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is a torus. We show that there are at most five slopes on M whose associated Dehn
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realized when M is taken to be the exterior of the figure-8 sister knot.
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1 Introduction

Let M be a compact connected orientable 3-manifold whose boundary is a torus. We
call such 3-manifold a knot exterior. We shall assume throughout this paper that knot
exteriors are hyperbolic, that is, their interiors admit a complete hyperbolic metric of finite
volume. A slope r on M is the OM-isotopy class of an unoriented essential simple closed
curve it contains. The set of slopes on M can be identified with the +-pairs of primitive
homology classes in H1(0M) - a slope r determines a primitive homology class Hy(OM),
well-defined up to sign, obtained by orienting a representative curve for r and considering
the homology class it carries. As usual, we use A(ry,r2) to denote the distance between
two slopes r1 and r9 on OM, i.e. their minimal geometric intersection number on OM. The
distance between two slopes coincides with the absolute value of the algebraic intersection

number between the corresponding homology classes.

The Dehn filling of M with slope r is the manifold M (r) obtained by attaching a solid
torus V to M by a homeomorphism of 3V — OM which sends a meridian curve of V to
a simple closed curve in OM of the given slope r. W. Thurston has shown [34] that all
but finitely many fillings of M are hyperbolic manifolds and a fundamental problem is to
determine constraints on the set of slopes  on M for which M(r) is not hyperbolic. This
occurs, for instance, if 71 (M(r)) is either a finite or an infinite cyclic group. The cyclic
filling theorem, due to M. Culler, C. McA. Gordon, J. Luecke and P. Shalen [11], provides
the model for the type of result which can be expected. If C denotes the set of slopes r on
OM such that 71(M(r)) is cyclic, then it states that C contains no more than three slopes
and the distance between any two slopes in C is at most 1. One can visualize this result as
follows: the cyclic filling theorem is equivalent to the statement that there is a basis «, 8 of

H,(OM) such that the pairs of classes corresponding to C are contained in +{a, 3, « + (}.

Next consider the set F of slopes r on OM such that 71 (M (r)) is either finite or infinite
cyclic. In his address to the 1990 ICM in Kyoto [16], Cameron Gordon conjectured that
the distance between any two slopes in F is no more than 3. Since that time his conjecture

has taken on the more definitive form below (see Conjecture B of Gordon’s problem 1.77 in
[21]).
The Finite Filling Conjecture (C. McA. Gordon) For a hyperbolic knot exterior M,

there are at most 5 finite or infinite cyclic filling slopes on OM and the distance between
any two such slopes is at most 3. Further the distance 3 is realized by at most one pair of

slopes.

The number 5 and the distance 3 in the statement of the finite filling conjecture are the

best upper bounds that one can expect - they are realized on an example due to Jeff Weeks



(see Example 11.7). An elementary argument shows that the conjecture is equivalent to
the statement that there is a basis «, § of H1(OM) such that +-pairs of primitive classes in
H1(OM) corresponding to F are contained in +{a, 3, + 3, + 23, a + 35}.

Let #F denote the number of slopes in F and A(F) the maximum distance between a
pair of its slopes. Shortly after Gordon announced his conjecture, S. Bleiler and C. Hodgson
obtained the inequalities #F < 24 and A(F) < 23 [1] through an analysis of when the
manifolds M (r) admit a Riemannian metric of strictly negative sectional curvature. More
recently, S. Boyer and X. Zhang obtained the bounds #F < 6 and A(F) < 5 in work which
should be thought of as a continuation of [11]. This line of thought is further developed

here, leading to a proof of the conjecture.

Theorem 1.1 The finite filling conjecture is true.

Of particular significance is the case where M is the exterior Mg of a hyperbolic knot
K in the 3-sphere. Let ux denote the meridinal slope of K. This is the slope on OM
represented by an essential curve which bounds a disk in a tubular neighbourhood of K. It
is conjectured (see Conjecture A in problem 1.77 [21]) that if r is a slope on M for which
m1(Mg(r)) is a finite group, then A(r, ug) < 1.

Theorem 1.2 Let K be a hyperbolic knot in S® and let My denote its exterior. There
is at most one finite filling slope r on OMy satisfying A(r, ux) > 2, and if there is one,
Alrypg) = 2.

Proof. It was proved in [2] that A(r,ux) < 2 for any finite filling slope r. Since the
distance between any two slopes 71 # ry on OMp for which A(rj, ux) = 2 is divisible by 4,
Theorem 1.1 implies that not both of r1, 72 can be finite filling slopes. &

Specializing further, suppose that My is the exterior of an amphicheiral hyperbolic
knot K in the 3-sphere. If u, A\ € Hy(OMf) are the primitive classes corresponding to a
meridian-longitude pair for K, then the slopes on M are in bijective correspondence with
QU {3} via “slope r < £(pp + g\) < E”. We remind the reader that Hyi(Mg(2)) = Z,.
Theorem 1.3 If K C S3 is an amphicheiral hyperbolic knot, then the only fillings, other
than the trivial one, which can possibly yield a manifold with a finite fundamental group,
are those corresponding to 1 and —1. In particular, only the binary icosahedral group can
occur as the fundamental group of a manifold with a finite fundamental group obtained by

a non-trivial filling of an amphicheiral knot exterior.

Proof. Note that as K is amphicheiral, M K(g) is homeomorphic to M K(_Tp) for all slopes
g € QU {%} Hence if g is a non-trivial finite filling slope of M, then _Tp is as well, yielding
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a manifold with the same fundamental group. Note that ¢ # 0 as the slope is non-trivial,
while p # 0 because otherwise, Hy (Mg (%)) would be infinite. Thus [pg| > 1. On the other
hand, the finite filling conjecture implies that 3 > A(%, _Tp) = 2|pq| and therefore |pq| < 1.
Hence g = 41. Consideration of the abelianizations of the seven types of finite groups
which can be isomorphic to the fundamental group of a 3-manifold (§2) shows that the
fundamental group of M(=£1) is either the trivial group or the binary icosahedral group.
But since A(1,—1) = 2, the cyclic filling theorem implies that the first possibility cannot

arise. The proof of the theorem is therefore complete. &

We will sketch our proof of the finite filling conjecture in what remains of the introduc-

tion, and then describe the organization of the paper.

Let 7 denote the fundamental group of M. The set of characters of representations of
m with values in SL(2,C) may be identified with the points of a complex affine algebraic
set X (M) [12]. Since M is hyperbolic, X (M) contains the character x of a discrete faithful
representation of 7 in SL(2,C). It turns out that any algebraic component Xy of X (M)
containing y is a curve [13] and Culler and Shalen have shown how such a curve determines
a Culler-Shalen norm || - || : H1(OM;R) — [0,00) (see chapter 1 of [11]). Roughly speaking,
if r is the slope associated to a primitive element o € H;(OM), then |« measures the

number of characters of representations m (M (r)) — SL(2,C).

The unit || - ||-ball B is a finited-sided, convex, balanced polygon which encodes topo-
logical information about M in a striking way - the vertices of B are rational multiples
of primitive elements in H;(0M) whose associated slopes are the slopes of the boundaries
of certain essential surfaces in M. It turns out that amongst all the nontrivial classes in
H,(0OM;Z), the norm ||-|| takes on relatively small values on those classes which correspond
to finite or cyclic filling slopes, but which are not boundary slopes ([11] and [2]). This sug-
gests that not only are there few such classes, but that they are “close” to each other. In fact
this idea was one of the essential ingredients used in [2] to deduce the inequalities #F < 6
and A(F) < 5. More can be said though. It follows from [2] and [4] that the conjecture
holds except perhaps for a finite number of explicitly given norms. The new element we
introduce in this paper to deal with the remaining open cases is the A-polynomial, due to
D. Cooper, M. Culler, H. Gillet, D. Long and P. Shalen [8]. We describe it now.

Fix a basis u, A of m1(0M) =2 Z? and let Dy be the closure in C? of the set of all pairs
(u,v) where there is some representation p : 7 — SL(2,C) satisfying

® X, € X,

e p|m1(OM) is upper-triangular, and

°p(u)=<g u: ,p(A)=<g U:

It turns out that Dg is a plane algebraic curve and is thus defined by a polynomial, called



the A-polynomial of Xy. In order to exploit this construction to our best advantage, it is
essential for us to work with a polynomial having integer coefficients. One way to achieve
this is to replace Xg by its orbit Cy; under the natural Aut(C) x H'(M;Zs)-action on the
components of X (M) (§5). The curve Cy has various useful properties, but in particular the
plane curve D, it determines (as above) is defined over the rationals. Hence it is the zero set
of a primitive polynomial p € Z[u,v] without repeated factors. We take the A-polynomial
of Cy, written
Ay (u,v) = Z b nu™v"™ € Zlu, vl
(m,n)

to be a certain power of p (§6), the power being chosen to better reflect the close relationship
between A, and the Culler-Shalen norm ||-||y; determined by Cy;. This definition is a natural
consequence of the applications we have in mind, but we warn the reader that following the

original definitions ([8]), the A-polynomial of Cy; would have been taken to be p(u,v).

The Newton polygon Ny of Ay is the convex hull of {(m,n) | by, # 0}. The notion of
width, due to P. Shanahan [31], is introduced in §7 and is used to show how the geometry of
Ny determines the Culler-Shalen norm |||y of Cyy (§8). One consequence of this relationship
is that Ny and By, the || - ||y-ball of radius sy, = min{||a|y | o € H1(OM)\ {0}} determine

each other in a very nice way.

Theorem 1.4 The Newton polygon N, is dual to B, in the following sense. The line
through any pair of antipodal vertices of B, is parallel to a side of N,,. Conversely the line

through any pair of antipodal vertices of N, is parallel to a side of B,,.

This relation gives, in particular, a different and simple proof of one of the main results
of [8] - the slope of a side of the Newton polygon is a boundary slope of M (see Corollary
8.4).

Our proof of the finite filling conjecture can now be described. Consider one of the
putative Culler-Shalen norms where the work in [2] and [4] does not suffice to prove the
conjecture, and suppose that M is a hyperbolic knot exterior for which || - ||y, coincides with
this norm. From the preceding discussion, we can determine precisely what the polygon Ny,
would have to be. Now the coefficients of A,; are constrained in various ways. For instance
Cooper and Long have shown that b,,, = £1 if (m,n) is a corner of Ny [10]. Further
it follows from [8] that the edge polynomials of Ay (see §6) are products of cyclotomic
polynomials. We show in §11 that the assumption that a filling of M along a given slope
yields a manifold with a finite fundamental group implies that the roots of an associated
specialization of the variables in the A-polynomial are either +1 or certain roots of unity.
It turns out that in each of the cases we consider, except one, we are able to use these

constraints to show that the conjecture holds. In this one bad case, the constraints allow



us to determine A,;, but do not lead to a contradiction. Nevertheless, in the appendix
we are able to prove that this polynomial is not the A-polynomial of any hyperbolic knot
exterior M. The idea behind our argument goes back to [8]. There it is described how work
of C. Hodgson shows that if the given polynomial was the A-polynomial of a hyperbolic
3-manifold M, then the real 1-form

w = In|u|d(arg(v)) — In|v|d(arg(u))

is exact on the smooth part of Dy, = Al\_/ll(O). In particular the integral of w over any closed,
piecewise-smooth loop in D, is zero. We find an explicit closed curve in D,; on which this
condition fails. Arguments of this type were first used by D. Cooper and D. Long in [9,
§10]. We are grateful to Daryl Cooper for his suggestions concerning our calculations and

for verifying them with his own computer programme.

The paper is organized as follows. In §2, 3, 4 some of the work of [2] is recalled,
refined and further developed. The action of Aut(C)x H'(M;Zs) on the components of the
character variety X (M) is discussed in §5. The theory of A-polynomials is broached in §6
and that of width in §7 with an eye to deriving various relationships between A-polynomials
and Culler-Shalen norms in §8. We specialize these constructions to the canonical curve
C\ and develop its particular properties in §9 and §10. Applications to Dehn filling is the
purpose of §11. Our proof of the finite filling conjecture is outlined in §12, where we split
it into five propositions which are examined successively over the paper’s next five sections.
In the last section we make some general remarks on finite surgery on knots in the 3-sphere
and give a new proof that hyperbolic 2-bridge knots admit no non-trivial finite surgeries
(due to Delman [14] and independently to Tanguay [32]). Finally, there is an appendix
which provides a proof that a certain polynomial in Z[u, v] cannot be the A-polynomial of

a hyperbolic knot exterior.
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2 Preliminaries

Our references for the basic notions, terminology and notation relating to the topology
of 3-manifolds are [19] and [20], for knot theory [29], for algebraic geometry [30], and for
the SL(2,C)-character varieties of 3-manifolds [12].

All manifolds are assumed to be orientable and smooth, unless otherwise specified. By
a surface we mean a compact 2-manifold. By an essential surface in a compact 3-manifold
we mean a properly embedded, incompressible surface no component of which is 0-parallel
and no 2-sphere component of which bounds a 3-ball. A 3-manifold is called irreducible if

it does not contain an essential 2-sphere, and reducible otherwise.

Throughout the paper, M will denote a hyperbolic knot exterior. A slope r on OM
is called a boundary slope if there is an essential surface F' in M such that 0F N oM is a
non-empty set of parallel simple closed curves on OM of slope r. A boundary slope r on
OM is said to be strict if there is an essential surface F' in M such that F' is not the fiber
in any representation of M as a fiber bundle over the circle and such that OF N OM is a

non-empty set of parallel simple closed curves on OM of slope 7.

The finite groups which can arise as the fundamental groups of closed, orientable 3-

manifolds are contained among the seven following families [25].

C-type: Cyclic groups Z; = Z/jZ for j > 1;

Even D-type: Dy, x Z; with n > 2 even, j > 1 and ged(n,j) = 1, where Dy, = <
z,y | 22 = (vy)? = y™ > is the binary dihedral group of order 4n.

0Odd D-type: D(2k,21 +1) x Zj for k > 2, j > 1, 1 > 1 ged(2(2l + 1),5) = 1, where
DERF2+1)=<azy|a¥ =1, 2 =1, ayz =y ! >.



Note that D(22,2[ + 1) is isomorphic to the binary dihedral group Dyoi41) =<,y | 2% =
(zy)? = y?*1 > of order 4(21 + 1).

T-type: T(8,3%) x Z; for k > 1, j > 1, ged(6,7) = 1, where T'(8,3%) = < z,y,2 | 22 =

1

(zy)* =y, 2 = 1, 2zl =y, zyz7l =2y >.

Note that T'(8,3) is isomorphic to the binary tetrahedral group Toy = < z,y | 2% = (zy)? =
Y3, 2t =1>.

O-type: Oyg x Z;j for j > 1, ged(6,) = 1, where Oys = < z,y | 2% = (zy)? = ¢*, 2t =1 >
is the binary octahedral group.

I-type: L1909 x Zj for j > 1, ged(30, j) = 1, where I190 = < 2,y | 2% = (zy)3 = ¢, 2t =1 >

is the binary icosahedral group.

Q-type: Q(8n,k,1)xZ;, where Q(8n,k,l) = < z,y, 2| 2% = (zy)? = y**, M =1, z2a7 =
2" yzy~t =271 > n, k,l,j are relatively prime odd positive integers, 7 = —1 (mod k) and
r =1 (mod I).

We call a slope r on OM a finite filling slope or a cyclic filling slope if M(r) has,
respectively, a finite or a cyclic fundamental group. If r is a slope on M such that the
fundamental group of M(r) is of one of the types listed above, then we shall say that r is
a finite filling slope of that type.

Lemma 2.1 If M admits a finite filling slope r, then Hy(M;Q) =2 Q. Further if r is

(1) a T-type or I-type slope, then Hy(M(r);Zso) =20 and Hy(M;Zs) = Zs.

(2) an O-type or odd D-type slope, then Hy(M (r); Zo) = Zo and Hy(M;Zs) = Zs or Zo®Zs.
(3) an even D-type or Q-type, then Hy(M(r);Zs) = Zo ® Zs.

Proof. The proof is a simple homological argument which can be easily deduced from [2,
Lemma 5.1]. %

Proposition 2.2 ([11)) If r is a finite or cyclic filling slope in OM and is also a boundary
slope, then A(r,r") <1 for any other finite or cyclic filling slope r'.

Proof. If the first Betti number of M is 1, then the conclusion of the lemma follows from
[11, Theorem 2.0.3]. If the first Betti number of M is larger than 1, then by Lemma 2.1,
both r and 7’ must be (infinite) cyclic filling slopes. Thus A(r,r") < 1 by the cyclic surgery
theorem of [11]. &

We shall frequently use V and L to denote Hi(OM;R) and Hy(OM;Z) respectively.
Once we have fixed an ordered basis {u, A} of L, we shall often identify the pair (V, L) with
(R2,Z2) by associating p to (1,0) and X to (0,1).



By a pair of elements in V' we mean a + pair {(a,b), (—a,—b)}. A slope on M deter-
mines, and is determined by, a pair of primitive elements of L. We call a primitive homology
class a boundary class, or a strict boundary class, or a cyclic filling class or a finite filling

class, etc., if the corresponding slope has that property.

For a primitive class a € L corresponding to a slope r on dM, the manifold M (r) will
also be denoted by M («).

If two slopes r; and ro correspond to +(p1, q1), £(p2, g2) € Z2, then basic surface topol-
ogy can be used to show that A(ry,72) coincides with the absolute value of the algebraic
intersection number between the classes in Hy(OM) corresponding to (p1,q1) and (p2, ¢2).
Thus

A(ry,r2) = |p1g2 — p2q1|.

Consequently, for any two elements « and (3 in H1(OM;Z), we use A(a,3) to denote the

absolute value of their algebraic intersection number.
Any rank 2 subgroup of the homology group L will be referred to as a sublattice.

The following lemma will prove useful later in the paper.

Lemma 2.3 Let L be a sublattice of L = H1(OM;Z) of index q > 1. Suppose that o € L
18 primitive in L.

(1) If B € L is a class such that A(a, ) = 1, then L = {ja + kqB | j,k € Z}.

(2) v € L if and only if Aa,y) = 0 (mod q).

Proof. Since a and ¢f3 are both in L and span a sublattice of L of index ¢, part (i)
holds. To prove part (ii), let v = ja+mfB € L. Then A(a,7y) = |m|. In particular,
A(a,7) =0 (mod q) if and only if |m| =0 (mod ¢). By part (i) the latter holds if and only
if v e L. &

For an irreducible complex affine curve C, we denote its smooth projective model by
C. Note that C is birationally equivalent to C' and that any birational equivalence between
them induces an isomorphism between the function fields C(C) and C(C). Thus any rational
function f on C corresponds to a rational function f on C. For f € (C(é) and point z € C,
we use Zy( f ) to denote the multiplicity of = as a zero of f. The multiplicity of z as a pole

of f will be denoted by II,(f).

A birational equivalence from C to C' is regular at all but a finite number of points of C,
called ideal points of C. Normalization [30, Chapter II, §5] determines a surjective regular
map v : C¥—C of C where C” is a non-singular affine set which can be identified with the

subset of C' whose complement C'\ C is the set of ideal points of C.



Let C be an affine curve having n irreducible components C1, ..., C,, and set C' = Cy U
..uG,, cv = CyU...uCY (here “U” denotes disjoint union). An ideal point of C is an
ideal point of C; for some i, i.e. a point of C \ C".

A point x on a complex, affine, algebraic set X is called a simple point if it is contained
in a unique algebraic component Xy of X and is a smooth point of X [30]. The point x is
simple on X if and only if the dimension of the Zariski tangent space of X at z is equal to

the dimension of some irreducible component of X which contains .

3 The type of a finite filling slope

In order to develop the theory of finite filling classes in the most useful way, we need to

refine our notion of the type of a finite filling slope.

Recall that a representation p € R(G) is reducible if p(G) can be conjugated into the
set of upper triangular matrices. We call a representation p € R(G) virtually reducible if
there is a finite index subgroup G of G such that the restriction of p to G is reducible.
The reducibility of a representation in R(G) is determined by its character [12, Corollary
1.2.2] and so we call x € X(G) reducible, or virtually reducible, if it is the character of a
representation having that property. A representation or character which is not reducible

is called irreducible.

Suppose that « is a finite filling class and that p : m (M («)) — PSL(2,C) is an irre-
ducible representation. Let 119, Igo, O24 and D,, denote, respectively, the tetrahedral group,

the icosahedral group, the octahedral group, and the dihedral group of order 2n. It follows
from [2, §5] that

D, for some n > 2 if ais D or Q-type

. (7) = Tio if a is T-type
image(p) =
gelp Iso if a is I-type
Oy or Dj if o is O-type.

Let v be the composition 71 (M) — 71 (M (a)) 2, PSL(2,C) and define ¢ = |m(OM).

Lemma 3.1 Let p,1, and ¢ be as above and set ¢ = |¢(m1(OM))|. If o has O-type assume
that image(p) = Oa4. Then
(1) g € {1,2} if a is D or Q-type and v can be arbitrarily closely approximated on R(M)
by non-virtually reducible representations.
(2) (a) ¢ =3 if o is T-type and Hi(M;Z) has no 3-torsion.

(b) q € {1,2} if o is T-type and Hy(M;Z) has non-trivial 3-torsion.



(3) g € {1,2,3,5} if v is I-type.
(4) (a) q € {2,4} if a is O-type and Hy(M;Z) has no 2-torsion.
(b) q € {1,2,3} if a is O-type and Hy(M;Z) has non-trivial 2-torsion.

Proof. Suppose first of all that « is of type T. Since ¢(m1(OM)) is cyclic and is a sub-
group of Ty9, it has order ¢ € {1,2,3}. If H,(M;Z) has no 3-torsion then H;(OM;Zs3) —
H\(M;Zs) = Zs is surjective, and hence the composition Hy(0M;Zs) — Hi(M;Z3) —
Hy(M(a);Z3) = Hi(Ti2;73) is as well, where ¢ is the homomorphism induced by p. It
follows that the cyclic group ¢(m(0M)) does not lie in [T12,Th2] = Zo @ Zg, and therefore
¢(W1(8M)) = Zg, ie. q = 3.

Suppose next that « is of type T' and H; (M ; Z) has non-trivial 3-torsion. Then Hy(M;Z3) =
A® B where A = image(H,(0M;Z3) — H1(M;Zs3)) = Zs = B. Since Z3 = H1 (M («); Z3) =
(A/ < image(a) >) @ B we see that the composition Hy(OM;Zs) — Hy(M(«);Z3) is zero.
This implies that ¢(m1(OM)) C [Th2, Th2) = Zo ® Zsg, and therefore q € {1,2}.

The cases where « is of type I or O are handled in a similar fashion.

Next assume that a is D or Q-type. The argument here is necessarily more involved as

the torsion in the image of p has arbitrarily high order.

Without loss of generality we may suppose that ¢ > 1. Now ¢ is a point on R(M), the
PSL(2,C)-representation variety of w1 (M) ([3]). Arguing as in Lemmas 4.3 and 4.4 of [2], it
can be shown that the dimension of the Zariski tangent space of R(M) at 1 is 4. Tt follows
that 1 is a simple point of R(M) (cf. §2) and hence Xy, the component of the PSL(2, C)-
character variety of 71(M) which contains the character of 1, is a curve. The hypotheses
of part (1) of this lemma imply that Xy contains non-virtually reducible characters. The
argument in the proof of [2, Theorem 2.1] can then be adapted to a PSL(2,C) setting to see
that there is an index 2 sublattice L of L, which contains «, on which ¢ is trivial (compare
[2, Lemma 6.1(3)]). Thus ¢ = 2. &

Definition 3.2 Suppose that « is a T, I or O-type class and fix an irreducible represen-
tation p : m(M(a)) — PSL(2,C) whose image is Og4 if o has type O. According to [2,
Lemma 5.3], p is well-defined up to conjugacy, and an outer automorphism of its image when
a is of type I. If ¢ denotes the composition 71 (OM) — 71 (M) — 71 (M (<)) LA PSL(2,C),
we shall say that a finite filling class has type T'(q) if it is of type T and q = |¢(m1(OM))].
Similarly we define I(q)-type and O(q)-type filling classes.

A simple consequence of these definitions is the following useful result.
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Proposition 3.3 Suppose that « is a finite filling class of type T(q), I(q) or O(q). If B € L
is another finite filling class such that A(a, 3) =0 (mod q), then it also has, respectively,

type T(q), 1(q) or O(q).

Proof. Say « has type T'(¢) and fix a representation p : m(M(a)) — PSL(2,C) whose
image is the tetrahedral group Ths. If we denote by ¢ the composition 71 (OM) — w1 (M) —
m (M () 2, T}2, then from the definition of ¢ and the hypothesis that A(«, 5) = 0 (mod q)
we deduce that ¢(3) = £I. Thus the composite m1 (M) — 71 (M («)) LA T} factors through
m1(M((3)). It is shown in [2, Lemma 5.3] that if the fundamental group of a 3-manifold is
finite and admits a homomorphism onto the tetrahedral group, then it is T-type. From the

definition of ¢ we now see that (3 is actually of type T'(q). O
4 Norm curve components of X (M)

In this section we collect some basic facts and properties of the norm curve components of
the SL(2,C)-character variety of M, and of the Culler-Shalen norms which they determine
on the 2-dimensional real vector space Hi(OM;R). These norms were originally defined
in [11] and applied to the study of cyclic and finite fillings in [11] and [2]. See [3] for a
discussion of Culler-Shalen norms in the setting of the PSL(2, C)-character variety of M.

For a finitely generated group G, we use R(G) to denote the set of all representations of
G with values in SLs(C). It is well known that R(G) has the structure of a complex affine
algebraic set [12]. The character of an element p € R(G) is the function x, : G—C defined
by x,(g9) = trace(p(g)). The set of characters of the representations in R(G), denoted by
X (@), is also a complex affine algebraic set [12] and is called the SL(2,C)-character variety
of G. The surjective map ¢ : R(G)—X(G) which sends a representation to its character is
regular in the sense of algebraic geometry. For a compact manifold W, R(W) and X (W)
will denote R(m1(W)) and X (71 (WW)) respectively.

For each g € G, the evaluation map I, : X(G)—C defined by I4(x,) = x,(g) is regular
[12] and so f; = (I, + 2)(I; — 2) is as well. It is easy to verify that I, and hence f,, is

unchanged if we replace g by its inverse or any of its conjugates in G.

Consider a hyperbolic knot exterior M. The Hurewicz homomorphism induces an iso-
morphism Hi(OM; Z) = 71(OM), and so we can identify L = H1(9M;Z) with a subgroup
of m (M), well-defined up to conjugacy. Each § € L therefore determines a regular function
Is : X(M) — C. An irreducible 1-dimensional algebraic component X; of X (M) is called
a norm curve component (for reasons to be made clear below) if I5 is nonconstant on X;
for every 6 € L\ {0}. Since M is an orientable hyperbolic manifold, X (M) contains the
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characters of discrete faithful representations [12, Proposition 3.1.1]. It is proven in [11,
Proposition 1.1.1] that any irreducible component of X (M) containing such a character is

a norm curve component of X (M).

Proposition 4.1 Let X; be a norm curve component of X(M). Then all but finitely many

characters in X1 are irreducible.

Proof. It follows from Lefschetz duality that the rank of the natural homomorphism
H{(OM;Z) — Hy(M;Z) is 1, and so there is a non-zero class a € Hy(0M;Z) which is
homologically trivial in M. Thus if x is the character of an abelian representation, we have
x(a) = 2.

Now every reducible character in X (M) is easily seen to be the character of a diagonal,
and therefore abelian, representation of 71 (M). Hence it follows from the previous para-
graph that if X; contains infinitely many reducible characters, then I,|X; is constantly

equal to 2, contradicting the assumption that X; is a norm curve. Thus we are done. <

The set of virtually reducible characters in a norm curve is also constrained. Our next
result shows that if this set is infinite, then the norm curve consists of the characters of

very special collection of representations.

Let D denote the set of diagonal matrices in SL(2,C) and consider the group

z 0 0 w N
Nz{(o z_1>7<—w_1 0)\2,106@}.

which contains D as an index 2 subgroup.

Proposition 4.2 Let X; be a norm curve component of X (M) which contains infinitely
many virtually reducible characters. Then there is an index 2 subgroup © C 71(M) such
that x|7 is reducible for each x € Xi. Indeed each element of Xy is the character of a
representation p : T (M) — N and 7 = p~1(D) for the generic x, € X;.

Proof. Suppose that p € R(M) is irreducible and 7 is a finite index normal subgroup of
m1(M) such that p|7 is reducible, but not central. The non-centrality of p|7 implies that
there are at most two lines in C? which are invariant under the #-action determined by p.
Since 7 is a normal subgroup of 7 (M), these one or two lines are actually invariant under
the action of 71 (M) on C? determined by p. The irreducibility of p implies that there are
exactly two lines Ly, Ly C C? invariant under this action. Fix any A € SLo(C) which takes
L1 U Ly to the coordinate axes. Then the image of p; = ApA~! lies in N. It follows that
7 = p;*(D) is an index 2 subgroup of 71 (M) on which p is diagonal.
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Now suppose that {x1,x2,X3,.-.} C X1 is an infinite set of virtually reducible char-
acters. By Proposition 4.1 we may assume that each x; is the character of an irreducible
representation p; € R(M). We claim that we may assume that each p; conjugates into
N. This follows from the preceding paragraph if we suppose that infinitely many of the p;
have infinite image. Suppose then that each p; has finite image. ;From the classification
of finite subgroups of SL(2,C) (see e.g. [36, Lemma 2.6.5]) we see that p;(m(M)) is either
the binary tetrahedral group, the binary octahedral group, the binary icosahedral group,
or a binary dihedral group. There are only finitely many characters of representations in
R(M) of the first three types, so without loss of generality, the image of each p; is a binary

dihedral group, and hence conjugate into N.

Assume then that each p; conjugates into N and define 7; = pj_l(D), an index 2
subgroup of 71 (M). Since there are only finitely many such subgroups we may assume that
7j = @y, for each j,k > 1. Then x;|7 is reducible for each j. But the set of characters in
X1 which are reducible when restricted to 7 is an algebraic subset of X; (cf. [12, Corollary
1.2.2]) and therefore x|m; is reducible for each x € Xj. One may now argue, as in the
first paragraph of the proof, that each irreducible character x € X; is the character of a
representation p € R(M) for which p(m(M)) C N and p~!(D) = 7. The density of such
characters in X; implies that the proposition holds. &

Our next two corollaries show that norm curve components of X (M) contain only finitely
many virtually reducible characters as long as M is the exterior of a knot in the 3-sphere, or

a manifold which admits a finite filling which has neither a cyclic nor dihedral fundamental

group.

Corollary 4.3 Suppose that X1 is a norm curve component of X (M). If Hy(M;Zs) = Zo,

then X1 contains only finitely many virtually reducible characters.

Proof. Suppose that X7 contains infinitely many virtually reducible characters. According
to Proposition 4.2, there is an index 2 subgroup 7 of 7 for which , is reducible for each
Xp € X1. Let p: M — M be the 2-fold cover determined by 7. Restriction determines a

regular map p* : X7 — X (M) whose image determines a curve Y; in X (M).

Let T be a boundary component of M and consider & € Hy(T;Z) \ {0}. Since X is a
norm curve, the identity I, )|X1 = Is|Y1 o p™ implies that I5|Y; is non-constant. Then
by Proposition 4.1, M cannot be connected and so m (9M) C 7 (M). But then there is a
surjection m — /7 = Zy which vanishes on 71 (0OM). This is impossible as the hypothesis
that Hy(M;Zsy) = Zy implies that Hy(OM;Zy) — Hy(M;Z2) is surjective. Thus there are

only finitely many virtually reducible characters in Xj. &
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Corollary 4.4 Suppose that X is a norm curve component of X (M) and that it contains
the character of a representation p with finite image which is neither cyclic nor binary

dihedral. Then X1 contains only finitely many virtually reducible characters.

Proof. Our hypothesis on p implies that it does not conjugate into N. Thus the corollary

follows from Proposition 4.2. &

Now consider a norm curve component X; of X(M). The method of [11, §1.4] can be
used to define a norm ||-||; on H;(0M;R) which satisfies (and is determined by) the identity

I0]l1 = degree(fs|X1) = 2degree(Is|X;) for each element § € L.

Our next proposition lists some of the basic properties of this norm.

Proposition 4.5 (1) Let

st = min{ [|0]1 |6 € L\{0}}
By {fveV v < s}

Then By is a compact, convex, finite-sided, balanced (i.e. By = —By) polygon whose vertices
are rational multiples of boundary classes in L. They are strict boundary classes if X
contains non-virtually reducible characters.

(2) There are at most three (pairs of) classes of L which lie on 0By but are not vertices.
Their mutual distances are at most 1.

(3) Choose an ordered basis {j, \} for L such that |||y = s1 and identify V with the p\-
plane (as discussed in §2). Then if (a,b) € By, we have |b| < 2. Moreover, if there is some
(a,b) € By with b = 2, then (a,b) € L and By is a parallelogram with vertices £(1,0) and
+(a,b). &

Proof. Part (1) is proved as in [11, §1.4], though see [11, Proposition 1.2.7] and [3, Propo-
sition 5.2 (5)] for the strictness of the boundary slopes associated to vertices of B; when X;
contains the character of a non-virtually reducible representation. Part (2) can be found in
[11, §1.1], while part (3) is proved in [2, Lemma 6.4]. &

It was shown in [11] and [2] how to obtain restrictions on the norms of finite or cyclic
filling classes, which are not strict boundary classes, from norm curves which contain the
character of a discrete, faithful representation. These results can be extended to general

norm curves.

Proposition 4.6 Suppose that X is a norm curve component and that « = (m,n) € L is

a finite or cyclic filling class which is not a strict boundary class.
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(1) If a € L is a cyclic filling class, and Xy contains a character which is not virtually

reducible, then |||y = s1. Hence o € OBy but is not a vertex of By.

(2) If « is a D-type or a Q-type filling class and Xy contains a character which is not
virtually reducible, then (i) ||ali < 2s1 and (i) ||a|1 < [|B]|1 for any non-zero element
B € L such that A(a, ) =0 (mod 2).

(3) (a) If o is a T(q)-type filling class and Hy(M;Z) has no 3-torsion, then q = 3 and
(0) |lolls < 8144, (i9) ||a|li < ||B|l1 for any non-zero element B € L such that A(a, 3) =
0 (mod q).

(b) If v is a T(q)-type filling class and Hy(M;Z) has non-trivial 3-torsion, then q €
{1,2} and (i) ||afi < s1+4, (i) ||afi < ||B]]1 for any non-zero element 3 € L such that
A(a, f) =0 (mod q). If [|af|1 > s1, then ¢ = 2.

(4) If « is an I(q)-type filling class, then q € {1,2,3,5} and (7) ||al1 < s1+8, (i) ||a|i <
IBIlx for any non-zero element § € L such that A(a, ) = 0 (mod q). If |||y > s1, then
q>1.

(5) (a) If a is an O(q)-type filling class and H1(M;Z) has no 2-torsion, then q € {2,4}, and
(1) |lofls < 8146, (i9) [|a|li < ||B|l1 for any non-zero element B € L such that A(a, 3) =
0 (mod q).

(b) If v is an O(q)-type filling class and Hy(M;Z) has non-trivial 2-torsion, then q €
{1,2,3}, and (i) ||a|1 < s1+12 and (i7) ||afi < ||Bll1 for any non-zero element 5 € L such
that A(a, ) =0 (mod q). If ||a||1 > s1, then g > 1.

Proof. Most of the details of the argument can be found in the proof of [2, Theorem 2.3],
taking into account Lemma 2.3, Proposition 4.1, and Corollary 4.4 of this paper. The fact
that ¢ > 1 when ||alj; > s; follows from [2, Lemmas 4.1, 4.2, and 5.3]. %

Corollary 4.7 Suppose that o and ([ are finite filling classes, but not strict boundary
classes. If a is of type T(q), 1(q) or O(q) and A(a, ) =0 (mod q), then |||l = |||l

Proof. The result follows immediately from Propositions 3.3 and 4.6. &

The final result of this section will prove useful in the proof of the finite surgery conjec-

ture.

Corollary 4.8 Suppose that Xy is a norm curve component which contains a non-virtually
reducible character. Choose a basis {u, \} for L such that ||p||1 = s1 and identify Hi(OM;R)
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with the pA-plane. If o = (4,2) is a finite or cyclic filling class, but is not a strict boundary
class, and q < 2, then « is neither a C, D, Q, T(q), O(q) or I(q)-type filling class.

Proof. Suppose otherwise. Then there is an integer m such that o = (2m + 1, 2) is, say, a
D-type filling class (the other classes can be treated similarly). Since A(a, 1) = 2, Lemma
2.1 implies that both o and p are contained in the index two sublattice L of L described in
Proposition 4.6 (2). Thus ||alj1 < ||| = s1,1.e. = (2m+1,2) € 9B;. Hence Proposition
4.5 (3) implies that (2m + 1,2) is a vertex of Bj, and thus is a strict boundary class by

Proposition 4.5 (2). But this is contrary to our assumption. &
5 The Aut(C) x H(M;Z,)-action

Let Aut(C) denote the group of field automorphisms of the complex numbers. As we
shall see below, the group Aut(C) x H'(M;Zs) acts in a natural fashion on the set of norm
curve components of X (M). A key fact for us is that the orbits of this action are defined

over the rationals.

The group Aut(C) acts on both C™ and the ring Clz1, 29, . . . , 2z, ]: for ¢ € Aut(C), (¢1,ca,. ..

C", and polynomial 3 am, 27" 2577 ... 2" € Clz1, 22, . .., 2], we have

pler,ca, oo yen) = (¢cr), dlca), -, ¢len))
OO am, 22 ) = plam, )2

These actions are compatible in the sense that if V'(.J) denotes the algebraic set associated

to an ideal J in C[zq, 29, ..., 2], then

for each ¢ € Aut(C). Similarly if V' C C" is an algebraic set and J(V') C Clz1, 22, ..., 25] i8
its ideal, then

¢(J(V)) = J(¢(V))
Algebraically definable notions such as “dimension”, “irreducible”, “component”, “simple

point”, etc. are preserved by the actions.

We say that an ideal J C Clz1, 22,...,2,] is defined over a subfield K of C if it is
generated as a C|z1, 29, ..., z,]-module by polynomials fi,..., f, € Klz1,29,...,2,]. If J
is defined over K and each field over which J is defined contains K, we say that K is the
minimal field of definition for J. The following theorem is due to André Weil (see e.g. [22,
§ITT, Theorem 7 and §IIL.5]).

16



Theorem 5.1 (Weil) Each ideal J C Clz1,22,...,2,] has a minimal field of definition.
Further, the algebraic set V(J) C C" is invariant under ¢ € Aut(C) if and only if ¢
restricts to the identity on the minimal field of definition of J. &

Corollary 5.2 An ideal J C Clz1,22,...,2,] is defined over Q if and only if V(J) is

invariant under each automorphism of C. &

Next consider a finitely generated group G. The action of Aut(C) on SLy(C) given by

o b\, [ ola) o)
¢(<c d>)‘<¢<c> <z><d>>

determines actions of Aut(C) on R(G) and X (G) where for p € R(G) we have

and for x, € X(G),

d(Xp)(9) = Xo(p)(9) = D(Xp(9))-
These actions are compatible with those described above under the algebraic embeddings
of R(G) and X (G) into affine space discussed in [12]. Hence by Corollary 5.2, both R(G)

and X (@) are defined over Q. Indeed the same holds for the union of the algebraic sets in
any Aut(C)-orbit of components of either R(G) or X (G).

Lemma 5.3 Let X; € X(M) be a norm curve component of X (M) and ¢ € Aut(C).

(1) Then Xy = ¢(X1) is also a norm curve component of X (M). Indeed || - |2 = | - |1-
Thus the norm polygon Bi defined by X1 and the norm polygon Bs defined by Xo coincide.
(2) If X1 contains a character which is not virtually reducible, then so does Xo = ¢(X7).

Proof. For each ¢ € L there is a commutative diagram

X3 ¢ .0

J5l X1 J51 X2

C - C.

Since the degree of a map between curves is the cardinality of the inverse image of a generic
point in its range, and since ¢ is a bijection (non-continuous in general), we see that the
degree of f5|X; and that of f5| X5 coincide. Thus ||« |1 = - |2
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Part (2) of the lemma is easy to deduce, for if 7 is a subgroup of 71 (M) and p € R(M)
restricts to a reducible representation on 7, there is a line L; in C? invariant under the
m-action determined by p. Then ¢(Lq) is invariant under the 7-action determined by ¢(p).

Thus p virtually reducible if and only if ¢(p) = ¢ o p is. &

Two other actions of interest to us are those determined by H'(G;Z2) = Hom(G, {£1})
on R(G) and X(G). For e € HY(G;Z2),p € R(G) and x, € X(G) we define

and
€(Xp)(9) = Xe(p)(9) = €(9)x,(9)-

These actions are by algebraic isomorphisms and thus permute the algebraic components

of X(@), conserving dimension.

When G = 71(M), we shall identify H'(G;Zs) with H'(M;Zs).

Lemma 5.4 Let X; € X(M) be a norm curve component and € € H'(M;Zs).

(1) Then X9 = €(X1) is also a norm curve component of X (M). Indeed ||-||l2 = || |[1. Thus
the norm polygon By defined by X1 and the norm polygon Bs defined by Xo coincide.

(2) If X1 contains a character which is not virtually reducible, then so does Xo = €(X7).

Proof. For each § € L there is a commutative diagram

€

X1 Xo
fslXa f5l X2
C — - C.
Since €| X is an isomorphism, we see that ||0][1 = [[0]|2. Thus || - |1 = || - ||2-
The conclusion of part (2) is obvious. &

The actions of Aut(C) and of H'(M;Zs) commute, and so there are combined actions
of the direct product Aut(C) x H'(G;Z3) on R(G) and X (G). From Corollary 5.2 we derive
the following proposition.

Proposition 5.5 Let Y be the union of the algebraic sets in an Aut(C) x HY(G;Zs)-orbit
of components of either R(G) or X(G). Then'Y is defined over Q. &
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6 A-polynomials

In this section, we discuss the A-polynomial of M associated to a norm curve component
X1 and defined with respect to a fixed ordered basis B = {u, A} of m(0M). The basic
reference is [8]. Bearing in mind its use in the proof of the finite filling conjecture, it is most
natural for us to choose a different normalization for the A-polynomial from that found in

[8] - our A-polynomial is a power of theirs.

Fix a basis B = {u, A} of w1 (OM). Given a norm curve component X; of X (M), one can
construct an algebraic plane curve Dy as follows. Let i* : X (M)—X(0M) be the regular
map induced by the inclusion induced homomorphism iy : m1(OM)—m(M). Let A be the

set of diagonal representations of m1(OM), i.e.
A={pe R(OM)| p(u),p(N) are diagonal matrices}.

Then A is a subvariety of R(OM) and it is readily seen that ¢t|A : A — X(OM) is a degree
2 surjective map. We may identify A with C* x C* through use of the eigenvalue map

0
Pg : A—C* x C*. Tt sends a representation p € A to (u,v) € C* x C* if p(u) = ( “ )

0 u!
0
and p(\) = < S ol >

By hypothesis the function I, is non-constant on X; and it clearly factors through
X(OM). Thus if Y7 = i*(X1) is the algebraic closure of i*(X;) in X(OM), then Y is an
irreducible curve in X (0M). Next let T, denote the curve ¢[;*(Y7) in A, and finally define
Dy to be the algebraic closure of Pg(W;) in C x C. The following diagram summarizes the

construction.

~

AD Wy =t['(V1) Py(W1) € Py(Wy) = Dy C C?

X1 Y: :’L*(Xl) CX(@M)

The curve D, is characterized by the conditon that generically speaking, a point (u,v) lies on
D, if and only if there is a representation p € R(M) with x, € X; such that p|m(OM) € A
and the upper left hand entries of p(u) and p(\) are u and v respectively.

Let pi(u,v) be a defining polynomial of D; with no repeated factors. Note that by

construction, Dy contains neither of the coordinate axes so that p; is not divisible by either
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u or v. Set

Ay (u,v) = pr(u,v)h
where d; is the degree of the map i* : X;—Y;. We call Aj(u,v) the A-polynomial of X3
with respect to the basis B = {u,A}. Note that Aj(u,v) is uniquely determined up to

multiplication by a non-zero complex constant.

Remark 6.1 (1) In [8] the authors considered the A-polynomial of the whole character
variety of M. Specifically, they proved that each algebraic component of X (M) gives rise,
by the process described above, to a plane algebraic set of dimension less than or equal to
1. Let D be the the union of the curves which arise from this process. The A-polynomial of
[8] is a polynomial with no repeated factors which defines D. In particular they do not take
into account the degree d;y of i* : X3 — X (90M). Thus in the notation above, our py(u,v) is
always a factor of their A-polynomial, but if d; > 1, our A-polynomial is not. Our choice of
normalization is, of course, a matter of convenience, but it is also quite natural. This will

become evident in §8.

(2) Very little seems to be known about the degree d; of i* : X1 — X(OM), though
Nathan Dunfield has shown that if X; contains the character of a discrete, faithful repre-
sentation, then dy < |[H'(M;Zs)|/2 [15, Corollary 3.2].

Proposition 6.2 ([8]) There are integers r,s > 0 such that
A (u,v) = ewv* Ay (u™t o™t

where € € {£1}.

Proof. This follows directly from the construction of Aj(u,v). One verifies that two el-

ements p,p’ € A have the same image under the map t|y if and only if when p(u) =

u v u? v!
(0 u(L)andp()\):(O U(L),thenp’(,u):( 0 2>and,o’(/\):< 0 2)

It follows that D; is invariant under the involution (u,v) +— (u~',v™!). Hence there are
integers 7,5 > 0 and a constant ¢ € C* for which u"v¥A;(u™!,v™1) = cAy(u,v). Tt is simple
to deduce that ¢ € {£1}. &

Corollary 6.3 Suppose that Ai(u,v) =" ampu™v"™ is the A-polynomial of a norm curve
component Xy of X(M). Let mg be the maximal exponent of Aj(u,v) in u and ng the

maximal exponent in v. Then Gy = €mg—m.ng—n for allm and n and some fized constant

€€ {£1}. ¢

The Newton polygon of a two variable polynomial p(u,v) = )" am pu™v™ is the convex
hull in R? of the set {(m,n) | amn # 0}. A polygon in R? is called balanced if it is invariant

under reflection in some point of R2.
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Proposition 6.4 ([8]) The Newton polygon Ny of Ai(u,v) is finite sided, convex and bal-
anced. If N1 has an edge of slope q/p, then pu + g\ is a boundary class of the manifold
M.

Proof. (Sketch) The first statement follows from the definition of the polygon and Corollary
6.3. The second is proved exactly as in [8]. The idea is that an appropriate Puiseaux
parameterization of Dq associated to the given edge determines the asymptotic behaviour
of both I, and I at some ideal point of X;. This behaviour was shown in [12] to determine
a boundary class of M, which in this instance can be shown to be pu + ¢A. (In §6, we will

give another proof of this result which does not appeal to Puiseaux expansions.) &

The A-polynomial has many interesting properties, one of the most remarkable we de-
scribe next. Let N; be the Newton polygon of the A-polynomial A (u,v) = > am pu™v"
of a norm curve X;. Fix an edge E of N; having slope ¢/p, say, so that there is an integer

k for which gm — pn = k for each (m,n) € E. Then after taking appropriate roots we have

=k Lim
> amvnumwz{ U7 Zmmen tma(ww? )" i p 70

fa P .
(m,n)eE Ut Y o pyer Gman(wiv)” if g £ 0.

The edge polynomials associated to E are

fe(z) = Z amnz" ifp#0

(m,n)eE

and
ge(z) = Z amnz" if ¢ # 0.
(mn)eL
When both p,q # 0 it is easy to verify that zy is a non-zero root of fg if and only if there
is a non-zero root z1 of gg such that 2] = 2{. The significance of these roots is explained

in the following proposition.

Proposition 6.5 ([8]) Let E be an edge polynomial of the Newton polygon Ni. Then every
root of an edge polynomial associated to F is a root of the unity. Further if a = pu + g
1s the boundary class associated to the edge E and zy, respectively z1, is a non-zero root of
fE, respectively gg, then f, takes on the value (25 — 25 7)?, respectively (2§ — 21 %)?, at some
ideal point of X1. In particular if one of £1 is a root of either fr or gg, then fo takes on

the value zero at some ideal point of X;. &

We shall see in §8 that the A-polynomial of a norm curve component of X (M) determines

the associated Culler-Shalen norm. The proof will be based on our next result.
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Proposition 6.6 Let X1 be a norm curve component of X (M) and suppose that ||u||1 = 2nq
and | A|l1 = 2mq. Then my is the largest power of u which occurs in Aj(u,v) while ny is

the largest power of v.

Proof. We show that ||u|l; = 2n; where n; is the largest power of v in A(u,v). The other

equality is derived similarly.

Recall the plane curve D associated to X; and the polynomial py(u,v) € Clu,v], with-

out repeated factors, which defines it. Consider the commutative diagram

2
N

Wy — DN ((C* X (C*)

t|W1 | degree 2 Py

degree 2

where pr,, is projection on the first factor, v is defined by the commutativity of the diagram,
and J, : Y1 — C sends x to x(u). It follows that

llln = 2degree(1,|X1) = 2didegree(t)).

Now degree(z)) is the cardinality of 1! (ug) for a generic point ug € C*, and this, in turn,
equals #{v € C* | p1(ug,v) = 0}. To compute this quantity, think of p; as a polynomial in

v, say

Since A1 = pcll1 we have ny = d1k. Expand % in a similar fashion and consider the resultant
Res, (p1, %) € C[u]. Since p; has no repeated factors, this resultant is non-zero (see, for
instance, [23, Corollary, §V.10]). ;From the properties of the resultant we see in particular
that for the generic ug € C*, p1(ug,v) is a polynomial of degree k in v with distinct roots.

Hence degree(y)) = k and so from above

llpll1 = 2degree(1,|X1) = 2didegree(v)) = 2d1k = 2n,.
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Corollary 6.7 If u is not a boundary class parallel to an edge of the Newton polygon Nj.

Then A1(1,v) is a polynomial of degree % with non-zero constant term. Similarly Ay (u, 1)

Al
2

1 a polynomial of degree with non-zero constant term.

Proof. We shall continue to use the notation in the proof of the previous proposition.
Recall that Ay (u,v) = py(u,v)® = (Efzo hs(u)v®)®™ where ny = kd;. Thus

A1 (u,v) = ho(u)™ + (terms involving v, ...,v™ 1) + hy(u)B o™,

Since 4 is not a boundary class, there is no edge of N which is horizontal (Proposition
6.4). Hence hp and hjy are non-zero constant polynomials. The desired result is then a

consequence of this fact and Proposition 6.6. &

It is necessary to extend our notions to more general curves in X (M). To that end let
C = X1 U....UX}, where X1, X», ..., X}, are norm curve components of X (M). Let ||-||; be
the Culler-Shalen norm of X; and A;(u,v) its A-polynomial with respect to a basis {yu, A}
of m1(OM). Define the Culler-Shalen norm of C, denoted || - ||c : H1(OM;R) — [0,000), by

lle=1-lM+1-lz+-+ 1 e
and the A-polynomial of C, with respect to {u, A}, by
Ac(u,v) = Ay (u,v)As(u,v) ... Ag(u,v).

Note that Ac is well-defined up to multiplication by a non-zero complex constant. Of
particular interest to us is the case where C consists of the curves in an Aut(C) x H'(M;Zs)
orbit.

Suppose that X; is a norm curve component of X (M) and fix (¢,e) € Aut(C) x
H'(M;Zs). By Lemmas 5.3 and 5.4, Xy = (¢,¢)(X1) is also a norm curve component
of X(M) and in fact || - ||2 = || - ||1-

Next consider the A-polynomial of Xy with respect to a fixed basis {p, A} of 71 (OM).
Let D; be the plane curve associated to X; and p;(u,v) a polynomial, without repeated
factors, which defines it. ;From the construction of the plane curves D;, it is not difficult
to see that

Dy = {(e(p)p(u),e(A\)¢(v)) | (u,v) € Dr},
which we denote by (¢, €)(D1). Hence we may take

p2(u, v) = o(p1)(e(p)u, e(A)v),

which we denote by (¢,¢€)(p1(u,v)). Let d(X;) € Zy4 denote the degree of the restriction
map X; — i*(X1) C X(OM) which is induced from the inclusion ¢ : w1 (OM)—m1(M).
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Lemma 6.8 Suppose that X1 is a norm curve component in X (M). Then d((¢,€)(X1)) =
d(Xy).

Proof. Both (¢,¢) : X1 — (¢,€)(X1) and (¢,e01) : i*(X1) — (p,e01)(i*(X1)) are injec-
tive functions, so the conclusion is an immediate consequence of the commutativity of the

following diagram.

X1 -7 (X1)
(¢,¢€) (¢p,e01)
(6.9(X1) (6, ) (X1)) = (€ 0 )i (X1)).

¢

Corollary 6.9 Suppose that X is a norm curve component of X (M) and (¢, €) € Aut(C)x
HY(M;Zs). If X2 = (¢,€)(X1) then

Ag(u,v) = ¢(A1)(e(p)u, e(A)v).

¢

We finish this section with a proposition describing some of the main properties of the

A-polynomial of an Aut(C) x H'(M;Zs)-orbit of a norm curve component of X (M).

Proposition 6.10 Suppose that X1 is a norm curve component in X (M). Let X1, Xo, ..., Xk
be the distinct components in its Aut(C) x H'(M;Zsy)-orbit. Set C = X1 U XoU...U X},
and let Ao(u,v) =Y ampu™v™ be the A-polynomial of C' with respect to a basis {p, A} of
m1(OM). Let N be the Newton polygon of Ac. Then

(1) After multiplying by a non-zero complex constant, Ac(u,v) may be taken to have integer
coefficients whose greatest common denominator is 1. Such a representative is well-defined

up to sign.

(2) Let mg be the maximal exponent of u occurring in Aq(u,v) and ng that of v. Then for

some € € {£1}, mpn = €my—m,no—n for all m and n.
(3) The coefficients of As(u,v) indexed by the corners of N are equal to +1.

(4) The non-zero roots of any edge polynomial fg(z) or gr(z) determined by Aq(u,v) are
roots of the unity. In fact fg(z) and gg(z) are products of a power of z with some cyclotomic
polynomials. Further if & = (p,q) is the boundary class associated to the edge E and if +1

is a root of either fg(2) or gu(2), then f, takes the value zero at some ideal point of C.
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(5) Let i : OM — M be the inclusion and i. : Hy(OM;Za)—Hi(M;Zs) the associated
homomorphism. If

(1) ix(p) # 0 and i, (X) = 0, then ap,n =0 when m is odd.

(17) ix(p) = 0 and ix(X) # 0, then ap,, =0 when n is odd.

(141) ix(p) # 0 and i, (X) # 0, then ampn = 0 when m +n is odd.

Proof. Let D; be the plane curve associated to X;. Since X1, X»,..., X}, consists of several
Aut(C)-orbits, the discussion prior to Lemma 6.8 implies that Dj, Ds, ..., D consists of
several Aut(C)-orbits as well, though note that there is a positive integer r, possibly larger
than 1, such that each orbit occurs r times. It follows from Corollary 5.2 that D1UDsU. ..U

D, is defined over QQ, and so after multiplication by a suitable non-zero complex constant,
p1(u, v)p2(u,v) ... pr(u,v) € Qlu,v].
By Lemma 6.8,
Ac(u,0) = T_yp;(,0)"%) = (IE_yp;(u,0)) € Qfu, o]

After multiplying by a further non-zero rational constant we can assume that Ac(u,v) €
Z|u,v] and that its coefficients have no common integer factors, other than +1. This

determines Aq(u,v) up to sign. Part (1) of the lemma is therefore proved.

Next note that the conclusion of part (2) is a consequence of Proposition 6.2 and the
identity Ac(u,v) = Aj(u,v)A2(u,v)... Ag(u,v).

For part (3), we observe that the proof of the main theorem in [10] applies verbatim to
our situation, by the normalization we have chose in part (1) for Ag(u,v).

Part (4) follows from Proposition 6.5.

Finally consider part (5). From the definition of C' and Corollary 6.9, it follows that
A(u,v) = Ae(p)u, e(\)v) for any € € HY(M;Zs). If pu & ker(H1(OM;Z)— H{(M;Z)) but A
is, there is e € H'(M;Zs) such that e(u) = —1 and €(\) = 1. Hence A(u,v) = A(—u,v) for
each (u,v) € C2. Therefore all odd exponents of u in A(u,v) must be zero. The other two

cases are handled in a similar fashion. &

7 Width

In this section we define and study the width function of a polygon, originally introduced
in [31]. It is the key ingredient to understanding the relationship between Culler-Shalen

norms and the A-polynomial.
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We consider R? as a standard wv-plane. A polygon N in R? is called balanced if it is
invariant under reflection in some point of R2. Two points on N are called antipodes if they

are related by such a reflection.

Let N C R? be a convex, balanced polygon whose vertices lie in Z2. The width function
w=wy : QU {oo} — Z is defined by taking w(q/p) = k if k + 1 is the number of lines in
the plane of slope ¢/p which contain points of both Z? and N.

b
The group SLz2(Z) acts on both R and R? in the following fashions. If ¥ = < ¢ J ) €
c

SLy(Z) then for v € R, we set U(u) = Z;‘Ig, and for (u,v) € R2, we set ¥(u,v) =

(au + bv,cu + dv). Since ¥ takes lines in R? of slope u € R U {oco} to lines of slope

(U (u=1))~!, we readily deduce the following lemma.

Lemma 7.1 If N is a convez, balanced polygon in R? whose vertices lie in Z? and ¥ €

SL(2,Z), then W(N) is a convex, balanced polygon whose vertices lie in Z* and

wony (¥ (p/q)) ™) = wn(q/p).

¢

Fix a convex, balanced polygon N C R? whose vertices lie in Z2. Starting from a fixed
vertex v; of N and passing around N in a counter-clockwise fashion, we may order the re-
maining vertices v, vs, ..., v, V7,03, ...,vf where v; and fuj are antipodes. The plane is de-
composed into a collection of sectors by the lines based at the origin whose slopes are those of
the edges of N. The sectors are numbered in a natural fashion Sy, So,..., 5, 57,55,...,5;

as indicated in the figure below. Note that for each j, S; and S} are antipodal sectors.

Figure 1: Sectors of a balanced polygon
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Lemma 7.2 Let q/p be the slope of a line based at the origin which lies in S; U SioIf

v; = (m,n) and vj = (m*,n"), then
wx(q/p) = [(m —m™)q — (n —n")pl.

Proof. Let [vj,v;f] denote the line segment in the plane spanned by v; and vj. By our
choice of q/p, if wy(q/p) = k, then the number of lines in the plane of slope g/p which
contain points of both Z? and [vj,v;] is k + 1. Choose integers s,t such that gs — pt = 1
q —p
-t s

and define U = ) € SLy(Z). Then from Lemma 7.1 we see that wy(q/p) =

Wy (ny(00), while wyy(00) is easily seen to be the absolute value of the u-coordinate of
U(m,n) —¥(m*,n*)=((m—-—m*)qg— (n—n")p,—(m —m*)t+ (n —n*)s). Thus

wy(q/p) = |(m —m®)g — (n —n")p|.

¢

In our next result we obtain a closed expression for width in terms of the coordinates of
the vertices of N.

Lemma 7.3 Let N be a convex, balanced polygon whose vertices lie in Z* and are numbered
consecutively vy, ..., v, v5,...,vf as above. Denote by (m;,n;) the coordinates of v; and by

(myg1,me41) those of vi. Then for each pair of relative prime integers p,q,
¢
w(a/p) =D |(mjs1 — mj)g — (njy1 —ny)pl.
7j=1

Proof. Recall the sectors Si,...,5,S7,...,5] determined by N and the given ordering of
its vertices. Now the ordering of the vertices of N depends only on the choice of v and since
N is balanced, the sum Z§:1 |(mj41 —m;)g — (nj41 — nj)p| remains unchanged if we make
any other choice. Thus we may assume that (p,q) € Si. Set a; = (mjp1 — mj,njy1 — nj)

and observe that by Lemma 7.2

wy(g/p) = [(Mmes1 —m1)g — (ney1 — na)p)
= > {(mjr1 —my)g — (nj1 —ny)p}|
j=1

= > aj-(g,-p)
j=1

where «; - (¢, —p) denotes the scalar product between «; and (g, —p). Now by construction

aj,ag,...,o all lie in the sector S5 U S5 U ... US;. On the other hand, since (¢, —p) is
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obtained by rotating (p,q) € S; by an angle of 7/2 in a counterclockwise direction, it lies in
the sector disjoint from (S5US5U...USF)\{(0,0)} and bounded by the half-rays throuh the
vectors obtained by rotating «; clockwise by 7/2 and a4 counterclockwise by 7 /2 (Figure
2). In particular «; - (¢, —p) < 0 for each j € {1,2,...,¢}. Thus

wx(g/p) = D> a;-(g,—p)]
j=1

= > laj-(g,-p)|
j=1

= D (mjp1 —my)g — (nj1 —ny)p|
j=1

as claimed. o

Figure 2: Calculating the width of ¢/p from sectors

Proposition 7.4 Let N be a convez, balanced polygon whose vertices lie in Z2. Then N

determines a norm || - ||y : R? — [0,00) satisfying

(P, @)|lx = wn(g/p)

for each pair of coprime integers p,q. Further, if the vertices of N are numbered in coun-
y * * * .
terclockwise order vi,va,...,v,v],05,...,vf and (mj,n;) are the coordinates of v; and

(myt1,m441) those of vi, then

t

() ly =Y |(mj1 — my)v = (njp1 —ny)ul.
j=1
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Proof. According to the previous lemma, for any pair of relatively prime integers p, ¢ we

have .
v(a/p) =D l(mjyr — my)g — (njy1 — ny)pl.
j=1
Define
I Iy : R* — [0, 00)
by
t
() ly =Y [(mj1 — my)v = (njp1 —ny)ul.
j=1
Then || - || 5 is clearly a norm and has all the required properties. &

Two convex, balanced polygons in R? are called dual if each edge of one polygon is

parallel to the line segment between some pair of antipodal vertices of the other.

Figure 3: A pair of dual polygons

Corollary 7.5 The boundary of a || - ||x-ball is a convez, balanced polygon which is dual to
N.

Proof. It follows from Lemmas 7.2 and 7.3 that
[ (u, v)|lx = [(mj —m3)v — (n; —nj)u| for all (u,v) € S; US.

In particular if By is the ball of radius 1 of || - [|y, then 0By N.S; and 9By N S} are line

segments of slope :Lj :sz . It follows that 0B is a balanced, convex polygon whose edges are
parallel to the line segments in the plane whose endpoints are antipodal vertices of N and
whose vertices lie on the half-rays 051 UdSaU...UdS; U9OST U...UJSy. By construction,
the boundaries of these half-rays are parallel to the edges of N. Thus N and B are dual

polygons. &
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8 Relations between Culler-Shalen norms and A-polynomials

One of our main goals in this section is to show that the norm polygon defined by a curve
in X(M) and the Newton polygon of the associated A-polynomial are dual in the sense
of the previous section. We shall continue to use the notation developed previously in the
paper: for a norm curve component X; of X (M), ||-||; will denote the Culler-Shalen norm it
defines, Bj the ||-||1-ball of radius s; = min{||d||; | 6 € L\{0}}, D; the plane algebraic curve
associated to X1, p1(u,v) a polynomial without repeated factors which defines Dy, d; the
degree of the restriction-induced map X; — i*(X;) C X(OM), and A;(u,v) = [p1(u,v)]®
the A-polynomial associated to X relative to the basis {u, A\}. Recall that A;(u,v) is well-
defined up to multiplication by a non-zero complex constant and is divisible by neither u

nor v.

If the ordered basis {u, A} of m(OM) is replaced by another {o = pPA, ( = A},

p q
s

where ¥ = € SLy(Z), and /h(w, z) is the A-polynomial of X; with respect to

{0,(}, then there are integers a, b for which

Ay(w,2) = w2? Ay (w2~ w5 2P).

Hence we deduce the following lemma.

Lemma 8.1 Consider a new basis {o,(} = {pPAL, X} of w1 (OM) where ¥ = ( P Z ) €
s

SLy(Z). Let Ny be the Newton polygon of the A-polynomial of X1 relative to {u, \} and N
the Newton polygon of the A-polynomial of X1 relative to the basis {pPAY, u*\'}. Then up

to a translation in the plane,
Nl — (\I,tTanspOSE)—l(Nl).

¢

Proposition 8.2 Let X1 be a norm curve component of X (M). Fiz an ordered basis {u, A}
of HI(OM;Z) C H1(OM;R) and let A1(u,v) be the A-polynomial of Xy relative to it. If Ny
is the Newton polygon of Ai(u,v) and (p,q) € L is a primitive class, then

(P, @)1 = 2w, (q/p).

Hence for each (u,v) € R?,
1w, 0) [ = 2[[(w, 0),
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Proof. Since A; is not divisible by u, Proposition 6.6 implies that [|A||; = 2wy, (00). Sim-
ilarly |l = 2w, (0)

Consider a pair of relatively prime integers p,q. Choose s,t € Z such that pt —gs =1,
q —p

—$
see that wy, (¢/p) = wy(n,)(00). From Lemma 8.1 we see that up to a translation in the
plane, ¥(NN;) is the Newton polygon of X7 relative to the basis {u*A7t, uPA?} of w1 (OM).
Hence from the previous paragraph we see that 2wy (y,)(00) = [[pit + gAll1. The proof is

set ¥ = € SLy(Z) and observe that ¥(p,q) = (0,1). Then from Lemma 7.1 we

completed by noting that any two norms on R? which agree on Z? are identical. &

Corollary 8.3 Under the hypotheses of Proposition 8.2, the Newton polygon N1 of A1 and
the norm polygon By of || - |1 are dual polygons.

Proof. The conclusion follows from Proposition 8.2 and Corollary 7.5. &

Let X; be a norm curve component of X (M). It is shown in [11, Lemma 1.4.1] that if
z is an ideal point of X1, then either

(1) . (f,) = 0 for each slope 7 on M, or

(2) there is a unique slope  for which II,(f,) = 0.
We say that a slope 7 is associated to an ideal point x of X; (and vice versa) if f,(z) is
finite while f;,/(a:) = oo for some other slope r’. By [11], a slope r associated to an ideal
point of X; must be a boundary slope. Also note that there may be several ideal points of

X, associated to a given slope r.

Corollary 8.4 ([8]) There is an edge of slope q/p of the Newton polygon Ny of the A-
polynomial of X1 if and only if pu + gX is a boundary class associated to some ideal point
Of Xl.

Proof. A primitive pair +(pu + g\) corresponds to a slope associated to some ideal point
of X if and only if it is a rational multiple of some vertex of the norm polygon By of || - ||1
([2, Lemma 6.1]). Since Bj is dual to the Newton polygon Nj, the latter occurs if and only
if N7 has an edge of slope ¢/p. &

Our next result gives another characterization of || - ||; in terms of A;. Define the span

of a Laurent polynomial p(z) € C[z, 27 !] to be

span(p) = max degree, p(z) — min degree, p(z).

Proposition 8.5 Suppose that pu+ g is not a boundary class associated to an ideal point
of X1. Then
llppe + gAl|1 = 2spand; (279, 2P).
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Proof. The case where pu + g\ equals p or A follows from Corollary 6.7. For the general
case fix a basis {0, (} = {uPA, u* At} of w1 (OM) where pt —qs = 1. We noted before Lemma
8.1 that if A; (w, z) is the A-polynomial of X; with respect to {o,(}, then there are integers
a, b for which
Ay(w,2) = w2P Ay (w2~ w5 2P).

Since pu + g is not a boundary class associated to an ideal point of X, Corollary 6.7
implies that ||py + gA||1 is twice the degree of A;(1,2) = 20 A1 (279, 2P). Thus ||pp+ gA||1 =
2spand; (279, 2P). &

It is shown in [11, §1.4] that for any slope r, there is a linear function ¢, : Hi(OM;R) —
R such that
e@= S L)

ideal points = of Xl
associated to r

for each 6 € H1(OM;Z). It follows that for each n € H;(OM;R) we have

Il =" loe()l.

slopes r

Our next result shows how the Newton polygon determines |¢,|.

Proposition 8.6 Suppose that p and q are coprime integers such that q/p is the slope of
an edge of the Newton polygon Ny of Aj(u,v). Suppose further that the endpoints of this
edge have coordinates (m,n) and (m',n’). If r denotes the slope associated to +(pu + q)\),
then

|6r (u,v)| = 2|(m — m")v — (n — n)ul.

Proof. Let vy, ve,...,v,v],03,...,v; be an ordering of the vertices of Ny, as in the previous
section. Let (m;,n;) be the coordinates of v; and (M1, n¢11) those of v7. Choose relatively
prime pairs of integers (p1,q1), (p2,92), .., (Pt ¢:) such that (mjy1 —mj,nj1 —nj) is an
integral multiple of (pj, q;), say

(mjp1 —my,njp1 — ng) = i(pj, q5)-
Then by Corollary 8.4, the slopes associated with the ideal points of X are ri,7ro,...,7¢
where r; corresponds to £(p;u + ¢jA). Since ¢r, (pj,q;) = 0, there is a non-zero integer l;-
for which
br; (u,v) = [I5]|pjv — gjul.
Thus if (u,v) € R2 =V,

t

t
S Wlipge —aul = 60 (u0)
=1

Jj=1
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= [l(w,v)]h

= 2||(u,v)|ly, by Proposition 8.2
t
= Z 2|(mj41 —mj)v — (nj1 —nj)ul by the definition of || - ||,
j=1
t

= ) 20lllp;o — qyul.

j=1

Thus for each (u,v) € R?, 2321(2|lj| — |5DIpjv — gjul = 0. Since (pj,q;) and (pg, gx) are
linearly independent for j # k, it follows that for each value of the index j,

br;(u,0) = |I%]|pjv — qjul = 2|lj|[pjv — qjul = 2|(mj1 — mj)v — (nj41 — ny)ul

as claimed. This completes the proof. O

Next we extend the results of this section to more general curves in X (M). Consider

C=X1U..UX, C X(M) where each X; is a norm curve component of X (M). Recall,

from §6 that the A-polynomial of C, with respect to a basis {u, A} of m(0M), is given

by Ac(u,v) = H?ZlAj(u,v), where A; is the A-polynomial of X; with respect to {u, A}.

Let Ng¢, N1, ..., Ni be the associated Newton polygons and wy, wy,, ..., wy, their width

functions.
Lemma 8-7 ’LUNC == le + wN2 + cee + ka.

Proof. Since wy,(0) is the largest power of v occurring in Ac(u,v), and similarly for each
wy, (0), it is clear that wy,(0) = wx, (0) + wy, (0) + ... + wy, (0).

Let p, g be an arbitrary pair of coprime integers and choose s,t € Z such that tp—sq = 1.

t —
Set ¥ = ( ° > and observe that by Lemma 7.1 we have wy(q/p) = wy(n)(0). Now
-q P
U(N¢) is the Newton polygon of the Laurent polynomial Ac(w,z) = Ac(wPz9,ws2t) =
A (P2, w2 Ag(wP 29, w2t) . .. Ap(wPz,wizt) = Aj(w, 2)Ay(w, 2) ... Ap(w, z). Hence if
NC,Nj are the Newton polygons of flc,flj, j=1,...,k, then N, = U (N¢) and ]\7j = (V).
Thus

Whg (a¢/p) = Wy (N) ¢ (0)
= wy(0)
= wg, (0) + wg,(0) + ... + wg, (0)
= Wy(ny)(0) + Wy ny (0) + ... + Wy (n,)(0)
= wn,(q/p) + wn, (¢/p) + - + wn, (q/p).

This completes the proof. &
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Theorem 8.8 Suppose that X1, Xo,..., Xy is a collection of distinct norm curve compo-
nents of X (M) and set C = X1UXoU...UXy. Let ||-||¢ be the Culler-Shalen norm of C' and
| - llv, the width function norm determined by the Newton polygon N of the A-polynomial
of C. Then the following results hold.

W 2 llvg=1+le-
(2) If piu+ gA is not a boundary class associated to an ideal point of C, then
lppe + gl = spanA (27, 27F).

(3) N¢ is balanced and dual to the norm polygon Be of || - ||o-
(4) N¢ has an edge of slope q/p if and only if B has a vertex whose associated slope is q/p.
(5) Suppose that r is a slope on OM and ¢, the linear functional on Hy(OM;R) which

satisfies

’¢r(a)’ :Z Z H:c(foe)

k
—

J ideal points x of Xj

associated to r

for a € Hi(OM;Z). If (m,n) and (m',n') are the coordinates of the endpoints of an edge
of N of slope q/p, then

|6r (u, v)| = 2|(m = m")v — (n — n)ul.
Proof. Let | - ||; be the Culler-Shalen norm of X; and N; the Newton polygon of its
A-polynomial.
If p, q are relatively prime integers, then

21(p:@)lIve. = 2wy (q/p)

k
= ZZwNj(q/p) by Lemma 8.7
j=1

k
= 2> @9l
j=1

k
= > _lp.g)ll; by Proposition 8.2
7j=1

= @ dlle-
Hence (1) holds.

Next observe that Part (2) is a consequence of the definitions and Proposition 8.5, while
part (3) follows from (1), Corollary 7.5 and Corollary 6.3. Finally (4) and (5) are proven

exactly as the analogous results are handled in the proofs of Corollary 8.4 and Proposition
8.6. &
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9 The canonical curve and norm

In this section we define the canonical curve in the character variety of a hyperbolic
knot exterior and study the associated norm and A-polynomial. We shall continue to use

the notations established in previous sections.

According to the rigidity theorem for hyperbolic 3-manifolds of finite volume [34, §5],
there are exactly two conjugacy classes of discrete faithful representations of 71 (M) in
PSLy(C). Further the characters of these two conjugacy classes differ by complex conju-
gation. Thurston proved that all such representations lift to SL2(C) (see [12, Proposition
3.1.1]), and thus the set of characters of such lifts consists of two orbits of the H*(M;Zy)-
action on X (M), one orbit the complex conjugate of the other. It can then be shown
that there are precisely 2|H'(M;Zs)| = 2|H,(M;Zs)| conjugacy classes of discrete faithful
representations of w1 (M) in SL(2,C) ([26, Corollary V.1.3], compare Lemma 9.5).

Let X7, Xo, ..., Xk be the components of X (M) which contain the character of a discrete
faithful representation and recall from §4 that each is a norm curve component. ;From the
discussion above we see that C);, the Aut(C) x Hy(M;Zs)-orbit of Xy (cf, §5), contains
Xo, ..., Xk. Indeed it characterized by the fact that it is the smallest subvariety of X (M)
which is defined over the rationals and which contains these curves. Thus we call Cy the

canonical norm curve of X (M).

Suppose that C,, contains n algebraic components, say
C]w :Xl UXQUXn

By Lemmas 5.4 and 5.3 each X is a norm curve component of X (M). Let | - |;, s;, and
B; denote respectively the Culler-Shalen norm, the minimal non-zero value of || - ||;, and
the || - ||;-ball of radius s;j. Let || - ||a, Sa, and By, denote those of C),. We call || - ||, the

canonical norm on Hy(M;Z).
Proposition 9.1 (1) || - [[x = n|| - ||l1, s; = ns1, and By, = By.

(2) By is a finite-sided convex polygon balanced about the origin whose vertices are rational

multiples of strict boundary classes of L.

(3) By contains at most three (pairs of) nontrivial classes of L which are not vertices of

B, and their mutual distances are at most one.

(4) Choose a basis {p, A} for L such that ||ps]|, = sy and identify H1(OM;R) with uA-plane.
If (a,b) € By, then |b| < 2. Further if there is some (a,b) € B, with b =2, then (a,b) € L
and By is a parallelogram with vertices +(1,0) and £(a,b).
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Proof. Part (1) is a consequence of the definition of ||-||,, and the Lemmas 5.4 and 5.3. The
rest follows mostly from Proposition 4.5, though for the strictness of the boundary slopes in
part (2) we combine Lemma 5.3 with the observation that discrete faithful representations

are not virtually reducible. &
Lemma 9.2 The inequality 4 < 2|H1(M;Zs)| < sy holds.

Proof. We noted above that there are exactly 2|Hy(M;Zs)| characters of discrete faithful
representations of 71 (M) in SL(2,C), and each of these characters lies in C),. Fix p €

L N 0Bwm and note that since f,, takes the value zero at each of these characters, we have
s = |l = Z?:l degree(f“)bgj > 2|Hy(M; Zs)|. %

The inequality given in the lemma is sharp as sy, = 4 when M is the figure eight knot

exterior. For this manifold, C,, is an irreducible curve (see [6] for details).

Proposition 9.3 Fiz a basis {1, \} of L where |||y = sy and identify Hi(OM;R) with
the puA-plane. Suppose that o € L is a finite or cyclic filling class but is not a strict boundary

class.

1) If a is a C-type filling class, then
i) ||a|ly = su- Hence o € OB, but is not a vertex of By,.

i1) the absolute value of the \-coordinate of « is less than or equal to 1.

(
(
(
(2) If « is a D-type or a Q-type filling class, then

(@) llallar < 28

(7)) ||||lar < ||B]lar for any non-trivial element B € L satisfying A(a, ) =0 (mod 2).
(

(

(

(

(

iii) the absolute value of the A-coordinate of « is less than or equal to 1.

3) (a) If o is a T'(q)-type filling class and Hy(M;Z) has no 3-torsion, then ¢ =3 and
i) |l < spt+ 4.
i) |||l < By for any nontrivial class B € L satisfying A(a, 5) =0 (mod q).
iii) if B € L is a finite filling class satisfying Ao, ) = 0 (mod q), then [ is also of type
T(q) and |[Bl[s = llexl]ar-
)

(b) If o is a T'(q)-type filling class and Hy(M;Z) has 3-torsion, then q € {1,2} and

(@) oy < sy+4 and g =2 if ||al|y > Su-

(1) ||l < ||Blas for any nontrivial class § € L satisfying A(a, ) =0 (mod q).

(zit) if B € L is a finite filling class satisfying A(a, ) = 0 (mod q), then (3 is also of type
T(q) and [|Bl[s = lletl]us-

(4) If « is an I(q)-type filling class, then q € {1,2,3,5} and
() |||y < s+ 8 and g > 1 if |||y > Sur
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(1) [|allae < ||Bllas for any nontrivial class B € L satisfying A, ) =0 (mod q).
(#i1) if B € L is a finite filling class satisfying A(a, ) = 0 (mod q), then (3 is also of type
1(q) and ||B][s = [lat[|ar-

(5) (a) If a is an O(q)-type filling class and Hy(M;Z) has no 2-torsion, then q € {2,4} and
(@) [ledllas < 50+ 6.

(1) |l < ||Blar for any nontrivial class § € L satisfying A(a, ) =0 (mod q).

(#i1) if B € L is a finite filling class satisfying A(a, ) = 0 (mod q), then (3 is also of type
O(q) and [|8]s = [ler]l-

(b) If « is an O(q)-type filling class and H1(M;Z) has 2-torsion, then q € {1,2,3} and

(@) llallw < sy+12 and ¢ > 1 if |||y > S

(1) |l < ||Blar for any nontrivial class 5 € L satisfying A(a, ) =0 (mod q).

(#i1) if B € L is a finite filling class satisfying A(a, ) = 0 (mod q), then (3 is also of type
O(q) and ||B]ln = l|ctl|ur-

Proof. Parts (1), (2) of the proposition follow directly from Proposition 4.6 (1), (2) and
Proposition 9.1. Parts (3) (ii) and (iii) are consequences of Propositions 4.6 (3) and 3.3
respectively. To prove part (3) (i), first recall that

C'M:X1U...UXn.

For each § € L,

Z Zx(fé)

1 IEE)Zj

n

16llw =Y 116ll; = > degree(fsl,) =
j=1 j=1 j
where Z,( f(;) is the multiplicity of z as a zero of fs. Hence

lledllne = llellne =+ (el = llellse) = s+ Z Z (Zo(fa) = Zo(fu))-

i=1 zeX,

Thus if J = {z € Cy | Zu(fa) > Zu(f,)}, then

l[edllae < saa+ Z(Zx(fa) = Zz(fu)-

zeJ

Recall that Xj = X7 UZ; where X7 4 X is the normalization of X; and Z; is the finite
set of ideal points of X j- Fixzx e JN X j- The hypothesis that « is not a strict boundary
slope implies that z € X7 ([11, Prop. 1.6.1] and Proposition 4.5). We now proceed in the

manner of [2, §4]. It was shown there that

o Zy(fa) = Za(fu) = 2.
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e the Zariski tangent space of X (M) at v(x) is 1-dimensional.

e v(J) is the set of characters in Cm correspondingto representations which send « to

{£I} and whose image is the binary tetrahedral group.

The first statement shows that ||« < sy + 2]J|. It follows from the second that v(x) is a
simple point of X (M) (cf. §2) and therefore v~ 1(v(z)) = . Hence ||a|yu < sy + 2|v(J)].

Finally combining the third with the method of [2, Lemma 5.6] implies that |v(J)| = 2.

Thus [|af|s < sm + 4, as claimed.

Parts (4) and (5) can be proved similarly. O

Remark 9.4 The previous proposition can be sharpened under certain additional assump-
tions. For instance if p is a cyclic filling class, but not a strict boundary class, then
Z:(fu) < Zo(fa) for each 2 € Cy [11, Proposition 1.1.3]. Hence following the method

of proof of Proposition 9.3 we have

Sy Or Sy + 4 if a is T-type
lally=q suorsy+8 if ais I-type
Suy Sy + 4,8+ 8, or sy + 12 if a is O-type and Hy(M;Zo) = Zo ® Zo

We close this section with some useful properties concerning the canonical norm of a
class in the kernel of H1(0M;Zo) — Hy(M;Zs).

Lemma 9.5 H'(M;Zs) acts freely on the Zariski open set of non-virtually reducible char-

acters in Cy,.

Proof. Let x, € Cy be a non-virtually reducible character and suppose there is an € €
H'(M;Zs) such that x, = €-x,. We will show that e is the trivial homomorphism 7 (M) —
{xI}.

Since p is irreducible and € - x, = Xep, there is a matrix A € SL(2,C) satisfying ep =
ApA~t. Suppose that there is some ¢ € w1 (M) for which €(¢) = —I. Set p(¢) = B. Then
—B=¢€(&)p(€) = Ap(§)A™ = ABA~! and so A = —BAB~!. It follows that trace(A) = 0,

;0
and so without loss of generality we may assume that A = é ~|. The subgroup
—i
7 = ker(e) of w1 (M) has index 2 and for any v € 7, p(v) = Ap(y)A~!. It follows that p(v)
is diagonal and thus p|7 is a reducible representation. But this contradicts our choice of p.

Hence ¢ is the trivial element of H'(M;Zs). &

Consider the |H;(M;Zs)|-sheeted regular covering p : M—M corresponding to the

surjective homomorphism 1 (M)—H(M;Zs). The homomorphism py : m(M)—m (M)
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induces a regular map p* : X(M)—X (M) and the closure E\ of p*(Cy) in X (M) is a curve
in X (M ). It is an elementary exercise to show that if x1, x2 € Cy are two non-virtually
reducible characters then p*(x1) = p*(x2) if and only if xo = ex1 for some ¢ € H'(M;Zs).
Hence by Proposition 4.2 and Lemma 9.5, 5* : C—F is generically a |H;(M;Zsy)|-to-one

map.

Fix a boundary component T of M. For any element 6 € L = H,(T;Z) C L (we
identify L with py(L)) let I; - X (M) — C be the evaluation map and set f5 = Ig —4.
There is a commutative diagram of surjective rational maps

*

p

m C s

Define the degree of a rational function f : X — Y between curves to be ) degree(f|X; :

CM - I M

X; — f(Xj)), where the sum is over the algebraic components X; of X. Then
HP#(S)HM = degree(fp#(é)’CM) = [H1(M; Zs)|degree( f5| Ex).

If fg]éM has p distinct poles, then its degree is at least 2p since f; = (I5 4 2)(I; — 2). In
order to apply this observation, let 31,32, ..., 3, be the strict boundary classes associated
to the vertices of By. Then for any j = 1,2,...,n there are ideal points x1,xa,...,x, of
X ;j such that for 6 € L, fg(xj) € C if and only ¢ is a non-zero, integral multiple of 3;. For
each j, choose a class 3; € L such that px(f5;) is a non-zero multiple of ;. Then from
the commutativity of the diagram above we see that fg(p* (z;)) € C if and only p4(d) is a
non-zero multiple of ;. It follows that for any 6 e L\ {0}, fg has at least p — 1 distinct
poles in X j. Further if p, (5) is a primitive class which is not a boundary class associated
to a vertex of By, then fg has at least p distinct poles. In summary, we have derived the

following proposition.

Proposition 9.6 Suppose that o« € L is a primitive class which lies in the kernel of the
homomorphism Hi(OM;Zo)—H1(M;Zs) induced by inclusion. Let n be the number of
algebraic components of C.

(1) ||la||as is divisible by 2n|Hy(M;Zs)|.

(2) If By has p pairs of vertices then

ol > 2n(p — 1)|H1(M;Zs)| if a is a rational multiple of a vertex of By,
e
M= 2np|Hy (M ;Zs)| if ais a rational multiple of a vertex of B,,.
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10 The canonical A-polynomial

Let Xi,Xs,...,X,, be the algebraic components of Cy and B = {u, A} a basis for
m1(OM). Suppose that A;(u,v)) is the A-polynomial of X; with respect to B. The canonical
A-polynomial of M, with respect to the basis B, is the product

Ay (u,v) = A (u,v)Ag(u,v)... Ay (u, v).

Let Ny be the associated Newton polygon. Our next results follow immediately from

Theorem 8.8 and Proposition 6.10.

Proposition 10.1 The canonical norm polygon B, is dual to the canonical Newton polygon
Ny and || - ||y = || - vy, Further, ||p]|s = 2n0 and ||A||y = 2mg, where ng is the mazimal

exponent of v in Ay(u,v) and my that of u. O

Proposition 10.2 If pu + g\ is not a boundary class associated to an ideal point of Cy,
then

[P+ Al = 2spanA (27, 277).
¢

Proposition 10.3 The canonical A-polynomial Ay(u,v) =) amau™v™ of M has the fol-

lowing properties:

(1) After multiplying by a non-zero complex constant, A(u,v) may be taken to have integer
coefficients whose greatest common denominator is 1. Such a representative is well-defined

up to sign.

(2) Let mg be the mazximal exponent of u occurring in Ay(u,v) and ng that of v. Then for

some € € {£1}, Gmn = €my—m,no—n for all m and n.
(3) The coefficients of Ay (u,v) indexed by the corners of N are equal to +1.

(4) The non-zero roots of an edge polynomial fp(z) or gp(z) determined by Ay(u,v) are
roots of the unity. In fact fg(z) and gg(z) are products of a power of z with some cyclotomic
polynomials. Further if & = (p,q) is the boundary class associated to the edge E and if +1

is a root of either fg(2) or gu(2), then f. takes the value zero at some ideal point of Cy.

(5) Let i : OM — M be the inclusion and i, : H1(OM;Zo)—H1(M;Zs) the associated
homomorphism. If

() ix(p) # 0 and ix(\) = 0, then ap,, =0 when m is odd.

(17) ix(p) = 0 and ix(X) # 0, then ap,, =0 when n is odd.

(40) ix () # 0 and ix(X) # 0, then ap,n =0 when m +n is odd. O
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Corollary 10.4 ([8]) If M is a knot exterior in S® and {u, \} is the standard meridian-
longitude basis of L, then the powers of u occurring in the canonical A-polynomial of M are

even numbers. &

11 Applications to Dehn filling

In this section we discuss some results concerning the manifolds obtained by Dehn filling

on M, results derived from the canonical polynomial Ay (u,v).

A 3-manifold is small if it does not contain any closed incompressible surfaces. If a small
3-manifold is homeomorphic to a Seifert fibred space, then it admits a Seifert structure
whose base orbifold is S? with at most three singular fibres [20, §IV].

Proposition 11.1 Let X; be a norm curve component of X(M) and suppose that o € L
is a primitive class. Suppose that © € XV where Zy(fo) > Zo(f5) for some 6 € L'\ {0} and
v(z) =x, € X1.

(1) If M(«) is a small 3-manifold which is a Seifert fibred space, then x, is a simple point
of X(M). Furthermore x, takes only real values on m (M) and the eigenvalues of p(v) lie
on either the real line or the unit circle.

(2) If M(«x) has a finite fundamental group then x, is a simple point of X (M). Furthermore

the eigenvalues of p(d) are roots of unity of order less than or equal to 10.

Proof. (1) By [11, §1.5], the condition that Z,(f,) > Z.(fs) implies that there is some
p € t~1(v(x)) with non-cyclic image in PSL(2,C) such that p(a) € {I,—I}. In fact p can
be chosen to have a non-abelian image, for the argument in [11] shows that p can be chosen
so that its image is also non-diagonalisable in PSL(2,C). Hence if its image is abelian,
then it must conjugate into the group of upper-triangular parabolic matrices. But this
cannot occur because the hypothesis that M («) be small implies that rankH; (M («); Z) = 0.
Thus rankH(M;Z) = 1 and therefore any parabolic representation has cyclic image in
PSL(2,C), contrary to our choices.

Assume then, without loss of generality, that image(p) is non-abelian. We can also
assume that p(m1(M)) is non-abelian when projected to PSL(2,C), for otherwise image(p)
would be the quaternion group of order 8, and so again the proposition holds. Since p(a) =
+1, p induces a representation 71 (M («)) — PSL(2,C) and our assumptions imply that
the latter factors through a group A of the form < a,b | a? = b7 = (ab)” =1 > for
some p,q,r > 2. Choose aj,b; € m (M) which are sent to a,b under the composition
(M) — m(M(a)) — A. Now fix ¢ € G. There is a word w = w(ay,b;) such that
p(g) = £p(w) so that x,(g) = £x,(w). It follows from [12, Proposition 1.4.1] that x,(w) =
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P(x,(a1),x,(b1),xp(a1b1)) where P is a polynomial with integral coefficients. Now by
), p(b1) and p(a1by) has finite order in SL(2,C), and so have real
(w) € R. Finally, x, is a simple point of X (M) by [5].

construction, each of p(ay

traces. Thus x,(g) = £x,

Fix g € G. By part (1), trace(p(g)) is real. Now p(g) is conjugate to a matrix of the

(b))

Let u = re®. Thenutu=! =re+Le=? = (r+1)cos+i(r—21)sinf andso (r—1)sinf = 0.

T s

form

If sin@ = 0, then v is real. If r — % =0, then r = 1 and u lies on the unit circle.

(2) Again by [11, §1.5], the condition that Z,(f.) > Z.(fs5) implies that there is some
p € t71(v(z)) with non-cyclic image such that p(a) € {I, —I}. Thus « has type T,1,0, D
or Q. By [5], x, is a simple point of X (M). We can use p to construct an irreducible
representation p : w1 (M («)) — PSL(2,C). It follows from Lemma 3.1, and the discussion

immediately preceding it, that p(m (0M)) is a cyclic group of order no larger than 10. Thus
part (2) holds. ¢

Let Ay (u,v) be the canonical A-polynomial of M with respect to the basis {u, A}.

Proposition 11.2 Suppose that o« = (p,q) € H1(M;7Z) is a primitive class which is not a

strict boundary class. Let (ug,vo) be a solution of either

{ Ay (u,v) =0 or { Ay (u,v) =0

uPv? =1 uPy? = —1.

Assume that M(«) is a small 3-manifold.
(1) If one of ug or vy is not £1, then there is a representation p € R(M), with non-abelian

1mage, whose character lies in C'; and for which

u 0 vg 0
p(lu):< 00 ugl) cmd,o()\):< 00 U()_l )

(2) If one of ug or vy is neither real nor on the unit circle, then M(«) is not a Seifert fibred
space which is small.
(3) If one of ug or vy is not a root of unity of order less than or equal to 10, then (M ())

s not finite.

Proof. (1) We shall assume that ug # 1. The case vy # %1 is handled similarly.

As (ug,vp) is a solution of Ay, there is an algebraic component X; of Cy; whose associ-
ated plane curve D; contains (ug,vg). Recall from §6 that we have the following diagram

of regular maps between affine algebraic sets:
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Wi =t (Y1) CA —— Dy = Py(W;) cC xC

X3 lel*(Xl) CX(@M)

Hence we have an associated diagram of rational maps between smooth projective sets:

Each map in this latter diagram is surjective, so there is a point w € W, which is mapped to
a point d € v~ (ug,v9) C DY C D;. Fix any 2 € X such that 7*(z) = {(w) € Y. Note that
by construction f,(z) = (ug — ug)? € C*, while fo(z) = 0. Hence Z,(f.) = 0 < Zu(fa)-

Assume first that z € X; — X7, i.e. zis an ideal point. Since « is not a strict boundary
class, [11, Prop. 1.6.1] implies that there is an essential closed surface in M which remains
essential in M («r), contrary to our supposition that M(«) is a small 3-manifold. Thus
x € X{. Set v(x) = x, € X1 where p € R(M) and note that by the argument in the
proof of [11, Proposition 1.5.5], we may assume that p is not diagonalisable. Hence if
the image of p is abelian, then its non-central elements would have to consist of parabolic
matrices. But this would imply that ug,vg € {£-1}. Hence p is a non-abelian representation.
Finally observe that since one of ug, vg is different from +1, we can assume that p|m(OM)

is diagonal.

(2) We continue to use the notation of part (1). Since M («) is a Seifert space which is
small and Z( fu) =0 < Zy(fa), Proposition 11.1 implies that X, is a real valued function.
But this contradicts the fact that either x,(u) = uo + ual Z R or x,(p) = vo + vo_l ¢ R.

Thus M(«) cannot be a Seifert space which is small.
Part (3) follows from a similar argument. O

In our next two results we see how the existence of finite filling slopes of a given type

constrains the A-polynomial.

Proposition 11.3 Suppose that o = pu + g\ € L is an I(5)-type finite filling class which
is not a strict boundary class. Suppose further that ||a|y > sy. The following statements
hold.
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(1) There are integers a,b,c,j where j > 1 and 6 € {1} for which Ay(z9,27P) =
+20(z — Db(2 4+ 1)%(2* + 023 + 22 + 02 + 1)7.

(2) Let € be the non-zero element of H'(M;Zy) = Zs and choose § € {£1} so that
A28, 27P) = £2%(2 — 1)%(2 + 1)z + 023 + 22 + 02+ 1)7. Then

(1) if q is odd, Ay(29,—27P) = £2%(z — e(1))?(z + e())¢(z* + €(p)02% + 22 + e(u)fz + 1)7.
(i1) if p is odd, Apy(—29,27P) = £2%(z — €(N)?(2 + €(N\))°(2* 4+ €(N\)023 + 22 + e(\)0z + 1)7.

Remark 11.4 It can be shown that the power j which occurs in Proposition 11.3, and in
the proposition which follows, is 1. As we won’t be needing this in the proof of the finite

filling conjecture, we will only prove the simpler statements.

Proof. According to Lemma 2.1, Hy(M;Zs) = Zo and further i,(«) is a generator of this
group. In what follows, € will denote the non-zero element of Hy(M;Zs). Clearly we have
e(la) = —1.

The hypothesis |||y > sy implies that there is a point € Cy such that Z,(fa) >
Z:(f.). Since m1(M(«)) is finite, [11, Proposition 1.6.1] implies that = € C%. If we set
v(x) = Xp, € Cu, then from [11, §1.5] it follows that we can assume that pg is non-abelian
and that pg(a) = +I. By possibly replacing po by € - pg we may arrange for po(a) = 1.
Since « has type I1(5) and pg factors through 71 (M («)), po(m) C SL(2,C) is isomorphic to
the binary icosahedral group (see §3) and po(m1(OM)) has image Zs in PSL(2,C). After
conjugating pg by an element of SL(2,C) we may arrange for its restriction to m1(9M) to

U 0 v 0
po(u)=< 00 ui ),po(A)=< 00 - )

Choose integers s,t so that gs — pt = 1 and set zgp = u§v}. Then z8 = up and z, ¥ = v
so Au(zd,2,") = 0. Further it is clear that +py(m (0M)) = Zs C PSL(2,C) is generated

be diagonal, say

20 0 . R
1 > Thus zp is a primitive n

0
lpo(m1(OM))| € {5,10}. Since Ay is an integral polynomial it follows that Ay (29, 27P) is

th

by +po(sp + tA) = root of unity where n =

divisible by the irreducible polynomial of zy, which is 2* + 23 + 22 + 2z + 1 if n = 5 or
24— 23+ 22— 24 1if n = 10. To complete the proof of part (1) of the proposition, we
must show that any non-zero root z; of Ay (z9,27P), different from +1, is also a primitive

nt? root of unity.

Let 21 be such a root and note that (29)%(2;7)t = 297" = 2; # £1. Thus if (u1,v;) =
(21,2;7), then one of uy,v; is different from +1. By Proposition 11.2 there is a character

Xp: € Cu of a non-abelian representation p; € R(M) such that

u 0 v 0
pm:( 0 ),mm:( 0 o )
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Therefore p1(«) = I. Now it is shown in [2, §5] that up to conjugacy there are precisely
four non-abelian representations p : 7 — SL(2,C) such that p(a) = £I. In fact these
four representations are given by pg, € - pg, ¢ 0 po and € - ¢ o pg where ¢ is a non-trivial
outer automorphism of the image of pg (the binary icosahdral group). Since e(a) = —1, it
follows that up to conjugation there are exactly two non-abelian representations p € R(M)
satisfying p(a) = I and they are py and ¢ o py. In particular p; is conjugate to one

th root of unity where

of these two representations. In either case, u; is a primitive m
m = |p1(m1(OM))| = |po(m1(0M))| = n. This completes the proof of part (1) of the

proposition.

To prove part (2) choose 0 € {£1} and integers a, b, ¢, j so that Ay (z9,27P) = £2%(z —
1)°(241)%(2*4-023+22+0241)7. Since €(Dy) = Dy, we see that Ay (u,v) = Ay (e(p)u, e(A\)v).
Now €(a) = —1 and so if ¢ is odd then e(A) = €(A)? = —e(u)?P. Therefore Ay(u,v) =
+ Ay (e(p)u, e(N)v) = Ay (e(p)u, —e(u)Pv). Thus Ay (29, 27P) = Ay (e(u)z?, —(e(p)z)P) =
+Ayu((e(pu)z)?, —(e(i)z)"P). In particular the roots of Ay (z9,z7P), counted with multi-
plicity, correspond bijectively to those of Ay (29, —z7P) under the function which sends
a zero z; of Ay(z%,27P) to the root e(u)z; of Ay(z?, —27P). Hence Ay(z9,—2z7P) =
+2%(z — e(p)’(z + e(n)¢(z* + e(p)02® + 22 + €(u)fz + 1)7. A similar argument works
if p is odd. This completes the proof of the proposition. &

Similarly one can show

Proposition 11.5 Suppose that o = pu+ g\ € L is a T(3)-type finite filling class which
is not a strict boundary class. Suppose further that ||a|y > sy The following statements
hold.

(1) There are integers a,b,c,j where j > 1 and 6 € {1} for which Ay(z9,z7P) =
+2%(z — D)b(2 4+ 1)%(2% 4+ 02 + 1)7.

(2) Let € be the non-zero element of H'(M;Zy) = Zs and choose § € {£1} so that
Apu(29,27P) = £2%(2 — 1)b(2 + 1)°(22 + 02 + 1)7. Then

(1) if q is odd, Ay(27, —27P) = £2%(z — €(u))?(z + e(p))(2% + €e(p)0z + 1)7.

(i1) if p is odd, Ay(—27,27P) = £2%(z — €(N\))2(2 + €(N\)(2% + e(N)0z + 1)7. O

Example 11.6 Let M be the exterior of the (—2,3,7)-pretzel knot. It is known [1] that
M is hyperbolic and that if u, A are the standard meridian-longitude coordinates for knots
in the 3-sphere then the 17u + A-filling of M has fundamental group 129 x Z/17. It is also
known that 18 and 19-fillings yield lens spaces. The canonical A-polynomial of M, with
respect to u, A, has been calculated in [8] to be

Ay(u,v) = =14 (' — 20 + 42 + (20 + u®)0? + (—u™ — 2u™ )t +

(—u® + 2u%% — )00 4 w10,
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From the polynomial and its Newton polygon we see that the minimal norm sy, = 12 and

further that the norm of the slope 17 is 20 = sy + 8. Specializing the variables to v = 217

and v = —z717 yields

Az, 2 ) = —(A =2+ 22— 24+ Dz - 13 (2 +1)3271
in the former case and

Au(z, =2 ) = -+ 2+ 22+ 24+ Dz - 13z +1)3271

in the latter. Setting v = z and v = +27'® or £271 yields Laurent polynomials whose

roots are =+1.

..
-

¢

Figure 4: The (-2, 3, 7)-pretzel knot

Example 11.7 In our second example we take M to be the exterior of the knot K in the
lens space L(5,1) obtained by Dehn filling one of the boundary tori of the Whitehead link
exterior with the slope 5 (with respect to the standard meridian-longitude coordinates). It
is commonly referred to as the figure-8 sister knot. This manifold is also hyperbolic and
admits five finite Dehn fillings [35]: the two fillings parameterized by 3u + A and 3u + 2A
are of T-type, while those parameterized by 2u + A, u + A and p-fillings are lens spaces. A

computer-aided calculation shows
Ay (u,v) =1+ (u? — ut)v — 2ut? + (—u? + ub)v® + uBo?

and so sy = 8 while the norms of both 3+ A and 3u + 2\ are 12 = s, + 4. Corresponding
to the T-type filling associated to 3u + A we have

Au(z, 27 = =22 — 2+ 1)(z — 1)} (2 + 1)227°



while
Az, =27 = (2 4+ 2+ 1)(z — 1) (2 + 1)2275.

Corresponding to the T-type filling slope 3u + 2\ we have

Au(2?,273) = Ay(—22,273) = —(2 — 2+ 1) (2 — 1) (z + 1)%27 L

A 1>

Figure 5: The figure-8 sister knot

12 Outline of the proof of the conjecture

JFrom now till the end of the paper p € L will denote a class satisfying |||, = $p- We
shall also assume that either

e (1 is not a vertex of By, or

e cach class in 0By N L is a vertex of By,.
Let A € L be a class such that {u, A} is a basis for L. We parameterize the slopes on 0M
by the set of primitive classes pu + g\ € L where either ¢ > 0 or ¢ =0 and p = 1.

A class in L will be called integral if its A coordinate is +1.

Define F to be the set of finite or cyclic filling classes o = pu + g\ which are not strict

boundary classes.

Theorem 12.1 Let #, A, and ng denote respectively the number, the mazimal mutual
distance, and the mazimal value of the A-coordinates of all classes in Fy. Then # < 5,

A <3, ng < 2. Further A =3 can be realized by at most one pair of classes.

Assuming Theorem 12.1 holds, we may complete the proof of the finite filling conjecture

as follows.
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Proof of the finite filling conjecture. Denote by F the set of all finite or cyclic filling
classes and by S the set of all strict boundary classes. If # NS = (), then the conjecture
follows from Theorem 12.1. Suppose next that F NS = {a}. By Proposition 2.2, any finite
or cyclic class has distance at most 1 from «. Hence if & = p, then all other finite or cyclic
classes are integral and so by Theorem 12.1, their number is at most four and their maximal
mutual distance is at most 3, realized at most once. This implies that the conjecture holds.
Similarly if « # p, the truth of the conjecture is easy to verify. Finally, if FNS D {aq, a2},
then it follows from Proposition 2.2 that # <4 and A < 2. &

The rest of the paper is devoted to the proof of Theorem 12.1. One easily sees that it
is a consequence of the following five propositions (the inequality ng < 2 has been proved
in [2, Theorem 7.2]). Recall that 4 < s,, =0 (mod 2) (Lemma 9.2).

Proposition 12.2 If s, < 6 then # < 5,A < 3 and there are at most two classes in Fy

whose mutual distance is 3.

Proposition 12.3 When s, > 8, there is at most one class in Fy whose A-coordinate is

equals 2.

Proposition 12.4 When s,, > 8, there are at most four integral classes in Fy and their

maximal distance is at most three.
Proposition 12.5 When s, > 8, A < 3.

Proposition 12.6 When s, > 8, there is at most one pair of classes a and (8 in Foy for
which A(a, 3) = 3.

These propositions will be proved in the next five sections. Throughout, ¢ : OM — M
will be the inclusion and i, : H1(0M;Z2) — Hi(M;Zs) the induced homomorphism.

13 Proof of Proposition 12.2

We shall divide the proof of Proposition 12.2 into two main cases: (I) sy = 4 and (II)

SM == 6
Case I. s,, = 4.
By Lemma 9.2, H{(M;Zs) = Zy and by Proposition 9.3, Fy C 3B,,. We shall divide

Case I into two subcases depending on whether or not p is a vertex of By,.
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Subcase I.1. p is not a vertex of By,.

It then follows from [2, Lemma 6.5] that C), is an irreducible component of X (M), and
By, is a parallelogram with vertices +(a,2/(k+2)) and +(a+2,2/(k+2)), for some integer
k > 0 satisfying a(k + 2)/2 € Z. In fact using the Newton polygon we can find a much

stronger constraint on k.

Lemma 13.1 k£ =2 (mod 4).

Proof. According to Proposition 9.6 (2), we must have i.(u) # 0. We claim first that k
must be even. We may assume that k£ > 0 and so from the shape of By, there exist two
consecutive integral classes in L, say a1 = (m,1) and g = (m + 1,1), such that neither
a1 nor ap is a boundary class corresponding to a vertex of By and that |aq ||y = ||az||lu =
2(k + 2). Since i.(u) # 0, one of a; and ao, say «j, must lie in the kernel of i,. Hence

applying Proposition 9.6, we see that ||aq ||y is divisible by 4, and so k is even.

Now we replace A by the class corresponding to (@a—i—@, 1). Then By, becomes the

parallelogram whose vertices are +(—1, ﬁ) and +(1, ﬁ) It follows from Proposition

10.1 that the Newton polygon is a parallelogram whose vertices are (0,1), (k+2,1), ((kJ2r2) ,0)

and ((k;2),2) (the case k = 4 is depicted in Figure 6). In particular agt2) o # 0. Since

i«(p) # 0, Proposition 10.3 implies that @ is even. Thus k = 2 (mod 4). &

When k = 2, one can easily check from the shape of B,, together with Proposition 9.3,
that # <4, A <2 (recall Fy C 3By). Similarly when k£ > 6 the only possible class in Fy
is p. Thus Proposition 12.2 holds in Subcase I.1.

(3 (-2, 1) (-1, 1| (0,1) (1,1) [(2,1) |(3,2)

U
(1,0)

(€ey)

Figure 6: The canonical norm polygon and Newton polygon when k = 4 in Subcase 1.1

Subcase 1.2 p is a vertex of By;.

By the convention set at the beginning of §12, all points of 0B,; N L are vertices of By;.

Since sy = 4, Cy is either irreducible or contains exactly two components, i.e. Cy = X or
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Cy = X1 U Xs. According to [2, Lemma 6.6 (2)] (which remains true for B, since By, = By
by Proposition 9.1), there are three types possible for the shape of B,;.

Subcase (I.2.a) By, is a parallelogram with vertices £(1,0) and :l:(,f—_’:;, k_42r2) for some inte-
gers m and k > 0.

We may assume that m = 0. When k£ > 1, the fact that Fy C 3B,, is sufficient to
obtain the estimates A < 2 and # < 2. Suppose then that K = 0. In this case B,, is
a parallelogram with vertices £+(1,0) and +(0,1) (Figure 7). Since Fy C 3B,, consists of
non-0-slopes, Fy C {(-1,2),(1,2),(-2,1),(-1,1),(1,1),(2,1)}. Now by Proposition 10.1,
the canonical Newton polygon Ny is as shown in Figure 7 and by Proposition 10.3 (1)-(3),
the canonical A-polynomial of M with respect to the basis B = {u, A} is of the form

Ay (u,v) =1+ au + eyu® + (b4 cu + ebu?)v + (ee; + eau + eu®)v?,

where a,b € Z and ¢,¢e; € {£1}. Since ||um = [|Allu = 4, the zero sets in Cy, of both f,
and fy consists of the four discrete faithful characters of w1(M). In particular, neither f,
nor fy has a zero at an ideal point of Cy;. Therefore by Proposition 10.3 (4), +1 and —1
are not zeros of any edge polynomial of Ay (u,v). At least one of p and A is not contained
in the kernel of i, and without loss of generality we take i,(u) # 0. Then by Proposition
10.3 (4) and (5), we have a = 0 and since %1 are not roots of the edge polynomials of Ny,
we have ¢; = 1. Hence A, (u,v) = 1+ u? 4 (b + cu + ebu?)v + (¢ + eu?)v?. We now use

Ay (u,v) to show

A
\"
(e€q) (ca) (€)
2
(-1,2) (1,2)
(b) () (eb)
3BM ! NM
=2, D/ (-1,1)] (0,1) (1,1) (2,1) W @ ) E
o 1 2
ol Bu\Jwu, 0 H

Figure 7: The canonical norm polygon and Newton polygon when k£ = 0 in Subcase 1.2.a

Lemma 13.2 When k=0, o = (—2,1) is not a finite filling class.

Proof. Suppose otherwise. From Figure 7, we see that ||a|y = su + 8 and « must be an
I(5)-type class by Proposition 9.3 (recall Hy(M;Zs) = Zs). Also by Proposition 11.3 there
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is an integer d > 1 for which A, (u,u?) =1+ (b+ 1)u? + cu® + €(b + 1)u* + eu® is divisible
by either (u*+u3+u? +u+1)7 or (u* —u3+u? —u+ 1) and the only roots of the quotient
are +1. Obviously j = 1.

Fix § € {£1} and suppose that A, (u,u?) is divisible by u* + 6u? + u? + 6u + 1. Long
division yields the quotient eu? — efu + e(b + 1). But since the coefficient of u is odd,
eu? — efu + e(b+ 1) has roots other than +1. This contradiction completes the proof of the

lemma. &

Similarly one can show that none of the classes (2,1), (1,2) and (—1,2) can be in Fy.
Thus when k = 0, we have A <2 and # < 2.

2(2j+1
22j+1) =), for some

Subcase (1.2.b) B, is a parallelogram with vertices £(1,0) and +£(=35 ,kj‘_2

integers j and k > 2.

In this case, one can easily verify that Fy N 3B,, contains at most four classes, the
distance between any two of them is at most three, and the distance three is realized by at

most one pair of these classes.

Subcase (I.2.c) B, is a polygon with vertices +(1, 0), j:(,f—fz, ,%2), j:(z(zféj) , k—42r2)’ for some

integers m, j, k with 7 > 1 and k > 5 — 1.

We may assume that m = 0. By the dual relationship between By, and N,; (Proposition
10.1), the latter has vertices (0,0),(0,1), (4,2), (k +2,2),(k +2,1) and (k + 2 — 4,0) (see
Figure 8). In particular the coefficient of v in Ay is non-zero. Thus by Proposition 10.3
(5) we see that i.(\) = 0. Hence () # 0 and so applying the same result we see that
no odd powers of u occur in Ay (u,v). Consideration of the coefficients corresponding to
the vertices (j,2) and (k + 2,2), we see that both j and k are even. In particular this
implies 7,k > 2. When k > 4, one readily verifies that Proposition 12.2 is a consequence of

Proposition 9.3, so the only case we need consider is when k = j = 2.

Suppose then that ¥ = j = 2. The only classes in 3B,, which can lie in Fy are
(—=1,1),(1,1) and (3,1) (Figure 8). We need only show that (—1,1) is not a finite fill-
ing class. jFrom the previous paragraph we see that the canonical A-polynomial is of the
form

Ay (u,v) =1+ eu? + (62 + cu® + ecqu)v + (eeru? + eu')v?

where ¢ € Z and €, e1, 62 € {£1}. Since ||u|y = 4, f, has no zeros at ideal points of Cy;.
Hence by Proposition 10.3 (4) we have ¢; = 1. So Ay, (u,v) = 1+ u?+ (g + cu® + eequt)v +

(eu? + eut)v?.

Lemma 13.3 When k= j =2, a = (—1,1) is not a finite filling class.
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(eey) (€a) €)

(-2,1)| (-1,1)~10,1) 3By, @, |20 e €) (b) (c) €b) E€,)

ol By |[a,0 H 1) @ (1) u
2

Figure 8: The canonical norm polygon and Newton polygon when k = j = 2 in Subcase
1.2.c

Proof. Suppose otherwise. From the shape of By, we see that |||y = sy + 8 and there-
fore @ must be an I(5)-type class (recall Hy(M;Zs) = Zs3). Then by Proposition 11.3,
Ay (u,u) =1+ eu+ u? + cu? + eu? + eeau® + eul is divisible by either u* +u? +u? +u+1 or
ut —u3 +u? — u+ 1, and the roots of the quotient are +1. But for § € {£1}, the quotient
of Ay (u,u) by u* + 0u® +u? + 0u + 1 is q(u) = eu?® + (e — O)u + €(1 — fe3). Since the
leading term of g(u) is not congruent (mod 2) to its constant term, it has a root other than
+1. Thus @ = (—1,1) cannot be a finite filling class. &

Case 1II. s,, = 6.

In this case we also have Hy(M;Zs) = Zo (Lemma 9.2). Therefore by Proposition 9.3,

Fo C %s v We consider two subcases.
Subcase II.1 p is not a vertex of By,.
By [2, Lemma 6.5 (2)], there are three subcases to consider.

Subcase (II.1.a) B, is a parallelogram with vertices +(3(2m + 1)/|k|,6/|k|) and £(3(2m +
1+ k)/2|k|,3/|k]), for some integer m and odd integer k, with |k| > 5.

After an appropriate change in A, we may assume that m = 0. By symmetry, we may

also suppose that £ < —5.

According to Proposition 10.1, Ny has vertices (0,1), (1, 3), (%,2) and (_(12+k) ,0) (the
case k = —b is pictured in Figure 9). Since (0, 1) is a vertex, Proposition 10.3 (5) implies
that i.(A) = 0, so ix(u) # 0. But then the same result implies that no odd power of u

occurs in Ay, contrary to the fact that (1,3) is a vertex of Ny;. Thus this case cannot arise.

Subcase (II.1.b) By, is a parallelogram with vertices +(3m/|k|,3/|k|) and +(3(m+k)/2|k|, 3/2|k|),
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7
3Bu N,
(21 (-1,1) (0,1) (1,1 2,1) (e2) @ (b
\ 1

o (1,0) o 1 2 3

Figure 9: The canonical norm polygon and Newton polygon when &k = —5 in Subcase I1.1.a

for some integers m and k, with |k| > 3.

We may assume that m = 0 and k > 3. If kK > 7, the primitive classes in %BM are a
subset of {#u,£A}, and so we need only consider k = 3,4,5 and 6. The cases k = 3,5,6
can be handled in a straightforward manner using Proposition 9.3 alone, so we shall assume
that k = 4. In this case FgN %BM CHu,—p+ N\ p+ N2+ A 3u+ A}, It suffices then to
prove that at least one of —p + A and 3u + A is not an element of Fy.

Assume otherwise and set & = —p+ N\, 8 = 3u + \. As A(a, ) = 4, neither of these
classes can be a boundary class (Proposition 2.2). Further since ||a|y = [|8|lm = 14 and
Hy(M;Zs) = Zs, it follows from Proposition 9.3 that « and 8 both have type I. Finally
through consideration of the shape of By, the same result implies that in fact they both
have type I(5).

In order to determine the Ay (u,v), we first observe that the Newton polygon Ny has
vertices (0,0),(0,2),(4,1) and (4,3). As (4,1) is a vertex of Ny, Proposition 10.3 implies
that i,(A) = 0 and hence i, () # 0 € H1(M;Zs). The same result now shows that there
are integers a,b and €, €; € {£1} such that

Ay(u,v) = 1+ (a + bu® + equt)v + (eer + ebu® + eau)v? + eutv?.
According to Proposition 11.3, there is some 6 € {£1} and integer j > 1 for which

Ay (u,u) = eu” + eaul + equ® + ebut + budeeiu® + au+ 1

is divisible by (u? + 6u® + u? + 0u + 1)7. Moreover, the roots of the quotient lie in {£1}.
Obviously j = 1 and performing the division yields the quotient

q(u) = eu® 4 e(a — 0)u? + (e — efa)u + (eb — €,6)
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and the four identities
eb—e160=1

(1)

(2) 0b—e0=1

(3) e1+ed—ef=1
(4) 6a—0er +ea = 1.

Since the roots of ¢ lie in {£1} we have
eqlu) = uP+ (a —0)u® + (eer — Oa)u + (b — ee16)

e {W+3u+3u+1,ud—w—u+1,ud+u?—u—1,u*—3u®+3u—1}

and so in particular a is even. Now Identity (1) implies that b — e€;0 = € and so a further

examination of the possible coefficients of eq(u) yields a — 6 = e(ee; — fa) = €1 — efa. Hence
€e1+0=(1+¢€b)a=0 (mod 4).
Thus both sides of this equation are zero. It follows that
€1 = —0 and a = —€fa

Hence by Identity (2) we deduce that b = 0. It follows from these calculations that

Ay (u,v) = 1+ av — fu'v — ebv? — fau*v? + euto?

and consequently

Ay(u,u™) = 1+au™ —0u—ebu™ — fau™ 4+ eu™

= —Ou5(u— 0)(ub + au® — fe).

But this contradicts Proposition 11.3 since our assumptions imply that 0 = 3u + A is an
I(5)-type class of non-minimal norm which is not a boundary class. Hence at least one of

a, (3 is not an element of Fy. This completes the analysis of Subcase (II.1.b).

Subcase (II.1.c) By, has three pairs of vertices £(3m/(2j +¢q),3/(25+q)), £(3(m+7)/(j +
q),3/(7 +q)) and £(3(m +j + )/ + 2¢),3/(j + 2q)), for some integers m, j > 0, ¢ > 0,
with 7 +¢ > 3.

We may assume that m = —j. Then the vertices of Ny are (0,1),(0,2),(¢,3),(j +
q,2),(j +¢,1) and (4,0) (the case j = 1,q = 2 is depicted in Figure 10). Since ¢*(u) # 0
(Proposition 9.6) it follows from Proposition 10.3 (5) that both j and ¢ are even. One can
now verify, using Proposition 9.3, that Proposition 12.2 holds.

Subcase I1.2 y is a vertex of B,,.

According to [2, Lemma 6.6 (3)], we have seven subcases to consider.
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Figure 10: The canonical norm polygon and Newton polygon when j = —1,¢ = 2 in Subcase
II.1.c

Subcase (I1.2.a) B,, is contained in a parallelogram with vertices £(1,0) and £(m, 1), with

(m, 1) being a strict boundary class associated to a vertex of B,,.

We may assume that m = 0. Then, %B 1w 1S contained in the parallelogram with vertices
:I:(%, 0) and £(0, £). In this parallelogram the primitive classes are £(1,0), &(—1,1),£(0, 1)
and £(1,1). Noting that (1,0) and (0,1) are rational multiples of the vertices of By, and
therefore strict boundary classes, we have # <2, A < 2.

Subcase (I1.2.b) B,, is contained in a parallelogram with vertices £(1,0) and :I:(GTm, g) with

(2m + 1,2) being a strict boundary class associated to a vertex of B,,.

We may assume that m = 0. Then %B 18 contained in the parallelogram with vertices
i(%,O) and £(0,14/5). The primitive classes in this parallelogram are +(1,0),+(—1,1),
+(0,1),+(1,1),4+(2,1) and £(1,2). Since (1,0) and (1,2) are strict boundary classes, we

have # < 4, A < 3 and there is at most one pair of slopes realizing the distance 3.

Subcase (I1.2.c) By, is contained in a parallelogram with vertices (1,0) and £(*, 1) where

(m, 3) is a strict boundary class associated to a vertex of B,,.

We may assume that m = 1. Then %BM is contained in the parallelogram with ver-
tices +(Z,0) and +(Z, Z). The primitive classes in this parallelogram are £(1,0), +(—1,1),
+(0,1),+(1,1) and £(1,2). Since (1,0) is strict boundary class we have # <4, A < 3 and

there is at most one pair of slopes realizing the distance 3.

Subcase (I1.2.d) By, is contained in a polygon with vertices +(1,0), +(m, 1) and :l:(3(2";+1) .9

where (2m+1,2), (1,0) and (m, 1) are strict boundary classes associated to vertices of B,,.

We may assume that m = 0. Then %BM is contained in the polygon with vertices

+(£,0), £(0,%) and £(£,&}). The primitive classes in this polygon are +(1,0), £(—1,1),
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+(0,1), £(1,1), £(2,1) and £(1,2). But (1,0), (1,2) and (0, 1) are strict boundary classes,
so # < 3, A < 3 and there is at most one pair of slopes realizing the distance 3.

Subcase (I1.2.e) B, is contained in the polygon with vertices £(1,0), £(m + 1,1) and

i(%, 8) where (2m +1,2), (1,0) and (m +1,1) are strict boundary classes associated

to vertices of B,,.

We may assume that m = 0. Then %BM is contained in the polygon with vertices
+(£,0), £(£,%) and £(£, ). The primitive classes in this polygon are +(1,0), £(—1,1),
+(0,1), £(1,1), £(2,1) and £(1,2). But (1,0), (1,2) and (1,1) are strict boundary classes,

so # < 3, A < 3 and there is at most one pair of slopes realizing the distance 3.

Subcase (I1.2.f) By, is a polygon with vertices £(1,0), j:(us"—’zq, W%]) and i(gém‘jrlz), 2‘k?|’+q),

for some integers m, k # 0 and ¢ > 0, satisfying |k| + ¢ > 3.

We may assume that m = 0 and k& < 0. Then Ny, has vertices (0,0), (0,2), (—k,3), (¢ —
k,3),(q — k,1) and (q,0) (the case k = —1 and ¢ = 2 is shown in Figure 11). We already
know that since |||y = 6, i*(1) # 0. Hence q is even by Proposition 10.3 (5). On the other
hand, from the shape of Ny, we see that both even and odd powers of v occur in A,;, and
50 ix(A) # 0. Proposition 10.3 (5) therefore implies that k is odd. When |k| + ¢ > 3, one
can easily check that Proposition 12.2 is a consequence of Proposition 9.3. Thus we must

analyze the case k = —1,q = 2.

When k = —1 and ¢ = 2, By and N, are shown in Figure 11 and the canonical A-
polynomial is of the form A, (u,v) = 1+ au+ e1u?® + (b+ cu + du? + eau®)v + (e€a + edu +
ecu® + ebud)v? + (eeyu + eau? + eu?)v® for some integers a, b, c,d and €, e, e € {£1}. Since
i*(u) # 0 and i, () # 0, Proposition 10.3 (5) implies that a = b =d = 0. Thus

Ay (u,v) = 1+ equ® 4 (cu + equ)v + (eea + ecu®)v? + (eeru + eu®)v?.

The primitive classes contained in £B,, are +(1,0), +(—1,1), £(0,1), £(1,1), (2,1) and
+(1,2). It suffices for us to show that (2,1) is not in Fy.

Lemma 13.4 When k= —1 and ¢ =2, a = (2,1) is not a finite filling class.

Proof. Suppose otherwise. ;From the shape of By, we see that ||a|y = sy + 8 and
since Hi(M;Z9) = Zo, a must be an I(5)-type class. Therefore by Proposition 11.3,
An(u,u™?) = 1+ eu? + (cu + equd)u=2 + (eeq + ecu?)u™ + (ecru + eu®)u™6 = u=5(eeq +
eeou + eu® + ecu® + cut + u® + eub + 61u7) is divisible by either u* 4+ u? + u?> + v + 1 or

u* —u? + u? — u+ 1 and the roots of the quotient polynomial are +1.

Fix 0 € {£1}. If A),(u,u™?) is divisible by u?+60u3+u?+0u+1, the quotient polynomial
is q(u) = equ® + (e2 — €10)u? + (1 — €20)u + (c — 6). By hypothesis ¢(u) is congruent to
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Figure 11: The canonical norm polygon and Newton polygon when £ = —1 and ¢ = 2 in

Subcase I1.2.f

(u+1) (mod 2) and so €3 — €16, the coefficient of u? in ¢, is odd. This is clearly false. Thus
(2,1) is not in Fp. ¢

Subcase (I1.2.g) B,, is a polygon with vertices (1,0), £(3m/(2j + k+q),3/(2j + k + q)),
+@B(m+7)/(G+k+q),3/(+k+q) and £3(m+j+k)/(j + 2k +q),3/(j + 2k + q)), for
some integers m,j > 0,k > 0,q > 0.

We may assume that m = —j. Then Ny has vertices (0, 1), (0,2), (k,3), (k +q,3),(j +
k+4q,2),(j+k+q1),(j+q0)and (j,0). From Proposition 10.3 we see that both j and
q are even while k is odd. It now follows from Proposition 9.3 that Proposition 12.2 holds

in this case. The proof of Proposition 12.2 is therefore complete.

14 Proof of Proposition 12.3

JFrom now till the end of §17 we assume that s,; > 8. The proof of Proposition 12.3 is

based on the following three lemmas.
Lemma 14.1 Suppose that s,; = 8.

(1) If p is not a vertex of By, then B, has at most four pairs of vertices and the
absolute values of the A-coordinates of the associated boundary classes are no larger than 3.
Further,

(1) if By has a pair of vertices whose associated boundary classes have A-coordinates
equal to 3 in absolute value, then B,; is a parallelogram and the absolute value of the -

coordinate of its other pair of vertices is 1.
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(7i) if By has at least two pairs of vertices whose associated boundary classes have A-
coordinates which are larger than 1 in absolute value, then B, is a parallelogram and the

absolute value of the A-coordinate of its other pair of vertices is 2.

(2) If p is a vertex of By, then By, has at most five pairs of vertices and the absolute

values of the A-coordinates of the associated boundary classes are no larger than 4. Further,

(1) if By has a pair of vertices whose associated boundary classes have \-coordinates

equal to 4 in absolute value, then B,, is parallelogram.

(17) if By has a vertex pair whose associated boundary classes have \-coordinates equal
to 3 in absolute value, then B,, has exactly one more vertexr pair, besides +u, and its

associated boundary classes are integral.

(13i) if By has two pairs of vertices whose associated boundary slopes have \-coordinates

equal to 2 in absolute value, then By, has no other vertexr pairs, besides +pu.

Proof. Apply [2, Lemma 6.2]. &

Lemma 14.2 Suppose that s,, = 10.

(1) If u is not a vertex of By, then By, has at most five pairs of vertices and the absolute

values of the \-coordinates of the associated boundary classes are no larger than 4. Further,

(1) if By has a pair of vertices whose associated boundary classes have \-coordinates
equal to 4 in absolute value, then B,; has only one other pair of vertices and the absolute

value of the A-coordinates of its associated classes is 1.

(73) if By has a pair of vertices whose associated boundary classes have \-coordinates
equal to 3 in absolute value, then B,; has at most one vertex pair whose associated boundary

class has A-coordinate equal to 2, in which case By, is a parallelogram.

(731) if By has a pair of vertices whose associated boundary classes have \-coordinate
equal to 3 in absolute value, then B,; has at most two more vertex pairs whose associated

boundary classes are integral.

(2) If u is a vertex of By, then By, has at most six pairs of vertices and the absolute
values of the A-coordinates of the associated boundary classes are no larger than 5 in absolute

value. Further,

(1) if By has a pair of vertices whose associated boundary slopes have \-coordinates

equal to 5 in absolute value, then B, is parallelogram.

(7i) if By has a vertex pair whose associated boundary classes have \-coordinates equal

to 4 in absolute value, then By, has exactly one vertex pair, besides £, in which case the
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associated boundary class is integral.

(731) if By has a vertex pair whose associated boundary classes have \-coordinates equal
to 3 in absolute value, then By, has at most one vertex pair whose associated boundary slope
has A-coordinate equal to 2 in absolute value, in which case B, has exactly three vertex

pairs.

(1v) if By has a vertex pair whose associated boundary classes have \-coordinates equal
to 3 in absolute value, then B,; has at most two other vertex pairs whose associated boundary

classes are integral.
Proof. Apply [2, Lemma 6.2]. &

Lemma 14.3 Suppose that s,; = 8. If By, is a parallelogram with vertices £(m —1,1) and
+(m + 1), then Fo C {(1,0), (m,1)}. In particular # <2 and A < 1.

Proof. We may assume that m = 0 and so By is as shown in Figure 12. According to
Proposition 9.3, any finite filling class is contained in %BM. Therefore Fy C {(—1,2),(1,2),
(—2,1),(2,1),(0,1),(1,0)}. We now use A, to show that o = (—2,1) ¢ Fy. By symmetry
neither are (—1,2),(1,2) or (2,1).

If « € Fo, then since sy + 8 = |||y > ||ac+ pl|as || + 20| aas || + 3p4]| 1, Proposition 9.3
implies that it must be an I(5)-type class. Thus by Lemma 2.1, i, (\) = i.(a) # 0.

4 &)
A 3 5 @) Ea
AR d) (e (ed) (se.)
2 T =1,
ZBM NM
(29[ -1, 1] (0,1) (,1) |, 1
E) b (9
1
B
ol Pm (1,0) H b a
o 1 2 3 4

Figure 12: The canonical norm polygon and Newton polygon

By Proposition 10.1, Ny is as shown in Figure 12. Hence the canonical A-polynomial is
of the form A, (u,v) = u? + (au + bu? + cu®)v + (€1 + du + eu? + edu® + eeyu®)v? + (ecu +
ebu? + eau®)v? + eu?v* for some integers a,b, c,d, e and €, ¢; € {1},
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By Proposition 11.3, there is some 6 € {£1} such that =24, (u,u?) = 1+ au + (b +
e1)u+(c+d)ud +eut +-e(ct+d)ud+e(b+e1 )ub+eau+eud is divisible by (u*+0u3+u?+0u+1)7
for some integer j > 1. Further the roots of the quotient lie in {£1}. Obviously j < 2
but in fact it’s easy to see that j = 1. For otherwise Proposition 11.3 implies that neither
A(u,u?) nor A(u, —u?) have roots in {41}. But this contradicts the fact that any discrete
faithful character in Cy; corresponds to a point in {#(1,1), £(1,—1)}. Hence we have j = 1.

Let € be the non-zero element of Hy(M;Zs) = Zs and recall that we have shown €(\) # 0.
If e(u) = 0 then Proposition 10.3 (5) implies that a = b = ¢ = 0. Thus v 24,,(u,u?) =
14 eru? + du? + eut + edu® + eejub + eud. Its quotient by u? 4+ 6u® + u? + Gu + 1 is
qu) = eut — efud + ecyu® + €(d — €10)u + (e — efd) where e — ¢fd = 1. But since the

coefficient of u? in ¢ is odd, ¢ has roots other that £1, contrary to our set-up.

Assume then that e() # 0. Then Proposition 10.3 (5) implies that b = d = 0. Calcula-

tion shows that up to a power of u we have
A (u, u2) = eu® + eau” + ee;ub + ecu® + eut + cu® + €1u® + au + 1.
Dividing Ay (u, u?) by u* + 0u® + u® + fu + 1 yields the quotient polynomial
q(u) = eu® + e(a — 0)u® + e(e1 — Ba)u® + e(c — Oey)u + 1.

Since the roots of ¢ lie in {1}, examination of its coefficients shows that both a and c are
odd. Hence by Proposition 10.3 (4) we see that |a| = |¢| = 1. The same result then implies
that e = ¢ = 1. Hence the leading and constant coefficients of ¢ are both 1. It follows that
q(u) is either (u+ 1)*, (u — 1)*, or (u + 1)?(u — 1)2. Since |a| = 1 we have |a — 6| < 2 and
thus q(u) = (u+1)%?(u—1)? = u* —2u? + 1. Examination of the coefficient of u3 in ¢ implies
that a = 6. But then from the coefficient of u? we obtain —2 = e(e; —fa) = 1—1 = 0. This

final contradiction completes the proof of Lemma 14.3. &

We are now ready to give the proof of Proposition 12.3. For points v1,ve € H1(OM;R),

let [v1,v2] denote the line segment they span.

Assume that there are two classes in Fy whose A-coordinate is 2. By [2, Theorem 1.1(1)],
there are at most two such classes and if two, we may assume without loss of generality
that they are £+(1,2) and £(—1,2). By Proposition 9.3 (1) and (2), neither of these two
slopes has type C, D, Q,T(2),0(2) or 1(2).

Assume first that [[(—1,2)||u, [|(1,2)]|]x < 28y. Then [(—1/2,1),(1/2,1)] C By. Since
this segment contains (0, 1) it follows that it actually lies on dBy. Noting that (0,1) is not
a vertex of By, our conventions imply that neither is (1,0). Hence if sy = 8, Lemma 14.1
implies that By, must be a parallelogram with vertices +(—1,1),£(1,1). But then from

Lemma 14.3 we deduce that (—1,2) & Fy. Thus sy > 8 and since [[(—1,2)||x = ||(1,2)||lu =
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25y, it follows from Proposition 9.3 that (—1,2) and (1,2) are both of type O(3). Now
A((1,2),(—1,1)) = 3, and so from Proposition 9.3 we see that 2sy; = ||(1,2) ||y < ||(=1, 1)]|u-
But this contradicts the fact that (—2/3,2/3) € [(—1/2,1),(—1,0)] C By and therefore
(=1, 1)l = 21/(—=2/3,2/3)||m < 2su. Thus one of [|(—1,2)|[y and [|(1,2)]|y is larger than

28\.

By symmetry we may suppose that a = ||(1,2)||x > 2sy. From Proposition 9.3 we see
that it must be an O(3)-type filling class and so as above we have 2s,, < |[(1,2)||, <
|(=1,1)||s. Therefore |[(—=1/2,1/2)||xs > su. Now (—=1/2,1/2) € [(—1,0),(0,1)] and
since ||(—1,0)|[y = su, the convexity of || - ||y implies that ||v|y > sy for each v €
[(—1/2,1/2),(0,1)]. In particular we have ||(—1/3,2/3)|lx > su. Thus ||[(—1,2)||x > 35y >
sy + 16, which contradicts Proposition 9.3 (5). The proof of Proposition 12.3 is therefore

complete.

15 Proof of Proposition 12.4

Let Zy be the set of integral classes in L which are finite or cyclic filling classes, but not
strict boundary classes, and let A(Zy) denote the maximal distance between elements in Zj.
We only need to show that A(Zy) < 3 (which implies that the number of elements in Zj is
at most 4).

Fix aq € Zp which satisfies
|l < [Ja1]|m for each a € Zy.

As a first case, suppose that ||aq||y < 2sy. Then Zy C int(2By,). Since each horizontal line
in the pA-plane intersects By in a line segment of length no larger than 2, there exists a
line segment L C {(u,1) | w € R} of length strictly less than 4 which contains Zp. Thus
Proposition 12.4 holds in this case.

We shall therefore assume below that |||y > 2sy. Since sy > 8, Proposition 9.3
implies that we may assume that either

- aq is of type D, Q,I(q) or O(q) where g < 3; or

- sy =8, ||aq|lm = 16, and each « € Zy with |||y = 16 is an I(5)-type class.

We consider these two cases separately below.
Case 1. a; is of type D, @, I(q) or O(q) where g < 3.

Suppose first of all that there is an integral class ag in L such that ||agllm < || ||u-
Then there is an integer j # 0 such that ag = a3 + ju. Set € = j/|j| and choose integers
m,r > 0 such that r < ¢ and |j| = md + r. Then by the choice of ¢ we have ||a; +
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emqpillu, [lon + e(m + D)gpll = [lealln > faollw = llax + e(mq + 7)pllu. By the properties
of a norm we must have ||ay + ekpl|y > ||aq||m for each & < mgq and each k& > (m + 1)q.
But this implies that m = 0 and Zy C {a1,01 + €, ..., a1 + gep}. Therefore Proposition

12.4 holds.

Now assume that |[a;|[y < |laf|m for each integral class a@ € L. By the choice of oy it
follows that ||« = |lai|lw for each a € Zy,. Without loss of generality we may assume
that Zyp C {1,010 + p, ..., a1 + ku}. Clearly |lag + jullu = ||oa||n for 0 < j < k. Since
A(Zy) = k, we need to show that k£ < 3.

27 2

By is a parallelogram with vertices 5 and %+ 2. But then a is a strict boundary class,

If [lo1][sm = 25y and k > 4, then G, G-+ p and % 4 2 all lie on 9By;. It follows that

contrary to our hypotheses. Thus we must have k£ < 3 when ||aq ||y = 25y, so Proposition
12.4 holds in this case.

We may suppose then, for the rest of the proof of Case 1, that ||aq||y > 2sy. (From
Proposition 9.3, we see that sy = 8 or 10, each « € Z is an O-type class, ||a1||y < sy + 12,
and Hl(M; Zg) = ZQ ) ZQ.

If sy = 10 then by Proposition 9.6, u & ker(H1(0M;Zs) — H1(M;Zs)) and so one of
|la1||m and ||ay + p]]y is divisible by 4. But then since 20 = 25y < |||y < sy + 12 = 22,
lar + pllv # |lea || Hence k = 0.

Last we consider the case where sy, = 8. As 2a; € ker(H(OM;Zs)—H1(M;Zs)),
|2c1 || is divisible by 8 by Proposition 9.6 and thus ||aq ||y is visible by 4. But 16 = 2s <
e |l < su 4+ 12 = 20 and so [Joq | = 20. Hence Ty C 9(3By). Since neither a; nor
aq + kp are strict boundary slopes we must have £ < 4 (cf. the argument for the case

ot [l = 28m)-

Suppose k = 4. Then %al, %(al + 2u) and %(al + 4p) lie on 9By, but are not ver-
tices of By. By Lemma 14.1, we see that By is a parallelogram with vertices {:I:%(Zoq —
1), :l:%(Zoq + 9u)}. Without loss of generality we may take A = a; + 2u. Then the New-
ton polygon Ny is a diamond with vertices (5,0),(0,2),(5,4) and (10,2). Therefore the
canonical polynomial Ay (u,v) has u® (up to sign) as a monomial. Now we must have
w € ker(Hy(OM; Zy)— H{(M;Zs)) since the monomial u® appears in Ay (u,v) (by Proposi-
tion 10.3 (5) (i) and (iii)). But then by Proposition 9.6 (2), we would have ||u|/y > 16 (note
that u is not a vertex of By). This contradiction completes the proof of Proposition 12.4

in Case 1.
Case 2. sy =8, ||aq||lu = 16, and each « € T with |« = 16 is an I(5)-type class.

Choose ag € Zp and k > 0 so that ag+ kp € Zp and Zy C {ag, 0 + 4y - .., a0 + k. We
must show that k < 3.
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Since Zy C 2By we have k < 4. If k = 4 then the horizontal line segment of length
2, [S2, G +2p], lies in By This in particular implies that x is not a vertex of By. Since
neither ag nor ag + 4u are strict boundary classes, Lemma 14.1 implies that B, is a
parallelogram with vertices {£(cg + 11, 1), £(cg + 3, 1)}, or {£2 (200 + 1), 3 (200 + i) },
or {£1(3ap + 2p), £(ao + 3p)}, or {&(ap + p), =5 (3a0 + 10u)}. Now the latter two cases
are not possible because for these configurations we have 8 = ||Z(c + 2u)|lu and so [ag +
2u|ly & Z. By Lemma 14.3, the first case cannot occur. Hence By, must have vertices
{£1(2a0 + 1), £ (200 + Tw)}. In particular, [|ao|lw = [lao + 4ulw = 16 and thus both
of ap and g + 4 are I(5)-type filling classes. The proof of Proposition 12.4 in Case 2 is

completed by an appeal to the following lemma.

Lemma 15.1 Suppose that s, = 8 and B, is a parallelogram with vertices {:l:%(Zozo +
1), £1(2a0 + Tu)}, where g is an integral class in L. If aq is an I(5)-type class, then
ap + 4p is not an 1(5)-type class.

Proof. Without loss of generality we may take A = ag + 2. Then B, is the polygon with
vertices +2(—3,2), £2(3, 2) and therefore Ny, is the diamond with vertices (3, 0), (0,2), (3, 4)
and (6,2). It follows from Proposition 10.3 that i.(u) = 0. The same result now implies

that there are integers a,b, c and €, ¢, € {£1} such that Ay (u,v) = u + (e1 + au + bu? +

2 we obtain

cu® + ebu + eau® + eeru®)v? + eudvt where ¢ = ec. Setting v = u
Ay (u,u?) = u?feu® + ecru” + eau® + ebu® + cut + bu® + au® + equ + 1].

Suppose that ag = (—2,1) is an I(5)-type class. Then by Proposition 11.3 there is a
6 € {£1} and d > 1 for which Ay (u,u?) is divisible by (u* + 0u® +u? + Ou + 1)7. As in
Lemma 14.3, we see that j = 1. Long division of u=3 Ay (u,u?) by (u* + 6u? +u? + fu + 1)
yields the quotient

q(u) = eut + e(e; — 0)u3 +e(a — 961)u2 +e(b—0Oa)u+1

as well as the equation ¢ — feb = 1. Since the roots of ¢ are +1 and the coefficient of u? is
e(e; —0) € {—2,0,2}, it follows that eq(u) = (u—1)3(u+1), (u—1)%(u+1)2 or (u—1)(u-+1)3.
It can then be argued that

a=—-1,b=—€el,c=0,¢1 = €b.

Thus
Ay (u,v) = ud + (e — u — eBu® — fu* — eu® + Gub)v? + eudv?.

If we assume that ag + 4p = 2 + A is also an I(5)-type class then

P Ay (u,u™?) = ud + 0u” — eu® — Ou’® — ebud — u? + bu + ¢

63



has either ( = e or —( as a root. Substituting these values into Ay (u,u2) yields e = 1

and
_ { 1 if ¢ is a root of Ay (u,u"2)

—1 if —C is a root of Ay(u,u"?).
Thus
Ay (u,v) = ud 4+ (0 — u — Ou? — Gut — u® 4 0u®)o?® + udo?.

But it is proven in the appendix to this paper that there is no compact, irreducible, ori-
entable, hyperbolic 3-manifold M whose boundary is a torus which has such a canonical

A-polynomial. Thus «g + 4p is not an 1(5)-type class. &
16 Proof of Proposition 12.5

Suppose that «, 5 € Fy. We need to show that A(a, 3) < 3. Suppose otherwise. Then
by Propositions 12.3 and 12.4 we see that one of a and 3, say (3, has A-coordinate 2, while
« is integral. After possibly changing A\ we can assume that 5 = (1,2). Since the distance
between an integral class and 3 is always an odd number, [2, Theorem 1.1(1)] implies that
A(a, f) = 5. Hence a = (—2,1) or (3,1) and by possibly changing the orientation of A we
may assume that a« = (—2,1). Let v and 7 denote (—1,1) and (1,1) respectively.

An application of [2, Theorem 1.1 (2)] yields the fact that neither a nor g is a cyclic
filling class.

Recall that for points w,0 € V.= H1(0M;R), we use |w, o] to denote the line segment

in V with endpoints w and o.
The following lemma records several useful inequalities.

Lemma 16.1

(1) MM lmllae < 181
(2) (4) 5|[M\lar < l|ex||ar + 2]|8]|ar with equality if and only if [”ZWMQ, ”;"‘fMﬁ] C OBy,.
(i1) I 553 = |allus + 2]l8]Lw, then A € OBy,

3) 1Bl < |lellar and ||B]|s = ||| s if and only if both o and (B are of type I1(5).

Proof. (1) Suppose that ||3||; < ||A|lx- Then since 8 = 2A+p we have |||y = [|2A+p]|p >

2| Al = su = 2||B]lm — sum and so ||B]|lm < sy which contradicts Propsition 4.5 (3). Thus
18Il > ||| and a similar argument shows that ||5]lu > ||7]|u-

(2) (i) The line segment [”Z%a, ”g%ﬂ] lies entirely in By and intersects the A-axis

5SM . .. o SM
at (0, 7”06”M+2”6”M)' On the other hand 0B, intersects the positive A-axis at (0, —”)\”M)
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and so ||a||1\/1r€"i151”6”1\/1 < i e BlALe < llall + 2([Bllu.  Further if there is equality
then the three points ”;1|\|/1Ma, IIf\II\IAM)\’ IIEWM B of norm sy all lie on [||21|\iIMO" ”;1|\|/IM B]. Thus
(et Tl 01 © OB

(ii) If 5sy = ||allm + 2]|5]|m, then part (i) shows that sy = |[A]|u-

(3) According to part (1) of this lemma we have ||| > sy and so by Proposition 9.3,
cannot have type C, D, Q, or T'(q),I(q),O(q) where q < 2.

Assume next that § is of type T'(3),0(3) or I(3). Recall v = (—1,1). Then since
A(B,v) = 3, Proposition 9.3 implies ||B|lu < ||7]lu- There are some z,t € (0,1) such
that v = z((1 — t)a +13) and so [[yl[lu < [(1 =t + tB]w < (1 =Bl + Bl <
(L= t)lleellse + tllv[l- Hence [larle > [17]lse = (|81

If 3 is of type I(5), then since A(83, ) = 5, Proposition 9.3 (4) shows that « is also of
type 1(5) and |||y = |||ln- Hence part (3) of the lemma holds in this case.

Next we suppose that [ is of type O(4) and that ||a|y < ||3]|m. According to Proposition
9.3 (5), ||Bllm < sm+6 and so by part (2) we have 55y < 5||A||lu < |laf|u +2]|8)|u < 3sy+16.

Thus sy = 8, |laflm = su + 4, ||B]lm = su + 6 from part (2) we obtain ||\ = sy and the
line segment [”;%a, ”;% ] = [2a, 2] lies in 9By. Now the segment [u, 23] also lies in
3 2y _ 2 25
13) = 30+ u.
But this is impossible as B, contains no horizontal segment of length larger than 2.

By and intersects the horizontal line through %oz € 0B, in the point (

Finally suppose that (3 is of type O(4) and that |a|y = ||5|lm. We must show that
this case cannot occur. The inequalities of part (2) imply that sy = 8,||A|lu = su and
lally = [|Bllu = su + 6 = Isy. Hence by Proposition 9.3 (3) and (5), we see that o is
not of type T. As 3 is of type O(4) we have Hy(M;Zs) = Zy and therefore by Lemma 2.1
ix(p) = i.(8) = 0. It follows that i.(a) # 0 and so Hy (M («);Z2) = 0. Hence Lemma 2.1
implies that o must be of type I (we already knew that it is not of type C or T'). Now «
cannot be of type I(2) since ||a|y > sy = ||A|lm- It cannot have type I(5) for otherwise
B would also (Proposition 9.3 (4)), so as our final case assume it is of type I(3). Then
since A(a,n) = 3 we have ||n|ly > |la/lm = su + 6 and therefore (2,2) is not contained in

the interior of By. On the other hand, we have |||y = su + 6 and thus the line segment
48
T
(£, L), which implies that (2, 1) is contained in the interior of By. This contradiction

[(%, %), ] is contained in By. But the segments [(=, £), u] and [n, —7] intersect in the point

completes the proof of the lemma. &

We now complete the proof of Proposition 12.5.
Lemma 16.2 « cannot be of type C, D, Q or O(q),T(q),1(q) where q < 3.
Proof. This follows from Proposition 9.3 since |ally > [|Blln > M [[7lle = su by
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Lemma 16.1. &
Lemma 16.3 « cannot be of type O(4).

Proof. If a has type O(4) then from Proposition 9.3 (5) and Lemma 16.1 (3) we see that
18Il < ||l < s+6. Hence by Lemma 16.1 (2) we have 5sy; < 3sy +14. But then sy < 8,

a contradiction. Therefore the lemma holds. &
Lemma 16.4 « cannot be of type 1(5).

Proof. If « is of type I(5), then from Proposition 9.3 (4) we see that § also has type
I(5) and [|a||y = ||]lu. Hence Lemma 2.1 implies that i.(u) = i.(8) = ix(a) # 0 while
ix(y) = ix(n) = 0. Then by Proposition 9.6, both ||v||, and ||n||y are divisible by 4. Since
llod|ae = [|B]|m < sm + 8, Lemma 16.1 (2) shows that either

(i) sy =12 = || Al|ms llall = 1Bl = sm + 8, and [”Z%a, ”fa% | € OBy, or

(ii) sy = 10 = || M|l and |||l = ||Blln = sm + 8, or

(iii) sy = 8 = ||A||m and ||a|ln = ||B]|m € {sm + 6, s + 8}

We’ll deal with these cases separately.

In case (i) note first that the line segment of negative slope [u, %ﬁ] lies in By and
calculation shows that it intersects the horizontal line through %a in the point %a +2u. On
the other hand, the fact that « is not a strict boundary class implies that the edge of 0By,

containing [%a, % | extends through %oz and ends below and to the left of it. It follows that

3
5

strictly longer than 2, which is impossible. Thus case (i) leads to a contradiction.

there is a horizontal line lying just below 2« which intersects By, in a segment of length

Next consider case (ii). Recall |||, [|[n]lu = 0 (mod 4) and since the segments [Sa, A]
and [, gﬁ] lie in By and it follows that ||v|l; = [[n|lm = 12. The segments [—p, goz] and
[, %17] lie in Bjs and are parallel, so in fact they lie in 0B,;. Hence pu is not a vertex of
By. Now 86 € By so there is a vertex vy of By, whose A-coordinate is larger than 1.
Actually v; may be taken to lie in the sector bounded by the half-rays based at the origin
and passing through A and 1. Let (mq,n1) € L be the strict boundary class associated to
v1. Since [ is not a strict boundary class we have |ny| > 3. Consider the edge of By, which
contains [—pu, 8a]. Since « is not a strict boundary slope this edge passes through %a to
an edge vo associated to a strict boundary class (mg, ng) where |ny| > 2. An application of
Lemma 14.2 reveals that |ni| = 3, |no| = 2 and B\, is a parallelogram. Since ||A||y; = sy it is
easy to see that (mq,n1) = (2,3) while (m2,n2) = (—2,3). The Newton polygon of Ay is a
parallelogram with vertices (0, 2), (2,5), (5,3) and (0, 3). In particular since (0, 3) is a vertex
of Ny, Proposition 10.3 (5) implies that i, (x) = 0, contrary our previous calculations. Thus

case (ii) leads to a contradiction.
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Now consider case (iii) when |||y = ||8[lm = su+6. The line segment [, 23] lies in By,

which implies that |||y < sy = 11. Hence since ||n]|y is divisible by 4, [[n]lu = 8 = su.

The segment [u,7)] is therefore contained in By, as is [—u, 2a]. But then By contains a

horizontal line segment of length longer than two, which is impossible.

Finally suppose that |||y = ||8]lu = su + 8 in case (iii). The line segment [$cr, A] lies
in By, which implies that |||y = 8 or 12. If ||v|[ux = 8, then as ||a/2|ly = sy and lies on
[, 7] we see that this segment is contained in 0By. Similarly since ||A|ly = sy and is
contained on [y, %5], this segment is contained in 0By as well. Thus ~ is a vertex of B);.
Let e be the edge of By which contains [y, % B3] and v; the endpoint of e other than . Now
vy # % (G since ( is not a boundary class associated to a vertex of By. Further Lemma 14.3
shows that vy # n = (1,1). Then by Lemma 14.1, we see that vy = (3,1). Now [v1, ] is
contained in By which implies that |||y < Fsy < 11. Thus since |||y is divisible by 4,

Inlli = 8. But then [y, 7] is contained in 0B, which contradicts Lemma 14.3. Therefore

we have |||y = 12.

The segment [, % B3] lies in By, and so ||n||y = 8 or 12. In the former case the parallel
segments [, 1], [—u, o /2] lie in By; and have horizontal separation equal to 2, so in particular
they lie in OBy and therefore p is not a vertex of By,. Further we have [n,\] C 0By as
18/2]lm = su. Thus n is a vertex of By. By Lemma 14.3, 7 cannot be a vertex of By,
and so since « is not a strict boundary class, Lemma 14.1 can be used to prove that By,
is the polygon with vertices +n,+\ and +(—1,2/3). But then Ny has a vertex at (3,0),
which implies that i.(u) = 0 (Proposition 10.3 (5)), contrary to our previous calculations.
Thus ||n|u = 12. It follows that [u, 5] C 9By and since 8 is not a strict boundary class,
this segment extends upward along an edge of By to a vertex, say vy, of By, whose A-
coordinate is larger than 1. If vy is a positive multiple of a primitive class (m,n) € L, then

Lemma 14.1 implies that that n = 3 and since A € 0B, an easy calculation shows that vy
2 6
55
segments [y, 3] and [3a, A]. Lemma 14.1 now shows that By, has at most one other vertex

must be the point (£, ?), which is the intersection of the two edges of By, containing the
pair different from +pu, and this pair corresponds to an integral class. Owing to the fact
that « is not a strict boundary class, we deduce that B,; must be the parallelogram with
vertices +(2, 8) and £(—2, 2). But then N, is the parallelogram with vertices (3,0), (0, 1),
(1,4) and (4, 3). In particular Proposition 10.3 (5) implies that i,(u) = 0, contrary to our

previous calculations. This final contradiction completes the proof of the lemma. &

According to the three previous lemmas, o € Fy. This contravenes our hypotheses and

so completes the proof of Proposition 12.5.

67



17 Proof of Proposition 12.6

If there is no half-integral class in Fy, then Proposition 12.6 holds by Propositions 12.3
and 12.4. So we may assume that there is some 8 € Fy whose A-coordinate is 2. Without
loss of generality, we may assume that § = (1,2). Applying Propositions 12.3 and 12.5, we
see that Fy C {8,a = (—1,1),A = (0,1),n = (1,1),y = (2,1),m = (1,0)}. If Proposition

12.6 is not true, then «,y € Fy. We shall assume this in order to derive a contradiction.
We start by developing some useful inequalities.

Lemma 17.1
(1) sar < llellas, 1181 a5 V1] -

(2) IMass Illae < 1811
(3) (2) 3| Ml < |lllas + 18]l 3 with equality if and only if [”Z”'fMoz, HsffMﬁ] C OBy,.

(1) If 3sy = ||a|lar + || B, then A € OBy,.
(4) (1) 3L < Il -+ 18l with equality if and only if (147, 1545:6] C OBy
(i0) If 3sp = ||Yllae + | 8]l ar; then X € OBy,.

Proof. (1) The inequality ||5]lx > su follows from Proposition 4.5. Suppose next that
ol = $m. Then ||B]] > 2sy as otherwise A would be contained in the interior of By;.
If || 8] = 2sy then as neither o nor 3 are strict boundary classes, [, 3/2] is contained in
the interior of an edge of 0By. Let v be the endpoint of this edge which has negative
p-coordinate. Then [—pu,v] C By. Hence if ||y]ly < 2sy then the line {(x,1/2) | z € R}
intersects By, in a segment of length larger than 2. As this is impossible it follows that either
181ln > 280 or ||¥]lm > 28m- IE ||7y][m > 28w, then « is of type O(2) or O(3) by Proposition
9.3. In the former case we have 2sy < ||v|lu < [|[Alx = lla + pllm < 28y, which is obviously
impossible. The latter is ruled out by the inequalities 2sy < [|v||m < |||l = Su. A similar
argument shows that |||y cannot be larger than 2sy. Hence sy < |la|/y and an identical

argument gives sy < ||v||m-
(2) This may be deduced in the same manner that was used to prove Lemma 16.1 (1).

(3) (i) The line segment [”a”Ma, Tl O] lies entirely in By, and intersects the A\-axis at

(0 35M ). On the other hand 9By, intersects the positive M-axis at (0 ,m) and so

o OSM__
||a||£i|”h;|rlﬁ”§ ”/\”M, ie. 3| Mu < ||aflu + || Bl Further if there is equality then the three
points ”ZT'M , ”)\”MA, ||EIHIM5 of norm sy all lie on [”Z%a, ”2%6] Thus [”aInIMa, I ] C
OBy;.

(ii) If sy = |||l + || B]|ae, then part (i) shows that sy = ||A||x-

(4) This follows as in part (3). &
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The following lemma is a consequence of Proposition 9.3 and Lemma 17.1.
Lemma 17.2 (3 cannot have type C,D,Q or T'(q),0(q),I(q) where q¢ < 2. O
Lemma 17.3 (3 cannot have type O(3).

Proof. If 3 is of type O(3) then so are a and y (Proposition 3.3). Theorem 1.5 of [2] implies
that Hy(M;Ze) = Zo @ Zo and so from Lemma 2.1 we deduce that i,(u) = i.(5) # 0. Thus
either i.(y) = 0 or ix(a) = 0. But then Hy (M («); Za) = ZoBZo or Hi(M(7y); Za) = Za®Zs,
contrary to Lemma 2.1. Thus f is not of type O(3). &

Lemma 17.4  cannot have type T(3) or 1(3).

Proof. If g3 is of type T'(3) or I(3), then both o and « have the same type as §. In
particular Hy(M(B);Z2) = Hi(M(a);Z2) = Hi(M(v);Z2) = 0 and H{(M;Z2) = Zs.
Thus () = ix(8) # 0 but either i,(y) = 0 or i.(ar) = 0. Then Hy(M(«a);Z2) = Zy or
Hy(M(7);Z3) = Z2, giving a contradiction. Thus  cannot have type T'(3) or I(3). &

Lemma 17.5 (3 cannot have type O(4).

Proof. Suppose otherwise. Then Proposition 10.3 implies that Hy(M;Zy) = Zso, and thus
ix(p) = ix(B) = 0. Hence ix(a) = ix(y) # 0. Therefore by Lemma 17.1 (1), both o and
have type I or T'. Also Proposition 9.6 implies that ||x||y and || ]| are divisible by 4. Hence
as sy < |8l < su + 6 we deduce that [|3]|y = sy + 4. Now 3sy < ||| + [|B]] < 28y + 14
(recall o has type T or I) and so sy < 14. But sy = |||y is divisible by 4, so sy = 8 or
12. In the latter eventuality Lemma 17.1 (3), (4) implies that

- [leells = 20, [[A]ly = 12 and [2ev, 28] C OBy, and

- ¥l = 20, ||nlls = 12 and [2, 35] C By
Therefore %ﬁ is a vertex of By, contrary to our assumptions, and so s,; = 8. Another
application of Lemma 17.1 (3), (4) shows that ||c||y, [|7|lm > 12 while || Ay = [[7]ln = 8.

Since the point %6 is in By, the polygon B,; has a vertex whose associated boundary
class has A-coordinate at least three. According to Lemma 14.1 there are only four possible
shapes for By:

(i) a parallelogram with vertices +1(x + 3X) and +3(3p + A),

(i) a parallelogram with vertices £3(—2u + A) and £3(2u + 3)),
(iii) a polygon with vertices p, :l:%(,u + 3)\) and 7,
(

iv) a polygon with vertices u, A and :l:%(Z,u + 3)).
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In each of these four cases one verifies that the associated Newton polygon has a corner at
a lattice point whose second coordinate is odd. But we have already shown that i,(u) =0
while i,(\) # 0 and so Proposition 10.3 (5) shows that Ay (u,v) involves only even powers

of v. This contradiction completes the proof that 3 cannot be of type O(4). &
Lemma 17.6 [ cannot have type I(5).

Proof. Suppose otherwise. Then Hy(M;Zs) = Za and i.(p) = i.(8) # 0. Thus ex-
actly one of a and v is not in ker(H;(OM;Zs)—H1(M;Z3)). We will treat the case
a & ker(Hy(OM;Zo)— H1(M;Zs)), the other can be handled similarly.

Now our hypotheses imply that H; (M («); Z2) = 0 while Hy (M (7);Z2) = Zy. Thus « is
either a T or I-type class and 7 is either a D or O-type class (neither a nor v has C-type
by Lemma 17.1 (1)). We also have

[Allse = 17l = 0 (mod 4)

by Proposition 9.6.

First note that v cannot be of type O(3) because 3 is of I-type and A(3,7) = 3. Next
assume that « is of type O(2) or D so that ||7v|lm < ||A|lm- Then by Lemma 17.1 (1) we
have ||A|ly > su and so part (3)(i) of that result implies 3(sy + 2) < 28y + 16, or sy < 10.
If s,y = 10, then Lemma 17.1 gives 10 < |[A|ly < 12 and so [[A|[y = 12. We also have
7]l = 12 since 10 < [|7]lx < ||Allx and ||y||s is divisible by 4. Lemma 17.1 now implies
that ||B]|lm = ||a|lm = sm + 8 and ||n||m = 10. Hence the line segments [”;%a, ”Eﬁﬁ] and
[”f/%’y, ”E%ﬂ] are contained in 9B,,. But this is impossible as it implies ”;% is a vertex
of By. Hence sy # 10. If sy, = 8, Lemma 17.1 implies that ||A||yy = 8 = sy (recall it is

divisible by 4), contradicting the fact that ||\||y; > sy. Thus v cannot be of type D or O(2).

Finally suppose that v is of type O(4). Then ||7v|lu < $u + 6 and so by Lemma 17.1 we
see that sy < 14.

If sy = 14, then by Lemma 17.1 we obtain ||A||y, = 14, which is not divisible by 4, a

contradiction.

Next suppose that sy = 12. Then Lemma 17.1 implies that ||A|y = [[7]lu = 12. As
Il > s and divisible by 4, ||v|ly = 16. Hence from Lemma 17.1 we see that ||3]|, = 20

SM SM SM . : SM
and [II“/IIM% o ] € OBy. Now Ty is not a vertex of By and so if v € (1, ”ﬁ/”Mv)

we have [[v|ly < sy. Hence for such v we have [[v — 2u[\ > sy. In particular 2o+ 2u €
(i, ”f;%’y) s0 [|2a[s > su = 12, or [|ally > 20 = s +8, a contradiction. Therefore s, # 12.

Now consider the case where sy, = 10. By Lemma 17.1 we have ||n||y;y = 10 and ||A||y =
12 (note again that ||A||y divisible by 4). Hence Lemma 17.1 implies that |||y = ||5|ln =
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18. Further the segment [”;%a, ”;%B] C 0By. Lemma 17.1 also gives 12 < ||v||y-
Hence |||y = 12 or 16. In fact ||y|[x = 16. To see this suppose that it is 12. Then
3Imlx = |7llx + || 3]|m and therefore the segment [”,‘;%7, ”g%ﬁ] C OB,;. But then ”Z%ﬁ =
[”ZT'/IM Q, ||§1|\|4M BIN[ ”f/m{’y, ||§1|\|4M O] is a vertex of By, implying that [ is a strict boundary class,

a fact our hypotheses exclude. Thus |||y = 16. Next observe that since sy = 10 and 3
is not a strict boundary class, the segment [”;%a, ”2% | C OBy extends past ”gﬁﬁ to a
vertex v1 of By corresponding to a boundary class mu+nA where 3 <n <5and 1 < % <2
(Lemma 14.2). We claim n # 5. For otherwise By, would be a parallelogram with vertices
+4 and £v; which is impossible as |||y < 2sy. So (m,n) = (2,3) or (3,4). The latter
case can be excluded as it would imply that 7 lies in the interior of By,. Thus v; lies on the
line of slope % through the origin. One can now verify that [vq, ”,j%v] C OBy;. Since both
[”;%a, ”g%ﬂ] and [vg, ”f/%’y] lie in OB\, they extend downwards to two more vertices
vy and vz of By whose associated boundary classes must be integral (Lemma 14.2). By
hypothesis a and  are not strict boundary classes, so v9 lies on a line through the origin of
slope —% where k is an integer which is at least 2, and vg lies on the line of slope % through
the origin where j is at least 3. But this is impossible as one can now easily see that By
contains a horizontal segment of length longer than 2. This contradiction completes the

proof that sy # 10.

Finally assume that s,; = 8. Since ||A||y is divisible by 4 and 3||A||y < ||| + [|5]|m <
25y 4+ 16 = 32, we have |[A|y = 8. Also 3||nllu < |7llm + 118]lm < 25y + 14 = 30 and
therefore |7y = 8 or 10. Now sy < [|¥|lm < su + 6 = 14 and ||y||y is divisible by 4, so in
fact ||v][m = 12. If we now assume that ||n|/y, = 10, then we obtain the impossible relation
30 = 3|Inllm < [Yllm+I1Blm < 12416 = 28. Hence ||n||y = 8. Note that ||3]|y < su+8 = 16.

We shall consider two cases |||y < 16 and ||5||x = 16 separately.

Suppose first of all that ||5]ly < 16 = 2sy and let v1 = up + v\ be the vertex of By
which has the maximal A-coordinate. Let mu + nA be a primitive class which is a positive
rational multiple of v. Since |||y < 2sy and § is not a strict boundary class, n > 2.
Now by Lemma 14.1, vy is the unique vertex of By whose A-coordinate is larger than 1.
It follows that [v1, A] and [v1,n] are contained in OBy and thus extend downward to two
more vertices of By, which can be easily seen to be distinct from +u. But this contradicts
Lemma 14.1.

Finally suppose that |||y = 16. Then ||[A||x = [|8/2||lx = [[7lln = 8 = su- It follows
that the segment [\, n] C dBy. If 1 is not a vertex of By, then B, is a parallelogram by
Proposition 9.6 (2) and the segment [\, 7] extends to a vertex v; which is either %u—k)\, %,u—i—)\
or g i+ A. The first and third are ruled out by the fact that if either were a vertex then
A would be as well (Lemma 14.1). But then B,; would not be a parallelogram. Thus
v = %u -+ A. We see then that By, is the parallelogram with vertices i(—%, 1) and j:(%, 1).
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So the Newton polygon N, is the parallelogram with vertices (1,0), (0,2), (3,4) and (4, 2).
Hence the A-polynomial Ay (u,v) contains u (up to sign) as a monomial, which contradicts
to Proposition 10.3 (5).

Assume now that 7 is a vertex of By;. By Proposition 9.6 (1), By, contains at most two
more vertex pairs. Since %’y = (%, %) is in 0By, there is vertex vy of By whose u-coordinate
is larger than 1. Since « is not a vertex of By, one can easily see that B,; has two vertices
with non-positive pu-coordinates and positive A-coordinates. So B,; would have at least four

pairs of vertices, which contradicts Lemma 14.1. Therefore v cannot be of type O(4).

The above lemmas imply that § ¢ Fy. This contradiction completes the proof of
Proposition 12.6.

18 Finite surgery on small knots in S3

In this section we make some general remarks concerning finite surgery on small knots
in the 3-sphere, i.e. those knots K whose exteriors My contain no closed essential surface,
and show how the theory developed previously in this paper can be used to give a quick
proof of the classification of the finite surgery slopes of 2-bridge knots (due to Delman [14]
and independently to Tanguay [32]).

The finite surgery slopes on Mg have been classified when K is a torus knot [27] and
a satellite knot [2], so we only need to consider small hyperbolic knots. Fix such a knot and
let M denote its exterior, Cy the canonical norm curve in X (M), and By the canonical
norm polygon. It is a consequence of Theorem 2.0.3 of [11] that the finite filling slopes on
OM are not boundary slopes. Hence the canonical norm of a finite filling class is subject
to the constraints imposed by Proposition 9.3 and so in particular if {u, A} denotes the
standard meridian-longitude basis of Hy(OM), |||y = su and p is not a vertex of By,.
Consider a non-meridinal finite filling class on M. According to Proposition 9.3 we have
||l < max{2sy, sy + 8}. Therefore

(NS 3B1\/I lf Sm — 4
o€ %Bl\i lf S — 6
o € 2B, if sy > 8.

We also know that the absolute value of the A-coordinate of « is strictly less than than 2
(Theorem 1.2). Set

h(By) = sup {y | there is an x such that zu + y\ € By }.
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Proposition 18.1 Suppose that K C S® is a small hyperbolic knot with exterior M, and
that o is a non-meridinal finite filling class on OM .

(1) The inequality h(B.) > % holds.

(2) If @ = mu + 2\ for some odd integer m, then « is of type T'(3),1(3) or I(5). Further
sy > 8 and h(By) > 1.

Proof. (1) We observed above that if s,; > 8 then o € 2B, and so h(By;) > % If sy = 4,
then a € 3By so that h(By) > % But since p is not a vertex, Subcase 1.1 of §13 implies

that there is an integer n > 1 such that h(By) = % Hence we must have h(By) = %

Finally assume that sy, = 6. Then «a € %BM and so h(By) > % According to Subcase
IL1 of §13, either h(By) = 2 for some integer k > 3 (Subcase IL1.b), or h(By) = j%q for
some even integers j,q > 2 (Subcase II.1.c). In the latter case the inequality h(By) > %
implies that j + ¢ € {4,6} and therefore h(By) > 3. In the former we see that k €
{3,4,5,6,7}. But if k£ < 6, then h(By) > %, while the case k = 7 cannot arise because
otherwise it follows from Subcase II.1.b of §13 that the only non-meridinal primitive class

in %BM is a vertex of By, and so a would be a boundary class.

(2) If @« = mp + 2 is a finite filling class of K, the cyclic surgery theorem [11] implies
that it is not of C-type. Thus since m is odd, it must be either T-type or I-type (see §2).
Since « is not a boundary class, a ¢ 9By, (Proposition 4.5), and therefore ||afly > sy. It
follows that « has type T'(3),1(3) or I(5) (Proposition 9.3).

We observed above that if s,; > 8, then « € 2By, and so h(By;) > 1. To complete the
proof we note that under our hypotheses, s\ # 4 or 6. For instance if sy = 4, then o € 3By,
so that h(By) > 2. But this contradicts Subcase IL.1 of §13 which implies that h(By) < 3.
Finally if sy = 6, consideration of Subcase II.1 of §13 shows that the only possibility is for
By, to be a parallelogram with vertices +(m, 1) and +((m + k)/2,1/2), for some integer m
and « to be (2m + 1)u + 2\, In this case ||« = 14 = sy + 8 and so « has type I. But
this cannot be as the shape of By, implies that « does not have type I(q) for any ¢ € {3,5}

(Proposition 9.3). Hence the case sy, = 6 does not arise either. &

The 2-bridge knots are an interesting collection of knots in the 3-sphere (see, for instance,
[7]). According to [18], they are small knots and further their boundary classes are even
integer classes, i.e. they have the form 2pu + A for some integer p.

Theorem 18.2 A hyperbolic 2-bridge knot admits no nontrivial finite surgery slope.

Proof. Let K be a hyperbolic 2-bridge knot in S3 with exterior M. The result will follow
from the previous proposition if we can show that h(By;) < %, a fact due to Tanguay [32].
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Let p : M— M be the (unique) 2-fold cover and {ji, \} the basis for H;(OM) correspond-
ing to {g, A\}. Then M is hyperbolic and M (1) is the double branched cover of S branched

over K, which is known to be a lens space (see [7]). Thus /i is a cyclic filling class of M.

By the discussion proceeding Proposition 9.6 (cf. also [2, Section 3]), the cover p : M—M
induces a regular map p* : X(M)—X (M) and Ey, = p*(Cy) is a norm curve in X (M) with
norm | - ||z . Moreover for every § in Hy(OM) it can be shown that if py : Hy(OM) —

H,(8M) is the homomorphism induced by p|dM, then

Now [ cannot be associated to an ideal point of y € E, as otherwise 1 would be associated
to each of the ideal points of (5*)~'(y) C Cy;, which is impossible as it is not a boundary
class. Thus [|ff|z < ”5HEM for each non-zero § € Hy (M) (see Theorem 6.1 of [3]). Since
even integer classes in H;(OM) lift to classes in Hi(OM), it follows that

18l1se = 1126llns = 2l

for every even integer slope § on OM. We now show that this inequality holds strictly for
all primitive classes  # +u, and so h(By) < %

Let 3 be a boundary slope of M associated to a vertex of By, i.e. there is an ideal
point z € Cy, for which fz(x) is finite but f,(r) = co. According to Theorem 5.4 of [28],
the components of the essential surfaces in M associated to x have one or two boundary
components. This fact implies, by §5 of [8], that fz(z) = 0. If I, : X(M) — C denotes the
evaluation map, then f, = Iﬁ —4and f2 = L%fu' Hence f,2(z) = oo. Therefore the norm
of 3 is strictly larger than that of 2u. It follows that the norm polygon B, lies strictly
below the horizontal half-integer line. Hence Proposition 18.1 implies that K admits no

non-meridinal finite filling slope. &
Appendix

The goal of this appendix is to prove the following result.

Proposition Let § € {£+1}. The polynomial Ag(u,v) = u® + (0 — u — Ou? — Ou* — ud +

Oub)v? + udv* is not the canonical polynomial of a hyperbolic knot exterior.

Proof. Let M be a compact, connected, orientable 3-manifold whose interior admits a
complete hyperbolic structure of finite volume. Suppose further that the boundary of M is

a torus. In [8] it is described how work of C. Hodgson implies that the real 1-form

w = Inju|d(arg(v)) — In|v|d(arg(u))
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is exact on the smooth part of Dy. In particular its integral over any closed, piecewise-
smooth loop in D, is zero. We’ll show that this condition does not hold for the zero sets of
the polynomials under consideration in the proposition. Arguments of this type were first
used by D. Cooper and D. Long in [9, §10].

First observe that we may assume that § = 1. For if ¢ : A7*(0) — AT1(0) is the
isomorphism given by (u,v) — (—u,v) and C C Al_l(O) is a piecewise-smooth curve, then

fcw = f¢(0) w. Consider then
Alu,v) = ud + (1 —u —u? —u* —u® + u®)? + 0t

and set
D = A7Y0).

The singular set of D consists of the simultaneous solutions of the equations

and is readily calculated to be ¥ = {(u,v) | u? = v* = 1}. The projection induced map
7:D—C, m:(u,v)—u

has degree 4 and is branched at the points of B = %_1(0) \ ¥. The automorphism ¢ :
(u,v) — (u, —v) of D satisfies mo¢ = 7, so the branching at a point (u,v) € D is necessarily
of order 2 if v # 0. Set ug = %(1 —V17) - % 2y/17 — 2 and uy = i. It is easy to verify that

(o, 1), (uo, —1), (w1, 1), (u1, —3) € B.

The path u(t) = (1 —t)ug+tu; in the u-plane lifts to four smooth paths o;(t) = (u(t),v;(t))
(j = 1,2,3,4) in D which we can determine as follows. Any lift v(¢) of u(t) satisfies the
identity
1+ g(t)v(t)? + v(t)*
where
g(t) = u>(t) —u72(t) —uTH(t) —u(t) — WP (t) + W’ (1)

Solving for v(t) shows that

The reader may verify that g(t) = +2 if and only if ¢ € {0,1}, and so there are precisely
two smooth functions 71(t) and ro(t) whose square is g(t)2 — 4. They are unambiguously
determined by requiring that Re(r1(t)) > 0 and Re(ra(t)) < 0 when t is close to zero.
Evidently 7o = —ry. Next note that since —g(t) + r1(¢) # 0, there are exactly two smooth
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functions vy, vy satisfying v = v3 = %(—g + r1). They are determined by requiring that
v1(0) = ¢ while v3(0) = —i. Similarly there are exactly two smooth functions ve, vy satisy-
fying v2 = v? = %(—g + 79) and they are determined by requiring that v9(0) = ¢ while

v4(0) = —i. Evidently v3 = —v; and vg = —v9. We take

0(t) = (u(t), v;(1).

It follows from our choices that

1 1 1
vivg = (=g +r)(=g+72) = 1= (=g +m)(=g—m) = 1(¢" —r}) = 1.
and hence for each ¢t € [0,1], we have vy (t)va(t) = v1(0)v2(0) = —1. In particular since

v1(1) = ei for some € € {£1}, we must have vo(1) = €i as well. Tt follows that C' = oy * 05 *

is a closed, piecewise-smooth curve in D. Now

Joo= L L

while from the relation v1v9 = —1 and the form of the integrand we see that

/w:—/ w.
o1 o2
/w:2/w
C o1

To compute the latter we proceed as follows. One can verify that if w(t) is a smooth path

Hence

in the complex plane, then $arg(w(t)) = Im(% (( ))) It follows that

2/0.1 v / n(u@P)Im(ZE ) iy (1)) 1m(D)

o) a(n)

Let f(t) be the integrand of this integral. Its graph is depicted in Figure 13.

Now with n = 10,000 we have

[y

-1 n—

: " f(2) 7(3)
YR |/ s + |15 |+|/ O
w1 [ swan + 2D
< %+(n;22)L

4K + L
10,000
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Figure 13: The graph of f(t)

where K = sup{|f(t)| | ¢t € [0,2] U [Z2,1]} and L = sup{|f'(t)| | t € [%,2=1]}. Crude

n

estimates show that K < 2 while L < 1,700. Thus

1 "L f(4) 1,708
t)dt — n ! 2
|/0 J(bydt ; n | < To000 <"

and so

! e
| /0 F(t)dt] > I;T|—0.2.

i
Computer assisted calculation shows |37, ¥| > 0.94 so that we conclude

/Cw:Q/mw:—/Olf(t)dt;éO.

This completes the proof of the proposition. &

References

1] S. Bleiler and C. Hodgson, Spherical space forms and Dehn fillings, Topology 35 (1996),
809-833.

2] S. Boyer and X. Zhang, Finite Dehn surgery on knots, J. Amer. Math. Soc. 9 (1996)
1005-1050.

[3] ——, Culler-Shalen seminorms and Dehn fillings, Annals of Math., to appear.

[4] ———, A note on finite Dehn filling, Canadian Math. Bulletin, to appear.

[5] ———, On simple points of character varieties of 3-manifolds, preprint.

[6] S. Boyer, T. Mattman and X. Zhang, The fundamental polygons of twist knots and the

(-2,8,7) pretzel knot, Knots’ 96, World Scientific Publishing Co. Pte. Ltd. 1997, 159-172.

7



G. Burde and H. Zieschang, Knots, de Gruyter, 1985.

D. Cooper, M. Culler, H. Gillet, D. D. Long, and P. Shalen, Plane curves associated to
character varieties of 3-manifolds, Invent. Math. 118 (1994), 47-84.

D. Cooper and D. D. Long, Remarks on the A-polynomial of a knot, J. of Knot Theory
and Its Ramifications,5 (1996) 609-628.

——, The A-polynomial has ones in the corners, Bull. London Math. Soc. 29 (1997)
231-238.

M. Culler, C. M. Gordon, J. Luecke and P. Shalen, Dehn surgery on knots, Ann. of Math.
125 (1987) 237-300.

M. Culler and P. Shalen, Varieties of group representations and splittings of 3-manifolds,
Ann. of Math. 117 (1983) 109-146.

Bounded, separating surfaces in knot manifolds, Invent. Math. 75 (1984), 537-545.

C. Delman, Essential laminations and Dehn surgery on 2-bridge knots, Top. Appl. 63
(1995), 201-221.

N. Dunfield, Cyclic surgery, degrees of maps of character curves, and volume rigidity for
hyperbolic manifolds, preprint, 1998.

C. Gordon, Dehn surgery on knots, Proc. Int. Congress of Mathematicians, Kyoto, 1990,
631-642.

——, Dehn filling: a survey, Proc. Mini Semester in Knot Theory, Warsaw 1995, to appear.

W. Hatcher and W. Thurston, Incompressible surfaces in 2-bridge knots complements,
Inv. Math. 79 (1985), 225-246.

J. Hempel, 3-manifolds, Ann. of Math Studies 86, (1976).

W. Jaco, Lectures on three-manifold topology, CBMS Regional Conf. Ser. Math. 43
(1980).

R. Kirby, Problems in low-dimensional topology, Geometric Topology, Volume 2, editor
W. Kazez, AMS/IP Studies in Advanced Mathematics, 1996. .

S. Lang, Introduction to algebraic geometry, Interscience Tracts in Pure and Applied
Mathematics 5, 1958.

S. Lang, Algebra, Addison-Wesley Series in Mathematics, 1965.

J. Luecke, Dehn surgery on knots in S3, Proceedings of Int. Congress of Mathematicians,
Zurich, 1995, 585-594.

J. Milnor, Groups which act on S™ without fized points, Amer. J. Math. 79 (1957) 623-
631.

78



J. Morgan and P. Shalen, Degenerations of hyperbolic structures, III: Actions of 3-
manifold groups on trees and Thurston’s compactness theorem, Ann. of Math. 127 (1988)
457-519.

L. Moser, Elementary surgery along a torus knot, Pacific J. Math. 38 (1971), 737-745.

T. Ohtsuki, Ideal points and incompressible surfaces in two-bridge knot complements, J.

Math. Soc. Japan 46 (1994), 51-87.
D. Rolfsen, Knots and links, 2nd edition, Publish or Perish, 1990.

I. Shafarevich, Basic algebraic geometry, Die Grundlehren der mathematischen Wis-
senschaften, Band 213, Springer-Verlag, New York, 1974.

P. Shanahan, Cyclic Dehn surgery and the A-polynomial, preprint.
D. Tanguay, Chirurgie finie et noeuds rationnels, Ph. D. thesis, UQAM, 1995.

W. Thurston, Three dimensional manifolds, Kleinian groups and hyperbolic geometry,
Bull. Amer. Math. Soc. 6 (1982) 357-381.

——, The geometry and topology of three manifolds, lecture notes, Princeton, 1979.

J. Weeks, Ph. D. thesis, Princeton University, 1985.

J. A. Wolf, Spaces of constant curvature, McGraw-Hill Series in Higher Mathematics,
1967.

79



