk]( —B,) X, (€ )AP5(1) X
+ X T, (E5)APz(n)ly — XB, ]y — XB,]TAP (7)) ¥, (& )AP5(7;)X
+ XTAP(7) ¥, (€], )es €5 T, (€7 ) X
— XTAPz(r) ¥, (&},)er, (B, — B,) X" T, () X"
+ XTAPZ ()", (8} )et [y — XB, JTAP ()T, (€ ) X
— XTAP (1) ¥y, (8;,) X" (B,, — B)e, ¥, (81X
+ XTAP (1), (8,)X*(B,, — ﬁrk)(ﬁfj - B,) X T, (&)X

(continued on next page)
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(continued from previous page)
— XTAPz (1) ., (€5) X" (B,, — B, )y — XB,]TAP ()., (& ) X*
)APz(r)ly — X B, Je, T8, (€) X"
~ XTAP ()", (€5,) APz (n)ly — XB,,)(B,, — B,,) X T¥, (€L) X"
) )APz(1i)ly — XB,)ly — XB,,]"AP (7)) ¥, (&) X"
)

+ XTAPg (1) o, (€], )er e T, (€7 ) AP 5 (1) X
— XTAPZ (1), (&,)e5 By, — B,) X T, (85)) AP ()X
+ XTAPz(1) ¥, () ek [y — X8, -]TAPZ(Tj)T‘I,Tj(gj")APZ(Tj)X
— XTAPz ()", (8;)X"(B,, — B,)e, T¥,. (8] ) AP5(r)) X
( X*(B,, - B,)B,, — B,) X T, (8, )AP (1)) X
X*(

* ZL,C—ﬂT,C)[ — XB,TAP(r))" .,

(€7,)APz(m)X
APz(r)ly — XB,)es, T, (3 ) APz(r) X

(

)

TJ

AP(r)ly - Xﬂf,cmﬁ B, X" T, (&) AP (r) X

Tj

Now let’s break down the following expression :

X*T‘I’Tk(g ) :Ic ’T’T‘Il (€TJ)X*’= X*T@Tk(sik)szksj'qulTj(E:j)X*
+ X (e )en T W,(E) - Way(er)] X

T~ Tj

*
87'

L)

+ X*T[\Il & et T, (e]) X"

’TkT

)= ¥ er,)]
+ X0 () - (e enen T W () — oy (e)] X

APz(ro)ly — XB,,]ly — XB, |TAP ()" ¥, (6} ) APz (1) X.



181

The final expression of (3.38) is :

X, (8,081,805, E) X =

+ X T () Jer e T (e ) X (el)
X (e T [U E) — U (o) X7 (e2)
F X[, E) - U (6| ehen T )X (e3)
+ X0, (E,) - e )]ef,ce: e, @) -, E)x (c4)
- X, (&,)en (B, — B,) X T, (6 )X (e5)
+ X, (@)erly — XB,TAP,(1) T, (€)X (6)
~ X, (&)X (B,, — B, )er, T, (EL) X7 (e7)
+ X7, (85)X (B, — B,)B,, - B,) X T, ()X (e8)
~ X, (&)X (B,, — B,y — XB, AP ()T, (@) X" (c9)
+ X, (E)APL(n)ly — XB,,Je:, T, (€)X (10)
— X7, (&) AP (r)ly - XB,,)(B,, - B,) X" T, (&) X" (e11)
+ X", (B, )AP(1)ly — XB,ly — XB,|"AP4(r) ¥, (E)X*  (el2)
+ X, (6] e er T (6 ) AP (1) X (e13)
- X, (&5 (B, — B,,) X T, (81 AP4(1) X (e14)
+ X0, (& )en [y — XB,,)TAP (1), (8;) AP (r;) X (e15)

X0, (€)X (B,, — B,,)e, ¥, () AP (7)) X (e16)
+ X7, @ X*(ﬁf,c ~B.)B,, —B,) X T, (6L )AP (1)) X (e17)

X, @)X B, ~ B,y ~ XB,APL(7) 0, () AP ()X (e18

Tj

)

)

) e, )
+ X0, (81 )APz()ly — XB,)er, T, (B ) AP2(r) X (e19)

)JAPz(1)ly — XB,)(B,, — B,) X0, (&} )AP5(r;)X  (e20)

JAPz(r)ly — XB,,)ly — XB,,]TAPz(r)) W, (6] ) AP z(7;) X

(continued on next page)
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+ XTAPz(7,) W, (& )er e, T, (E5) X (e22)
~ XTAP (1), (& )es, (B, — B,) X T, (E) X" | (e23)
+ XTAP(n) ., (85, )es [y — XB,|TAP (1)), (&)) X (e24)
— XTAP (1), (&) X" (By, — Br)es, ¥, (E) X (e25)
+ XTAP(n)" ¥, () X*(B,, — B,,)B,, - B,,) X ¥, (&)X (e26)
= XTAP (1) 9., (85)X* (B, — B,y — XB, [TAP (1), (1) X" (e27)
+ XTAP ()78, (€,)AP£(r)ly — XB, e}, W, (&) X" (e28)
~ XTAP(r) ¥, (85 )APz(1)ly — XB,1(B,, — B,,) X T, (€)X (e29)
+ XTAP () 0, (85, )APz(1)ly — XB,,|ly — XB,]TAP(r) ¥, (&) X"
(e30)
+ XTAPZ(Tk)TlIITk( rener T, (€7 ) APy () X (e31)
~ XTAP (1) 0, )en, By, — B,,) X", (& )AP5(r;) X (e32)
+ XTAP ()T, (&) )t [y — XB, JTAP (1) 9, (€ )APZ(1) X (e33)
— XTAP (1) W, (€5)X° (B, - B,)el, T, (E5)AP5(r) X (e34)

(continued on next page)
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+ XTAPZ(Tk)TlI’Tk(Ej-k)X*(IBTk - ﬂTk)(BTj - IBTj)TX*TlI’Tj (g:])APZ(TJ)‘X

(e35)

~ XTAP(n) W, (2,) X" (B, — B,y — XB,,|TAP (1) W, (€),)AP (1) X
| (¢36)
+ XTAP; (1) ¥, () AP(n)ly — X B,,Je;, T, (€ ) APz (1) X (e37)

— XTAPz(mt) "1, (€7, ) AP z(7)[y — X818, - B8,) X T, (& )AP4(r;) X
(e38)

+ XTAP(r) W, (85, )AP7(7)[y — XB,)ly — XB,|TAP ()", (€, )APz(r;)X.
(e39)

The demonstration is based on showing the convergence of each of these terms (e2)-
(e39). We have three types of expression : those that are function of AP, those
that are function of [\IlTk (&) — ¥, (siﬁk)] and those that are function of (3Tj —B,)-
Those that are a function of APz are shown by following the approach of (3.33 ) and
those that are function of [\IITk (&) — ¥ (e, ] according to the approach (3.32).
The convergence technique of those that are a function of (,@Tj — B,) is identical

to the convergence procedure used for (e7) and (e8). Thus, in the following, we will

show the convergence of (e7) and (e8).

Using the relation, Vec(ABC) = (CT @ A) Vec(B), equation (e7) is transformed
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as follows :
Vec( = ZX*T‘I' & )X:(B,, — B, )es T, (& )X’!‘)
nm T\~ i1 e ‘BTj Ti\=iT i

i=1
ZX*T'I!Tk &l )eh, ® X T, (8ir,) X Vee(B,, — By,)-

App_lying; Lemma A.1, we have

14w

E | X7, @, )eh, © XiT0,,(50) XS

< (E|xiTen, @ )e

175

. v 1/2
B[ xiTw, (6 X35 )

Repeated application of Minkowski and Holder inequalities shows that

242 9] 1+v
_E[lem w’fk 'UT?G %:rf; ]
242 1+v
[Z ( ‘Zm wTk E:JTk :.?“':f ) }

k=1

p - m prorl R R
(5[5 ot

k=1 L j=1

E “X:T‘IJT;C( ';Tk)et“r_{

< (pA) (M),

The last inequality is obtained by applying the assumptions E|¢, (€;;,)[*™ < A and Ele;;,|* <
A. Similarly

444

E HX*T‘I,TJ Az'r: X¢‘|2+2v <E HXfT‘I,l,{Z(EiTj)

{ZZ(EI ¢1f2 WJDEPHV)ZQQVTHU

k=1 j=1

< (pm)*™A.
Then, by the Markov LLN it follows that

1 = * o~k %070 et =k *
Vec (;E Z Xz’ T\Il‘rk (Ei‘rk)Xé (ﬁ'rk - ﬁ'rk) T‘II"': (E‘iTj)X‘i) = Op(l)Op(l)
i=1 .

%H
S
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Considering that Vec(B, — [‘3 ) = Op((nm)~1/2) and that
E| X7, (&, )X] ||2+2V m)?tY A, term (e8) is

LVGC (ZX:T‘I"%( sz)X*(IB - IBTk)(BTj - IBTJ‘)TX;(T‘I,TJ'( ‘LTJ)X*)

nm
i=1

=%ZX*T%( XX, (@ e )X Vee(B, — B,)(B., | -8,)"]

= —0,(1)0,(1).

nm

We have just shown that
1 S~ 1 &
T ™ ok * * ® ok T * x P
§ :XiTziTijXi - % E :XiT‘IITk(EiTk)EiTkEiTj ‘IJT]' (EiTj)Xi — 0.

Application of the Markov LLN also yields

1 . * * * * * * *
% ZXiT\IITk(siTk)EWk 1,'r,T\II ( z'rJ)X - Z‘X TEszT Xz £> 0.
=1
Thus, application of the triangular inequality shows that ﬁo('r) 2 Do(7). O

Proof of Corollary 3.3.3.1.
Proof of Corollary 3.3.3.1 follows immediately from the proof of Theorem 3.3.3.
O






CHAPITRE IV

TROISIEME ARTICLE : PENALIZED WEIGHTED ASYMMETRIC LEAST
SQUARES REGRESSION FOR LONGITUDINAL DATA WITH
FIXED-EFFECTS

Amadou Barry, Karim Oualkacha, Arthur Charpentier

Abstract. In this paper, we study the penalized weighted asymmetric least squares
regression (expectile regression) for longitudinal data with fixed-effects. We use the
l1-penalty to shrink the fixed-effects incidental parameter and provide a sparse solu-
tion. The penalty shrinks the incidental parameter towards zero in order to provide
accurate estimates of the covariates of interest. In addition, the [;-penalty allows
inference of time-invariant covariates. We apply a Bayesian information criterion to
select the optimal shrinkage parameter. We propose a block-relaxation algorithm
combined with a coordinate descent algorithm to compute efficiently the penalized
estimator and the incidental parameter. The exhaustive simulations show that the
proposed penalized estimator reduces bias and improves efficiency. The simulation
results displayed its favorable qualities under various scenarios and its advantages in
relation to existing methods. The usefulness of the penalized estimator is illustrated
through analysis of an econometric panel dataset.

Keywords : Expectile regression, Quantile regression, Fixed-effects, Random-effects.



188

4.1 Introduction

The fixed-effects (FE) model is a commonly used model, particularly in econome-
trics, for the analysis of longitudinal data. The FE model in its specification takes
into account the covariates that are not or cannot be measured and included in the
model equation. In addition, its specification incorporates implicitly the possibility
of a correlation between these orﬁitted covariates and those present in the model.
This latter characteristic makes the FE model an attractive model for longitudinal
data analysis (Greene, 2012; Wooldridge, 2002; Scherﬁpf et Kaufman, 2012; Gardiner
et al., 2009). For example in the estimation of the effect of returns on schooling on the
wage structure (response variable), the level of education (covariate) is correlated to
the individual. ability, which is often not included in the model. The same situation
" occurs in epidemiological and biological studies where the genetic (hidden relatedness
or family structure) or environmental factors of the subjects is not measured when

it is correlated with the covariate of interest of the model.

In the estimation process of the FE model parameters, we are facéd with the presence
of the infinite dimension of the individual fixed-effects, which is described as the inci-
dental parameter problem (Lancaster, 2000; Neyman et Scott, 1948). This problem is
solved for example, by application of the within-transformation strategy. The within-
transformation strategy, which eliminates the individual-fixed-effects parameter by
demeaning the different covariates and applying the ordinary least squares (OLS) to
the transformed data. However, while eliminating the individual fixed-effects parame-
ter, 1the within-transformation stfategy also eliminates all time-invariant covariates
present in the model. As a result, the coefficients of the time-invariant covariates are

not estimated. This limitation can partly explain the small prevalence application of
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the FE model in health science, where most often the treatment covariate is time-

invariant (Dieleman et Templin, 2014).

Traditionally, the FE model estimates the effect of the covariates on the mean of
the response variable. Recently, Barry et al. (2018b) applied the expéctile regression
(ER) in the FE framework to estimate the effects of the covariates beyond the condi-
tional mean of the response variable. The ER with fixed-effects (ERFE) captures the
influence of the covariates on the location, scale and shape of the distribution of the
response variable. Thus, in addition to inheriting the attractive properties of the FE
model, the ERFE model takes into account the heterogeneity of the effects of the
covariates and unobserved heterogeneity. The authors presented an iterative within-
transformation method to estimate the parameters of the ERFE model. They showed
that this estimator is the generalization of the within-transformation estimator. As
with the within-transformation method, the iterative within-transformation ERFE
estimator uses a projection matrix to eliminate the incidental parameter from the
model and apply the ER to the transformed data. The asymptotic properties of this
new estimator and an estimator of its variance-covariance matrix are presented in
(Barry et al., 2018b). However, the iterative within-transformation method has the
same drawback as the within-transformation strategy used to estimate the classical
FE model. Namely, in the transformation process of the data, the time-invariant

covariates are removed from the model and their coefficients are not estimated.

In this paper, we propose a new approach to estimate the parameters of both time-
varying and time-invariant covariates of the ERFE model while mitigating the inci-
dental parameter problem. This approach was first proposed in the quantile regression

framework by Koenker (2004). Inspired by the characterization of the random effects
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estimator as a penalized least squares estimator, Koenker applied the [;-penalty in
the QUantile regression FE model to shrink the individual fixed-effects parameter to-
ward zero. However, quantile regression combined with the /;-penalty raise numerical
problems since the corresponding objective function is not differentiable at zero. Be-
cause of that [;-penalized quantile regression, unlike /;-penalized expectile regression,
is often computationally intensive, particularly in high dimensions (Mkhadri et al.,

2017).

Following Koenker (2004), we added a penalty to the ERFE model to constrain
some entries of the incidental parameter vector toward zero. The penalty has the
advantage of controlling the variability introduced by the incidental parameter and

at the same time reducing the number of non-zero parameters to be estimated.

The application of a penalty shrinks the incidental parameter and prevents.over-
‘ﬁttilng. There are two common penalties, [; and [, that are extensively used in the
literature, (Friedman et al., 2010). Both penalties are useful but their impact is quite
different in practice. We use the penalty mainly to reduce the number of non-zero
paré,meters of the nuisance parameter vector (incidental parameter) and for this pur-
pose it is convenient to consider the [; penalty. The /; penalty shrinks the parameter
toward zero and provides sparse solutions. The degree of shrinkage is controlled by
the regularization parameter whose optimal value is hard to find. We rely on the
Bayesian information criterion (BIC) in the selection of the best regularization para-
meter. In addition, we resort to special treatment (Mkhadri et al., 2017) to compute
the‘solu’cion path for a grid of values of the regularization barameter to increase the

speed of our algorithm.
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What follows is structured this order : We present the model and estimation method
in Section 4.2 and the asymptotic properties‘of the proposed estimator in Section
4.3. The simulation performance of the estimators is presented in Section 4.4 and
the real data application of the method in Section 4.5. The conclusion is presented

in Section 4.6. All proofs are available in the Appendix.

4.2 Models and Methods

4.2.1 Ex_pectile and expectile regression

Expectilé function is gradually becoming a broadly used statistic. The expectile of

level 7 € [0,1] of a r.v Y is defined as

pr(Y) = argmin E{p. (Y — 0)},
o R

where p,(t) = |7 — 1(t < 0)| - #? is the asymmetric square loss function that assigns

weights 7 and 1 — 7 to positive and ﬁegative deviations respectively.

Given a sample, {(y;)},, the corresponding empirical expectile of level 7 can be

defined as

V(i — fir)
Z Zz V(e — 1)
where 1. (t) = |7 — 1(¢ < 0)| is the check function. Thus, expectile function is merely

a weighted mean. The only subtlety is that the weights are not specified a priory but
depend on the observed sample, (Kneib, 2013b).

Under the linear regression framework, Newey et Powell (1987) introduced the ex-

pectile regression (ER) model to study the effects of the covariates beyond the condi-
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tional mean. The ER model offers a global view of the statistical landscape. Consider

the linear regression model
Y = miTﬂ + & with” /J/T(Ei) = Oa (42)

where x; is a px 1 vector of covariates, y; and ¢; are respectively the response variable
and the random error with unspecified distribution function. 8 € R? is the unknown
parameters that need to be estimated. The assumption y,(g;) = 0 ensures that the
random error is centered on the 7-th expectile. In the linear regression settings, the

ER model, for a fixed 7 € (0,1), is given as
pr(yilzs) = " B, (4.3)

The ER model estimates the effect of the covariates on the location, scale and shape
of the distribution of the response variable. The ER estimator BT can be derived by

minimizing
n
Z Pr (yz - iU.iT,BT)
i=1

over B, € RP and as the asymmetric loss function p.(-) is continuously differentiable,

we have

[Z% . —x; B mzwz} ZwT v )a:zyZ (4.4) |

The ER estimator is computed iteratively using, for example, the iterated re-weighted

- least squares algorithm.

Notice that the ER estimator B0_5 of level 7 = 0.5 corresponds to the OLS regression

estimator. This makes the ER model a natural complement to the OLS regression.
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4.2.2 Motivation of the penalty method

Before introducing our model, we briefly review an intriguing approach for the de-
rivation of the random effect estimator, which motivates our proposed estimation

method. Consider the standard linear model for longitudinal data
Yij = Tij | B+ i + €4, (4.5)

where y;; is the response variable, x;; = (z},2%,...,2%;)7 € RP is the vector of
covariates measured on individual 4 at time j, o; is the individual parameter (which
could be random or fixed), €;; is a random error and @ € R? is the true parameter

vector that need to be estimated. The matrix notation of model (4.5) is given as
y=XpB+Za+e (4.6)

where y is nm x 1 vector, X is the nm X p matrix, a and € are respectively the
n X 1 and the nm X 1 error vectors. The nm X n matrix Z is known as the incidence

matrix and serves to identify the n distinct individuals of the sample.

Under the random-effects (RE) framework, o ~ N (0, X,,) and € ~ N (0, Z.) being
independent Gaussian vectors, Henderson (1950) proposed an estimator of the para-
meter of the model (4.6) using the joint maximum likelihood approach. The derived

Gaussian random effects estimator which is known to be the best linear unbiased

estimator (BLUE) of 3 is given as
B=[X"(Be+ ZuZ) ' X' X (S + Z5,Z") 1y. (4.7)

The normal equations as well as all the calculation steps that give the expression
(4.7) are presented in (Koénker, 2004; Robinson, 1991). The estimator can be consi-

dered as a Bayesian estimator or as a penalized least squares estimator (Ridge-type
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estimator) (Robinson, 1991). This latter comparison is suggestive of a larger class
of estimators that can be derived from the penalization of the individual parameter.
Indeed, ‘.Koenker (2004) shows that the Gaussian random effects estimator minimizes

thejfollowing objective function
2
ly — XB - Zalg +llalz,

We transpose this idea of penalization in the expectile regression with fixed-effects
framework to mitigate the well-known incidental parameter problem. In the next
section, we present the penalized expectile regression (PER) model for longitudinal

data.

4.2.3 PER model for longitudinal data

Consider the following expectile regression model for longitudinal data
pr (Yijle, Tig) = xi;' B, + o, (4.8)

which is the analogous version to the linear model (4.5) with fixed-effects. We assume
tha;t pr(€i;) = 0, to ensure that the random error is centered on the 7-th expectile.
The parameter B, shows the influence of the covariates on the location, scale and
shape of the conditional distribution of the response variable. In this setting (4.8),
only the parameter of interest is allowed to depend upon the parameter 7. We restrict
the parameter «; to be independent of 7 because in most applications the number

of dbservations‘per subject is relatively small compared to the number of individuals.

In addition to the estimation of the parameter of interest 3., the individual fixed-

effects parameter a; has to be estimated. But the infinite dimensional nature of the
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parameter a; brings some complications to the estimation proéess. In the classical
fixed-effects model, these complications are bypassed by means of such strategies
as the within-transformation strategy. The within-transformation strategy consists
of subtracting from the equation (4.5) its time demeaned counterpart equation to
eliminate the incidental parameter and adjust the ordinary least squares (OLS) me-
thod to the transformed data. Barry et al. (2018b) have applied this transformation -
strategy in the expectile regression framework with the fixed-effects model. They
introduced the iterative within-transformation expectile regression with fixed-effects
(ERFE) estimator. Details regarding the development of the ERFE model can be
found here (Barry et al., 2018b).

As with the FE model, the ERFE model elegantly solves the incidental parame-
ter problem in the ER framework. But at the same time, the ERFE model has the
same shortcoming, which is the non-identification of the effects of the time-invariant

covariates.

In this paper, following the characterization of the RE estimator as a penalized
estimator, we propose the penalized expectile regression with fixed-effects (PERFE)

model.

For a Sequence of expectiles T = (71, ..., 7,)" and a vector of weight v = (v1,...,v,)7,
the PERFE estimator is defined as the vector which minimizes the following objective

function

n

q n
Ranm(Bry @) =Y D > vpr, (yi,« — i By, — ai) +AY ] (4.9)
i=1

k=1 i=1 j=1
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The vector of weights v is for controlling the relative influence of the q expectiles
and A > 0 is the tuning parameter. Notice that, when 7 = 0.5 the PERFE model

corresponds to the Lasso regression introduced by Tibshirani (1996).

Thé PERFE model adds a penalty to the ERFE model. The penalty is applied
to the individual fixed-effects parameter and is intended to solve the incidental pa-
rameter problem. In this way, the PERFE model estimates the parameter of interest
of model (4.8) and at the same time mitigates the incidental parameter problem by
providing a sparse solution. In addition, unlike the ERFE model, the PERFE model

allows inference of time-invariant covariates.

There are two common penalties that are extensively used in the literature : the
l;-penalty and the [y penalty (Friedman et al., 2010). We retain the [;-penalty over
the élz penalty for its statistical advantages related to our model (Tibshirani, 1996;
Hastie et al, 2001). The [;-penalty has the ability to shrink the incidence parameter
towérd zero, provides sparse solutions for the estimation of o while at the same time

impfoving the performance of the estimate of the pai‘ameter of interest (Koenker,

2004; Tibshirani, 1996).

In the following, we present the algorithm generating the PERFE estimator. Since
the objective function Ry, is not differentiable at zero with respect to c, we cannot

apply traditional algorithms such as the Gauss-Newton algorithm.
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4.24 Algorithm and implementation

In this section, we use the block relaxation algorithm (de Leeuw, 1994) to efficiently
solve the objective function of the PERFE model. The block relaxation divides the
parameters into disjoint blocks and cycles thfough the blocks, u'pdating only those
parameters within the pertinent block at each stage of a cycle (Lange, 2013). In our
case, we have two disjoint blocks : the block of the parameter of interest 3, and the

block of the nuisance parameter c.

Now, let & and B.,. be some current values of the parameters. We start the block
relaxation algorithm with the block of the parameter of interest 3.. Define, for a
fixed 7, the current residue 7, = yi; — mijTB:k — ;. Taking {ET, a} as initial
values and assuming 7 and A ﬁxbed, we update B:ew by solving :

n m
B = arganin 333 vkt () [rim + 27 (B - B,)] . (410

Br k=1 i=1 j=1
The implicit objective function in (4.10) is continuously differentiable with respect to
B, and the new estimate can be computed’ iteratively using the iterated re-weighted
least squares algorithm. Indeed, the new update of the PERFE estimator is the

solution of

~new

B =B+ (Vo X, (r) L0 X)] (VX)W (r 1,0,  (411)

where rr = (7, ... ,rTq)T and 7, = (T117, - - -, Tnmr,) |- Notice that, the solution of

each B

new ‘ .
e k=1,...,q, can be computed separately with

~new

~ -1
B =B, + [XT\IITk(er)X] X, ().
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The second block to update is the nuisance parameter av which is penalized by the
non—differentiable Lasso penalty. In our algorithm, we implement the efficient coor-
dinate descent algorithm to overcome the non-differentiability problem. The coordi-
nate descent algorithm minimizes the objective function coordinate-wise by cycling
over the parameter space sequentially instead of determining the minimum simul-
taneously. The coordinate descent algorithm is an algorithm that has proven itself
in the estimation of parameters in high dimension (Friedman et al., 2010). The al-
gorithm is simple, efficient, fast and stable, (Wu et Lange, 2008). The coordinate
descent algorithm is convergent for an objective function like ours : objective func-
tion composed of a convex, differentiable function and a separable function, (Tseng,

2001).

The coordinate descent algorithm updates each component o; by solving :
q n m n _
argmin Z Z kaq,ka (Tija ) [Tijm, + Q6 — o)]? + A Z[ai|, i=1,...,n. (412)
¥ =1 i=1 j=1 =1 ,
- We compute the gradient of the objective function (4.12) with respect to a;, which
only exists if a; # 0. When a; > 0, the gradient is

g

-2 3 kawm Tijre [szfrk + (522 - ai)] + A
k=1 j=1

A similar expression exists when o; < 0, and a; = 0 is treated separately. After
some calculations we show that the coordinate-wise update is a function of the soft-
thresholding operator
- S{aim_l p =1 E] 1 Vk¥r (TUTk) +m™ Zk 1 Z] 1 Ve¥r, (TUTk)(T’UTk) )‘}
oL =
' m~! Ek:l Zj:l Uk (Tijri)

where § (2,u) = (|2| — u)4 sign(z) is the soft-thresholding operator.
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Finally, the block relaxation algorithm for the PERFE model with the Lasso pe-
nalty is detailed in Algorithm 1.
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Algorithm 1 : The PERFE algorithm with the Lasso penalty

e Initialize (B,, &).

e Iterate (1) and (2) until convergence :

1. Update Za, with an iterated re-weighted least squares algorithm. For k =
1,...,q,
(a) Compute 7, =y — XZ'?Tk —Za.

~new -~ -1
(b) Compute B, = B, + [XT\IJTk (er)X] XTC, (1),
(c) Set 5% = ﬁ:ﬁw

2. Update a with a cyclic coordinate descent algorithm. For i = 1,...,n and

k=1,...,q,

(a) Re-compute 7ij,, = yi; — &5 B3,, — 0.

(b) Compute

TNEwW
QL

S {&'im‘l ket 2jm1 V¥r (Tigme) +m ™ 30y 3050 Okn (T, ) (Tigm), A}
: m~ ZZ:l Z;’—l_—:l VY, (Tika) .

(c) Set a; = af*™.

Usually, in the penalty framework, we standardize the covariates before applying
the algorithm. This ensures all covariates are treated equally in the regularization
process (Hastie et al., 2001). In our case, the covariates are not penalized, the penalty

is applied to the incidental parameter and its columns are already in the same scale
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and have same units. So it is not necessary to standardize.

Finding the effective value of the regularization parameter, among all its possible
values, can be tedious and time-consuming. In order to limit the search time, we re-
sort to special treatment, similar to those used by Mkhadri et al. (2017), to compute
the solutions for a fine grid of X\. The fine grid is obtain by calculating the Apax which
is the smallest A to set all o, 1 < i < n, to zero. We start the process by deriving

~QQ

~ the estimator ,BTk(oz =0)=8,, k=1,...,q, without any fixed-effect, & = 0 :

—~a 1 n m
o . T
B, = argmin = Z Z pr(Yis — Tij' Br,)-
Tk =1 j=1
Then using the Karush-Khun-Tucker (KKT) conditions
1 L i T %0 TARc0 .
po” SO withn (v — i By, )i — i By )| < A, for i€ {1,...,n}, (4.13)
k=1 j=1
we have
1 1 T500 T500
Amax = — MaX kzl Z;Uki/)m (5 — @i By w5 — @35 B, )]s (4.14)
= J:

where ¥, (t) = |1 — 1 (¢t < 0)| is the check function. We put Apin = 10™*Apax and we
plaée K points uniformly in the log-scale between Ay, and Ap.. In our simulation

study we set K = 10.

We illustrate the special treatment implemented to reduce the time-consumption
in the search for the best regularization parameter. Consider the sample generated

according to the following simulation model :

yijzmij—l-ai—{—aij, 221,,50, j=1,,10
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where z;; = a; +u;;. The variables o, u;;, €;; are generated from a standard normal
7 i ] iy Wijy Cij

distribution N(0,1) and @ = (0.5,...,0.5,0,...,0) is a sparse vector with 5 non-zero
AR A

‘5 times 45 times N
values. Figure 4.1 presents the estimated fixed-effects, &, as a function of the index

of the shrinkage parameter, A. The non-zero fixed-effects values are in red and the
blue lines identify the best lambda according to BIC;), and BIC,) criteria, defined
below. At the beginning, left side of A-axis, there is no shrinkage at all. All fixed-
effects are different from zero. Then, as the amount of shrinkage gradually increases,
frorﬁ left to right of A-axis, we see all the fixed-effects converging toward zero. BICs)

criterion is more likely to choose a sparse model with active fixed-effects parameters.

Arbitrary choice of the regularization parameter affects the inference of the para-
meter of interest B.. Large value of A = oo shrinks all the individual fixed-effects
parameters to zero and corresponds to a particular case of the model proposed by
Barry et al. (2018a). While a small value of A = 0 does not shrink them at all and
is equivalent to the ERFE model of Barry et al. (2018b). Beyond these particular
values, the selection of the best tuning parameter is an open problem. Howéver, there

are strategies developed to circumvent the problem. This is discussed next.

4.2.5 Choice of the regularization parameter

In high dimension the optimal value of the regularization parameter can be deter-
* mined by a cross-validation method. The cross-validation method consists of par-
titioning the dataset into two classes : the training dataset with which the model
is adjusted and the test dataset with which the predictive power of the model is

evaluated. The details of this approach can be found in the excellent book of Has-
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tie et al. (2001). However, the efficiency of the cross-validation method requires the
availability of large amounts of data. For this reason, other criteria such as generali-
zed cross-validation (GCV), Akaike information criterion (AIC) or Bayes information
criterion (BIC) are often recommended. The BIC is particularly appreciated, among

other things, for its consistency (Galvao et Montes-Rojas, 2010).

In this section, we present two Bayesian criteria to guide us in the selection of the
best regularized parameter. We start with the selection criterion, known as the least

squares approximation (LSA), defined as
~ ~ ~—1 o~ ~ ~ ‘
BIC1, = (B, — IBO)TE (Bo)(By — Bo) + (nm)_ldf/\ log(nm)  (4.15)

al;ld proposed by Wang et Leng (2007). The estimators B)\ and ,@0 are respectively
the penalized and the un-penalized estimator and 3(3,) = \//5”(,@0). In our case we
choose Bo and f)(,@o) to be the ERFE estimator and its variance-covariance matrix
proposed by Barry et al. (2018b). The term dfy is a measure of the effective dimen-
sionality of the fitted model.

Our second choice is the selection criterion proposed by ‘Wang et al. (2007a,b) in
the quantile regreséion framework. This criterion is defined as
n o m .

BICo = (nm)™ ; le pr(yis — @i By — i) + %(nm)_ldfx log(nm)  (4.16)
where df, is a measure of the effective dimensionality of the fitted model. Following
Galvao et Montes-Rojas (2010), we determine the generalized degrees of freedom dfy
for both criteria as the dimension of the set {#08 U {i| |as| > x}}, where & is a suffi-
ciently small chosen number. We choose three different values of & in our simulation

study to evaluate the relative sensitivity of the criterion.
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Figure 4.2 shows the values of the criteria, BIC;y and BIC,,, according to the
logairithm of the regularization parameter defined in the previous model. On the left
panel Figure 4.2, we have the results of BIC;, and on the right panel the results
of BICs) and on the x-axis the values of log(\). As mentioned above, both BICs
suggested a sparse model. But, BIC,, criterion suggest a sparse model with active

fixed-effects parameters and is more accurate than BIC;, criterion.
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4.3 Asymptotics

We derive the asymptotic properties of the PERFE estimator for n, m — oo. Consider

the following risk function

q n m

Rpmg(0, Am) ZVZ Z ka [pfk{yij — Wijr, — Tij 015, /VN — 501/\/T_n}
k=1 i=1 j=1 (4.17)

n
~ o {5 — um}} +Am > o — Soi/v/m] — |,
i=1

where p;;,, = a:ijTﬂTk + o4 and N = nm. The tuning parameter A,, > 0 shrinks
the individual specific effect toward zero. The risk function Ry, is convex and is

minimized by 8 = (80T, 81, T)T, where

6(]1 | \/%(621 - Clél)
o= :|= : (4.18)
Bon (@ — )
and

317’1 \/N—(Bn - :67-1)
017 = EA = : . ' (4.19)

617’q ‘\/N(B'rq - ﬁrq)

Assume the following regularity condition
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A1l. The data {(y;, X;)}, are independent across ¢, and

Var [II!T(eiT)aiT] =F [\IIT(eiT)eiTe,-TT\IIT(eiT)] = X, where

Eir = (gilTa v ,EiTrLT)Ta Eijr = Yig — mijTlgT and \IlT(eiT) = [dlag(w’f(‘gl]’r))] _—
]:

A2. Assume the limiting forms of the following matrices are positive definite

o . v'¥vwZ'Z vE.VRZTX/\/n
Dyr) = Jim

nveo V3w XTZ/\/n VE.VeXTX/n

(

i  wZ E¥,]1Z v Z E¥,|X/V/n - quT]E[lIITq]X/\/ﬁ\

T -1 ’U]_XTE[II’TI]Z/\/E leTE[\IlTl]X/n 0
Dy(rt)= lim m
e

\ v XTE[¥.]Z/\n 0 o v XTE[¥, X /n |

where 3, = Var[¥,(e,)e,] and ¥, = ¥, (e,,).
A3. max; ; HQZ'U” < M.
A4. )\, /\/m — Ao, where \g is some constant.

Condition A1 ensures independence across individuals, but permits a within-dependency
between observations of the same individual and allows heterogeneity across indivi-
duals. Condition A2 is a full rank condition and is used to invoke the Lindeberg-
Feller Central Limit Theorem. Condition A3 is useful both for the application of
the Lindeberg-Feller Central Limit Theorem and for ensuring the finite dimensional
convergence of the objective function. Condition A4 is from Knight et Fu (2000)

who derived the limiting distribution of the class of Bridge estimators. We use the
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same approach to derive the asymptotic distribution of the PERFE estimator. We

~ start with a result on the limiting function of the Rpmg function.

Theorem 4.3.1. Under conditions A1-A4, the first component 5, minimizing the
objective function Rpmy,g has the same limiting distribution as the first component of

the minimizer of

Roq(a) = —25TB + 6TD1(T)6 + )\057-3,

where B is a zero mean Gaussian vector with covariance matrix Do(T), and s =

(soT, 0,,7)7 and sp = (sign(cai), .. . ,sign(ay))T

The results of Theorem 4.3.1 will lead to the derivation of the asymptotic property
of the PERFE estimator. Assume that

A2’ The limiting forms of the following matrices are positive definite

Diy(m) = Jim, (T, & X) B[ ()| Moz (r)(V & X) /m

n—oo

Dog(r) = lim_(V & X) M7 "(1) 5. Mz (r)(V © X)/nm.

n—oo
Matrix M ,z(7) = Lynm — Pyz(7) is an idempotent matrix. Its complement P,z(T)
which is also idempotent is defined as
‘ -1
Pus(7) = (1,8 2)|(v® 2) B[+ ()1, ® Z)| (v ® 2)TE[¥(e,)].
These matrices are identical to those defined in the development of the ERFE model
by Barry et al. (2018b). They are orthogonal to the time-invariant covariates and
theif presence in the expression of the variance covariance matrix does not allow the

derivation of the variance of the latter. Thus, the PERFE model allows estimation of
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the time-invariant covariates, but does not compute their variance. Other methods,

like bootstrap, will be used to compute the variance of the time-invariant covariates.

Corollary 4.3.1.1. Assume conditions A1, A2’, A3-A4 and Elp,(;,)[*" < A <

oo and Eley[* < A < 0o for some v > 0. Then
~ ) ~—l, |~ ~—1
VN@B, - 8,) % N (Bias-(\), Dy, (r) Doy(7) Dl (1)),

where

Bias;(\) = Q)‘—T‘; [(Iq®X)TIE[\I'T(sT)]qu(T)(V(@X)]_1(V®X)TPQZT(T)(U®Z)SO.

A special case of Corollary 4.3.1.1 is the result for one expectile which corresponds
to setting the total number of expectiles ¢ and weight v to 1. The result for one
expectile is presented in Corollary 4.3.1.2. Let

Du(r) =lm_ XTE[®, (,)]M4(r) X /nm,

n—o0

.50(7') =Tr1;i_1>1100 XMz (1)2, Mz (1) X /nm,

n—o0

where M z(7) = Iy — Pz(T) and
Py(r)=2Z [ZT ]E[\I!T(r-:T)]Z] T TR ()]

Corollary 4.3.1.2. Assume conditions A1, A3-A4 and El (e;,)* < A <

oo and Elejj-|* < A < oo for some v > 0. If the matrices D:(t) and Do(r)

are positive definite then

V(B ~ Br) % N (Bias,(\), Dy (1) Do(r) D} (7))

where

Bias,(\) = ;—; I:XTE[II’T(ET)]MZ(T)X]—1XTPZT(T)ZSO.
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4.4 Simulations

In this section, the small sample performance of the PERFE estimators is evaluated
through extensive simulation studies. The simulation design proposed here is replica-
ted from Barry et al. (2018b). The random samples are generated from the following

linear model

Yij = Bo+ xiiP1 + i + (1 + yzij)eq, (4.20)

fori=1,...,n émd j=1,...,m. Two versions of model (4.20) are considered with
respect to the parameter 7 € {0,1/10}. A location shift model (Mj) corresponding
to v = 0, which helps assess the performance of the estimators for a homoscedastic
scenario and a location-scale shift model (M/10) corresponding to v = 1/10 to assess

the performance of the estimators in the presence of heteroscedasticity.

The individual-specific effect o; and the disturbance ¢;; are generated by the same
distribution in three different models : normal distribution A (0,1), Student distri-
bution t3 with 3 degrees of freedom, and chi-squared distribution x% with 3 degrees
of freedom. In addition, for each distribution the random error is centred on its 7-th
expectile, p(g;;). The continuous explicative covariate z is generated by a normal
distribution in the location shift model and by a chi-squared distribution with 3 de-
grees of freedom in the location-scale shift model. The parameters Sy = 5; = 0 are
set to zero. The number of subjects and the number of within-subject observafions
are respectively n € (50,100,250) and m € (5,15,25). The extensive simulation is
| carried out with 400 replications. In each case the focus is on the effect of the cova-

riate (z;;) at the expectiles 7 € {0.25,0.5,0.75}.
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We compute the solutions path for a grid of A by placing K = 10 points uniformly
in the log-scale between Apmin = 10™*Apax a0d Apax. We estimated both criterion
BIC;, and BIC,, presented in Section 4.2 and we rely on it to select the optimal
value of the regularization parameter. We showed their performance for a single re-
plication. We aléo estimated three different values of £ € {0.001,0.01,0.1} to assess

the relative sensitivity of the criterion.

We also estimated the ERFE model of Barry et al. (2018b) and the penalized quantile
regression with fixed-effects (PQRFE) model of Koenker (2004). The regularization
parameter A = o0./0, is chosen for the PQRFE model, as suggested by Koenker
(2004). Note that, this value is not necessarily optimal, especially in a context where
the distribution is not Gaussian. The simulation of the PQRFE model was carried out
by choosing, for each distribution,b the asymmetric points for which the quantiles are
equal to the expectiles. For example, the Gaussian quantiles of 7 = (0.33,0.5,0.67)
correspond to the Gaussian expectiles of 7 = (0.25,0.5, 0.75). The quality of the
estimators is evaluated by the distribution of their bias represented as box-plots.
All compﬁtations are performed with the R v3.4.0 statistical programming language
(R Core Team, 2018). The PQRFE model is estimated with the rqpd v0.6 package
*(Koenker et Bache, 2014) for R.

Here, we show the results of the estimators adjusted to the data generated by the
normal distribution. The results of the estimators for the other distributions, Student

and Chi-square, are set out in the Supplementary material I.

Figure 4.3 and Figure 4.4 present the results of the distribution of the bias for

the location-shift (M) and the location-scale-shift (A1) scenario. We have, from
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left to the right of the x-axes, the ERFE, PER1, PER2 and PQRFE estimators. The
estimators PER1 and PER2 are respectively the PERFE estimator corresponding to
the optimal value of A according to the criteria BIC;, and BIC,),. In columns, we
havé the results according to the values of 7 € (71,73, 73), and in rows, the results

according to the values of the number of subjects n and the number of within-subject

observation m : 50-5, 50-15, 250-5, 250-15.

Overall, we observe a relatively small bias for both estimators, ERFE, PER1, PER2
and PQRFE. The first thing of immediate interest is the decreasing of the range and
the interquartile of the different box-plots as well as the number of extreme values
as the size of the sample increases. This is in line with the asymptotic properties of
the estimators and the fact that the fixed-effects is consistent when the number of

within-observation goes to infinity (Hansen, 2007).

In both scenarios, (Mp) and (M /10), the optimal PERFE estimators (PER1, PER2)
outperform the ERFE estimator. This result is consistent with the fact that the
PER1 and PER2 estimators are the optimal estimators. according to both criteria
and that the ERFE estimator corresponds to Ay, which does not at all shrink the
fixed-effects. In the location-shift scenario, (M), the expectile family estimators per-
form better than the PQRFE estimator. It is observed that the distribution of bias
of tﬁe PQRFE estimator is less centered at zero compared to the. other estimators.
In the location-scale-shift scenario, (Mj/10), the PQRFE estimator performs slightly
better than the PERFE estimators when the sample size is small. However, they

have comparable performance as the sample size increases.

Similar conclusions are found with other distributions (Student and Chi-square) and
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for both scenarios, (M) and (Mi/10) : small bias for all estimators, decrease of the
range and the interquartile as well as the number of extreme values as the size of the
sample increases. That said, the PERFE estimators (PER1 and PER2) outperform
the PQRFE estimator in both distributions (Student and Chi-square) and scenarios

(Mp) and (My/10), see the results in the Appendix (Supplementary material I).

Figure 4.5 and Figure 4.6 show the results of both criteria BIC;) and BIC,) for a
single replication. The results of the three values of k = (0.001,0.01, O.lj are identical
for both criteria, meaning that the two criteria do not depend on the variability of
the values of the parameter . In the location-shift scenario (Mp), the results show
that both criteria select a dense model, which correspond to a A that does not shrink
at all the fixed-effects, Figure 4.5. In the location-scale-shift scenario (Mj/10), the
results show that both criteria choose a sparse model, Figure 4.6. The results of the

other distributions (Student and Chi-square) are in the (Supplementary material

1).
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PQRFE, according to T = (71,72, 73), the number of subjects, n = (250,100,50), the number of within-subject

observations, m = (5, 10,15), and the error term, € ~ N(0, 1).
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Figure 4.5: Location-shift scenario — BIC criteria plotted against the regularization parameter log(A) according

to the values of k = (0.001,0.01,0.1), for a single replication generated by a normal distribution, € ~ A/(0,1).
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4.5 Application

Returns to schooling, also known as returns to education, is undoubtedly one of the
most widely studied topic in empirical economics. An impbrtanf component of the
research on the subject is the investigation of the existence of individual-level he-
terogeneity in returns to education (Koop et Tobias, 2004). Research has suggested
application of instrumental variable (IV) methods to account for this heterogeneity,
(Cornwell et Rupert, 1988; Baltagi et Khanti-Akom, 1990). The difficulty of finding
valid instruments and the question of verifying their uhélerlying hypothesis hampers
the application of the IV method (Greene, 2012; Baltagi, 2008). The fixed-effects
model is by nature an IV method, therefore by extension our PERFE model. Moreo-
ver, the PERFE model allows inference of time-invariant covariates. In this section,
we apply the PERFE model to study the individual-level heterogeneity in returns to

schooling.

We replicated Baltagi and Khanti-Akon’s study (Baltagi et Khanti-Akom, 1990)
using the Panel Study of Income Dynamics (PSID) dataset (Cornwell et Rupert,
1988). The dataset is a cohort of 595 individuals observed over the period 1976-1982.
The respondents, aged between 18 and 65 in 1976, are those who reported a positive
wage iﬁ some private, non-farm employment for all 7 years, (Cornwell et Rupert,

1988). We also consider the PQRFE model in our analysis.

The log wage is the response variable and is regressed on years of education (ED),
weeks worked (WKS), years of full-time work experience (EXP), occupation (OCC=1,
if the individual is in a blue-collar occupation), residence (SOUTH = 1, SMSA =

1, if the individual resides in the South, or in a standard metropolitan statistical
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area), marital status (MS = 1, if the individual is married), industry (IND = 1, if
the individual works in a manufacturing industry), sex and race (FEM=1, BLK=1,
if in:dividual is female or black) and union coverage (UNION = 1, if the individual’s
wagé is set by a union contract), (Baltagi, 2008). The corresponding Mincer equation

(Lemieux, 2006) for both methods PERFE and PQRFE is

MT(log(Wageij)) or QT(log(Wageij)) = Bor + /LED;; + B2FEM;; + B3BLK;;
+ BsWKSy; + BsEXPy; + FeEXP}; 4 5,0CCy;
+ BsIND;; + BoIND;; + B10SOUTH,;
+ B1uiSMSA;; + S12MS;; + ;.

We compute the solution for a fine grid with K = 100 different values of A. Then, we
estimated the model for all A’s in the grid and selectéd the optimal A using BIC,)
_criterion with x = 0.01. As the regularization parameter A = o0./0, suggested by
Koenker (2004) is not available for real dataset application, we used a similar grid to
estimate the PQRFE model and select its optimal regularization parameter based on
BI C’Q)\ criterion. Figure 4.10 plots BICs), as a function of log(\). We observe that
in both models, PERFE and PQRFE, the best regularization parameter corresponds
to the model with fixed-effects.

We did not compute BIC)) criterion because its expression is a function of the
ERFE estimator (Barry et al., 2018b) that does not estimate time-invariant cova-
riates. Moreover, the PERFE does not estimate asymptotic standard error of time-
invariant covariates. Instead, we generated the confidence intervals of the PERFE
model using bootstrap. We generated 500 samples (same size as the original data-
set) with replacement and estimated the PERFE model on each sample. Then, the

confidence intervals is computed using the percentiles (go.025, G0.975) of the bootstrap
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distribution of the PERFE estimator. The confidence intervals of the PQRFE mo-
del is also generated by bootstrap. We estimated both models using 91 asymmetric
points (0.05,0.06,0.07,...,0.95). The results aré preéentéd in Figure 4.7—4.9 and
Table 4.1.

Notice that the-point estimate of the PERFE model and that of the PQRFE model
are not comparablé. For a given 7, both methods do not estimate the same percentile
(expectile or quantile). In view of the above, analysis and interpretation of PERFE
and PQRFE results must be done globally, by‘looking at the global scale and trend

of the heterogeneity of the effects according to the level r-axis.

Figure 4.7 shows the heterogeneity of the effect of time-invariant covariates on
wage distribution. Apart from education (ED), the effect of the covariates are rela-
tively similar, having the same scale and similar pattern, for both models, PERFE
and PQRFE. For example, the results of the PERFE model show a significant effect
of ethnicity (black vs others) on wage. The effect is relativly on the same rate on the
left, right and center of the wage distribution. That is, black with low, middle or high
wage are disadvantaged in the same way. Although it is difficult to determine a trend
from the PQRFE model, we observe a similar trend. The ethnicity effect on the wage
distribution is significant and relatively uniform on the whole distribution. Figure
4.8 and Figure 4.9 report the heterogeneity of the effect of the other covariates on
wage structure. |

In addition to looking at the size and direction of the effect, it is important to
identify the effects that are significant. To see more closely the effects, their sign,
magnitude and significance, we extracted the results of some asymmetric points

7 € (0.1,0.25,0.5,0.75,0.9). Results of some important covariates are presented in
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Table 4.1 and the remaining are in the Supplementary material I. The results
from that table allow us to see from another perspective the utility of both methods
in data analysis. It can be seen that the effect of some covariates is not significant
at eny point of the distribution, while others have a significant effect on the left tail
_but not on the right tail of the distribution, while some covariates have a signifi-
can;u effect on the whole distribution of vthe response variable. This is the case, for
example, with education. Education has a significant effect between 10% and 13%,
depending on whether one has low/high wages in the PERFE model and a signifi-
cant effect between 5% to 6% depending on the wage level for the PQRFE model.
While working in a manufacturing industry (IND) has no significant effect on wage
change. On the other hand, according to the results of the PERFE model, the effect
of being unionized is significant only to the left tail of the wage distribution. Being
part of a union (UNION) is more advantageous for low wages than for high wages.
Thiis finding, on the heterogeneity of the effect of unions on the structure of wages,
is consistent with the results obtained by Card (1996). Finally, both methods report
a significant effect of the OCC covariate on the entire distribution of the wage. This
difference between blue and white-collar is more pronounced in the group with low
wage, it is -7.6% when 7 = 0.1 and -3.7% 7 = 0.9 in the PERFE ﬁlodel. We noticed
that the results of the PQRFE model are similar, if not identical, to the results of
the classical QR model. Both models the PQRFE and QR display same scale and
same pattern. The results of the QR model can be found in (Barry et al., 2018b).

Analysis of the results showed existence of a subject-level unobserved heterogeneity
and heterogeneous covariates effects in returns to schooling. The PERFE model goes
beyond the average or the mediae to capture the dynamics of the effects on the
structure of the wage distribution. In addition, the PERFE model accounts for the

subject-level unobserved heterogeneity and allows time-invariant inference. Given
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its attractive properties, future research should investigate the application of the

PERFE model to other penalties, such as elastic net penalty (Hui et Trevor, 2005).
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Tableau 4.1: Parameters estimates (Est) and p-values obtained from the PERFE and PQRFE methods at five
‘ percentiles, 7 = (0.1,0.25,0.5,0.75,0.9).

Var T 0.1 0.25° 0.5 0.75 0.9

ED PERFE 0.1114%*%*  0.1158%%* 0.1190***  0.1221%%*  (0.1262%**
PQRFE  0.0600%** 0.0500*%** 0.0600*** 0.0600***. 0.0600***
IND PERFE 0.0333 0.0312 0.0335 0.0372 0.0415
PQRFE  0.0700* 0.0400 0.0300 0.0300 0.0200
OCC PERFE  -0.0759*** -0.0686*** -0.0618*** -0.0519**  -0.0372
PQRFE  -0.1500*** -0.1500*** -0.1000*** -0.1200*** -0.1400***
UNION PERFE  0.0827***  (0.0564**  0.0338 0.0117 -0.0104

PQRFE  0.1100*** 0.1000*** 0.1000***  0.0700***  0.0300

***significant at 1% level, **signiﬁcant at 5% level, *significant at 10% level.
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4.6 Conclusion

In this paper, we introduced the penaliZed weighted asymmetric least squares regres-
sion for longitudinal data with fixed-effects. The PERFE model uses the [; penalty
to control the variability introduced by the incidental parameter and at the same
time prevents overfitting. We resort to special treatment to compute the solution
path of the regularization parameter and rely on the Bayesian information criterion |

(BIC) to select the optimal regularization parameter.

The simulation results show that the PERFE estimator has lower bias and bet-
ter efficiency and outperforms its competitors (ERFE, PQRFE), particularly in the
location-shift scenario. We fit the PERFE model to the Panel Study of Income
Dynamics to study the returns to schooling. The results reveal the presence of an

individual-level heterogeneity in returns to schooling.

Today, high-dimensional longitudinal dataset is available in several consortium such
as the UK10K consortium. The penalized ERFE model can be fit to such data to
detect important covariates for the conditional mean and important covariates for
the conditional scale/variance, using techniques from SALES and COSALES (Gu
et Zou, 2016). Future research should also investigate application of other penalties

such as Elastic net, SCAD and MCP to the ERFE model.
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4.7 Appendix

4.7.1 Supplementary Material I : Additional results
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Figure 4.15: Location-shift scenario — BIC criteria plotted against the regularization parameter log(\) according

to the values of k = (0.001,0.01,0.1), for a single replication generated by a Student distribution, & ~ ¢3.



236

BIC1», . BICy,
150 - * 4 0001 €3 0.01 € 01 1.0
128 05 e
- &
0 bt o @ 00 [ galy PO
150 1.0 .
P -
0 4 e el . 0.0-[- 8@ “
150 1.0
100
{ 0.5
58 N A 0.0 et
150 1.0
100
0.5
53 NI e , 0.0 | . P
o 150 1.0
= 100
m 0.5
Y P R R P 00 |- pmscpfpgpia—
150 1.0
5
0 " Ww 0.0 -} Grmem st
150 1.0
100
0.5 o
0
50 el R A 0.0 oGl 3”‘/
150 ¥od 1.0
100 05
50 pd .
"o 0.0 |-#
150 \ 1.0
100 ‘ 05
50 o | -
10 Lo S —&"’M 1 0.0 ;
‘ ~5.0 -2.5 0.0 . ~5.0 ~2.5 0.0
log(}) log(})

Figure 4.16: Location-shift scenario — BIC criteria plotted against the regularization parameter log(A) according

to the values of x = (0.001,0.01,0.1), for a single replication generated by a Chi-Square distribution, & ~ x32.
2



237

BICq, BIC,

log(\) ~ log(M)

Figure 4.17: Location—scale—éhift scenario — BIC criteria plotted against the regularization parameter log(A)

according to the values of x = (0.001,0.01, 0.1), for a single replication generated by a Student distribution, & ~ t3.
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Tableau 4.2: Parameters estimates (Est) with their 95% confidence intervals (CI) and p-values obtained from the PERFE and
PQRFE methods at five percentiles, 7 = (0.1,0.25,0.5,0.75,0.9).

r 0.1 0.25 0.5 0.75 0.9
Var  Method Est a1 P BEst @)1 P Est I P - Est o)1 P Est CI P
- PERFE 3.97 (3.65,4.30) 000 400 (3.67,4.32) 000 403 (3.70,4.35) 000 407 '(3.73,441) 000 412 (3.75,4.50) 0.00
PQRFE 485 (4.54,5.15) 000 510 (4.79,5.40) 0.00 5.28 (5.03,553) 0.00 5.46 (5.09,5.83) 0.00 577 (5.39,6.15) 0.00
BLK PERFE -0.25 (-0.51,0.01) 0.05 -0.26 (~0.52,0.00) 0.05 -0.26 (-0.52,0.00) 0.05 -0.26 (~0.52,0.00) 0.05 -0.27 (~0.53,~0.01) 0.04
PQRFE -0.11 (—0.22,~0.01) 0.03 -0.18 (~0.27,—0.08) 0.00 -0.17 (~0:29,~0.05) 0.00 -0.13 (—0.24,—0.03) 0.01 -0.13 (—0,23,—0.03) 0.01
gp  PERFE 011 (0.09,013) 000 012 (0.10,0.14) 000 012 (010,014) 000 0.12 (0.10;0‘14) 0.00 013 (0.11,0.15) 0.00
PQRFE 0.06 (0.04,0.07) 0.00 005 (0.04,0.06) 0.00 006 (0.05007) 000 0.06 (0.050.08) 0.00 006 (0.04,0.08) 0.00
axp FERTE 008 (0.07,0.09) 0.00 0.08 (0.07,0.09) 0.00 0.08 (0.07,0.09) 0.0 0.08 (0.07,0.08) 0.0 0.07 (0.06,0.08) 0.00
PQRFE 0.04 (0.03,005) 000 004 (0.03,0.05) 0.00 0.04 (0.03,005) 0.00 0.04 (0.03,005) 0.00 004 (0.02,0.05) 0.00
ixpy FERFE 0.00 (0.00,0.00) 0.00 000 (0.00,0.00) 0.00 000 (0.00,000) 0.00 0.00 (0.00,0.00) 000 0.00 (0.00,0.00) 0.00
PQRFE 0.00 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.0 0.00 (0.00,0.00) 0.00 0.0 (0.00,0.00) 0.00 0.00 (0.00,0.00) 0.00
ey PERFE 042 (~0.58,-026) 0.00 -040 (~0.56,~0.24) 0.00 -0.39 (~054,~0.23) 000 -0.38 (~0.53,~0.22) 0.00 -0.36 (~0.51,~020) 0.00
PQRFE -0.23 (~0.36,~0.10) 0.00 -0.32 (~0.43,-0.20) 0.00 -0.38 (—0.48,~0.29) 0.00 -0.42 (—0.53,~0.30) 0.00 -0.49 (~0.59, —0.39) 0.00
wp  PERFE 003 (-0.02,000) 0.23 003 (-0.02,008) 0.23 003 (~002,0.08) 019 0.04 (~001,009) 014 0.04 (~001,0.09) 0.12
PQRFE 0.07 (0.00,0.14) 0.04 004 (—0.02,0.10) 0.20 0.03 (0.03,0.09) 0.32 0.03 (—0.03,0.10) 0.33 0.2 (-0.05,0.09) 0.57
S PERFE -0.13 (~0.20,~0.06) 0.00 -0.11 (0.17,~0.04) 0.00 -0.09 (~0.15,~0.02) 0.01 -0.07 (~0.14,—0.01) 0.03 -0.05 (~0.12,0.02) 0.14
PQRFE 0.11 (-0.03,0.25) 0.11 006 (—0.05,0.17) 0.25 0.02 (~0.07,0.10) 0.72 0.05 (-0.04,0.14) 0.27 0.03 (—0.05,0.10) 0.49
oce PERFE -0.08 (~0.13,-0.03) 0.00 -0.07 (—0.12,—0.02) 0.00 -0.06 (—0.11,~0.02) 0.01 -0.05 (—0.10,—0.01) 0.02 -0.04 (—0.09,0.01) 0.13
PQRFE -0.15 (~0.22,—0.08) 0.00 -0.15 (—0.22,—0.08) 0.00 -0.10 (—0.16,~0.04) 0.00 -0.12 (—0.19,~0.05) 0.00 -0.14 (—0.22,~0.06) 0.00
s FPERFE 001 (~0.06,008) 0.80 0.01 (~0.05,008) 0.70 0.02 (~0.05,0.08) 0.59 0.03 (-0.04,0.00) 0.44 004 (~0.02,0.11) 0.21
PQRFE 0.16 (0.10,0.22) 0.00 0.7 (0.11,022) 000 017 (0.12,023) 000 012 (0.06,0.19) 0.00 0.0 (0.03,0.16) 0.00
SOUTH PERFE 0.04 (—0.06,0.15) 0.42 0.04 (—0.06,0.15) 0.40 0.05 (—0.06,0.15) 039 0.05 (—0.05,0.16) 0.32 008 (—0.03,0.19) 0.16
PQRFE -0.08 (~0.15,—0.01) 0.02 -0.08 (—0.14,—0.03) 0.00 -0.07 (~0.13,—0.01) 0.03 -0.05 (—0.12,0.02) 0.18 -0.04 (—0.11,0.03) 0.27"
UNION PERFE 0.08 (0.03,0.14) 0.00 006 (0.00,0.11) 0.03 003 (=0.02,0.09) 0.20 0.01 (—0.04,0.07) 0.66 -0.01. (—0.07,0.08) 0.71
PQRFE 0.11 (0.06,0.16) 000 010 (0.050.15) 0.00 010 (0.04,015) 000 007 (0.01,0.13) 0.01 0.03 (-0.04,0.10) 0.38
WK PERFE 0.00 (0.00,0.00) 023 000 (0.00,0.00) 0.20 000 (0.00,000) 0.34 0.00 (0.00,0.00) 0.73 0.0 (0.00,0.00) 0.7
PQRFE 0.00 (0.00,0.01) 0.1 000 (0.00,0.01) 001 001 (0.00,001) 0.00 000 (0.00,001) 0.07 000 (0.00,0.01) 0.07
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4.7.2 Supplementary Material II : Proof of the Theorems
|
Proof of Theorem 4.3.1.

Let p;jr = mi]’TﬁT + ZijTa and consider the following objective function

q n m

anq (0, Am Z Z Z'Uk [pm {yzj Kijr, — Tij 517%/\/_ — Zij 60/\/_}

k=1 i=1 j=1
- ka{yij - ,uij'rk}:| + )‘m < Z Vg Zlaz - 501,/\/_| |az|)

The above objective function is a convex function of d that is minimized by

5| [ vm@-a
517’ \/%(BT - 131')

Our goal is to approximate R,m4 by a quadratic function with a unique minimizing

)
Il
I

(4.21)

value, and use results from Lid Hjort et Pollard (2011) to show that 8 has the same
asymptotic distribution of that minimizing value. This quadratic approximation is
maiﬁly composed by the Taylor expansion of the expected value and by a linear

approximation function.

Let mz] (ZZ]T7 mz]T)T, 0= (501—/\/_75, 61TT/V nm)T and Eijr = Yig — Kijr-
The function E(p,(&:5r ——53}?5) — pr(€i47)) is convex, twice continuously differentiable
and reaches its minimum at & = 0. It can be represented in the neighbourhood of

0 =0 as
E [pT(EijT - %TS) - pT(EijT)] = ’ST% E[lpT(EijT)]@T’S

N o (4:22)
— 287 & Bt (£1r)-€050] + 0”5
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where 9,(A) =7 — 1(\ < 0). Since

argmin E [p, (g;j, — @TE) — pr(gijr)] =0
d € Rrtp

we have by the first order condition

Ely-(eir)-€55-] = 0, (4.23)

and equation (4.22) can be reduced to :

~ ~. ' ~ ~112
E [pr(er = 8519) = pr(eigr)] = 875 Elur (e 3 + 0|3 (a.29)

The linear approximation function can be considered as a sort of Taylor expansion

around § = 0, see (Pollard, 1991b). Define

Dij (8ij7) = —2"/}7(51'3’7')-51_7'7'- (425)

Note that by (4.23), E(D;j(eijr)) = 0. Define

rij(8) = pr(eijr — %31 0) — pr(€ijr) — 8 @5 Dy (€450)-

Then

n m

q ~
Brmg (8, Am) = > 2> 0> i ( [or (eism, — ﬂ?ffcs)—m(firk)])

k=1 i=1 j=1

m q
+ Z ka5 @3 Dij(ijm,) + Z

k=1 i=1 j=1 k=1 i=1 j=1

+ )\m<2|ai — doi/v/m| — |04il>-

i=1

1l

Q
3
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Usmg Lemma 2.7.0.1, the objective function anq(é) reduces to

n

m m
:zv (85 B (e 155 )amz > 0 Dy i)
1 j=1

k=1 i=1

LR DI

n

KPP HWACAINCNEr EET10 90 9) SUEAHCH

k=1 i=1 j=1

q n q n.m
6T Z Z Uk (mm ¢Tk 51]779 mz] ) 0 + 5T Z Z Z 'Ukmzj ij Ezyrk

k=1 i=1 j=1 k=1 i=1 j=1
n
+/\m( | — 80i//m| — lail)-

(4.26)

Byjrep1acing 2y = (z5;7,2;,7)7 and 8 = (607 //m, 8, /y/nm)T by their initial -

value, we have

Z 'Uk ZUT50 + wijTtslTk/\/ﬁ)T/’rk (Ez‘jrk)(sijrk)

i=1 j=1

Z vk E[r, (£3jr,)] (235 80 + @35 81, /v/0)?

i=1 j=1

o = o [

=1
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The conditions A2 and A3 imply a Lindberg condition for the first term of Rn}nq(é s Am)-

T
617‘k

N

q
R;l%q(& = 2 ka [60TZT\I’T,c (€r, )€ + X'w, (eTk)eTk]
k=1

1
Jm
4 _28"B.

B is a zero mean Gaussian vector with covariance matrix Do (7).

The second term of Ry;4(8, Ap,) is

R{4(8)
q
=D [5°TZTE[‘PTk<€Tk>]Zao+250TZTE[\IJTk (en )| X811, /¥

k=1

+ 61TkT/\/ﬁXTE[‘I’Tk (sTk)]Xél(Tk)/\/ﬁ

/Zzzl wZ E[¥,])Z vwZTE¥,]X/Vn - UqZTE[‘I’Tq]X/\/ﬁ\
Lgr | wXTE®AZ/VA oXTEW]X/n - 0 s
T m
\ v XTE[¥,,)Z//n 0 oy XTEW, )X /n )
— 8T Dy(T)86.
Finally, using the result of Knight et Fu (2000) the third term of anq-(é, Am) s
R,%)zq(& )\m) = ﬁ”b_ Z 50»; mgn(a,) — )\0501—30,

vz
where so" = [sign(a;)]%;.

Thus, the limiting form of the objective function is
Roy(8) = —=26"B + 8" Dy(T)8 + Xod s,

where 8T = (897, 0pg"). ' -0
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Proof of Corollary 4.3.1.1.

Consider again the function Ry, in its matrix form this time

Rana8,30) = =22 (0.® 2)7W, (er)e, — 22 (V @ X)W (o),
+ f/L:(v ® Z) E[¥,(e,)](1, ® Z) j:_?
4 23’_(11 & Z)TE[W,(c.)](V ® X) \;’%
IV X)TE[ (o)l & X) S
+ )\0501—80.

Rynng is a convex function and twice continuously differentiable. Its first order condi-

tions allows us to derive the expression of 317. and /5\0. We have

(V ® X)T E[\PT(ET)](Hq ® X) jflz—Tm— =(V® X)T\Il.,.(s.,-)s.,-
—(V® X) E[¥r(e)](1, ® Z)%
and
(v® 2) B[ (c,)|(1,® z>7 = (08 2) ¥, (er)er — 20050

~

(0 ® Z)TE[T, ()1, ® X) jm

By replacing the expression of 3o in that of 317. we have

01 - T e -
vnm - l(V®X) E[¥-( T)]MQZ(]Iq®X):|

A
{(V @X) ' Myz ¥, (er)er + -2—7%(V ®X) Pz (v® Z)T30}~
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In order to complete this proof, we will show the asymptotic normality of the first
term of the above expression (V ® X)TM qu‘Il.,.(sT)e,. which is a vector of length
pg. As explained by Barry et al. (2018b), we can show the result for a single 7. Let
Xz = M,z X then we have

n m

1XZT\I’ (57 = Z Z ngZ'@/JT gzj’r)gl)‘r/

i=1 j=1

To demonstrate the asymptofic normality we apply the Cramér-Wold device and
verify the Lyapunov’s condition. Let T; = 07 (V ® X ;)" (e;r)eir and consider
N=Y25""  Twi, where i is a pg x 1 unit vector, 7’1 = 1. The summands T; are
independent with E[Ty;] = 0 and Var [n_l/ 23T Ni] > vt > 0, by condition A2’.
When we apply Minkowski’s inequality, we have

m

- k
Z Z m lnklleij z¥n (€ijn)’5ijn

=1 j=1 k=1

q p
-1 k
E (E ‘m nklleijz¢fz (Eijn)gijn

S[Z 1

=1

53

=1

24-v

E|Tw:/*" = E

2+u) 2+u] 24v
1 .
2+u> m} 24v

where the last inequality follows by E|, (i) [*™ < A and Ele;jr|*T < A,

¥4
§jnrwmwwga<m

1 k=1

wn (Eijn )Eijn

“’Ms ,TLMS

S MApH_V,

Then by the Liapounov CLT N~Y3(V ® X)"M,z ¥ (e,)e, is Gaussian and by
condition A2’ 81, is zero mean Gaussian vector with covariance matrix Var(,@,,.) =

D, (r)Do,(r) Dy, (7). O

Proof of Corollary 4.3.1.2.
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The proof of Corollary4.3.1.2 follows immediately from the proof of Corollary4.3.1.1,

with a single 7. O



CONCLUSION .

Dans la présente thése, nous avons introduit une nouvelle classe d’estimateurs pour
I’analyse des données longitudinales. Cette nouvelle classe, basée sur la régression des
moindres carrés asyméfriques pondérés (régression expectile), est une généralisation
de 'estimateur classique des moindres carrés ordinaires. En plus d’estimer un effet
moyen des régresseurs, elle estime leur influence sur tout autre percentile de la distri-
bution conditionnelle de la variable réponse. Parmi les modéles d’analyse des données
longitudinales, nous avons étudié la généralisation du modéle GEE et du modéle EF
qui sont deux modéles couramment utilisés en biostatistique et en économétrie. Les

trois articles de la présente thése réunissent la généralisation de ces modéles.

Le premier article de la présente thése est soumis au journal «Computational Statis-
tics and Data Analysis» et aborde la généralisation du modéle GEE.‘ Le modele GEE
est un modéle marginal trés populaire pour I’analyse des données longitudinales. Le
mode¢le GEE modélise la moyenne marginale et tient compte de la dépendance intra-
groupe des données provenant d’un méme sujet par I'inclusion dans le modele d’une
structure de corrélation hypothétique dite «working correlation structure». L’adap-
tation de la régression expectile au modéle GEE a donné naissance & une nouvelle
classe d’estimateurs. Cette nouvelle classe, que nous avons désignée GEEE, permet
au modéle GEE d’étudier I'influence des régresseurs sur la localisation, I’échelle et la

forme de la distribution de la variable réponse. Dans notre article, nous avons dérivé
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les propriétés asymptotiques de l'estimateur GEEE et avons suggéré un estimateur
robuste et convergent pour sa matrice de variance-covariance. Nous avons présenté un
algorithme montrant la généralisation des structures de corrélation existantes pour

le modéle GEE.

Nous avons mené des simulations exhaustives pour évaluer la performance des esti-
mateurs GEEE. Les données ont été générées selon deux scénarios (location-shift et
location-scale-shift) avec trois distributions (N (0,1),t, x}) La dépendance intra-
groupe des données provient d’une structure de corrélation AR1 obtenue & l’aide du
package Copula (Hofert et al., 2017) de R (R Core Team, 2018). Nous avons ajusté le
modeéle GEEE aux données simulées avec quatre structures de corrélation différentes :
indépendante, échangeable, AR1 et non-structurée, ainsi que le modéle mixte de la
régression quantile linéaire «LQMM>» (Geraci et Bottai, 2007, 2014). Les résultats
‘de la simulation ont montré les qualités favorables et les avantages de Destimateur
GEEE dans les deux scénarios. Nous avons utilisé le critére QIC de Pan (2001) pour
- discriminer parmi les quatre structures de corrélation. Le QIC est plus susceptible
de sélectionner la corrélation (AR1) parmi les quatre structures de corrélation sélec-

tionnées dans la simulation.

Finalement, nous avons ajusté le modéle GEEE aux données sur les douleurs liées
au travail a I’accouchement pour étudier 'effet d’'un nouveau traitemeﬁt. Les résul-
tats ont révélé une forte corrélation entre le traitement et le temps. Les résultats
ont montré également que I’évolution de la douleur en fonction du temps varie selon
qu’on se trouve au centre ou & gauche ou & droite de la queue de la distribution de

la variable réponse.
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Il faut noter que la régression quantile (RQ) a été adaptée au modéle GEE. Chen et al.
(2004) ont proposé un estimateur RQ pour les données corrélées en utilisant 1’ap-
proche GEE basée sur la structure de corrélation indépendante. Fu et Wang (2012)
ont combiné la RQ et les fonctions d’estimation intra et inter pour tenir compte de
la dépendance des données longitudinales.‘ Lu et Fan (2015) ont adapté la RQ au
modele GEE avec une structure d’autocorrélation stationnaire. Malgré la robustesse
du modéle RQ), sa combinaison avec l’approche GEE est difficile. L’adapfation des
structures de corrélation dans le cadre du modele RQ n’est pas garantie pour tous

les types de structures, (Farcomeni et Marino, 2015).

Déms le second article, qui a été soumis au journal «Econometric Reviews», nous
avons considéré 'adaptation de la RE au modéle linéaire avec effets-fixes (EF). Le
modéle EF est un modéle couramment utilisé pour ’analyse des données longitudi-
nales, particuliérement en économétrie. Notamment, parce qu'elle tient compte, im-
plicitement, de la corrélation entre les régresseurs du modéle et les caractéristiques
individuelles non-observées. Sa combinaison avec la RE a donné lieu au modéle de la
régression expectile avec effets-fixes, que nous avons désigné par ERFE. Le modéle
ERFE, en plus de contrdler les effets-individuels, capture aussi I’hétérogénéité des

effets des régresseurs et tient compte de I’hétérogénéité non-observée.

Cpmme dans le cadre du modéle EF, le modéle ERFE est confronté au probléme
de la dimension du paramétre individuel, qui croit au fur et & mesure que la taille de
I’échantillon augmente. Ce probléme, communément appelé «incidental parameter
problem» complique ’estimation des paramétres du modéle ERFE. Pour contourner
le probléme, nous avons pu appliquer la méthode de la «within-transformation» de

maniére itérative pour estimer les paramétres du modéle ERFE. Dans notre algo-
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rithrjne, nous avons éliminé le paramétre individuel par ’application d’une matrice
de ﬁrojection aux données initiales du modéle. Ensuite, nous avons appliqué I’algo-
rithx_he des moindres carrés pondérés itératifs aux données transformées, comme dans
le cédre de la régression expectile simple, jusqu’a 1'obtention de la convergence. Nous
avozéls montré les propriétés asymptotiques de I'estimateur ERFE et nous avons pro-
posé un estimateur robuste et convergent de sa matrice de variance-covariance pour

I'inférence.

N ou§ avons généré les données de simulation selon les deux scénarios (location-shift et
location--scale—shift) avec les trois distributions <N (0,1), ts, X%) pour ’évaluation de
la pérformance de 'estimateur ERFE. Nous avons comparé notre estimateur & celui
du ﬁlodéle de la régression quantile avec effets-fixes (QRFE), (Koenker, 2004). Les
résultats des simulations sont mitigés. Dans un premier temps, les résultats montrent
que %l’estimateur ERFE est plus performant que 'estimateur QRFE lorsque les don-
nées simulées proviennent du scénario «location-shifty. Tandis que dans un scéna-
rio <?location—scale—shift>>, I’estimateur ERFE performe moins bien que ’estimateur

QRFE.

Nous avons illustré I’application du modéle ERFE sur des données réelles pour étu-
dier le rendement scolaire sur le salaire. Les données proviennent du «Panel Study
of Income Dynamic (PSID)» de Baltagi et Khanti-Akom (1990). Les données PSID

sont fréquemment employées dans les manuels économétriques (Greene, 2012; Bal-

tagi, 2008; Wooldridge, 2002; Cameron et Trivedi, 2008) pour comparer les méthodes
d’adalyse des données longitudinales. Les résultats de notre article montrent 1’avan-
tage de D'utilisation du modéle ERFE sur le modéle EF, par exemple. Cependant,

nous avons remarqué une différence d’échelle entre les résultats du modéle ERFE et
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ceux du modéle QRFE pour certains régresseurs. Cette différence n’est pas surpre-
nante lorsque nous considérons la distribution de ces régresseurs et les caractéristiques
de l'estimateur ERFE. D’un coté, ces régresseurs qui incluent le statut marital et
I’éthnicité ont une variation intra-groupe quasiment nulle et donc, sont presque des
régresseurs invariants dans le temps. D’un autre c6té, I’estimateur ERFE est un es-
timateur intra-groupe dont I’expression est fonction de la différence des observations
et leur moyenne intra-groupe. Par conséquent, il est attendu que I'estimateur ERFE
de ces régresseurs .soit proche de zéro. Nous avons également sorti les résultats des
modéles de la RE et de la RQ quiimontrent que lesldeux modéles sont sur la niéme

échelle et révélent la méme tendance.

Le modéle ERFE améliore le modéle EF qui correspond au modéle ERFE de ni-
veau 7 = 0.5. Cependant, le modéle ERFE a le méme défaut que le modéle EF. Dans
le cadre du modéle ERFE, la transformation des données élimine le paramétre indi-
viduel, mais également tous les régresseurs invariants dans le temps. Ainsi, il n’est
pas possible de réaliser de Pinférence sur les coefficients des régresseurs invariants

dans le temps avec le modéle ERFE.

I1 faut noter que la méthode de transformation «within-transformationy», qui permet
d’éliminer le paramétre individuel du modéle EF, ne s’applique pas dans le cadre de
la RQ. A la place, Koenker (2004) a fait appel a la représeritation de Bahadur pour

atténuer la questioh du «incidental parameter problem». -

Le troisiéme et dernier article porte aussi sur le modéle EF. Toutefois, il adopte
une approche différente pour palier au «incidental parameter problem». Nous intro-

duisons, dans cet article, le modéle ERFE avec pénalité (PERFE) ou la pénalité
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est appliquée au paramétre des effets individuels. Ce modéle s’inspire de ’approche
d’Henderson (1950) qui a présenté l'estimateur BLUE comme un estimateur avec
péna‘lit'é. Au lieu d’appliquer la pénalité l5, nous avons choisi la pénalité /; dont les
: pro;;riétés conviennent mieux a nos besoins. La pénalité [, permet de réaliser simul-
tanément l'estimation des parameétres et lé régularisation (rétrécissement) du para-
métre individuel. En plus de proposer des estimateurs plus efficaces et une solution
«clairseméey (sparse) des effets individuels, le modéle PERFE permet ’estimation
des coefficients des régresseurs invariants dans le temps. Cette derniére caractéris-
tique distingue le modéle PERFE comme modéle alternatif et pertinent pour le
modéle ERFE. 11 faut noter que le modeéle ERFE est équivalent au modéle PERFE
lorsque le paramétre de régularisation tend vers zéro. Ainsi, nous pouvons utiliser
le modéle PERFE avec un paramétre de régularisation proche de zéro pour estimer

. un modéle ERFE qui permet l'inférence sur les régresseurs invariants dans le temps.

La composante de la fonction objectif qui introduit la pénalité n’est pas différen-
" tiable en zéro par rapport au paramétre individuel. Pour cette rdison, les algorifhmes
classiques, comme celui de Gauss-Newton, ne s’appliquent plus. Nous avons pro-
posé un «block relaxation algorithm» combiné & un «coordinate descent algorithmy
pour efficacement estimer le modéle PERFE et régulariser le paramétre individuel.
Nous avons utilisé une astuce, empruntée & Mkhadri et al. (2017), pour réduire la
grillg du paramétre de régularisation. Cette astuce s’appuie sur les conditions de
Karush-Kuhn-Tucker (KKT) pour obtenir la valeur maximale du paramétre de ré-
gularisation Apay qui rétrécit toutes les valeurs du vecteur individuel & 0. L’estimation
du modéle PERFE est réalisée en estimant le modéle pour K valeurs du paramétre
de régularisation choisi entre Apax €t 10™*Amax. Le choix de la valeur de K est arbi-

traire. Nous avons choisi K = 10 pour la simulation et K = 100 pour ’estimation
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des données réelles. Le modéle correspondant au paramétre de régularisation opti-
mal a été retenu. Le paramétre optimal et le modéle optimal ont été sélectionnés en
fonction des valeurs du critére d’information bayésien (BIC). Nous avons également

dérivé les propriétés asymptotiques de 'estimateur PERFE.

Les simulétions exhaustives montrent que l'estimateur PERFE réduit le biais et
améliore Defficacité. Les résultats de la simulation ont montré sa performance dans
divers scénarios et ses avantages par rdpport & estimateur ERFE et I'estimateur
«penalized quantile regression with fixed-effects (PQRFE)» de Koenker (2004). En
effet, peu importe le scénario «location-shift» ou «location-scale-shift» et la distri-
bution (N (0,1),t3, et X%), lestimateur PERFE a toujours le plus faible biais et la
meilleure efficacité que lés estimateurs ERFE et PQRFE.

Nous avons repris les données réelles (PSID) du second article pour illustrer le mo-
déle PERFE sur des données réelles. Avant tout, il faut noter Destimation des effets
des régresseurs invariants dans le temps par le modéle PERFE permettant ainsi l'in-

férence sur ces régresseurs.

Les résultats des deux modéles PERFE et PQRFE révélent existence de ’hétéro-
généité des effets des régresseurs et en particulier 1'effet de I’éducation sur le salaire.
Les résultats des deux modéles ont généralement la méme échelle, mais on observe
parfois des différences. Par exemple, c’est le cas pour l'effet de I’éducation sur le
salaire, ot le résultat du modéle PQRFE est trés similaire & celui du modéle RQ et

du modele RE classique.

Eilers (2013) fait valoir que les statistiques asymétriques (quantile et expectile) ont
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beaucoup & apporter & la recherche statistique théorique et empirique et a la mo-
délisation des données, en particulier. Avec elles, les chercheurs sont mieux équipés
pour capturer I’hétérogénéité des effets des regresseurs et pour étudier I’hétérogénéité

non-observée.

Aujourd’hui, grace a la grande puissance computatiohnelle des ordinateurs, la RQ
est devenue un outil de modélisation trés réputé en étatistique et en économétrie.
Néazjlmoins, son déploiement n’est pas intégral. Il exisﬁe d’autres branches de la mo-
déliéation ot la RQ s’implante trop peu. C’est le cas de la modélisation des variables
répdnses discrétes, ot 'application de la RQ est délicate et non systématique. Nous
penéons a l’application de la RQ au modéle de comptage (Machado et Silva, 2005),
ou @u modéle GEE avec la difficulté de généraliser et d’adapter des structures de
corrélations sophistiquées dans le contexte de la RQ (Fafcomeni et Marino, 2015).
Parﬁli les obstacles potentiels d’implémentation systématique mentionnons que sa
fonction de perte n’est pas différentiable en zéro. A cause de cette limite, lors de
l’anélyse des données avec la méthode RQ, le logiciel peut émettre des avertisse-
ments dénongant que les résultats obtenus ne sont pés uniques, sans pour autant
savo%ir comment procéder. Un autre désavantage réside dans le fait que malgré 'ex-
cellejnte puissancé computationnelle, ’application de la RQ est cotliteuse et demeure

un défi computationnel de taille, surtout avec les données de hautes dimensions.

Par jailleurs, la RE est basée sur une fonction de perte convexe et continfiment diffé-
rentiable et sa minimisation aboutit & une solution unique. Son implémehtation avec
l’algiorithme itératif de la pondération des moindres carrés ne pose pas de problémes
numériques et s’exécute avec un temps de calcul relativement faible. Contrairement &

certéiins quantiles, 'expectile est bien défini pour des distributions discrétes (Eilers,
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2013) et cette ouverture peut étre exploitée pour une combinaison, par exemple, du
modéle RE et du modéle GEE avec une variable réponse dichotomique ou de comp-
tage. Ce développement pourrait mener & de nouveaux enseignements sur ’étude de

la sur-dispersion dans le modeéle de Poisson, par exemple.

Dans la présente thése, nous avons contribué & la généralisation de la RE en 1’adop-
~tant & certains modéles statistiques pour I’analyse des données longitudinales. Les
deux modeles, la RQ et la RE, permettent aux chercheurs de capturer ’hétérogénéité
des effets et de mieux visualiser la dynamique de la relation entre les régresseurs et la
variable réponse. Cependant, comme a I’heure actuelle 'expansion de la R(Q se bute
& .des obstacles techniques et computationnels, nous suggérons ;ie mettre I’accent sur
le développement de la RE. Nous suggérons de poursuivre l'adaptation de la RE
aux modéles statistiques précédemment développés dans le cadre de la régression des
moindres carrés ordinaires. Il est souhaitable de travailler & 1’élaboration de packages
et de I'implémenter dans divers logiciels standards de statistiques. Nous concluons
que lorsque l'objectif est d’estimer des effets sur la moyenne conditionnelle, la RE

devrait toujours étre privilégiée.
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APPENDICE I

SOME ASYMPTOTIC RESULTS

Tn this section, we list some important results that we used to demonstrate most of

the Theorems in our thesis.

We first present Corollary A.l and Theorem A.1 of Hjort and Pollard Lid Hjort
et Pollard (2011). Corollary A.1 and Theorem A.1 ére results on the asymptotic
properties of the estimators defined by minimization of convex criterion functions.
Corollary A.1 is a general results whereas Theorem A.l gives the criteria of

convergence for an independent sample.

Corollary A.1 (Basic Corollary of Lid Hjort et Pollard (2011)). Consider An(s) is
convex and can be represented as %STVS +u, s +c, +7,(8), where V' is symmetric
and positive definite, u,, is stochastically bounded, c, is arbitrary, and r,(s) goes to
zero in probability for each s. Then o, the argmin of A,, is only op(l) away from

B, = =V lu,, the argmin of 8TV s+u, "s+cy. If also uy, b then oy, 5 -V lu.

Let Yi,...,Y, be independent random variables with different density functions

fi(yi, @9, m;), where 8y is a p-dimensional parameter of interest. Let g;(y;, @) be convex
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functions in @, and 0 an estimator of 6o which minimizes ;. g:(¥:, 0). Suppose that
9:(Yi, 80 + t) — 6i(vi,00) = Ds(y:) "t + Ri(wi, ),
where E[D;(Y;)] = 0. Write B; = Var[D;(Y;)] and
E[R(Y;, t)] = %tTAit +v;0(t) and Var[R;(Y;, t)] = vi(¢). |
Thep,

Thédrem A.1 (Theorem 2.2 of Lid Hjort et Pollard (2011)). Assume that },, vio(s/v/n) —
0 aﬁd > i<n Vi(8//n) — 0 for each s, and that Jn/n = 37, Ai/n and Kn/n =

> i<n Bi/n‘converge to J and K, where J is positive definite. Then \/ﬁ(a —0y) is |

‘only 0p(1) away from —J 'n7V2Y,
ments are fulfilled for the D;(Y;) sequence, then \/ﬁ(a —0y) LN N(O, J_lKJ_1>.

D;(Y;). If in particular the Lindeberg require-

In the following, we present the Cramér-Wold device and the Lyapunov’s CLT. Two

useful results for showing the asymptotic normality of a vector of random variables.

Theorem A.2 (Theorem 5.1 of White (2001)). (Cramér- Wold device). Let {b,}
be a sequence of k x 1 random vectors and suppose that for any k x 1 real vector A
such that A\TA = 1, ATb, % ATz, where z is a k x 1 vector with joint distribution

function F. Then the limiting distribution function of b, ezists and equals F.

Theorem A.3 (Theorem 5.11 of White (2001)). Let {Z.;} be a sequence of inde-
pendent random scalars with pi,; = E[Zy,], 02,= Var[Z,], and E|Z,|*"" < A < o
for $ome v >0 and alln and t. Define Z, =n"1Y 1 Znt, T =113 0 | lint and T2 =
Var[y/nZ,) =n"t 31 02, If 52 > vt > 0 for all n sufficiently large, then /n(Z, —
Tin)/Tn % N(0,1).
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The following result is a Corollary of the Markov’s law of large numbers (LLN) that
will be invoked to show the convergence of the estimators of the covariance matrices

-in our proposed expectile regression models.

Corollary A.1 (Corollary 3.9 of White (2001)). Let {Z;} be a sequence of inde-
pendent random variables such that E|Z;|*™ < A < oo for some v > 0 and all t.

Then Z, — T, 2> 0, where Zn =n"'S 0 Zy and T, = n~* Y1 E[Z].
We finish by an other result useful in the proof of the convergence of the variances-
covariance matrix estimators.

Lemma A.1 (Lemma A.1 of Hansen (2007)).
For matrices A and B, E||A® B|" < (E||A|* E||B|™)Y2.
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