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ABSTRACT. The exceptional Dehn filling conjecture of the second author concerning the re-
lationship between exceptional slopes «, 8 on the boundary of a hyperbolic knot manifold M
has been verified in all cases other than small Seifert filling slopes. In this paper we verify
it when « is a small Seifert filling slope and (8 is a toroidal filling slope in the generic case
where M admits no punctured-torus fibre or semi-fibre, and there is no incompressible torus in
M () which intersects OM in one or two components. Under these hypotheses we show that
A(a, 8) < 5. Our proof is based on an analysis of the relationship between the topology of
M, the combinatorics of the intersection graph of an immersed disk or torus in M («), and the
two sequences of characteristic subsurfaces associated to an essential punctured torus properly
embedded in M.

1. INTRODUCTION

This is the first of four papers concerned with the relationship between Seifert filling slopes and
toroidal filling slopes on the boundary of a hyperbolic knot manifold M. Such results are part
of the exceptional surgery problem, which we describe now.

A hyperbolic knot manifold M is a compact, connected, orientable, hyperbolic 3-manifold whose
boundary is a torus. A slope on OM is a dM-isotopy class of essential simple closed curves.
Slopes can be visualized by identifying them with +-classes of primitive elements of Hy(OM)
in the surgery plane H1(OM;R). The distance A(a1,as) between slopes aq, ag is the absolute
value of the algebraic intersection number of their associated classes in Hj(OM). Given a set

of slopes S, set A(S) = sup{A(e, ) : a, € S}.

To each slope a on OM we associate the a-Dehn filling M(a)) = (S* x D?) Uy M of M where
f:0(S' x D?) — OM is any homeomorphism such that f({*} x 9D?) represents a.

Set E(M) = {a | M () is not hyperbolic} and call the elements of E(M) exceptional slopes. It
follows from Thurston’s hyperbolic Dehn surgery theorem that £(M) is finite, while Perelman’s
solution of the geometrisation conjecture implies that

E(M) ={a| M(a) is either reducible, toroidal, or small Seifert}
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Here, a manifold is small Seifert if it admits a Seifert structure with base orbifold of the form
S%(a,b,c), where a,b,c > 1.

Much work has been devoted to understanding the structure of £(M) and describing the topol-
ogy of M when |E(M)| > 2. For instance, sharp upper bounds are known for the distance
between two reducible filling slopes [GL], between two toroidal filling slopes [Go], [GW], and
between a reducible filling slope and a toroidal filling slope [Oh], [Wul]. More recently, strong
upper bounds were obtained for the distance between a reducible filling slope and a small Seifert
filling slope [BCSZ2|, [BGZ2]. In this paper, and its sequel, we examine the distance between
toroidal filling slopes and small Seifert filling slopes.

Let W be the exterior of the right-handed Whitehead link and T one of its boundary compo-
nents. Consider the following hyperbolic knot exteriors obtained by the indicated Dehn filling
of W along T: My = W(T;—1), My = W(T;—2), M3 = W(T;5), My = W(T;3). One of the
key conjectures concerning £(M) is the following:

Conjecture 1.1 (C.McA. Gordon). For any hyperbolic knot manifold M, we have #E(M) < 10
and A(E(M)) < 8. Moreover, if M # My, My, M3, My, then #E(M) <7 and A(E(M)) < 5.

It is shown in [BGZ1] that the conjecture holds if the first Betti number of M is at least 2.
(By duality, it is at least 1.) Lackenby and Meyerhoff have proven that the first statement of
the conjecture holds in general [LM]. See §2 of their paper for a historical survey of results
concerning upper bounds for #&(M) and A(E(M)). Agol has shown that there are only finitely
many hyperbolic knot manifolds M with A(E(M)) > 5 [Ag], though no practical fashion to
determine this finite set is known.

It follows from [GL], [OL], [Wul], [Go] and [GW] that Conjecture 1.1 holds if £(M) is replaced
by E(M)\ {a | M(«) is small Seifert}. It remains, therefore, to consider pairs «, 3 such that
M (o) is small Seifert and M (3) is either reducible, toroidal or small Seifert. The first case is
treated in [BCSZ2], where it is shown that, generically, A(q,3) < 4. (See below for a more
precise statement.) In the present paper we are interested in the second case. (We remark
that if M («) is toroidal Seifert fibred and M (f) is toroidal then A(a, ) < 4 [BGZ3].) Here,
Conjecture 1.1 implies

Conjecture 1.2. Suppose that M is a hyperbolic knot manifold M and «, 8 are slopes on OM
such that M («) is small Seifert and M (3) toroidal. If Ao, ) > 5, then M is the figure eight
knot exterior.

Understanding the relationship between Dehn fillings which yield small Seifert manifolds and
other slopes in £(M) has proven difficult. The techniques used to obtain sharp distance bounds
in other cases either provide realtively weak bounds here or do not apply at all. For instance,
the graph intersection method (see e.g. [CGLS], [GL]) cannot be used as typically, small Seifert
manifolds do not admit closed essential surfaces. On the other hand, they usually do admit
essential immersions of tori, a fact which can be exploited. Suppose that a and 5 are slopes
on OM such that M («) is small Seifert and M contains an essential surface F' of slope 5. It
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was shown in [BCSZ1] how to construct an immersion h : Y — M(a) where YV is a disk or
torus, a labeled “intersection” graph I'x = h=}(F) C Y, and, for each sign ¢ = %+, a sequence
of characteristic subsurfaces

F=0§D0d5>05D...005 O ...

The relationship between the combinatorics of I'p, the two sequences of characteristic subsur-
faces, and the topology of M was exploited in [BCSZ2] to show that if M («) is small Seifert,
M () is reducible, and the (planar) surface F' is neither a fibre nor semi-fibre in M, then
A(a, ) < 4. (See also [CL], [Li] where a related method is used to study the existence of
immersed essential surfaces in Dehn fillings of knot manifolds.) The main contributions of this
paper are the further refinement of this technique and its application in the investigation of
Conjecture 1.2.

When M is the figure eight knot exterior there are (up to orientation-reversing homeomorphism
of M) two pairs (a, ) with A(a, 8) > 5 such that M («) is small Seifert and M (/) is toroidal,
namely (—3,4) and (—2,4). The toroidal manifold M (4) contains a separating incompressible
torus which intersects OM in two components. Moreover the corresponding punctured torus
is not a fibre or semi-fibre in M. We show that if a hyperbolic knot manifold M has a small
Seifert filling M («) and a toroidal filling M () then A(a, 5) < 5 in the generic case when M
admits no punctured-torus fibre or semi-fibre, and there is no incompressible torus in M (f)
which intersects M in one or two components. Our precise result is stated in §2 where we also
detail our underlying assumptions and provide an outline of the paper. We will examine the
non-generic cases of Conjecture 1.2 in the forthcoming manuscripts [BGZ3], [BGZ4].

We are indebted to Marc Culler and Peter Shalen for their role in the development of the ideas
in this paper.

2. BASIC ASSUMPTIONS AND STATEMENT OF MAIN RESULT

Throughout the paper we work under the following assumptions.

Assumption 2.1. M(a) is a small Seifert manifold with base orbifold S*(a, b, c) where a,b,c >
1 and M(B) is toroidal.

Assumption 2.2. Among all embedded essential tori in M(f), F is one whose intersection
with OM has the least number of components.

Then F = FN M is a properly embedded essential punctured torus in M with boundary slope
B. Set m = |0F| > 1.

Assumption 2.3. If there is an essential separating torus in M(B) satisfying Assumption 2.2,
F has been chosen to be separating.

Assumption 2.4. If there is an essential torus in M () satisfying Assumption 2.2 which
bounds a twisted I-bundle over the Klein bottle in M(B3), F has been chosen to bound such an
I-bundle.
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Note that it is possible that there are essential tori ﬁl,ﬁg in M (/) which bound twisted I-
bundles over the Klein bottle in M (), such that F; N M is the frontier of a twisted I/-bundle
in M but Fy N M is not.

Assumption 2.5. If there is an essential torus FinM (B) satisfying Assumption 2.2 such that
there is a twisted I-bundle in M with frontier '= F'N M, F has been chosen so that F is the
frontier of a twisted I-bundle.

Let S be the surface in M which is F' when F' is separating and is a union of two parallel copies
Fy, F of F when F is non-separating. Then S splits M into two components X and X .

Let S be a closed surface in M (B) obtained by attaching disjoint meridian disks of the S-filling
solid torus to S. Then S splits M(3) into two compact submanifolds Xt containing X and
X~ containing X, each having incompressible boundary S.

We call F a fibre in M if it is a fibre of a surface bundle map M — S'. Equivalently, the
exterior of F' in M is homeomorphic to F' x I. We call F' a semi-fibre in M if it separates and
splits M into two twisted I-bundles.

Assumption 2.6. Assume that F', chosen as above, is neither a fibre nor a semi-fibre in M.
In particular, assume that X is not an I-bundle over a surface.

Here is our main theorem.

Theorem 2.7. Suppose that M is a hyperbolic knot manifold and o, 5 slopes on OM such that
M(«) is a small Seifert manifold and M(B) is toroidal. Let F be an essential genus 1 surface
of slope B which is properly embedded in M and which satisfies the assumptions listed above. If
m > 3, then Ao, 5) <5.

When the first Betti number of M is at least 2 or one of M («) and M (/) is reducible, Theorem
2.7 holds by [Ga|, [BGZ1], [BCSZ2], [OL], [Wul]. Thus we make the following assumption.

Assumption 2.8. The first Betti number of M is 1 and both M(«) and M(3) are irreducible.

The paper is organised as follows. Section 3 contains background information on characteristic
submanifolds associated to the pair (X¢,5) (e = ). Sections 4 and 5 are devoted to exploring
the restrictions forced on essential annuli in (X€,S) by our assumptions on F. These results
will be applied in §7 to the study the structure of the characteristic submanifolds of (X¢,.S)
and the topology of X¢. An analysis of the existence and numbers of certain characteristic
subsurfaces of S is made in §6, §8, and §9. The relation between the number of such surfaces
and the length of essential homotopies in (M, S) is determined in §10. Section 11 introduces the
intersection graphs associated with certain immersions in M («) and relates their structure to
lengths of essential homotopies, leading to bounds on A(a, #). Conditions which guarantee the
existence of faces of the graph with few edges are investigated in §12, while the relations in the
fundamental groups of X and X~ associated to these faces are considered in §15. Theorem
2.7 is proved when F' is non-separating in §13 and in the presence of “tight” characteristic
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subsurfaces in §14 and §16. The implications of certain combinatorial configurations in the
intersection graph are examined in §17. The proof of Theorem 2.7 in the absence of tight
components is achieved in the last two sections.
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3. CHARACTERISTIC SUBMANIFOLDS OF (X€,5)

3.1. General subsurfaces of S. A surface is called large if each of its components has negative
Euler characteristic.

A connected subsurface Sy of S is called neat if it is either a collar on a boundary component
of S or it is large and each boundary component of S that can be isotoped into Sy is contained
in Sy. A subsurface of S is neat if each of its components has this property.

For each boundary component b of S, let b denote a meridian disk which it bounds in the 5-
filling solid torus of M (3). The completion of a neat subsurface Sy of S is the surface Sy C M (5)
obtained by attaching the disks b to Sy for each boundary component b of S contained in Sp.

A simple closed curve ¢ C S is called outerif it is parallel in S to a component of 9S. Otherwise
it is called inner.

A boundary component of a subsurface is called an inner boundary component if it is an inner
curve, and an outer boundary component otherwise.

A neat subsurface Sy of S is called tight if §0 is a disk. Equivalently, Sy is a connected, planar,
neat subsurface of S with at most one inner boundary component.

A simple closed curve ¢ C S which is essential in S will be called S-essential.
We call a subsurface Sy of S an S-essential annulus if §0 is an essential annulus in S.

Two essential annuli in S are called parallel if their core circles are parallel in S.

3.2. Characteristic subsurfaces of S. For the rest of the paper we use € to denote either of
the signs {+}.

A map f of a path-connected space Y to S is called large if fu(71(Y)) contains a non-abelian
free group.

A map of pairs f: (Y, Z) — (X€,S5) is called essential if it is not homotopic, as a map of pairs,
toamap [ :(Y,Z) — (X¢,S) where f/(Y) CS.

An essential annulusin (X¢, S) is the image of an essential proper embedding (S x I, S'x9I) —

(X<, S).

An essential homotopy of length n in (M, S) of f:Y — S which starts on the e-side of S is a
homotopy

H: (Y x[a,a+n],Y x{a,a+1,...,a+n}) — (M,S5)
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such that
(1) H(y,a) = f(y) for cach y € Y
(2) HYS)=Y x{a,a+1,...,a+n};

i—1

(3) for each i € {1,2,...,n}, H|Y x [a+1i—1,a +1i] is an essential map in (X=D"" ¢ 3).

Let (X, @) C (X€,S) be the characteristic I-bundle pair of (X¢,S) [JS], [Jo]. We shall use 7,
to denote the free involution on ®¢ which interchanges the endpoints of the I-fibres of 3.

The union of the components P of 3¢ for which P N S is large is denoted by X{. Set
i=s
and
oI =%XINS
More generally, for j > 0 we define ®; C S to be the j-th characteristic subsurface with respect

to the pair (M, S) as defined in §5 of [BCSZ1]. We shall assume throughout the paper that @5
is neatly embedded in S. It is characterised up to ambient isotopy by the following property:

(%) a large function fy: Y — S admits an essential homotopy of length 7 which starts
on the e-side of S if and only if it is homotopic in S to a map with image in ]

See [BCSZ1, Proposition 5.2.8].
A compact connected 3-dimensional submanifold P of X€ is called neat if
(1) OP NS is a neat subsurface of S;
(2) each component of P \ S is an essential annulus in (X, S);
(3) some component of M N X€ is isotopic in (X€,S) into P, then it is contained in P.

A compact 3-dimensional submanifold P of X¢€ is called neat if each of its components has this
property.

Given a neat submanifold P of X€, we use P to denote the submanifold of X¢ obtained by
attaching to P those components H of X\ int(M) for which H N oM C P.

For convenience we describe some properties of the characteristic I-bundle pair (%€, ®¢) which
hold under the assumptions on F' listed in §2, even though their justification will only be
addressed in §4.

It follows from Proposition 4.9 that if ¢ and 7.(c) are two outer boundary components of ®,
then ®{ can be isotoped so that the annulus component in 9M N X bounded by ¢ and 7(c) is
contained in ¥{. We will therefore assume from §5 on that >{ is neatly embedded in S.

Let <I>§ denote the union of the components of @5 which contain some outer boundary com-
ponents. We will see in Proposition 4.4 that 7. preserves the set of outer, respectively inner,
essential simple closed curves in ®{. Hence, it restricts to a free involution on Cbi, which we
continue to denote 7.. Let Ei denote the corresponding I-bundle.
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Let é; be the neat subsurface in .S obtained from the union of <I>§ and a closed collar neighbour-
hood of 95\ 8@; in S\ ®%. It follows from the previous paragraph that there is an I-bundle
pair (X, @) properly embedded in (X€, S) where X{ is the union of ¥{ and closed collar neigh-
bourhoods of the annular components of M N X¢ cobounded by components of 9.5 \8@5 Thus
7o 1 ®§ — S extends to an involution 7, : &5 — &S.

A properly embedded annulus in (X€,S) is called vertical if it is a union of I-fibres of ii A
subsurface of ®¢ is called horizontal.

It follows from the defining property (x) of the surfaces <I>§ that if (X, 5) is an I-bundle pair,
then for each 7 > 0,

0D2j7q> ) (¢5}+17
((I);_j-',-l’ (I);j-i-l) = ((I);j+2’ (I);j'f‘2)

((1)2_]-1—2’(1)2_]—1—2) ( —((i);jJrl)’T_((i)%Jrl))

5511

Recall from [BCSZ1, Proposition 5.3.1] that for each € and j > 0 there is a homeomorphism

Jj+1 Jj+1

€. (HE deE (17T e &(=1)7" e
RS (CIDj,tI)j) — (<I>j ,<I>j )

obtained by concatenating alternately restrictions of 7. and 7—. These homeomorphisms satisfy
some useful properties:

h{ = e
5; 1 (D5, P5;) — (‘I’2g ,(I) )
51 ¢ (D941, <i>§j+1) — ( §j+1,®§j+1) is a free involution

Finally, consider two large subsurfaces Sy, S7 of S. Their large essential intersection is a large,
possibly empty, subsurface Sy A S1 of S characterised up to isotopy in S by the property:

( a large function f:Y — S is homotopic into both
So and Sy if and only if it is homotopic into Sy A Sy

See [BCSZ1, Proposition 4.2]. It follows from the defining property (x) of the surfaces (I>§ that

J+1e

€(dE 5~ B (—1)7e
(3.2.1) h5(P5p) = <1>§' Y Aq)l(f !

4. ESSENTIAL EMBEDDED ANNULI IN (X€,S)

The next two sections are devoted to exploring the restrictions forced on essential annuli in
(X, S) by our assumptions on F. These results will be applied in §7 to the study of the
structure of (IDIF and <i>1_.

Lemma 4.1. Let U be a submanifold of M () which is homeomorphic to a Seifert fibred space
over the disk with two cone points. If U contains a closed curve which is non-null homotopic
in M(f3), then either

(1) U is an incompressible torus in M(3), or
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(1) M(B)\ U is a solid torus and M (3) is a torus bundle over the circle which admits a Seifert
structure with base orbifold of the form S*(a,b,c) where % + % + % =1.

Proof. Suppose that U is compressible in M (/). Then it is compressible in M(5) \ U. The
surgery of the torus OU using a compressing disk produces a separating 2-sphere. Since M ()
is irreducible, this 2-sphere bounds a 3-ball B in M (). By hypothesis, U is not contained in
B. Thus M (B) \ U is a solid torus. As M(/3) is irreducible (Assumption 2.8) and a Dehn filling
of U, it is a Seifert fibred manifold over the 2-sphere with at most three cone points. But if
such manifold contains an incompressible torus, it is a torus bundle over the circle and admits

a Seifert structure of the type described in (ii). ¢

Lemma 4.2. Suppose that (A,0A) C (X€,S) is an embedded essential annulus. Let ¢y, co be
the two boundary components of A.

(1) c1 is essential in S if and only if co is essential in S.

(2) If 1 and co cobound an annulus E in §, then A is not parallel in X¢ to E. Furthermore E
is essential in S.

(3) If one of ¢1 and co is not essential in 3, then c¢1 and co bound disjoint disks Dy and Dy in
S such that |D1 NOM| = |Ds N OM]|.

Proof. (1) This follows from the incompressibility of S in X¢.

(2) Suppose otherwise that A is parallel to E in X¢. Since A is essential in X¢, ENdM is not
empty. But then we may consider £ as an annulus in F , and if we replace E in F by A, we
get a torus in M(f) which is incompressible (since it is isotopic to ﬁ) but has fewer than m
components of intersection with M. This contradicts Assumption 2.2.

Now we show that E is essential in S. Suppose otherwise. Then one of ¢; and ¢y, say cq,
bounds a disk D in S with interior disjoint from E. If A is non-separating in X¢ then AUE is
a non-separating Klein bottle or torus with compressing disk D with non-separating boundary.
Compression of AU FE along D yields a non-separating 2-sphere in X €, which is impossible since
X¢ is irreducible (Assumption 2.8). Thus A is separating in X¢ and therefore T = EU A is a
torus. Denote by Wy and W5 the two components of X cut open along A and assume that Wy
is the component whose boundary is 7. Assumption 2.8 shows that a regular neighborhood Y
of W1 UD in X¢ is a 3-ball. Hence the disk E U D is isotopic in Y to the disk AU D. So by
Assumption 2.2 we have |E'NOM| = 0. Therefore W7 is contained in X°€.

Since F' is not contained in a regular neighborhood of OM, T = 0W] is not parallel to OM.
The hyperbolicity of M then implies that T is compressible in M. Since F is essential, we
may assume that a compressing disk D, for 1" in M is contained in X°€. If the interior of D, is
disjoint from W7, then W7 is contained in a 3-ball in M contrary to the fact that ¢; is essential
in S. Thus D, € Wjy. The 2-sphere obtained by compressing 7" along D, bounds a 3-ball
contained in Wj. (Otherwise M would be contained in Wy C X*€.) Hence W is a solid torus.
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But A is not parallel to £/ in W;. Therefore Y is once-punctured lens space with non-trivial
fundamental group and not a 3-ball. This contradiction completes the proof of (2).

(3) By part (1) of this lemma, ¢; bounds a disk D; in S for each of i = 1,2. If Dy and D are
not disjoint, then one is contained in the other, say D1 C Dy. Thus ¢; and ¢o bound an annulus
E in D,. This contradicts part (2) of this theorem.

So Dy and Dy are disjoint. Let d; = |D; N OM]|, i = 1,2. Suppose otherwise that di # da, say
dy < ds. Since X€is irreducible, A U D1 U Dy bounds a 3-ball B in X¢ with the interior of B
disjoint from S. Then it is not hard to see that the disk Dy can be isotoped rel its boundary in
B to have at most dy intersection components with M. This implies that the incompressible
torus F can be isotoped in M (3) to have less than m intersection components with M, which
again contradicts our minimality assumption on m = [0F|. ¢

A root torus in (X€,S) is a solid torus © C X such that © NS is an incompressible annulus
in 0O whose winding number in © is at least 2 in absolute value. For instance, a regular
neighbourhood of an embedded Mé&bius band (B,0B) C (X€,S) is a root torus. Note that for
such a ©, 00 \ (O N F) is an essential annulus in (X€, F).

Lemma 4.2(2) yields the following lemma.

Proposition 4.3. If © is a root torus in (X€,S), then © NS is an essential annulus in S. In
particular, the boundary of a Mdbius band properly embedded in X°€ is essential in S. <

Proposition 4.4. A simple closed curve ¢ C (fi is inner, respectively outer, if and only if T¢(c)
1s inner, respectively outer. In particular, the image by T of a tight subsurface of Cfi is a tight
subsurface of Cfi

Proof. Suppose that ¢ is inner. It suffices to see that 7.(c) is inner as well. If ¢ is §—essential,
so0 is 7¢(c) since they cobound a singular annulus. Thus 7¢(c) is inner. Otherwise, ¢ bounds a
disk D in S containing at least two components of 9S. If ¢ cobounds an annulus with 7(c)
in X¢, for instance if ¢ is contained in a product bundle component of ii, then Lemma 4.2(3)
shows that 7.(c) is inner. In general, let ¢ be the component of i)i which contains ¢ and X the
component of i‘,i which contains ¢. Each boundary component of ¢ cobounds a vertical annulus
in 3 with its image under ¢, so if ¢ is boundary-parallel in ¢, we are done. On the other hand,
if it is not boundary-parallel in ¢, 7.(c) is not boundary-parallel in 7.(¢) and therefore cannot
be boundary-parallel in S. Thus 7.(c) is inner. ¢

Proposition 4.5. If ¢ is a tight component of (i>§j+1, then h§j+1(¢) No=0.

Proof. If hy; ,(¢) N ¢ # 0, then hj, ., (#) = ¢. Hence as h§;,y = gj o7 o0 gj_l where g; =
T(—1)7e O T(—1)i~1¢ O+ - - 0 T—¢, We have 7.(¢) = ¢’ where ¢' is the the tight subsurface g;(¢) of oS,
It follows from Proposition 4.4 that if ¢ is the inner boundary component of ¢’ then 7.(c) = c.
Thus ¢ bounds a M&bius band properly embedded in X¢. But then Proposition 4.3 implies that
¢ is S-essential, contrary to the tightness of ¢'. Thus hsi(@)No=0. ¢
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Proposition 4.6. Let P be a component of ¥ and suppose that c is an inner boundary com-
ponent of P NS which is inessential in S. Let D C S be the disk with boundary ¢ and sup-
pose that the component of P NS containing c is disjoint from int(D). Then PN D = ¢
and if H is the component of Xe \ P which contains D and A is the annulus P N H, then
(H,A) = (D? x I,(0D?) x I). In particular, the I-bundle structure on P extends over P U H.

Proof. Lemma 4.2(3) implies that there is a disk D’ C S disjoint from D such that 9D’ = 7.(c).
Thus PN D = ¢. Note that A = ¢U 7.(¢). Then DU AU D’ is a 2-sphere which bounds a
3-ball B C X°€ such that BN P = A. The desired conclusions follow from this. <

Lemma 4.7. Suppose that (A,0A) C (X€,S) is a non-separating essential annulus with bound-
ary components ci,co. Then ¢1 and co are essential in S. Further, either

(i) S =F, X~ is a twisted I-bundle, and OA splits F into two annuli E1, Ey such that |E; N
OM| =m/2 and AU Ej is a Klein bottle for j =1,2; or

(11) S = F1 U Fy has two components where ¢; is contained in F;.

Proof. The components of JA are either both inessential in S or both essential (Lemma 4.2(1)).
In the former case, Lemma 4.2(3) implies that there are disjoint disks Dy, Dy in S such that
c; = 0D;. Then Dy U AU Dy is a 2-sphere in the irreducible manifold X €, which therefore
bounds a 3-ball. This is impossible since A in non-separating. Thus the components of A are
essential in S.

If conclusion (ii) does not hold, there is a component Sy of S such that A splits §0 into
two annuli: §0 = Ey Uga E5. We assume, without loss of generality, that |Ey N 9M| < m/2.
Since E; U A is non-separating and intersects OM in fewer than m components, £y U A is a
Klein bottle. A regular neighbourhood U of Fy U A is a twisted I-bundle over E; U A and
contains a loop which is not null-homotopic in M. Since S is isotopic into M(B) \ U, the
latter cannot be a solid torus. Thus Lemma 4.1 implies that OU is an incompressible torus
in M(B). Hence m < |0U NOM| = 2|(E1 UA) NOM| = 2|E; N OM| < m. It follows that
|E1 N OM| = |E; NOM| = m/2 and [0U N OM| = m. In particular, (£ U A) N M is an -
punctured Klein bottle properly embedded in M with twisted I-bundle neighbourhood U N M.
Assumptions 2.3 and 2.5 then imply that S = F and X~ is a twisted I-bundle. Hence situation
(i) holds. ¢

Lemma 4.8. Suppose that (Aj,04;) (j = 1,2) are disjoint essential annuli contained in
(X<, 8). If a boundary component ¢1 of Ay cobounds an annulus E C S with a boundary
component co of Ay and ¢y is S-inessential, then A; is isotopic to As in X°€.

Proof. Let 0A; = ¢;Uc; (j = 1,2). We can suppose that c; bounds a disk D; in S (1=12)
such that Dy = Dy U E. According to Lemma 4.2(3), ¢; bounds a disk D’ in S such that
D;NDj; =10 (j=1,2). Since M(B) is irreducible, the 2-sphere Il = Dy U Ay U D bounds a
3-ball By C X°¢.
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Since ¢; C int(Dy) and int(A;) is disjoint from Ils, Ay is contained in By. If D] N Dy # 0,
then D] C int(E) C S. But this is impossible as ¢} is essential in S. Thus D] C int(D}) and
therefore ¢} and ¢, cobound an annulus E' C D} C S. It then follows from Lemma 4.2(3) that
E' C8S.

The torus T = EU A; U E' U Ay C X€ is not boundary-parallel in the hyperbolic manifold M,
so must compress in X€¢. It cannot be contained in a 3-ball in M since 0A; is essential in S.
Hence it bounds a solid torus © in X€. Proposition 4.3 shows that © is not a root torus, so Ay
must be parallel to Ay in X¢. &

Proposition 4.9. Let (A,0A) be an essential annulus in (X, S) such that a component ¢ of
DA cobounds an annulus E C S with a component ¢ of dS. Then (A,0A) is isotopic in (X€,S)
to a component of OM N X°€.

Proof. Let A’ be the component of 9M NX¢ which contains ¢. Then A’ is a properly embedded
essential annulus in (X€,S). Since ¢ is inessential in S, Lemma 4.8 implies that A is isotopic
to A" in X¢. ¢

As mentioned in §3.2, this corollary allows us to assume that X is neatly embedded in X°.

Lemma 4.10. Let ¢1 and ¢o be components of @5, possibly equal, and suppose that there are a
component ¢ of 0¢1, a component ca of Opa, and an annulus E C S\ ®f such that OF = c¢1Ucs.
Then E is essential in S.

Proof. There are I-bundles ¥; C X€ such that ¢; C 3; NS is a component of the associated
S%bundle (j = 1,2). Let (Aj,04;) C (X, S) be the essential annulus in the frontier of ¥; in
X which contains ¢; (j =1, 2).

If Ay = As, then A1 U FE is a torus in X¢ C M and so is either contained in a 3-ball in X€ or
bounds a solid torus ® C X°€. Since ¢; is essential in S, the latter must occur, and since Aj is
an essential annulus in (X¢,S), the winding number of F in O is at least 2. Thus © is a root
torus of the type described. Proposition 4.3 now implies that F is essential in S.

Next suppose that A; # Az, so these two annuli are disjoint. Note that they cannot be
parallel as otherwise the I-bundle structures on ; and 5 can be extended across an embedded
(ExI,E x0I) C (X¢,S), which contradicts the defining properties of ®{. Hence Lemma 4.8
implies that F is essential in 5. ¢

Proposition 4.11. Let ¢1 and ¢o be components of (i>§, possibly equal, and suppose that there

are a component ¢1 of Op1, a component co of Opa, and an annulus E C S\é; such that
OF = c1 Ucy. Then E is essential in S.

Proof. As ®§ = S, there is an integer k£ such that 1 < k£ < j and F is contained in (i)i—1 but
not in &D; Then ¢ U ¢y C (i; - (fi Further, as F is not contained in &Je, there must be inner
boundary component of <i>2, call it ¢y, contained in F. If there is an arc a in £ N éi connecting
c1 and ¢g, then ¢y C (F'\ a) and therefore ¢ is contained in a disk in £ C S, which contradicts
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the essentiality of the inner components of 8@2 in S. Hence (E,0F) C (é;_l \ é;,@é;)
When k = 1 set Ey = E and when k > 1 set Ey = (Hi-gz_llT(_l)k—i—lg)(E) so that (Ey, 0Ep) C

T o (—1)FT¢ —1)k—1¢ . q . .
(S'\ <I>§ ne ,a<1>§ DA ). By Lemma 4.10, Ej is S-essential, and therefore F is as well. ¢
5. PAIRS OF EMBEDDED ESSENTIAL ANNULI IN (M, S)

In this section we consider pairs of essential annuli lying on either side of S in M.

Lemma 5.1. Suppose that S = F and that there are embedded, separating, essential annuli
(AT,0AT) C (X*,F) and (A=,0A7) C (X, F) such that AT and DA~ are four parallel

~

essential mutually disjoint curves in F. Then
(1) OAC does not separate A~ in F.

(2) Let E be an annulus in F bounded by a component of 0A™ and a component DA™, with the
interior of E disjoint from AT U A~. Then |[ENOM|=m/2.

Proof. For each ¢, the boundary 0A¢ of A€ separates F into two parallel essential annuli, F{
and E5, in F.

In order to prove the first assertion of the lemma, assume that JA¢ separates 0A™¢ in F , that
is, 0A~ is not contained in E; or E;. Then ]E;’ NOA~| =1 for j = 1,2. Hence A~ splits E;
and E; into four annuli, which we denote by Ay, Ay, A3, A4 with A1 = EfﬂEl_, Ay = EfﬂEz_,
Ag = E; NE;, Ay = E;r NE; . Note that Ay, ..., A4 are four parallel essential annuli in F with
disjoint interiors and with A; U...U A4 = F.

Suppose that |A; N dM| > 0. Then the torus AT U E; bounds a solid torus V' in X+
(since it intersects OM in fewer than m components) such that AT is not parallel to E in
VT (Lemma 4.2). Similarly the torus A~ U E; bounds a solid torus V~ in X~ such that A~
is not parallel to E; in V=. Hence U = VT Uy, V™ is a submanifold of M(8) which is a
Seifert fibred space over the disk with two cone points. Also a core circle of As is non-null
homotopic in M (). If U compresses in M (3), then Lemma 4.1 implies that V = M(5) \ U
is a solid torus. Hence A; is d-parallel in V' and therefore is isotopic to either AT U Ay or
to A U Ay in V, contrary to construction. Thus QU is an incompressible torus in M(j).
But OU = Ay U AT U A4 U A~ intersects OM in fewer than m components, which contradicts
Assumption 2.2. Thus |A; N OM| = 0, and similarly |A; N 9M| = 0 for j = 2,3,4, which is
impossible. This proves (1).

Next we prove the lemma’s second assertion. By (1), we can suppose that A~ is contained
in Ef or B, say, Ef". Then we may assume that E; is contained in Ej and that EJ is
contained in F, . Let E, E, be the two annulus components of £ N Ef’ . We need to show that
|[ENOM|=|E,NOM|=m/2.

First we show that |[E] NOM| = |E; NOM| = 0. Suppose otherwise that |E; NdM| # 0, say.
Then the torus A* U E; bounds a solid torus V* in X* such that AT is not parallel to E in
VT, and the torus A~ U E; bounds a solid torus V'~ in X~ such that A~ is not parallel to E;
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in V=. Hence U = V1 U B V'~ is a submanifold of M (f) which is a Seifert fibred space over
the disk with two cone points. Also the center circle of Fs is non-null homotopic in M (53). As
in the proof of assertion (1), we can use Lemma 4.1 to see that QU is an incompressible torus in
M(B). But 0U = A~ UEU AT U E, intersects OM in fewer than m components, contradicting
Assumption 2.2. Thus |E] NOM| = 0 and a similar argument yields |Ey N OM| = 0. Hence
OF CEUE,.

Next we prove |E N OM| = |E, N OM| = m/2. Suppose otherwise, say |[E NIM| < m/2 and
|E, N OM| > m/2. By the previous paragraph, the torus AT U E5 bounds a solid torus V' in
X+ such that A% is not parallel to Ef in VT, and the torus A~ U E; bounds a solid torus
V= in X~ such that A~ is not parallel to £; in V7. Hence a regular neighborhood U of
VYUFEUV™ in M(B) is a submanifold of M(3) which is a Seifert fibred space over the disk
with two cone points, and the core circle of F/, which is contained in U, is non-null homotopic in
M(B). As above, Lemma 4.1 implies that OU is incompressible in M (/3). But by construction,
|OU N OM| < m, contradicting Assumption 2.2. Thus |E N OM| = |E, N OM| = m/2, which
completes the proof of the lemma. <

Proposition 5.2. Suppose that S = F and that there are embedded, separating, essential
annuli (AT, 0A") C (XT,F) and (A=,0A7) C (X, F) such that OA" and DA~ are four

parallel essential mutually disjoint curves in F'. Then no component of DA™ is isotopic in F to
a component of 0A™.

Proof. Otherwise we may isotope A€ in X€, so that AT and A~ remain disjoint but A™
separates A~ in F. This is impossible by Lemma 5.1. <

Proposition 5.3. Suppose that S = F' and that there is an embedded Mobius band (B,0B) C
(X, F). Then OB cannot be isotopic in F to a boundary component of an embedded, separating,
essential annulus (A,0A) C (X~ F).

Proof. Suppose otherwise. By Proposition 4.3, 0B is essential in F. Let P be a regular
neighborhood of B in X¢. Then the frontier A, of P in X°¢ is an essential annulus in X°¢. Also
dA and OA, are essential curves in F' which can be assumed to be mutually disjoint since 0B
is isotopic in F' to a component of 0A and each component of A, is isotopic to OB in F'. But
such a situation is impossible by Proposition 5.2. <

Lemma 5.4. Suppose that S = F and that there are disjoint embedded, essential annuli
(AT,0AT) C (X1, F) and (A=,0A7) C (X, F) such that A" is separating, A~ is non-
separating, and OAT and OA™ are four parallel essential mutually disjoint curves in F which
split it into four annuli Ey, Es, E5, Ey where E; N E;xq # 0 for all i (mod 4).

(1) Suppose that DA™ does not separate DA™ in F and that the annuli E; are numbered so that
JAT = 0F1 and DA~ = OF3. Then |E; NOF| = 0.

(2) Suppose that DA™ separates A~ in F and that the annuli E; are numbered so that the
components of AT are EyNEy and E3NEy. Then |E1NOF| = |[E4NOF|,|E;NOF| = |E3NOF],
and |E1 NOF| + |E; NOF| = m/2.
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Proof. The proof is based on Lemma 4.7. Since we have assumed that S = F, conclusion (i)
of this lemma holds.

Assume first that A+ does not separate A~ in F. Then Lemma 4.7 implies that |E5 NOF| =
|[Ey NOF| + |[E; N OF| + |[E4 N OF| = m/2. Since AT U Ey U A~ U Ey is a Klein bottle,
|E; NOF| + |E4NOF| > m/2 and therefore |E1 N OF| = 0.

Next assume that OAT separates dA~ in F. A tubular neighbourhood U of the Klein bottle
AT UE; UA™ UE;3 is a twisted I-bundle over the Klein bottle, and as no Dehn filling of
U is toroidal, the torus OU must be incompressible in M (5) (cf. Assumption 2.8). Hence
m < |OUNOM| < 2(|E1NOF|+|E3sNOF|) and therefore |EyNOF|+|E3sNOF| > m/2. Similarly,
consideration of the Klein bottle AT UF2UA™U Ey shows that |[EoNIF|+|E4NOF| > m/2. On
the other hand, Lemma 4.7 implies that |[E1 NOF| + |[E2 NOF| = |E3sNOF| + |E4NOF| = m/2,
from which we deduce the desired conclusion. <

6. THE DEPENDENCE OF THE NUMBER OF TIGHT COMPONENTS OF (i)j ON 7

Let 7 be the union of the tight components of (i; and set
=175

If j is odd, the free involution h; : <i>§ — (i; preserves ’7}6 but none of its components (cf.

Proposition 4.5). Thus t5 is even for j odd. Further, as ij = <i>]_e for j even, t;‘k = t,, for all k.

Lemma 6.1. Suppose that C C (S\ (f;) is an essential simple closed curve which bounds a
disk D C S. Then D contains a tight component of <f>; Further, if C' is not isotopic in S into
the boundary of a tight component of (i; (i.e. DN S is not isotopic in S to a tight component

of ij ), then D contains at least two tight components of ij

Proof. Since C' is essential, D contains at least one boundary component of S and hence
at least one component of <i>; Amongst all the inner boundary components of (i; which are
contained in D, choose one, C say, which is innermost in D. It is easy to see that this circle is
the inner boundary component of a tight component ¢; of ij This proves the first assertion
of the lemma.

Next suppose that C' is not isotopic in S into the boundary of a tight component of é; Then
C and C7 do not cobound an annulus in D N .S, so there is a component of 05 contained in
D\ ¢1. Hence if ¢1,¢a,..., ¢, are the components of @; contained in D N S, then n > 2. If

—

every inner boundary component of ¢o U ¢3 U ... U ¢, is essential in the annulus D \ ¢1, some
such boundary component cobounds an annulus £ C S with C;. Without loss of generality we
may suppose OF = C1 U Cy where Cy C 0¢o. But this is impossible as Proposition 4.11 would
then imply that E is essential in S. Hence some inner boundary component of ¢poUp3U...Udp,
bounds a subdisk D’ of D which is disjoint from ¢, the argument of the first paragraph of this
proof shows that D contains another tight component of <i>;, so we are done.
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An immediate consequence of the lemma is the following corollary.
Corollary 6.2.

(1) If (i; has a component ¢ which is contained in a disk D C §, then either ¢ is tight or D

contains at least two tight components of é;
2)(a) If ¢g is a tight component o <f>ﬁ-, there is a tight component ¢1 o ®< . contained in Dp.
J Jj+1

(b) If ¢1 is not isotopic to ¢g in S, there are at least two tight components of Ci>§-+1 contained
in ¢gg. O

Proposition 6.3.

(D(a) t§ < t5,4 with equality if and only if T is isotopic to T, in S.
(b) 15 < 5

(2) If 0 < t§ =155, then t5 = [0S, so T} is a regular neighbourhood of 0S.

Proof. Part (1)(a) follows immediately from Corollary 6.2. For part (1)(b), note that if j is

odd then ¢ <5, = tj_jl, while if j is even, ¢ = tj_6 < tj_jl.

Next we prove part (2). Suppose that 0 < t5 =15, 5. Then Lemma 6.1 implies that up to isotopy,
TS = Tfe We claim tlgat (T_ETEU) (Tfp2) = T, at least up to isoto;u)y fixed on 0S. To see this,
first note that (7_.7¢)( §+2) C @f. Fix a tight component ¢ of ®% and let ¢1,¢2,..., ¢, be
the components of (i);'+2 such that for each i = 1,2,...,n, ¢, = (7_c7¢)(¢s) C ¢o. Since each
component of S N ¢g is contained in some ¢}, the argument of the first paragraph of the
proof of Lemma 6.1 shows that at least one of the ¢}, or equivalently ¢;, is tight. Since ¢ is
an arbitrary tight component of ij and t§ = t5 5, it follows that (7_¢7)(755) € 7; and each
component of 7 contains a unique component of (7_¢7)(7,5). Note as well that as T = T/,
we have [0S N TS| = [0S N Tfo| = [0S N (7—e7e) (TS5 2)|s s0 if ¢1 is a tight component of Tf,,
and ¢g the tight component of 7 containing ¢} = (7—¢7e)(#1), then [0S N ¢} = [0S N ¢o|.
But then as ¢¢ and ¢} are tight, ¢} is isotopic to ¢¢ by an isotopy fixed on 9S. Hence we
can assume that (7—57'5)(7312) = T, or in other words, (7_¢7)(7F) = T;. It follows that
(T_ETe)k('];e)u = T; € @5, and so 7 C @5, for all k. But since F' is neither a fibre nor a
semi-fibre, ®% . o), 1s a regular neighbourhood of 98 for large k (cf. [BCSZ1, proof of Theorem
5.4.1]). Thus 7 is a union of annuli.

The boundary components of S can be numbered b1, ba, .. ., bjgs| so that they arise successively
around OM and (7_¢7¢)(bi) = b;y(—1)i2, where the indices are considered (mod [9S]). Hence
as (7'_57'6)(73-6) = (7=t )(Tf2) = T, 0T N OS is the union of either all even-indexed b;, or
all odd-indexed b;, or all the b; (recall that we have assumed 5 > 0). In particular, for either
all even ¢ or all odd ¢, the component of ®; containing b; is an annulus. If j is odd, we have
a free involution h§ : ®5 — @4 which the reader will verify preserves 7}6 and exchanges the
even-indexed b; with the odd-indexed b;. Hence for any i, the component of <I>§ containing b; is

an annulus. Thus 5 = m, so 7 is a regular neighbourhood of 95.
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Next suppose that j is even. After possibly adding 1 (mod |0S|) to the indices of the labels
of the components of 95, we can assume that 87}6 N 05 contains the union of all even-indexed
b;. Then as é;ﬁl = T_E((i);- ABTE) D T_e(Tf A $7°), the component of T; 47 containing an
odd-indexed b; is an annulus. Consideration of the free involution hj_jl : <I>j_j1 — <I>j_j1 shows
that the same is true for the even-indexed b;. Thus m = tj_jl < t;» 4o = t;-. It follows that 7}5 is
a regular neighbourhood of 95. ¢

Corollary 6.4.

(1) If some non-tight component of Cfi has an S-inessential inner boundary component, then
t > 4.

(2) If genus((fi) =1 but (fi # S, then t{ > 4.

Proof. Let ¢ be a non-tight component of Cfi and ¢ an S-inessential inner boundary component
of ¢. Let D C S be the disk with boundary c¢. Lemma 6.1 implies that D contains a tight
component ¢g. By Lemma 4.10, ¢ is not isotopic in S into the boundary of ¢g, so D contains
at least two tight components (Lemma 6.1). It follows from Lemma 4.2(3) that 7.(c) bounds
a disk D' C S disjoint from D and as above, D’ contains at least two tight components of @i
Thus t{ > 4, which proves (1).

Next suppose that genus(ff)i) = 1 but Cfi # S. Then there is a component ¢ # S of éi of
genus 1. In particular, ¢ is not tight. Since ¢ # S, it has inner boundary components. Since
genus(¢) = 1, each such inner boundary component is S-inessential. Hence part (2) of the
corollary follows from part (1). <

7. THE STRUCTURE OF <i>§ AND THE TOPOLOGY OF X°

In this section we study how the existence of a component ¢ of <I>i such that QAS contains an
S-essential annulus constrains <I>§ and the topology of X¢. The following construction will be
useful to our analysis.

Let P be a component of 3. For each S-inessential inner component of ¢ of PNS let D, C S be
the disk with boundary ¢ and suppose that the component of PN S containing c is disjoint from
int(D.). The component H,. of Xe \ P containing c satisfies (H., H.N P) = (D? x I,(0D?) x I)
(cf. Proposition 4.6). Let

(7.0.1) Qp = P U (U.H,)

where ¢ ranges over all S-inessential inner components of PN S such that PN int(D.) = 0. The
I-fibre structure on P extends over Q)p.

We prove the following results.
Proposition 7.1. Suppose that F' is separating in M, so S = F is connected.

(1) There is at most one component P of ¥ such that PNF contains an F-essential annulus.
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(2) There is exactly one such component if ¥ contains a twisted I-bundle.

(3) Suppose that P is a component of Ei such that PN F contains an F-essential annulus.
Then X€ admits a Seifert structure and if

(a) genus(m’) =1, then X€ is a twisted I-bundle over the Klein bottle.

(b) genus(P/ﬂ\F ) =0, then an F-essential annulus in P N F is vertical in the Seifert structure
and Qp splits X€ into a union of solid tori. Moreover, if

(1) P is a twisted I-bundle, then X¢ has base orbifold a disk with two cone points, at
least one of which has order 2.

(i) P is a product I-bundle and Qp separates XE, then X€ has base orbifold a disk with
two cone points.

(#i1) P is a product I-bundle and Qp does not separate )?E, then X~ is a twisted I-bundle
and X€ has base orbifold a Mobius band with at most one cone point.

Proposition 7.2. Suppose that F' is non-separating in M, so S = F| U Fy is not connected.

(1) Ef is a (possibly empty) product bundle and for each j = 1,2 and component P of X7,
genus(P N F;) = 0.

(2) If P is a component of Zf such that PNS C PN F; for some j, then Jfﬁ\F] contains no
S-essential annulus.

(3) Ift;r =0, then Ef has exactly one component P and for each j = 1,2, P/O\F] s an annulus
which is essential in Fj. Further, X+ admits a Seifert structure with base orbifold an annulus
with exactly one cone point.

We consider the cases S connected and S disconnected separately.

7.1. S is connected. In this subsection we prove Proposition 7.1.

Lemma 7.3. Suppose that F' is separating in M and (A,0A) C (X, F) is an essential sepa-
rating annulus whose boundary separates F into two annuli By and Es. If |E4 NOM| < m then
AU Eq bounds a solid torus in X€ in which A has winding number at least 2. Hence if either

(a) |[E1NOM| <m and |Es NOM| < m; or
(b) |[Ey NOM| =m and Ey U A bounds a solid torus in X,

then A splits X¢ into two solid tori in each of which A has winding number at least 2. In
particular, X¢ admits a Seifert structure with base orbifold a disk with two cone points in which
A is vertical.

Proof. If |[E1NOM| < m, then AUE) is a torus which compresses in M () but is not contained
in a 3-ball. Hence it bounds a solid torus V' which is necessarily contained in X¢. Lemma 4.2(2)
shows that A has winding number at least 2 in V. It follows that if condition (a) holds, X¢
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admits a Seifert structure with base orbifold a 2-disk with two cone points. Note that A is
vertical in this structure and splits X€ into two solid tori. A similar argument yields the same
conclusion under condition (b). ¢

Proof of part (3) of Proposition 7.1. First suppose that genus(P/F_W\F ) = 1. Then P is
necessarily a twisted I-bundle and ¢ = PN F is connected. Further, each inner boundary
component of P N F' is inessential in F. Thus X¢ = Qp is a twisted I-bundle over the Klein
bottle. Hence part (3)(a) of Proposition 7.1 holds.

Next suppose that genus(P/ﬁ\F ) =0 and ¢ is a component of PN F. Then ¢ has two inner
boundary components, ¢1, co say, which are F-essential. Any other inner boundary component
¢ of ¢ is inessential in F so Qp is either a twisted I-bundle over a Md&bius band or product
I-bundle over an annulus.

Let Ay, Ay be the vertical annuli in the frontier of P, possibly equal, that contain ¢y, co respec-
tively There are three cases to consider.

Case 1. P is a twisted I-bundle.

In this case, A1 = Ay and @Qp is a twisted I-bundle over a Mobius band. In particular Qp is
a solid torus in which a core of ¢ has winding number 2. Lemma 7.3 shows that Proposition
7.1(3)(b)(i) holds.

Case 2. P is a product I-bundle and Q) p separates X°€.

Then Ay # As where Aq is separating in X€ and @) p is a product /-bundle over an annulus. Let
V and W be the components of the exterior of QQp in X¢ and define FEq, E5 to be the F-essential
annuli V N F,W N F. Since |PNOF| > 0, we have |E;, N 9F| < m and |Ey N 9F| < m. Then
Lemma 7.3 implies that both V' and W are solid tori and therefore that Proposition 7.1(3)(b)(ii)
holds.

Case 3. P is a product I-bundle and Qp does not separate X¢.

Here Ay # Ay where A; is non-separating and X~ is a twisted I-bundle by Lemma 4.7. Also
the boundary of the complement of the interior of Qp in X€ is a torus which intersects OM in
fewer than m components but is not contained in any 3-ball in M (). Thus it bounds a solid
torus V in X¢, from which we can see that Proposition 7.1(3)(b)(iii) holds. ¢

Proof of parts (1) and (2) of Proposition 7.1. If X{ contains a twisted I-bundle P, then
P contains a subbundle homeomorphic to a Mébius band. Proposition 4.3 then shows that
PN F contains an F-essential annulus. Thus part (1) implies part (2). We prove part (1) by

contradiction.

Suppose that Ei has at least two components P;, P> such that PT_D\F contains an F-essential
annulus for i = 1,2. Let ¢; = P; N F be the horizontal boundary of P; (i = 1,2). Clearly, both
¢1 and ¢o have genus 0. Since each properly embedded incompressible annulus in a solid torus
is separating, Proposition 7.1(3), which we proved above, implies that both Qp, and Qp, are
separating in X¢ and split it into a union of solid tori. We have three cases to consider.
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Case 1. ¢; is connected for i = 1, 2.

Then @Qp, is a twisted /-bundle over a Mobius band whose frontier in X¢ is an essential annulus
A; in X which is not parallel to the annulus ¢; = Qp, NFin Qp,. Let £y, Ey be the components
of the closure of the complement of 1 U in F. Then the torus E1 U A1 U Ey U Ay bounds
a solid torus V in X€ in which Aj is not parallel to Ay. Therefore U = V U ]31 satisfies the
hypotheses of Lemma 4.1. Since Fis isotopic into M () \ U, the latter cannot be a solid torus.
Thus OU = 1)1 U E1 U Ay U Ejs is incompressible in M (/3). But this torus intersects M in fewer
than m components, which contradicts Assumption 2.2.

Case 2. ¢ is connected but ¢9 is not.

Then Q) p, is a twisted I-bundle over a Mdbius band and the frontier of Q) p, in X¢ is an essential
annulus A; € X¢ which is not parallel to the annulus ¢¥; = Qp, N Fin Qp,. Further, ¢ has
two components, ¢a1, ¢22 say, and P» is a product I-bundle over ¢9;. The frontier of @p, is a
pair of essential annuli Ag;, Ass € X¢. We noted above that Qp, is separating in X¢, and so
the same is true for Ay and Ass.

We may suppose that As; is adjacent to A;. That is, dA; U dAs; cobounds the union of two
disjoint annuli F, Fy C F whose interiors are disjoint from ¢1,¢s. Then the torus A; U £y U
Ao U Ey bounds a solid torus V in X¢ such that A1 is not parallel to As; in V. Therefore
U=VUuU ﬁl is a submanifold of M (3) satisfying the hypotheses of Lemma 4.1. As in case 1,
this lemma implies that OU = ¢y U E1 U Ag; U F5 is incompressible in M(8). But this torus
intersects OM in fewer than m components, contrary to Assumption 2.2.

Case 3. Neither ¢; nor ¢ is connected.

The frontier of @p, in X€is a pair of annuli A;1, A;o contained in X¢. We may assume that
0A1s and 0As; cobound two annuli £y, Es in F whose interiors are disjoint from ¢ U ¢o. The
torus A9 U Ey U Ag1 U Ey bounds a solid torus V in X€ in which Ao is not parallel to Ao;.
Let E, be the annulus in F with OE, = 941, and whose interior is disjoint from ¢1 U ¢2. The
torus A;1 U E, bounds a solid torus V, in X¢ in which Aqq is not parallel to E,. Therefore
U=V,UQp, UV is a submanifold of M(() satisfying the hypotheses of Lemma 4.1 and as
above, this lemma implies that U = E, U (Qp, N ﬁ) UE; UEyU Ay is incompressible in M (3).
But this is impossible as [0U NOM| < m. &

We can refine Proposition 7.1 somewhat in the absence of tight components of Cfi

Lemma 7.4. If X5 = 0, then t§ = |9S).

Proof. If Ei is empty, then so is <I>i and therefore éi is a collar on 05, so t{ =19S|. ¢

Proposition 7.5. When F' is separating and t{ = 0, then Zi has a unique component P and
either P = X¢ or each component of <I>§ = P N F completes to an essential annulus in F.
Further, the base orbifold of the Seifert structure on X€¢ described in Proposition 7.1 has

(1) no cone points of order 2 if P is a product I-bundle,
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(2) one cone point of order 2 if P is a twisted I-bundle and ® # F,

(3) two cone points of order 2 if P = X¢, i.e. X€ is a twisted I-bundle so e = —.

Proof. Since t{ = 0, ¥ has at least one component (Lemma 7.4) and each inner boundary
component of <I>i is F-essential (Corollary 6.4). Proposition 7.1 then shows that Ei has exactly
one component. Call it P. Proposition 7.1 also shows that either P = X or X¢\ P is a union
of solid tori. Since the I-bundle structure on P does not extend over these solid tori, the result
follows. <&

Corollary 7.6. If F' is separating and tf = 0, the base orbifold of the Seifert structure on X+
described in Proposition 7.1 is D?(a,b) where (a,b) # (2,2). Further, M(j3) is not a union of
two twisted I-bundles over the Klein bottle.

Proof. The first assertion follows from part (3) of the previous proposition. Suppose that
M (3) is a union of two twisted I-bundles over the Klein bottle along their common boundary
T. Then T is not isotopic to F by the first assertion. Hence as T splits M (/) into two atoroidal
Seifert manifolds, M () must be Seifert. If Fis horizontal, it splits M () into two twisted I-
bundles, necessarily over the Klein bottle, which contradicts Assumption 2.6. Thus it is vertical
and T is horizontal. It follows that the base orbifold B of M(f) is Euclidean. Further, B is
non-orientable as T separates. Thus B is either a Klein bottle or P?(2,2). In either case F
splits M () into the union of two twisted I-bundles over the Klein bottle, contrary to the first
assertion of the corollary. This completes the proof. <

7.2. S is not connected. In this subsection we prove Proposition 7.2. It will follow from the
four lemmas below.

Lemma 7.7. When F is non-separating, Zf is a (possibly empty) product I-bundle.

Proof. Suppose that <I>f' has a 7 -invariant component, ¢ say. Then there is a Mobius band
(B,0B) C (X, ¢). According to Proposition 4.3, B is essential in S. Our hypotheses imply
that ¢/74 contains a once-punctured Mobius band. Its inverse image in Sis a T-invariant
twice-punctured annulus ¢g C ¢ such that 50 is essential in S. Without loss of generality we
can suppose that QASO C 131.

Now ¢g has at least two outer boundary components and two inner ones. We denote the
latter by ¢1,ca. By construction co = 74 (¢1) and ¢; and ¢y cobound an essential annulus A
in (X*,F). Note that £ = F \ ¢o is an annulus and A U E a non-separating torus in M(5)
which intersects OM in fewer than m components. Hence it is compressible. But then M (/5)

contains a non-separating 2-sphere, which is impossible by Assumption 2.8. Thus there is no
T4-invariant component of @f‘ &

Lemma 7.8. Suppose F' is non-separating. Let P be a component of Zf and let ¢1,¢p2 C S be
the two horizontal boundary components of P. If ¢1 contains an S-essential annulus, then ¢
and ¢9 are contained in different components of S.
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Proof. Suppose that both <;51 and ¢9 are contained in Fi, say. Choose a neat subsurface ¢
of ¢1 such that ¢1 0 1s an S-essential annulus and |10 NOM| > 0. Set g2 = 74(¢p1,0). Then
<;51 o and <;52 o are disjoint essential annuli in F. The frontier of P in X is a set of two essential
annuli in (X, F)), which we denote by A; and As. According to Lemma 4.7, each A; is
separating in X . For i = 1,2, dA; bounds an annulus E; in F\l whose interior is disjoint from

¢1,0 U d20.

The annulus A; splits X+ into two components, which we denote by W; and Wy. We may
suppose that the torus A; U F; is a boundary component of W;. Now ﬁg C OW; for some 4, and
in this case A; U E; is a non-separating torus in M () whose intersection with M has fewer
than m components, contrary to Assumption 2.2. Thus the conclusion of the lemma holds. ¢

Lemma 7.9. If there is a component P of 1 and j € {1,2} such that |P N Fj| = 2, then
t >4

Proof. Without loss of generality, we can suppose that j = 1. Lemma 7.8 implies that no
component ¢ of PN F} contains an S-essential annulus. Thus there is a disk in Fy containing ¢
and this disk must contain a tight component of <I>§. The same is true for the other component
of PN Fy, so the number of tight components of <l>f' contained in Fj is at least 2. To see
that the same is true for F5, it suffices to show that there is a component P’ of Zf such that
|P" N Fy| = 2. But it is clear that such a component exists since Lemma 7.7 implies that the
number of boundary components of F; contained in a component of Ef which intersects both
Fy and F5 equals the number of such boundary components of Fs. <

Lemma 7.10. Suppose F is non-separating and t7 = 0. Then there is a unique component
P of Ef’ such that PN Fy contains an Fi-essential annulus. Further, X+ admits a Seifert

structure in which <I>{r is vertical and whose base orbifold is an annulus with exactly one cone
point.

Proof. First observe that Zf has at least one component, P say, since tf = 0. By Lemma
7.9, |[PN Fj| =1 for each j. Set ¢; = PN F;. Corollary 6.4 implies that each inner boundary
component of qb] is F -essential. There must be such boundary components since X is not a
product. Thus qb] is an F -essential annulus.

Let P, ... Pk be the components of E and set ¢1; = P, N F and (bg, = P, N F5. Then each
qﬁj ; 1s an F -essential annulus. The closure of the complement of U; qﬁﬂ in F is a set of annuli
which we denote by Ej;,i = ., k. We may assume that gbﬂ, j1,¢j2, 25 e ,qb]k, jk appear
consecutively in F 2

Let d; = |1, NOM| = |¢2; NOM]|. Since <I>ir has no tight components, di + ... +d; = m. We will
assume that k£ > 1 in order to derive a contradiction. Then without loss of generality, 2d; < m.

For each i = 1,...,k, let A;, Al be the two components of the frontier of P; in X*. Then each of
A; and A} is an essential annulus in (X, S). We may assume that A, U9A; 11 = 0E1; UOEy;,
so A1, A, Ay, A, ..., Ay, A} appear consecutively in X .
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Now ALUFE;UA;11UEy; is a torus in X T which contains a curve which is null-homotopic in M.
(Here the indices are defined (mod k).) It therefore bounds a solid torus V; in X*. Note that
Al is not parallel in V' to A;11 as otherwise P; and P,y would be contained in a component of
Ef’ Then U; = V;_1 U P, UV, is a submanifold of M () which is a Seifert fibred space over the
disk with two cone points. Since S can be isotoped into W, Lemma 4.1 implies that
OU; is an incompressible torus in M (/). By construction, QU; contains 2d; < m components
of OM. Assumption 2.2 then implies that 2d; = m. But this is impossible by Assumption 2.3.
Thus k£ = 1.

Finally note that the closure of the complement of Ef in X* is a solid torus V such that
I NV =A4,UA4), in X*. Hence X+ is homeomorphic to the manifold obtained from V by
identifying A; with A}. It is therefore a Seifert fibred space over the annulus with at most one
cone point. If there is no cone point, then F' is a fibre in M, contrary to Assumption 2.6. This
completes the proof. <

Corollary 7.11. If F' is non-separating and tf = 0, then M(5) does not fibre over the circle
with torus fibre.

Proof. Suppose otherwise and let T" be the fibre. Isotope F so that it intersects T transversally
and in a minimal number of components. Since 1" is a fibre, the previous lemma shows that
TNnF # () and so T' cuts F into a finite collection of incompressible annuli which run from one
side of T" to the other. It follows that M () admits a Seifert structure in which 7" is horizontal.
If F is horizontal it is a fibre in M (8), which contradicts Assumption 2.6. Thus it is vertical.
It follows that the base orbifold B of M (/) is Euclidean. Further, the projection image of Fin
B is a non-separating two-sided curve. Thus B is either a torus or Klein bottle. In either case
F splits M (B) into the product of a torus and an interval, which is impossible by Lemma 7.10.
This completes the proof. &

8. S-ESSENTIAL ANNULI IN (I)j

Proposition 8.1. Suppose that F is separating. If q); or (i>2_ contains an F-essential annulus,
then X¢ admits a Seifert structure with base orbifold of the form D?*(a,b) for some a,b > 2 for
both €. Further, one of the following situations arises:

(i) tf +t; > 4.

(1) X~ is a twisted I-bundle.

(iii) M(B) admits a Seifert structure with base orbifold S*(a,b,c,d). Further, if t{ = 0 for
some €, then (a,b,c,d) # (2,2,2,2).

Proof. As h; : @; = (i>2_ , we can suppose that (i>2_ contains an F-essential annulus. Since
<i>2_ = T_(<i>1_ /\Q.Df), if <i>2_ contains an F-essential annulus, so do q)f and q.>1_. Hence Proposition
7.1 implies that X¢ admits a Seifert structure with base orbifold of the form D?(a,b) for some
a,b > 2 for both e.
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If genus(fbe) = 1 for some ¢, then either X~ is a twisted /-bundle or t{ > 4 (Corollary 6.4).
Thus (i) or (ii) holds. Assume that genus(<1>5) = 0 for both ¢, so X~ is not a twisted /-bundle,
and let (. be the slope on F of an F-essential annulus contained in <I>E Then ¢, is the fibre
slope of the Seifert structure on Xe given by Proposition 7.1. As (132 = T_(<I>1 A <I> ), we see
that <I>1 contains curves of slope ¢+ and ¢_. Hence if these slopes are distinct, genus(@ ) =1,
contrary to our assumptions. Thus ¢ = ¢_ so M(S) admits a Seifert structure with base
orbifold of the form S?(a,b,c,d). Finally if t¢ = 0 for some €, Proposition 7.5 shows that
(a,b,c,d) #(2,2,2,2). &

Proposition 8.2. Suppose that F' is separating. If @;{ contains an F-essential annulus then
either

(i) t7 >4, or

(ii) X~ is a twisted I-bundle and M(B) is Seifert with base orbifold P*(2,n) for some n > 2.
Further, tf =0, <I>{r is an F-essential annulus, (IDE{ s the union of two F-essential annuli, and
there are disjoint, non-separating annuli Ay, Ay properly embedded in X~ such that 0A] U
0A, C <I>Ir and for each j, afbf N 8AJ-_ s a boundary component of <I>Ir

Proof. Assume that ¢ < 2. We will show that (ii) holds.

Suppose that some component ¢g of <i>+ contains an F-essential annulus and let 1y be the
component of <i> contalnlng ¢o. By Assumptlon 2.6, Yy # F. Corollary 6.4 then shows that
genus(1g) = 0 and wo completes to an F-essential annulus.

We can suppose that ¢g C int()g). Set ¢1 = 74 (pp) C <I>;r A <i>2_. Now hi =74 o07_ o7'+|<i>§' isa
free involution of @;‘ In particular, either hJ (¢o) = ¢o or h3 (¢o) N = 0. Equivalently, either
T_(¢1) = ¢1 or 7_(¢1) N ¢p1 = 0. In the first case there are an essential annulus A~ properly
embedded in (X, ¢1) such that 0A~ = 8(}5\1 and a Mobius band B properly embedded in
(X~ ,int(¢1)). Proposition 5.3 then implies that vy is 74-invariant. Hence there is an annulus
AT properly embedded in (X, ) with 9A" = Oo. Lemma 5.1 implies that ¢, and therefore
¢g, has no outer boundary components, which is impossible.

Next suppose that 7_(¢1) N ¢1 = (). Then there is an embedding (¢1 x I, ¢1 x {0}, 91 x {1}) —
(X7, ¢1,7-(¢1)). First suppose that the components A;,A; of the image of 8(?51 x I are
separating annuli in X~. Let A" be a properly embedded annulus in (X™,1) such that at
least one boundary component of AT is contained in a{b\o. According to Lemma 5.1(1), 0A™
does not separate 8Aj_ for j =1,2. Lemma 5.1(2) then implies that ¢; has no outer boundary
components, which is impossible. Thus A; and A, are non-separating in X . In particular,
X~ is a twisted I-bundle (Lemma 4.7).

Let P be the unique component of Zf whose intersection with F' contains an F-essential annulus
(Proposition 7.1). Then 1 is a component of PN F and ¢g U ¢p; C PN F. If P is a product
I-bundle, let Af,A; be the annuli in its frontier in X, and consider the torus 7' obtained
from the union of A", A7, A3, A, and four annuli in F disjoint from int(¢1) Uint(r_(¢1)). The
reader will verify that 7" bounds a twisted I-bundle over the Klein bottle in M () and so is
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essential in M () by Lemma 4.1. Hence it intersects M in at least m components. But this
implies |¢1 N OF| = 0, which is impossible. Thus P is a twisted I-bundle. It follows from
Proposition 7.1 that X T is Seifert with base orbifold D?(2,n) with 9A] vertical. Thus M () is
Seifert with base orbifold P?(2,n). Let AT be the frontier of P in X*. By construction, dA*
does not separate 0A] or A, in F. Lemma 5.4 then shows that |(F \ ¥o) N OF| = 0. Hence,

t7 = 0. This implies that n > 2 (Corollary 7.6) and 7_ is defined on F \ ¢ and sends it into
the interior of <I>;r Thus, there are disjoint, non-separating annuli £ , I, properly embedded
in X~ such that 0E; UOE; C <I>;r and for each j, 8<i>f N 8Ej_ is a boundary component of
<I>f Write 8Ej_ =c; U c;- where aci>1+ = ¢1 Ucy. Since m is an annulus, it follows from our
constructions that the disjoint subsurfaces of ®; with inner boundaries ¢; U ¢} and ¢ U ¢} lie

in @;{ and contain OF. Thus their union is @;{ This proves the proposition. <

Definition 8.3. ([BGZ1, page 266]) Given a closed, essential surface G in M, we let C(G)
denote the set of slopes § on 9M such that S compresses in M (d). A slope n on OM is called
a singular slope for G if n € C(G) and A(d,n) < 1 for each ¢ € C(G).

A fundamental result of Wu [Wul] states that if C(G) # (), then there is at least one singular
slope for G.

Proposition 8.4. Let n and & be slopes on the boundary of a hyperbolic knot manifold M.

(1) ([BGZ1, Theorem 1.5]) If n is a singular slope for some closed essential surface in M and
M(0) is not hyperbolic, then A(d,n) < 3.

(2) ([BGZ1, Theorem 1.7]) If M(n) is a Seifert fibred manifold whose base orbifold is hyperbolic
but a 2-sphere with three cone points, then n is a singular slope for some closed essential surface
m M. &

Proposition 8.5. Suppose that F' is non-separating. If <I>§r contains an S-essential annulus
and tf =0, then M(B) is Seifert fibred with base orbifold a torus or a Klein bottle with exactly
one cone point. In particular, (5 is a singular slope for a closed essential surface in M and thus,
Ao, B) < 3.

Proof. Since tf = 0, Proposition 7.2 implies that &7 = ¢; U ¢ where ¢y, @9 lie in different
components of S and complete to S-essential annuli. This proposition also implies that X+
admits a Seifert fibred structure with base orbifold an annulus with one cone point. Further,
QASj is vertical in this structure for both j. To see that M (() is Seifert with base orbifold as
claimed, it suffices to show that the slope of 7?(%) coincides with that of qubg_j. But this is
an immediate consequence of the fact that 7,(®5) = &7 A &; = & A 7_(®]) contains an
S-essential annulus. O

9. THE EXISTENCE OF TIGHT COMPONENTS IN <I>§ FOR SMALL VALUES OF j

In this section we examine the existence of tight components in é; for small values of j. Note
that if ¢{ # 0 for some €, then Proposition 6.3 implies that ¢, = t§ > ¢{ > 0. Thus we examine
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the case tf = t; = 0. Recall that under this hypothesis, <I>;r and <i>1_ are non-empty (Lemma
7.4).

Lemma 9.1. Suppose that tf = t7 = 0. If Ala, B) > 3 and M(B) is Seifert fibred, then its
base orbifold is of the form P?(a,b) for some (a,b) # (2,2) and X~ is a twisted I-bundle.

Proof. Since A(a, ) > 3, 8 is not a singular slope of a closed essential surface in M ([BGZ1,
Theorem 1.5]). Hence, as M(f3) is toroidal, Seifert but not the union of two twisted I-bundles
over the Klein bottle (Corollary 7.6), its base orbifold is of the form P2(a,b) ([BGZ1, Theorem
1.7]) where (a,b) # (2,2). Each essential torus in M () splits it into the union of a twisted
I-bundle over the Klein bottle and a Seifert manifold with base orbifold D?(a,b). Since t{ =
t; =0, Proposition 7.5(3) implies that X~ is a twisted I-bundle. ¢

Lemma 9.2. Let 51,59 be large, neat, connected surfaces contained in the same component of
S. Suppose, for each j, that either S; is tight or S; is an S-essential annulus.

(1) Each component of S1 A Sy is either tight or an S-essential annulus.

(2) If we further assume that when both §1 and §2 are S-essential annuli, their slopes are
distinct, then each component of S1 A Sy is tight.

Proof. Let Sy be a component of S7 A Ss.

First suppose that Sy is contained in a disk D in S.If So is not tight, it has at least two inner
boundary components. Let C' be an inner boundary component of Sy which is innermost in D
amongst all the other inner boundary components of Sy. Let Dy C D C S be the disk with
boundary C. By construction, Dy NSy = C. Further, the neatness of S1 and S5 implies that
Do NS is large. Since S is either a disk or an S-essential annulus, Dy NS C S; for each j.
Hence it is contained in S; A S and therefore Sy, contrary to our construction. Thus Sy must
be tight. In particular, this proves (2).

Next suppose that Sy contains an S-essential annulus but Sp is not itself an S-essential annulus.
Then Sy has at least three inner boundary components and all but exactly two of them are
inessential in S. Fix an inessential inner boundary component C' of Sy. The argument of the
previous paragraph is easily adapted to this case and leads to a contradiction. Thus §0 must
be an S-essential annulus. O

Proposition 9.3. If tf =t =0, then one of the following three scenarios arises.
(1) i):}f is a union of tight components.

(ii) t3 =0, X~ is a twisted I-bundle, and M (B) is Seifert with base orbifold P%(2,n) for some
n > 2. Further, <I> completes to an F-essential annulus, <I>3 completes to the union of two
F-essential annuli, cmd there are disjoint, non-separating annuli Ay, A5 properly embedded in
(X7, F) such that 0A]T U0A, C <I>f' and for each j, afbf N OA]-_ is a boundary component of
&7
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(13i) X~ is a product I-bundle and M (B) is Seifert fibred with base orbifold a torus or a Klein
bottle with exactly one cone point. In particular, B is a singular slope for a closed essential
surface in M and thus, A(a, ) < 3.

Proof. Propositions 7.1 and 7.2 imply that P = <I>§ is either .S or a union of subsurfaces whose
completions are S-essential annuli. If no component of 53;{ contains an S-essential annulus,
Lemma 9.2 shows that (i) holds. If some component of @;{ does contain an S-essential annulus,
Propositions 8.2 and 8.5 show that (i) and (iii) hold. ¢

Proposition 9.4. Suppose that t| =t; =0 and A(a, 8) > 3.
) If X~ is not an I-bundle, each component of é; s tight for all j > 2 and both €.

(1
(2) If X~ is a product I-bundle, or X~ is a twisted I-bundle and <i>§' does not contain an
S-essential annulus, each component of <i>j' 18 tight for all j > 3.

(3) If X~ is a twisted I-bundle and <i>§r contains an S-essential annulus, then t3 =0, M(B) is
Seifert with base orbifold P?(2,n) for some n > 2, <I>;r and <I>§' are as described in Proposition
9.3(ii), and each component of <i>;' 18 tight for all 7 > 5.

Proof. Propositions 7.1 and 7.2 show that for each e, ® = &S is either S or a union of
subsurfaces whose completions are S-essential annuli.

First note that in order to prove assertion (1), it suffices to show that each component of <I>éF
is tight. For if this holds, the same is true of <i>2_ = h;’(@;’) Suppose inductively that each
component of <I>; is tight for some j > 2 and both e. Lemma 9.2 combines with the identity
<i>;-+1 = 7(D A (IDJ_E) to show that each component of <i>;-+1 is tight.

Consider <I>éF then. Since t = t] = 0 and X~ is not an I-bundle, S = F is separating.
Proposition 7.1 implies that for each € and component ¢ of Cbi, ¢ is an F-essential annulus.

—

Lemma 9.1 implies that M (/) is not Seifert, so the slopes of an F-essential annulus in @f and

—

an F-essential annulus in (i>1_ are distinct. Hence Lemma 9.2 implies that each component of
dF =7, (®] A D)) is tight.

Next consider the hypotheses of assertion (2). Proposition 9.3 implies that each component of
<I>§' is tight. Since X~ is an I-bundle, 3 = @Z, so the lemma holds when j = 3,4. But when

j > 5, we have ijﬂ = 7.(®5 A 7'_(<i>;'_1), so Lemma 9.2 combines with an inductive argument
to show that (2) holds for all j > 3.

Finally consider assertion (3). Now 7_7,(®F) = &5 A &y = & A7_(dF) = & A 7, (8F)

where the latter identity follows from Proposition 9.3(ii). Now T+(<i>§r) = ¢1 U @2 where ¢; is
an F-essential annulus and ¢o = 7_(¢). Hence

O ATL(DF) = 61 AT(d1) Ut ATy (d2) Uda ATy(1) U o ATy (o)

By construction, ¢; N 74(¢$3—;) contains an inner boundary component of <I>Ir for both j. If
¢j N T4 (p3—j) = ¢; for some j, then ¢; A 74 (¢p3—;) = ¢; and ¢; A 74(¢;) = 0 for both j.
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Hence T_T+((i);_) = <i>§' from which it follows that <i>§' = i);', which is impossible. Hence
¢j N Ty (p3—j) # ¢; for both j. It follows that ¢; A 71 (¢;) # 0 is a non-empty union of tight
components for each j.

Next consider ¢j A7y (¢3—;). By Lemma 9.2, each of its components is either tight or completes
to an S-essential annulus. Since T4+ (¢3—;) contains the inner component c; of <I>;r contained in
¢j, there is exactly one component of ¢; A 74 (¢3—;), Ej say, which completes to an S-essential
annulus. To complete the proof we need only show that E; N 0S = 0.

By construction, 74 (E;) = Eq and 71 (Fy) = E;. Let Ey = @f \ (E1 U Ej). Then Ej completes
to an F-essential annulus Eo which is invariant under 7. Hence the associated I-bundle over
E‘o is a solid torus Vi whose frontier in X+ is an essential annulus in X+ which has winding
number 2 in V7.

Next consider the solid torus Vo = X+ 1\ Ef The frontier of V5 in X T is an essential annulus in
X cobounded by ¢; and co. Let A be the other annulus in V5 cobounded by ¢; and ¢o. Then
7_(A) = &\ (¢1 U ¢g) is a core annulus in Ey. The I-bundle in X~ over A is a solid torus in
which A has winding number 1. It follows that W = V3 U Vo U Vs C M(fB) is a Seifert fibered
space over a disk with two cone points. In particular, OW is incompressible in W. The exterior
of W in M(p) is a Seifert fibered space over a Mobius band so OW is also incompressible in
M(pB). If E;n9S # 0 for some j then OW intersects OM in fewer than m components contrary
to Assumption 2.2. Thus we must have E; N 9S = () for both j, which completes that proof of

®3). ¢

10. LENGTHS OF ESSENTIAL HOMOTOPIES

It is clear that X((i);) = 0 if and only if X(tf;) is a regular neighbourhood of 95. Thus if we set

I = max{j : x(¥5) # 0}

then [, is the maximal length of an essential homotopy in (M,S) of a large function which
begins on the e-side of S. Hence

lg = max{l,l_}

is the maximal length of an essential homotopy in (M, S) of a large function. It is evident that
|l; —1—| <1 and therefore |l — lg| < 1 for each e.

Proposition 10.1. Suppose that A(«, ) > 3 if F' is non-separating.

(1) 14 <|0S| =t if t3 >0 and I+ < |0S| —t] + 2 otherwise. Hence,

Jo < 0S| —tF +1 ifty >0
— | 0S| —tf +3 otherwise
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(2) If X~ is not an I-bundle, then I_ < |0S|—t; . Hence,
maz{ty, 7 } iftf =t;

ls < 10S|—
maz{ty, iy} — 1 iftf # 7

Proof. For each € we know that 7,°,, is a regular neighbourhood of S while T isn’t, so
t, < t,+1 = |0S|. If t7 > 0, Proposition 6.3 implies that if 2k +1 <y, then t] <t < ... <
t3e41 < 10S|. As each of these numbers is even, |0S| > t3, .| > 2k+t7". Hence 2k+2 < [0S|—t].
It follows that Iy < |0S| —t{ and therefore Ig < |0S| — t] + 1. In general, Proposition 9.4
implies that t§ > 0, which yields Iy < [0S| — ¢ + 2. Thus assertion (1) holds.

If X~ is not an I-bundle, then Proposition 9.4 implies that t; > 0, so the argument of the
previous paragraph shows that I_ < [0S| —¢] and therefore

o lg <|0S|—t] +1; and
o Ig = max{l;,l_} < max{|0S| —t],|0S| —t; } = [0S| — min{t], ] }.

Part (1) of the proposition combines with the first inequality to show that lg < min{|9S| —
t7 +1,|0S| —t] +1} = |0S| — max{t],t; } + 1. The latter combines with the second inequality
to yield the upper bound for lg described in (2). ¢

Proposition 9.4 and Proposition 10.1 imply the following corollary.

Corollary 10.2. Suppose that A(a, 5) > 3 if F' is non-separating. Then

|0S]| if X~ is not an I-bundle
ls < |0S|+1 if X~ is an I-bundle and ®F contains no S-essential annulus when it is twisted
|0S| +3 if X~ is a twisted I-bundle and <I>§f contains an S-essential annulus <

11. THE INTERSECTION GRAPH OF AN IMMERSED DISK OR TORUS

We recall some of the set up from [BCSZ2, §12].
A 3-manifold is very small if its fundamental group does not contain a non-abelian free group.

By Assumption 2.1, M («) is a small Seifert manifold with base orbifold S?(a, b, ¢) where a, b, c >
1. Tt is well-known that M («) is very small if and only if é + % + % > 1. In this case, the
non-abelian free group 7 (F’) cannot inject into 71 (M («r)). Hence for either € we can find maps
h: D? — M(a) such that the loop h(0D?) is contained in X¢\ F and represents a non-trivial
element of 7 (X°). This won’t necessarily be possible when 1 + ¢ + 1 < 1 since M(a) is not
very small. Nevertheless, the inverse image in M («) of an essential immersed loop contained in
the exterior of the cone points of S?(a, b, c) will be an essential immersed torus in M (). Hence
we can find 7-injective immersions h : T'— M («) where T is a torus.

Let V, be the filling solid torus used in forming M («). It is shown in [BCSZ2, §12] that we can
choose an immersion h : Y—M («), where Y is a disk D if M(«) is very small or a torus 7" if
M («) otherwise, such that
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(1) When Y is a disk D, h(0D) C M\ FF C M C M(«);

(2) h~Y(V,) is a non-empty set of embedded disks in the interior of Y and h is an embedding
when restricted on h=1(V,,);

(3) h~Y(F) is a set of arcs or circles properly embedded in the punctured surface Yy =
Y\ int(h=1(V,));

(4) If e is an arc component of h~!(F), then h| : e—F is an essential (immersed) arc;

(5) If c is a circle component of h~'(F), then h| : c—F is an essential (immersed) 1-sphere.

For any subset s of Y, we use s* to denote its image under the map h. Denote the components
of d(h=Y(V,)) by ai,...,a, so that ai,...,a’ appear consecutively on M. Note again that
h| : a;—af C OM is an embedding and that a has slope « in OM, for each i = 1,...,n. We
fix an orientation on Yy and let each component a; of 0Yy have the induced orientation. Two
components a; and a; are said to have the same orientation if a; and a} are homologous in OM.
Otherwise, they are said to have different orientations.

Denote the components of OF by by, ..., b, so that they appear consecutively in M. Similar
definitions apply to the components of F. Since Yy, F' and M are all orientable, one has the
following

Parity rule: An arc component e of h~1(F) in Y connects components of 9Yy with the same
orientation (respectively opposite orientations) if and only if the corresponding e* in F' connects
components of F with opposite orientations (respectively the same orientation).

We define an intersection graph ' on the surface Y by taking h=!(V,) as (fat) vertices and
taking arc components of h=1(F) as edges. Note that I'x has no trivial loops, i.e. no 1-edge
disk faces. Also note that we can assume that each a] intersects each component b; in OM
in exactly A(a, ) points. If e is an edge in I'r with an endpoint at the vertex a;, then the
corresponding endpoint of e* is in a} N b; for some b;, and the endpoint of e is thus given the
label j. So when we travel around a; in some direction, we see the labels of the endpoints of
edges appearing in the order 1,...,m,...,1,...,m (repeated A(«, ) times). It also follows that
each vertex of I'r has valency mA(«, 3).

Define the double of T'r to be the graph D(I'r) in Y as follows: the vertices of D(I'r) are the
vertices of I'p; the edges of D(I'r) are obtained by doubling the edges of I'r (i.e. each edge e
is replaced by two parallel copies of e). Finally we set

[e— I'p if F' separates
5 D(T'p) if F does not separate

It is clear that
(1) I's is a graph in Y determined by the intersection of an immersed disk or torus with S.
(2) each vertex of I's has valency [0S|A(«, B).

(3) if two faces of I'g share a common edge, then they lie on different sides of S.



CHARACTERISTIC SUBMANIFOLD THEORY AND TOROIDAL DEHN FILLING 31

(4) if F' does not separate, then a face of I's which is sent by h into X~ is a bigon bounded
by parallel edges.

Suppose that e and €’ are two adjacent parallel edges of I's. Let R be the bigon face between
them, realizing the parallelism. Then (R, e U¢’) is mapped into (X€,S) by the map h for some
e. Moreover h|gr provides a basic essential homotopy between the essential paths h|. and Al .
We may and shall assume that R* = h(R) is contained in the characteristic I-bundle pair
(2, ®9) of (X, 5). We may consider R as e x I and assume that the map h : R—Y is I-fibre
preserving.

Let T's be the reduced graph of I's obtained from I'g by amalgamating each maximal family
of parallel edges into a single edge. It is evident that I'g coincides with the similarly defined
graph I'p. The following lemma is a simple consequence of the construction of I'g.

Lemma 11.1.

(1) There is at most one 1-edge face of T's and if one, it is a collar on Y when Y is a disk
and a once-punctured torus when Y is a torus.

(2) A 2-edge face of T's is either
a) a collar on OY bounded by a circuit of two edges and two vertices when Y is a disk;

(

(b) a once-punctured torus bounded by a circuit of two edges and two vertices;
(¢) an annulus cobounded by two circuits, each with one edge and one vertez;
(

d) a twice-punctured torus bounded by a circuit of one edge and one vertex. <

The weight of an edge € of I'g is the number of parallel edges in I'g that & represents.

Call the vertex of I's (or I's) with boundary a; positive if a; and a1 are like-oriented on OM.
Otherwise call it negative.

Call an edge e, respectively €, of I'g, respectively L's, positive if it connects two positive vertices
or two negative vertices. Otherwise it is said to be negative.

Proposition 11.2. IfY is a torus, the number of positive vertices of I's equals the number of
negative vertices.

Proof. Up to taking absolute value, the difference between the number of positive vertices
and the number of negative vertices is the intersection number between a class in Hy (M («))
carried by the core of the a-filling torus and h.([Y]) € Hy(M(«)). Thus the lemma holds as
long as Hay(M(«)) = 0. Suppose then that Hy(M(a)) # 0. Since M () is small Seifert, we
have Ho(M(«)) = Z and is generated by an embedded horizontal surface, G' say, which is a
fibre in a locally trivial surface bundle M(a) — S1. Thus h,([Y]) is a non-zero multiple of [G].
In particular, the Thurston norm of [G] is zero. Hence G is a torus (cf. Assumption 2.8). Thus
M («) is toroidal small Seifert. But then M («) is very small contrary to our assumption that
Y is a torus. This completes the proof. &
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To each oriention of an edge € of I's of weight |9S| or more we can associate a permutation o
of the labels as follows: if e is an edge of I'g in the é-family and j is the label of its tail, then
o(7) is the label of its head. The parity rules implies that there is an integer k such that

() = Jj + 2k (mod m) if e is negative
o(j) =
/ —j+2k+1 (mod m) if e is positive

We say that a face of I's or I's lies on the e-side of F if it is mapped to X€ by h.

The discussion in [BCSZ1, §3.4] implies the conclusion of the following proposition.
Proposition 11.3. If T's has an edge of weight k, then there is an essential homotopy in
(M, S) of length k — 1 of a large map with image in S. <

This result combines with Corollary 10.2 to yield the following corollary.

Corollary 11.4. Suppose that A(«, 3) > 3.

(1) If X~ is not an I-bundle, the weight of an edge of I's is at most |0S| + 1.

(2) If X~ is a product I-bundle, or a twisted I-bundle and ®3 does not contain an F-essential
annulus, the weight of an edge of I's is at most |0S| + 2.

(3) If X~ is a twisted I-bundle and <I>§)F contains an F-essential annulus, the weight of an edge

of T's is at most |0S| +4. &

We call a graph hexagonal if it is contained in a torus, each vertex has valency 6, and each face
is a triangle. We call it rectangular if it is contained in a torus, each vertex has valency 4, and
each face is a rectangle. Such graphs are connected.

The following proposition follows from simple Euler characteristic calculations.
Proposition 11.5.

(1) If each vertex of T's has valency 6 or more, then it is hexagonal, soY is a torus. Moreover
there is a vertex of I's incident to at least two positive edges.

(2) If T's has no triangle faces, it has a vertex of valency at most 4. If it has no vertices of
valency less than 4, then it is rectangular, so'Y is a torus. <

Proof. We have
0<x)= Y - Y G

faces f of T'g vedf Valencyfs ()
Set x5 = x(f) — Zveaf(% — Wyf(v))’ Lemma 11.1 implies that x s < 0 for each monogon
S

and bigon f in I's. The hypotheses of assertions (1) and (2) of the lemma imply that x; < 0
for faces with three or more sides. Thus under either set of hypotheses, x(Y) < 0, so Y is a
torus. Then x(Y) = 0 so xy = 0 for all faces f. It follows that I's is hexagonal under the
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conditions of (1) and rectangular under those of (2). Finally, it is easy to check that when I's
is hexagonal, it has a vertex incident to at least two positive edges. <

Lemma 11.6. Suppose that F' is non-separating and each component of if intersects both Fy
and Fy. Then every edge of I's is negative. Hence every face of I's has an even number of
edges. In particular this is true if tf <2

Proof. If each component of i‘,f intersects both F} and F5, all the boundary components
bi, ..., by, of F have the same orientation. Hence by the parity rule, every edge of I'g is negative.
The second assertion follows from the first, while the third is a consequence of Lemma 7.9 and
the others. ¢

A disk face of k-edges in the graph I'g is call a Scharlemann k-gon with label pair {j,j + 1} if
each edge of the face is positive with the fixed label pair {j,j + 1} at its two endpoints. The
set of edges of a Scharlemann k-gon is called a Scharlemann k-cycle. A Scharlemann 2-cycle
is also called an S-cycle. An S-cycle {ej,es} is called an extended S-cycle if m > 4 and the
two edges e; and es are the middle edges in a family of four adjacent parallel edges of I'g. An
S-cycle {e1,es} is called a doubly-extended S-cycle if m > 6 and the two edges e; and ey are
the middle edges in a family of six adjacent parallel edges of I'g.

The method of proof of [BCSZ2, Lemma 12.3] yields the following proposition.

Proposition 11.7. Suppose that two vertices v and v' of T's have the same orientation and
are connected by a family of n parallel consecutive edges eq, ..., e,.

(1) If n > m/2, then there is an S-cycle in this family of edges.

(2)(a) If m > 4 and n > T + 1, then either there is an extended S-cycle in this family of edges
or both {ey,es} and {e,_1,e,} are S-cycles.

(b) If m >4 and n > 5 + 2, then there is an extended S-cycle in this family of edges.

(3)(a) If m > 6 and n > % + 3, then either there is a doubly-extended S-cycle in this family of
edges or both {es,es} and {e,_2,€,—_1} are extended S-cycles.

(b) If m > 6 and n > 5 + 4, there is a doubly-extended S-cycle in this family of edges. <

Lemma 11.8. Suppose that {e1, e} is an S-cycle in I's and R the associated bigon face of I'g.
If R lies on the e-side of F, then Cbi contains a Te-itnvariant component, so F is separating.
Further, this component contains an S-essential annulus and X¢ admits a Seifert structure with
base orbifold a disk with two cone points, at least one of which has order 2.

Proof. Suppose that the S-cycle has label pair {j, j+1}. Then 7.(b;UefUbj11) = bj11Ue3Ub;.
Hence b; U et Ub;iq and bjq U el Ub; are contained in the same component ¢ of ®¢ and this
component is Te-invariant. Proposition 7.7 implies that S is connected and ¢ contains an S-
essential annulus. Proposition 7.1 shows that ¢ is the unique component of ®¢ to contain such
an annulus. Finally, Proposition 7.1(3) implies that X¢ is of the form described in 4). ¢
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12. COUNTING FACES IN I'g

In this section we examine the existence of triangle faces of I'g incident to vertices of small

valency.

For each vertex v of I's let ;(v) be the number of corners of j-gons incident to v. Then
valencyr (v) = [0S|A(a, B) — ¢2(v)

Set
a(v) = valeneyp, (v) — p3(v) = 0,

p3(v)

3

k
: 7
3 keZ}

p(v) = pa(v) +
Lemma 12.1. Suppose that v is a vertex of I's and set p(v) = |0S|A(e, B) — 4+ x. Then
1
valencyg, (v) =6 — 5(335 + ¢3(v))

and

pa(v) = 3(valencyg, (v) — 4+ x)

Proof. We noted above that valencyg (v) = [05|A(a, 8) — ¢2(v). Thus

alency= (v
valencyr_(v) = [0S|A(a, B) — p(v) + (‘0335?}) =d-z+ - ?ifFS( ) B wi}fv),
and therefore
O

)=6— %(?m +13(v)).

valencyr, (v) =
On the other hand,
p3(v) = 3(u(v) — ¢2(v)) = 3(|0S|A(ev, B) — 4 + z — p2(v)) = 3(valencyp (v) — 4 + ).

Thus the lemma holds. <

2 3

Proposition 12.2. Suppose that v is a verter of I'g.
(1) If p(v) > [0S|A(e, B) — 4, then valencyg (v) < 5. Further,
(a) if valencyg (v) = 3, then @3(v) = 0.

(b) if valencyp (v) =4, then ¢3(v) > 1.

(c) if valencyg(v) , then @3(v) > 4.
(2) If p(v) = |0S|A(e, B) — 4, then 4 < valencyg (v) < 6. Further,

0.

(a) if valencyp (v) = 4 then @3(v)

(b) if valencyg_(v) =5 then @3(v) = 3.

I's

(c) if valencyg (v) = 6 then p3(v) = 6.
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Proof. Write pu(v) = |0S|A(e, 8) —4+z where z > 0 is an element of {4 : k € Z}. By Lemma

6 ifx=0
12.1 we have valencyr_ (v) <6— 37”6 Thus valencyr (v) < 5 1f§ e Further, if z = 0,
the same lemma implies that valencyg_(v) = 6— wST(U) Since ¢3(v) = valencyr,(v) —p3(v), this

is equivalent to valencyry (v) =4 + “037(1)). Thus valencyr (v) > 4. The remaining conclusions

follow from the identity p3(v) = 3(valencyp (v) — 4+ z) of Lemma 12.1. ¢

Let V, E, F be the number of vertices, edges, and faces of I'g.

Proposition 12.3.

(1) If the immersion surface is a disk, then »_, pu(v) > (|0S|A(a, B) — 4V + 4.

(2) If the immersion surface is a torus, >, pu(v) > (|0S|A(a, B) —4)V.

Proof. First assume that I'g¢ has no monogon faces. Since its vertices each have valency

|0S|A(cr, B) we have 2E = |0S|A(a, B)V. Let F; be the number of i-faces so F' = ), F; and
2F =3, iF;. Then

(10S|A(a, ) =4)V = 2B —4V =4(E ~ V) = 2B =4(( ) x(f)) —x(Y)) —2E

faces f

Since x(f) <1 for each face f, we have
(10SIA(a, B) — )V < AF — x(¥)) — 2B = S (4—i)F; — 4x(Y)
< 2F + Fy — 4x(Y)

= Y (ea) + 28 - aw)

= > pv) —4x(Y)
Thus the lemma holds when there are no monogons.

If there are monogons, it is easily verified that there is only one, f say, and that it is a collar on
0Y when Y is a disk and a once-punctured torus when Y is a torus. In either case, Y—\f is a disk
containing I'g without monogons. The first case implies that >, pu(v) > (|0S|A(a, 5)—4)V +4,
which implies the result. <

Corollary 12.4.
(1) If the immersion surface is a disk there is a vertex v of I's such that p(v) > |0S|A(a, ) —4.

(2) If the immersion surface is a torus, then either there is a vertex v of I's such that p(v) >

|0S|A(a, ) —4 or p(v) = |0S|A(a, B) — 4 for each vertex. <

Proposition 12.5. Suppose that p(v) = |0S|A(e, B) — 4 for each vertex v of I's. Then each
face of U's is a disk. Further, if v is a verter of I's and

(1) valencyg (v) = 4, then p4(v) = 4.
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(2) valencyp_(v) =5, then p3(v) =3 and p4(v) = 2.

S

(3) valencyg_(v) = 6, then p3(v) = 6.

S

Proof. Corollary 12.4 shows that Y is a torus. Thus 0 = x(Y) = >, x(v) where

x(v) =1-

valencyr (v) x(f)
> " 2 jor

and f ranges over the faces of I's containing v. From Proposition 12.2(2) we see that x(v) < 0
for all v. Hence x(v) = 0 for all v. This is only possible if the proposition holds. <

13. PROOF OF THEOREM 2.7 WHEN F' IS NON-SEPARATING

We show that when F' is non-separating and m > 3, A(«, ) < 4 if M(«) is very small and
A(a, f) < 5 otherwise. This follows from the two propositions below. Recall that |0S| = 2m
when F' is non-separating.

Proposition 10.1 shows that lg < Zm—tIr +1, so the weight of each edge in the reduced graph I'yg
of I'g is at most 2m —t] +2. Hence if v is a vertex of I's, 2mA(a, B)/valencyr  (v) < 2m—t] +2,
SO

2m —t] +2
(13.0.1) Aa, B) < (7

S > valencyp (v)

Proposition 13.1. Suppose that F' is non-separating and tf > 0. Then

4 < M ]
Ao, B) < z.fm <5 or M(«) is very small

5 ifm>6
Proof. If there is a vertex of I's of valency 3 or less, Inequality 13.0.1 yields A(a, 3) < 3, so
we are done. Suppose then that all vertices are of valency 4 or more.

If tf‘ = 2, then by Lemma 11.6 there are no triangle faces of I'g and therefore Lemma 11.5(2)
implies that I's is quadrilateral. Thus Y is a torus, so M(«) is not very small. Further, as all
vertices have valency 4, Inequality 13.0.1 implies that A(c, 3) < 4. Thus we are done.

If tf > 2, then 2m > tf >4, s0 m > 2. Corollary 12.4 and Proposition 12.2 imply that there
is a vertex v of I's of valency at most 5 if Y is a disk (e.g. if M(«) is very small) and at most
6 if it is a torus. Inequality 13.0.1 then shows that the proposition holds. <

. . . . + o
Proposition 13.2. Suppose that F' is non-separating and t] = 0.

) >
(1) If M(«) is very small, then Ao, B) < 1 z.fm 2 2
6 ifm=1
5 ifm>3
(2) If M(«) is not very small, then A(a, ) << 6 if m =2
8 ifm=1
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Proof. Suppose that tf = 0. By Lemma 11.6, I's has no triangle face, so ¢3(v) = 0 for each
vertex of I's. Hence I's has a vertex v of valency at most 4 by Proposition 11.5(2). If there is a
vertex of valency 3 or less, then Inequality 13.0.1 shows A(«, 5) < 4 for m > 2 and A(a, 5) <6
for m = 1. If there are no vertices of valency less than 4, Proposition 11.5(2) implies that I's is
rectangular, so Y is a torus and M («) is not very small. Thus assertion (1) of the lemma holds.
By Inequality 13.0.1, A(«, 5) < 4+ 4/m. It follows that A(a,8) < 5if m > 3, A(a, f) <6 if
m =2, and A(a, ) <8ifm=1. ¢

14. PROOF OF THEOREM 2.7 WHEN F IS SEPARATING AND t] +¢; >4

Proposition 14.1. Suppose that F is separating and tf +1t; >4. Then

4 if M(«) is very small

Ala, B) < {

5 otherwise.

Proof. Since F' is separating, S = F and |0S| = m.

If t{ > 4 for some € then Proposition 10.1 shows that lg < m — 3. Thus the weight of each edge
in Ty is at most m — 2. If t{ = 2 for both ¢, then I1,l_ < m — 2, so lg < m — 2. Thus the

weight of each edge in I'g is at most m — 1. In either case, it follows that for each vertex v of

S _mAaf) < m — 1. Hence
valencyfs (v)

m—1

(14.0.1) A, B) < < )valencgrps(v) < valencyg (v)

m
Corollary 12.4 and Proposition 12.2 imply that there is a vertex v of valency 5 or less if Y is a
disk, in particular if M («) is very small, and of valency at most 6 otherwise. Inequality 14.0.1
then shows that the conclusion of the proposition hold. ¢

15. THE RELATION ASSOCIATED TO A FACE OF I'g

The proof of Theorem 2.7 when F' is separating and tf +1t; < 2 necessitates a deeper use of the
properties of the intersection graph I's. We begin with a description of the relations associated
to its faces.

Recall that the boundary components of F' have been indexed (mod m): by, ba,..., b, so that
they appear successively around OM. For each ¢ we use 7.(j)(= j £ 1) to be the index such
that 7.(b;) = b.(j)- Let o; be a path which runs from b; to b, ;) in the annular component of
OM N X€ containing b; U b5

to b;. The loop n; * o; * 77;%].) determines a class z; € m ()/f ¢ xo) well-defined up to our choice

. Fix a base point xo € F" and for each j a path 7; in F' from zg

of the n;. Clearly z;z, ;) = 1. (The use of z; to describe this class is ambiguous in that it
does not specify which value € takes on. Nevertheless, whenever we use it the value of € will be
understood from the context.)

Recall that if t{ = 0, X¢ admits a Seifert structure with base orbifold D?%(p,q). There is
a projection homomorphism 7y (X€) — 71(D?(p,q)) obtained by quotienting out the normal
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cyclic subgroup of m; (X' ) determined by the class of a regular Seifert fibre. We denote the
image in 1 (D?(p, q)) of an element x € 71(X¢) by Z. Fix generators a,b of Z/p,Z/q such that
ab represents the class of the boundary circle of D?(p, q) in w1 (D?(p,q)) = Z/p x Z/q.

Proposition 15.1. If t{ = 0, then no x; is peripheral in Xe. Indeed, there are integers k,l
and § € {£1} such that x; is sent to an element T; of the form (ab)*a’(ab)’ in 71 (D*(p,q)).

Proof. It follows from the method of proof of Proposition 7.5 that X¢ =V UW where V and
W are solid tori whose intersection is an essential annulus (A, dA) C (X¢, F). Further, if K 3 is
the core of the 3 filling solid torus, we can assume that K3MNX¢ is a finite union of arcs properly
embedded in A. Consideration of the Seifert structure on X¢ then shows that the image of the
projection of o; to D?(p,q) is a properly embedded arc which separates the two cone points.
Thus there are integers k,l and § € {1} such that Z; = (ab)*a’(ab)! € 71(D?*(p,q)). Such an

+(n—k-I1)

element is peripheral if and only if it equals (ab)™ for some n. But then a = (ab) would

be peripheral, which is false. <

Consider an n-gon face f of I'g lying to the e-side of F’ with boundary ¢ Ue; UcoU...Uc,Uey,
where each ¢; is a corner of f, e; an edge of f, and they are indexed as they arise around Of.
In this ordering, let b;, be the boundary component of F' at ¢; corresponding to ¢; Ne; and bjl{
that corresponding to c¢;+1 Ne;. (See Figure 1.)

FIGURE 1.

The relation
I wiry =1

holds in 771()? €) where w; is represented by the loop n;, * €] * nj_(l.
For each boundary component b; of F', let Ej denote the meridional disk it bounds in F.

Corollary 15.2. Suppose that ey is a negative edge of I's whose end labels are the same.
Suppose as well that ey is a boundary edge of a tmangle face lying on the e-side of F' where
= 0. If the boundary label of e is j, then the loop b Ue] is essential in F.

Proof. The relation from the given face reads xj_lwlxngznkwg = 1 where k € {1,2,...,m}

and w1, ws, wg are the peripheral elements of 771()? ¢) defined above. If Zj Ue] is inessential in F ,
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then w; = 1, so the relation gives z; = (wsws) ™! is peripheral, which contradicts Proposition
15.1. Thus the corollary holds. <

As an immediate consequence of this corollary we have:

Corollary 15.3. Suppose that e is a negative edge of I's whose end labels are the same. Suppose
as well that e is a boundary edge of a triangle face lying on the e-side of F' where t{ = 0. If the
weight of e in the reduced graph T is k + 1, then e* is contained in a component of @,;6 which
contains an F-essential annulus. O

16. PROOF OF THEOREM 2.7 WHEN F IS SEPARATING AND # + ] = 2

We assume that F' is separating and tf +1t, = 2 in this section. There is an € such that t{ = 2
and t]© = 0. Without loss of generality we can suppose that e = +.

Proposition 16.1. If F' is separating and tf =2,t;7 =0, then

5 ifm >4
A(a’ﬁ)g{ 6 ifm=2

Proof. Proposition 10.1 shows that [, < m —2 and g < m — 1. Thus the weight of each edge
in s is at most m. Hence if there is a vertex of I's of valency k, then mA(«, 8) < km, so
A(a, B) < k. In the case that u(v) > mA(a, 3) — 4 for some vertex v of I's, Proposition 12.2(1)
implies that A(a, 8) < 5. In particular this is true when M («) is very small by Corollary 12.4(1).
By Corollary 12.4(2) we can therefore suppose that Y is a torus and u(v) = mA(«, 8) — 4 for
all vertices v of I's. Then A(a, 8) < 6 by Proposition 12.2(2).

To complete the proof we shall suppose that A(«,3) = 6 and show that m = 2. In this case
T's has no vertices of valency 5 or less. Thus it is hexagonal (Proposition 11.5). As no edge of
I's has weight larger than m, each of its edges has weight m. It follows that I, > m — 2, and
since we noted above that I, < m — 2, we have I, = m — 2. Thus each face of I'g lies on the
+-side of F.

Note that t:;_g < msince [ = m—2. The fact that t;rj 41 1s even couples with Proposition 6.3 to
show that t:ﬁ—?, =m—2. Thus é;_?) has at least m —2 components. If some such component ¢q
contains at least three boundary components of F', é;_g has at most m — 3 other components.
But then ¢q is tight, so there must be another component of é;_g containing at least three
boundary components and therefore m — 2 < |<i>j;b_3| < m — 4, a contradiction. Thus each

component of é;_?) contains at most two boundary components of F'.

Let b1,b9,...,b, be the boundary components of F' numbered in successive fashion around
OM. Fix a triangle face f of I's and let vy, vo be two of its vertices. They are connected by a
family ey, ea, ..., e, of mutually parallel edges of I'g successively numbered around vy so that
ey is the boundary edge of f thought of as a face in I'g.

We can suppose that the tail of each e; lies on v1 and is labeled i. Let j be the label of the head
of ez. If v1 and vo are like-oriented, then j is odd and ba Ue5 Ub; is contained in a component ¢
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of @;_3. From above, by and b; are the only boundary components of I ¢ contains. Similarly
bm—1 Uey,_1 Ubjyz is contained in a component of @;_3 and by,—1 and bj,3 are the only
boundary components of F' it contains. Let vs be the third vertex of f and consider the family
of m edges of I'g parallel to the edge of f connecting vy and vs. The second edge from f in this
family has label m — 1 at v; and its label at v3 must be j 4+ 3 if v; and v3 are like-oriented and
m — 1 otherwise. Similarly, the second edge from f in the family of parallel edges corresponding
to the edge of f connecting vy and vg has label m — 1 at vs if v and v3 are like-oriented and
j — 3 otherwise. Since the orientations of v1 and ws coincide if and only if those of v and vg
do, it follows that j = m — 1 whatever the relative orientations of v; and v3. This implies that
the head of each e; has label m + 1 — 3.

A similar argument shows that the head of e; is labeled i if v1 and vy are oppositely-oriented.

Suppose that m > 4 and fix a triangle face f of I'g with one positive boundary edge and two
negative ones (Proposition 11.2). Let vy, vs,v3 be the vertices of f chosen so that the edge
between v; and wvs is positive. Number the family of m parallel edges of I'g connecting v; and
v9 as in the previous paragraph. In particular e; is an edge of f. Let ¢ be the component
of @;_3 containing by U b,,—1. Consideration of the m — 2 successive bigons connected by
€3,€4, .., em_o shows that bl .(¢) = ¢ (cf. the end of §3.2). Equivalently, if ¢ = (—1)2 and
¢ = (T_coTeoT_c0o...014)(9) (a composition of I — 2 factors), then 7.(¢') = ¢'. Hence
¢', and therefore ¢ C <I>m 3 contains an F-essential annulus It follows that the same is true
for <I>;r for each j < m — 3. (See 3.2.1.) Proposition 7.1 now implies that X admits a Seifert
structure with base orbifold of the form D?(a,b) where a,b > 2. Furthermore, Proposition 8.2
implies that m — 3 < 2. Thus m < 4. We assume now that m = 4 and show that this leads to
a contradiction. This will complete the proof.

Consideration of the family of parallel positive edges adjacent to f shows that there is an S-cycle
in I'g lying on the +-side of F'. Hence Lemma 11.8 implies that X+ admits a Seifert structure
with base orbifold D?(2,b) and (ID;F has a unique component which completes to an F_essential
annulus. It’s not hard to see then that <i>f' has three components: two boundary parallel annuli
and a 4-punctured sphere with two inner boundary components and two outer ones. If o,
denotes the slope on F of the latter component, it is the slope of the Seifert structure on X+,

Since A(a, ) > 3, (8 is not a singular slope and therefore M(fS) is not Seifert with base
orbifold S%(a,b, ¢, d) where (a,b,c,d) # (2,2,2,2). Hence as &3 contains an F-essential annulus,
Prop051t10n 8.1 implies that X~ is a twisted I-bundle. In particular, <I>3 = 7'_(<I>f). Hence if
A is an F-essential annulus containing <I>3 , its slope ¢_ is given by (7_)«(p4). It follows that
A4, 0-) =0 (mod 2). Thus either A(p,,¢_) =0 and X (p_) is the connected sum of two
non-trivial lens spaces or A(py,p_) > 2 and X (p_) is a Seifert manifold with base orbifold
52(2,b, Ao, o). In either case, 71 (X (¢_)) is non-abelian.

Let H(14) be the component of (M(8)\ M) N X containing by U by and 0oH 14y the annulus
H(14y N X*. Then the image in X of df lies in AU dyH(14). Moreover, once oriented, df
intersects doH 14y in three disjoint arcs exactly two of which are like-oriented. By an application
of the Loop Theorem (see [He, Theorem 4.1]), there is a properly embedded disk (D,9D) C
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(XT,AUOH (14)) such that 0D NIy H 14y € 0f NOoH 14y and 0D algebraically intersects a core
of 9y H 14y a non-zero number of times (mod 3). There are two possibilities,

(1) D N 9o H (14 consists of two like-oriented arcs, or
(2) OD M OoH 14 consists of three arcs, two like-oriented and one oppositely-oriented.

Suppose that (1) arises. Then 0D = e; U aj U ey U ay where aj, e, az, ey are arcs arising
successively around dD and aj,az are properly embedded in H 4 while ey, ey are properly
embedded in F. Let b; be the disk in F with boundary b; and fix a (fat) basepoint in X to be
31 Ueq U34. We take 71,74 to be constant paths (see §15). The “loop” es carries a generator ¢ of
71(A) as otherwise M () would contain a P? connected summand. Thus the relation associated
to D is 22 = t. Further, there is a M&bius band B properly embedded in X+ whose core carries
the class x1. Consequently, ¢ represents the class of the slope . But by construction, it
represents the class of p_. It follows that ¢, = p_ so that X T(p_) is the connected sum of
lens spaces L(2,1) and L(n,m) for some n,m. Note that z; represents a non-trivial class in
Hl()?+(g0_)). But the relation associated to f is of the form t%2tPz t°z7 " = 1. In particular,
xq is trivial in Hy (X ) /(t) = Hy(X*(¢_)). Thus possibility (1) cannot occur.

Suppose that (2) arises. Then 0D = e; Uaj Ueg Uag UeszUas where ay, eq, as, €2, as, es are arcs
arising successively around 0D and a1, az, a3 are properly embedded in H 4y while e, ez, €3 are
properly embedded in F'. We can suppose that the indices are chosen so that e; connects b to
b4, e is a loop based at by and eg is a loop based at b;. These loops are essential as otherwise
we could isotope JD so that it intersects a core of dyH 14y once transverselly. This would imply
that we could isotope Fin M (8) to remove two points of intersection with the core of the
[B-filling solid torus contrary to Assumption 2.2. Fix the basepoint in X+ to be 51 Ue UE; and
take 71, n4 to be constant paths. The arcs a1, as, a3 determine triples of distinct points, one on
b1 and one on by, which we denote 1,2,3. The reader will verify that these triples are oppositely
orientated on A. From this it follows an orientation on dD determines the same orientation
on the loops by U ey and by U es. In particular they yield the same generator ¢ of m1(A). (See
Figure 2.)

Hence the relation associated to D is
1= 22t 't = o (a7 't)?

Let N(A) be a collar of A in X and N(D) a tubular neighbourhood of D in X*. Set
Q = N(A)U H(14) U N(D). Then the boundary of @ is a torus and its fundamental group is
presented by (z1,t : x3(x71¢)?). It follows that Q is a trefoil complement contained in X+
Since the latter has a Seifert structure with base orbifold D?(2,n), Q must be isotopic in M (f3)
to X*. It follows from the presentation that ¢ normally generates 771()? *). Since the slope
of Ais p_ we have X T(p_) is simply connected, contrary to our observation that it has a
non-abelian fundamental group. Thus possibility (2) is also impossible. Therefore A(a, 5) <5
when m =4. <
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FIGURE 2.

17. EXTENDED S-CYCLES IN ['g

In this section we examine the implications of the existence of extended and doubly-extended
S-cycles in T's when ¢ =t = 0. (See §11.)

Proposition 17.1. Suppose that t] =t] = 0 and {eg, e1,e2,e3} is an extended S-cycle in s
where {e1,es} is an S-cycle. Let R be the bigon face between e and es and suppose that R lies
on the e-side of S. Then either

(i) B is a singular slope so A(a, B) < 3.

(ii) e = 4+, X~ is a twisted I-bundle, and Xt admits a Seifert structure with base orbifold a
disk with two cone points, exactly one of which has order 2.

Proof. Suppose that the S-cycle {e1,es} has label pair {j,7 + 1}. By Lemma 11.8, S = F'is
connected and <I>§ has a unique component ¢ which contains an S-essential annulus. Further,
¢ is also Te-invariant and X¢ admits a Seifert structure with base orbifold a disk with two cone
points, at least one of which has order 2. The proof of Lemma 11.8 also shows that a regular
neighbourhood N of b; Ue] Ubj1Uej in S is also 7-invariant, at least up to 1sotopy in S, and
so there is a Mobius band B properly embedded in (X ¢,N). Thus N contains an S-essential
annulus with core 9B which is vertical in X¢.

Since {eg, €1, €2, €3} is an extended S-cycle, bj Ue] Ubj41 Ues, and therefore N, is contained in
<i>1_6. Let ¢’ be the component of Cbl_ﬁ which contains N and ¥’ the component of Zfﬁ which
contains ¢’. The genera of ¢ and ¢’ cannot both be 1 as otherwise, Proposition 7.1 implies that
both X+ and X~ are twisted I-bundles over the Klein bottle, contrary to Corollary 7.6.

Suppose first that genus(¢) = genus(¢’) = 0. Then ®] # S, so X~ cannot be a twisted
I-bundle. In particular, X ¢ does not admit a properly embedded non-separating annulus
(cf. Lemma 4.7). Proposition 7.1(3) then shows that X~ admits a Seifert structure with base
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orbifold a disk with two cone points in which 9B C N C ¢ is vertical. Thus M(8) admits
a Seifert structure with base orbifold the 2-sphere with four cone points. Their orders cannot
all be 2 by Corollary 7.6. Hence [ is a singular slope ([BGZ1, Theorem 1.7]) so A(«,5) < 3
([BGZ1, Theorem 1.5)).

Suppose next that genus(¢) = 1 and genus(¢’) = 0. Then Corollary 6.4 implies that ¢ = S.
Thus X€ is a twisted I-bundle, so € = —. If 3/ is either a product I-bundle which separates
X~¢ = X7 or a twisted I-bundle, then by Proposition 7.1(3), X+ admits a Seifert structure
with base orbifold a disk with two cone points in which 9B C N C ¢’ is vertical. Corollary
7.6 shows that at least one of the cone points has order larger than 2. Thus M (f) admits a
Seifert structure with base orbifold the 2-sphere with four cone points, at least one of which
has order larger than 2. Thus (i) occurs. If, on the other hand, ¥’ is a product I-bundle which
does not separate X, Proposition 7.1(3) implies that there is a Seifert structure on X+ for
which OB C ¢’ contains a fibre and whose base orbifold is a Mobius band with at most one
cone point. Since X is not a twisted I-bundle over the Klein bottle (Corollary 7.6), there is
exactly one cone point. It follows that M (/) admits a Seifert structure with base orbifold a
projective plane with three cone points. Thus (i) holds.

Finally suppose that genus(¢) = 0 and genus(¢’) = 1. Then Corollary 6.4 implies that X ¢ is
a twisted I-bundle, so ¢ = 4. From above, X+ admits a Seifert structure with base orbifold a
disk with two cone points, at least one of which has order 2. They cannot both have order 2
by Corollary 7.6. This is case (ii). <

Proposition 17.2. Suppose that t| =t] = 0. If T's contains a doubly-extended S-cycle, then
Ao, B) < 3.

Proof. Suppose that A(a, §) > 3. Proposition 17.1 implies that X~ is a twisted I-bundle, the
image of the S-cycle rectangle is contained in X, and Xt admits a Seifert structure with base
orbifold a disk with two cone points, exactly one of which has order 2.

Suppose that the S-cycle {e1,es} has label pair {j,j + 1}. It follows from the proof of Lemma
11.8 that there is a 74-invariant regular neighbourhood N of e] U b; U €5 U bj41 contained in
a Ty -invariant component ¢g of @f such that (/ﬁ\o is an F-essential annulus. Further, ¢q is the
unique component of <I>Ir to contain an F-essential annulus. Since {e1, ez} is a doubly-extended
S-cycle, 7_(N) € ®f. But 7_(N) contains an F-essential annulus, so 7_(N) C ¢o. Since N
contains a core of 50, it follows that T_/(¢\0) is isotopic to 50 in F. Tn particular, (/ﬁ\o is vertical
in some Seifert structure on X~. Thus M (B) is Seifert with base orbifold either P?(2,n) or
S2(2,2,2,n) where n > 2. Since A(a, ) > 3, 3 is not a singular slope ([BGZ1, Theorem 1.5]),
so M(j3) has base orbifold P%(2,n) ([BGZ1, Theorem 1.7]).

Since N is 7p-invariant and connected, it contains a 74-invariant simple closed curve C' which
is necessarily a core of 50. There is a Mobius band B properly embedded in X+ with boundary
C. First suppose that C N 7_(C) = (. Then there is an annulus A_ properly embedded in
X~ with 90A_ = CU7_(C). Since C is vertical in M (), A_ is non-separating in X~. Hence
CUT_(C) splits F into two annuli, each containing m /2 boundary components of F'. Let A, be
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the properly embedded annulus in X+ which is the frontier of the component of Ef containing
¢o. Since C' and 7_(C) are disjoint curves in ¢, each isotopic to a core of quﬁo, F is the union
of four annuli By, Bs, B3, By with disjoint interiors such that 50 =BiUByUB3, By = F \ 307
and 0By = CUT_(C). Let b; = |B; N OF|. By construction, by = by + b3 + by = m/2. Since C'
is a Ty-invariant curve in ¢g, m/2 > by = b + bs = m/2 + bs. Hence bs = 0. There are solid
tori V4, Vo C X where V] is a regular neighbourhood of B and V5 has boundary A, U By. By
Lemma 4.2, B4 has winding number at least 2 in V5. It follows that a regular neighbourhood
of VUA_ UBs UV, in M is Seifert with incompressible boundary (Lemma 4.1), which is
impossible.

Next suppose that CN7_(C') # 0. Since CU7_(C) is connected, 7_-invariant, and contained in
¢o, there is a 7_-invariant simple closed curve C’ in ¢, necessarily a core of 50. In particular
C' is vertical in X]_. It follows that there is a Mdbius band B’ properly embedded in X~
with boundary C’. Since C’ is vertical in the Seifert structure on X~ with base orbifold
D?%*(2,2), M(B) admits a Seifert structure with base orbifold S%(2,2,2,n), contrary to our
previous deductions. This final contradiction completes the proof. <&

18. PROOF OF THEOREM 2.7 WHEN X~ IS NOT AN [-BUNDLE AND t] =t; =0

Throughout this section we assume
(18.0.1) F is separating, A(a, 8) > 3, tf =t7 =0,X " is not a twisted I-bundle, and m > 4

By Proposition 9.4 there is a disk D, C F containing @5 We choose our base point and the
images of the paths 7; to lie in D. N F' (cf. §15) when we are interested in a relation associated
to a face lying to the —e-side of F.

18.1. Background results.

Lemma 18.1. Suppose that conditions 18.0.1 hold and e is a negative edge of I's whose end
labels are the same. Suppose as well that e is a boundary edge of a triangle face f of I's. Then
the weight of the corresponding edge € in T's is at most 2.

Proof. Suppose that f lies on the e-side of F'. Then if the weight of € is at least 3, the image

of e in F' is contained in <i>2_ ¢ C D_.. Corollary 15.3 then shows the labels at the ends of j are
different. ¢

Proposition 11.7 combines with the fact that I's contains no extended S-cycles (Proposition
17.1) to imply the following lemma.

Lemma 18.2. Suppose that conditions 18.0.1 hold. Then the weight of a positive edge of I's
is at most 5 + 2. In particular, its weight is less than m if m > 6 and less than or equal to m

ifm=4. &
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Lemma 18.3. Suppose that conditions 18.0.1 hold and that T's has a triangle face f with edges
€, where wt(e') > 2. Then wt(é) < m. Further, if € is negative of weight m, the permutation
associated to the corresponding family of edges has order 7 .

Proof. Let v be the common vertex of € and &, and let v' be the other vertex of €. Let ¢’ be
the lead edge of € incident to f. Suppose that f lies on the e-side of F'.

Suppose otherwise that wt(é) > m and let ey, ez, ..., €, €+1 be the m—+1 consecutive edges in e-
family with e as the lead edge incident to f. We may assume that the labels of e, e, ..., €, €ma1
at v are 1,2,...,m, 1 respectively. So the label of ¢’ at v is m.

Lemma 18.2 implies that € is a negative edge so the parity rule implies that the labels of
€1,€2, .0y €m, ema1 at v are 142k, 242k, ...,m, 1,2, ..., 2k, 1 + 2k respectively, for some 0 < k <
m/2 (Lemma 18.1).

—

As both ey and €’ are contained in (i>2_ € and f is on the e-side of F', f gives the relation
(18.1.1) TopT, xj € T (F)

for some j. Let B; be the bigon face between e; and e;41 for ¢ = 1,...,m. Note that B; is on
the e-side of F' if and only if ¢ is even. Also note that for each even ¢ with 2 < ¢ < m, the

images in F' of the two edges of B; both lie in <i>2_ . Also ej is contained in <i>2_ €. So for each
2 <i=2p < m, B; gives the relation x2p332_p1+2k =1, so

(18.1.2) Top = Topyok for 2<2p <m

Similarly Bs gives the relation

(18.1.3) 2oy Loy = u € T (F)

Now consider the permutation given by the first m edges eq, ..., ;.. The orbit of the label 2k is
{2k, 4k, 6k, ... ,m} where we consider the labels (mod m). Applying 18.1.2 successively shows
that if 2 is not in this orbit (i.e. the permutation has order less than m/2), then

Lok = Tyl = ... = T

Thus xoxz,,! = 1. But comparing with 18.1.1 shows that x; € P, which contradicts Proposition
15.1. On the other hand, if 2 is in this orbit then by 18.1.3,

Lok = Tgf = .. = T2 = UT2k+4+2 = UT4f+2 = ... = UL,

Thus 2oz = u € m (F) which combines with 18.1.1 to yield a similar contradiction. This
proves the first assertion of the lemma.

Next suppose that € is negative of weight m and let e, es, ..., e, be the m consecutive edges in
e-family with ey as the lead edge incident to f. As above we take the labels of ey, es, ..., €,, at
v to be 1,2, ...,m respectively and those at v’ to be 1+ 2k, 2+ 2k, ...,m, 1,2, ..., 2k respectively,
for some 0 < k < m/2 (Lemma 18.1). Similar to identity 18.1.2 we have z3, = 9,401 for
2<2p<m-—2and :ngz_i% =ue m(ﬁ). If the permutation j — j + 2k (mod m) does not
have order % then neither 2 nor m — 2 lie in the orbit {2k,4k, 6k, ..., m} of the label 2k. Thus
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Top = T4k = ... = Xy, SO plugging x%x,;l = 1 into 18.1.1 yields the contradiction x; € Fl(ﬁ).
This completes the proof of the lemma. <

Lemma 18.4. Suppose that conditions 18.0.1 hold. If A(a, B) > 5, then T's is hexagonal.

Proof. By Proposition 11.5, it suffices to show that there is no vertex of valency 5 or less.

Suppose otherwise that v is a vertex of I's of valency 5 or less. Since mA(a, 3) /valencyr(v) <
m + 1 (Proposition 10.1), we have
valencyg (v)

(18.1.4) 6 < A(a, 8) < valencyg (v) + -

Hence valencyg, (v) = 5,m = 4, and A(a, ) = 6. It follows that the weights of the edges
incident to v are 4,5,5,5,5. Lemma 18.3 implies that there can be no triangle faces incident to
v. In other words, ¢3(v) = 0. Then

p(0) = 2(v) = MA@, §) — valencyrs (v) = mA(a, 6) 5

Hence by Corollary 12.4 there is a vertex vy of I's with u(vg) > mA(«, 8) —4. Then Proposition
12.2 shows that vy has valency 5 or less. As above we have valencyfs (vp) = 5 and the weights
of the edges incident to vy are 4,5,5,5,5. By Corollary 12.2, ¢3(vg) > 4, so in particular there
is a triangle face of 'y with two edges of weight 5, which is impossible by Lemma 18.3. Thus
there is no vertex v of I'g of valency 5 or less, so the lemma holds. ¢

18.2. Proof. We prove Theorem 2.7 under conditions 18.0.1.

Assume that A(a, 3) > 5 in order to derive a contradiction. Recall that I's is hexagonal by
Lemma 18.4. In particular Y is a torus.

Since X~ is not a twisted I-bundle, Proposition 7.1 implies that for each e, Ei has a unique
component and (fi is the union of at most two components, each an [-essential annulus.

Suppose that there is an edge € of weight m + 1 incident to a vertex v of I's. Since I'g is
hexagonal, Lemma 18.3 implies that the two edges of I'g incident to v which are adjacent to &
have weights at most 2. Then the sum of the weights of the six edges incident to v is at most
4m + 5. On the other hand, this is mA(«, 5) > 6m. Hence 6m < 4m + 5, which is impossible
for m > 4. Thus the weight of each edge in I's is at most m. But then 6m < mA(a, B) < 6m,
so each edge of T's has weight m and A(«, 8) = 6.

As T'g is hexagonal, it has positive edges. Then Lemma 18.2 implies that m < % + 2. Thus
m = 4 and the weight of any edge in I'g is 4. Proposition 11.2 implies that there is a triangle
face f with one positive edge €; and two negative edges €s,e3. Let vy,vs,v3 be its vertices
where v; is determined by e and és, v is determined by e and é3, and vs is determined by és
and e3. Let eq, eq, e3 denote the lead edges of €1, és,e3 at f. Without loss of generality we can
take the label of e; at v1 to be 1 and that of e; to be 4. Lemma 18.1 shows that e, has label
2 at vg, so ez has label 3 there. Lemma 18.1 then shows that the label of e3 at v3 is 1, so the
label of e; at vg is 4. But then the four edges of I'g parallel to é; form an extended S-cycle,
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which contradicts Proposition 17.1. This final contradiction completes the proof of Theorem
2.7 when X~ is not a twisted I-bundle. <

19. PROOF OF THEOREM 2.7 WHEN X~ IS A TWISTED [-BUNDLE AND ¢t =0

We assume throughout this section that
(19.0.1) F is separating, Ala, ) > 3, t7 =0, X~ is a twisted I-bundle, and m > 4

Note that ¢t = 0 when X~ is a twisted I-bundle.

19.1. Background results. As X is not a twisted I-bundle, Proposition 7.1 implies that Zf
has a unique component and df = <I>{r is the union of one or two components each of which
completes to an F-essential annulus. Let ¢+ be the slope on F of these annuli and note that
it is the slope of the Seifert structure on X T (Proposition 7.1). Set a_ = 7_(¢, ), the slope
on F determined by <i>§ = T_(be). As 7_ is a fixed-point free orientation reversing involution,

A(¢p4, ) is even.

For the rest of this section we take A_ = &5 = &; = 7_(®]) C F. Also we take a disk D in
A contalmng all b], choose the paths 7; (defined in Section 15) in D, and define the elements
xj of 771(X T) as in Section 15. It follows that if e is an edge of a face f of I'g lying on the +-side
of F' and the image of e in F' lies in <i>2_ , then the associated element of wl(ﬁ ) determined by e
is a power of ¢, the element determined by a core of A_.

Lemma 19.1. Suppose that conditions 19.0.1 hold. Then 7 (X (a_)) is not abelian.

Proof. The base orbifold of X* has the form D?(p,q) for some p,q > 2. Since A(¢y,a_)
is even, it can’t be 1. Thus X+ (o) is either L,#L, or is Seifert fibred with base orbifold
S2(p,q, A(¢4,_)) having three cone points. In either case, its fundamental group is not
abelian. ¢

For each y € 7 (X 1) we use § to denote its image in 71 (X1 (ar_)).
Definition 19.2. Define P < 7 (X (a_)) to be the subgroup generated by 7 (F).

Lemma 19.3. Suppose that conditions 19.0.1 hold. For no j is the image of x; in m (X*H(a))
contained in P.

Proof. We noted in §15 that there are generators a,b of 71 (D?(p,q)) = Z/p x Z/q such that
ab generates its peripheral subgroup and the image of each z; in m1(D?(p, q)) is of the form
(ab)"1a% (ab)® where rj,s; € Z and €; € {£1}. Thus if the image of some z; in (X (as))
is contained in P, the image of each z; in m; (X*(a_)) is contained in P, contrary to Lemma
19.1. &
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Lemma 19.4. Suppose that conditions 19.0.1 hold. Fach face of I's which lies on the —-side
of F' has an even number of edges. In particular, each triangle face lies on the +-side of F.

Proof. The boundary of the face intersects the Klein bottle core of X- transversely in k£ points
where k is the number of edges of the face. Since this curve is homologically trivial, k is even.

¢

Given this lemma, the fact that I's contains no doubly-extended S-cycles (Proposition 17.2),
and the fact that the S-cycle bigon in an extended S-cycles lies to the +-side of F' (Proposition
17.1) we deduce the following lemma.

Lemma 19.5. Suppose that conditions 19.0.1 hold. The weight of a positive edge of s is at
most 5 + 3 if m is not divisible by 4 and 5 + 4 otherwise. In particular, its weight is less than
m if m > 10 and less than or equal to m if m > 6. &

Lemma 19.6. Suppose that conditions 19.0.1 hold. Suppose that e is a negative edge of I'g
whose end labels are the same. Suppose as well that e is a boundary edge of a triangle face f
of I's. Then the weight of the corresponding edge € in T's is at most 2.

Proof. Suppose otherwise that the weight of € is at least 3. Then e* is contained in <i>2_ . Let
7 be the label of e at its two end points. The triangle face f is on the +-side of F' and the
associated relation is

—1,a
T trjworpws = 1

—

in 771()? *), where t is the class of a loop in the annulus <i>2_ corresponding to the slope a_,

and wy,ws € wi(F). Hence the relation implies that the image of zj is contained in P <
m (X T (a-)), contrary to Lemma 19.3. Thus the lemma holds. <

Lemma 19.7. Suppose that conditions 19.0.1 hold and that T's has a triangle face f with edges
e, where wt(e') > 2.

(1) If € is negative, then wt(€) < m. Further, if wt(€) = m, then the permutation associated to
the e-family of parallel edges in I's has order % .

(2) If € is positive, then wt(e) < m —1 for m > 6 and wt(e) < m for m = 4,6.

Proof. Let v be the common vertex of € and &, and let v' be the other vertex of €. Let ¢’ be
the lead edge of € incident to f.

The proof of assertion (1) mirrors that of Lemma 18.3. The only difference is that we work
with the images Z; € m (X1 (a_)) rather than the x; € m;(X ™) and replace the contradiction
to Proposition 15.1 with one to Lemma 19.3.

Next we consider assertion (2). Suppose that € is a positive edge of I's with wt(€) > m — 1.
First we show that m < 6.

Let ey, es,..., e, be the m consecutive edges in the e-family with e; as the lead edge incident
to f. We may assume that the labels of e, eq,...,e,, at v are 1,2, ..., m respectively. The label
of € at v is then m.
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By the parity rule, the labels of eq,es,...,e, at v/ are 2k,2k — 1,...,1,m,m — 1,....2k + 1
respectively, for some 0 < k < m/2. So the triangle face f gives the relation

(19.1.1) Top+121T5 € P

Again let B; be the bigon face between e; and e;41 for i = 1,...,m — 1. If 2 < 2k < m, then the

image of ey in F' is contained in <i>2_ and so the bigon face By gives the relation
(19.1.2) ZTopy1T1 € P

Equations 19.1.1 and 19.1.2 imply that Z; is peripheral, a contradiction. Thus 2k = 2 or
2k =m.

If m > 6 and 2k = 2, then {e,, /2415 €m /2+2} is a doubly extended S-cycle, giving a contradiction.

If m > 4 and 2k = m, then {e,, /2, €y /241} is a doubly extended S-cycle, giving a contradiction

again.

If m = 6, wt(e) > 6, and 2k = 2, then {e4, e5} is a doubly extended S-cycle, giving a contra-
diction.

Finally suppose m = 4 and wt(é) > m = 4. The label of e at v is either 2 or 4. If it is 2,
{es, e4} is an extended S-cycle lying on the —-side of F', giving a contradiction. If it is 4, then
the face f shows :Z"%:Ej € P for some j while the bigon between e4 and e; gives 72 € P. But
then Z; € P, which contradicts Lemma 19.3. <

19.2. Proof when @;{ is a union of tight components. The hypothesis (IDE{ is a union of
tight components implies that the edges of ['s have weight bounded above by m + 2 (Corollary
11.4). Thus, as in the proof of Lemma 18.4 we have

valencyg (v) )

(19.2.1) 6 < A(a, B) < valencyp_(v) + 2( —

Lemma 19.8. Suppose that conditions 19.0.1 hold and <I>§)F is a union of tight components. If
Ala, B) > 5, then pu(v) = mA(a, B) — 4 for all vertices v of T'g.

Proof. Assume that there is some vertex v with p(v) > mA(«, 8) —4. Proposition 12.2 implies
that valencyg (v) is at most 5 while inequality 19.2.1 shows that valencyr, (v) is at least 4 and
if it is 4, then m = 4, A(«, ) = 6, and each edge incident to v has weight 6. Since Proposition
12.2 implies @3(v) > 1, Lemma 19.7 shows that this case is impossible. Assume then that
valencyr (v) = 5. Proposition 12.2 implies p3(v) > 4 and therefore the sum of the weights
of the edges incident to v is at most 5m + 2 by Lemma 19.7. But this sum is bounded below
by A(a,f)m > 6m, which is impossible for m > 4. Corollary 12.4 then implies the desired
conclusion. ¢
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Lemma 19.9. Suppose that conditions 19.0.1 hold and <I>§f is a union of tight components. If
A(a, B) > 5, then A(a, B) = 6. Further, one of the following two situations occurs.

(i) Ts is hevagonal and its edges have weight m.

(ii) m = 4, T's is rectangular and its edges have weight 6.

Proof. Since u(v) = mA(a, 3) — 4 for each vertex v of I's (Lemma 19.8), Proposition 12.2
implies that the valency of each vertex of I'g is at most 6. First we show that the vertices of
T's have valency 4 or 6.

Let v be a vertex of I'g. Inequality 19.2.1 shows that valencyfs (v) > 4. Suppose that
valencyr (v) = 5. By Proposition 12.2, ¢3(v) = 3. Then Lemma 19.7 implies that the sum of
the weights of the edges incident to v is at most 5m + 2. As this sum is the valency of v in
I's, we have 6m < A(a, ) < 5m + 2, which is impossible since m > 4. Thus no vertex of I's
has valency 5, so each vertex v either has valency 4 and ¢3(v) = 0 or valency 6 and p3(v) =6
(Proposition 12.2). In particular, no edge connects a vertex of valency 4 with one of valency
6. It follows that the union of the open star neighbourhoods of the vertices of valency 6 equals
the union of the closed star neighbourhoods of these vertices. Thus this union is either F or
empty. It follows that either each vertex of I's has valency 6, so I's is hexagonal (Proposition
11.5), or each has valency 4. In the latter case there are no triangle faces so I's is rectangular
by Proposition 11.5.

Suppose that I's is rectangular. Then inequality 19.2.1 shows that m = 4, A(a, 8) = 6, and
therefore each edge of I's has weight 6. This is case (ii) of the lemma.

Suppose next that I's is hexagonal. As each of its faces is a triangle, they lie on the +-side
of F' (Lemma 19.4). Hence each edge of I's has even weight. Suppose that some such edge
¢ has weight m + 2. Lemma 19.7 implies that if f is a face of I'y incident to €, then each of
the two edges of df \ € has weight 2. Thus there is a vertex of I's having successive edges
of weight 2 incident to it. But then the remaining four edges have weights adding to at least
mA(«, f)—4 > 6m—4. On the other hand, Proposition 12.2 shows that the maximal weights of
these four edges are either m, m, m,m, or 2, m,m,m+ 2, or 2,2, m+ 2, m+ 2. Each possibility
implies that m < 4. Thus each edge of I's has weight m or less. Then 6m < mA(a,8) < 6m.
It follows that each edge of T's has weight m and A(«, 8) = 6. This is case (i). ¢

Lemma 19.10. Suppose that conditions 19.0.1 hold and <I>§f 18 a union of tight components. If
A(a, B) = 6, then m = 4.

Proof. By Lemma 19.9 we can suppose that I'g is hexagonal and each of its edges has weight
m. Proposition 11.5 implies that it has positive edges. Thus m < % + 4 (Lemma 19.5), so
m < 8.

There are negative edges in ['s (Proposition 11.2) so we can choose a triangle face f of I's with
edges €1, €2, €3 where €1 is positive and e, €3 are negative. Let eq,e9,e3 be the edges of I'g
incident to f and contained, respectively, in é1, €2, 3. Let v; be the vertex of I'g determined
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by e; and eg, vy that determined by e; and es, and vs that determined by ey and e3. We can
suppose that e; has label 1 at the vertex vy and es has label m there.

Suppose m = 8. Since there are no doubly-extended S-cycles in I'g, the permutation associated
to any positive edge is of the form i — 5 — 4 (mod 8). As é; is positive, e; has label 4 at vy,
so e3 has label 5 there. Then f yields the relation Z5Z;Z; = 1. But the fourth bigon from f in
the e; family of edges implies that Z5z1 = 1. Thus Z; = 1, which is impossible. Thus m # 8.

Suppose then that m = 6. As é; is positive and I'g has no doubly-extended S-cycles, e; has
label 2 or 4 at v9. We will deal with the first case as the second is similar. Thus e has label 2
at vy so eg has label 3 there. The label of e; at v cannot be 6 by Lemma 19.6 and the same
lemma shows that it cannot be 2 as otherwise the label of e3 at v3 would be 3. Hence this label
must be 4. Examination of the labels of the I'g-edges in és,é3 at vy shows that by U b U bs
and by U by U bg lie in components of <i>5_. But consideration of the lead edge of €; at f shows
that by U by lie in the same component of CiDg. Thus (iDg = T_((i);';) is connected, contrary to
Proposition 9.4. Thus m # 6, which completes the proof of the lemma. <

The previous two lemmas reduce the proof of Theorem 2.7 under assumption 19.0.1 to the cases
described in the following two subsections.

19.2.1. The case m = 4, Ao, ) = 6 and U's hevagonal with edges of weight 4. We consider
singular disks D in X*, with D N 9dXT = dD. We can assume the components of OF are
labeled so that 0X T = F'U Ay3U Ayq, where Agz and A4y are annuli running between boundary
components 2,3 and boundary components 4,1 of F, respectively. By a homotopy we may
assume that 0D meets each of Aoz and A4y in a finite disjoint union of essential embedded arcs.
We will refer to these arcs as the corners of D. More precisely, if we go around 9D in some
direction we get a cyclic sequence of X;El and Xfl-comers, where Xo, X5 Uindicate that 9D
is running across As3 from 2 to 3 or from 3 to 2, respectively, and X4, X Uindicate that 8D is
running across Ay from 4 to 1 or 1 to 4, respectively. In this way D determines a cyclic word
W = W(chl, Xfl), well-defined up to inversion, and we say that D is of type W. (Thus D is
of type W if and only if it is of type W~!.) We emphasize that W is an unreduced word; for
example X and Xo X, X, I are distinct.

Let A_ C F be the annulus defined at the beginning of §19.1. If 9D N F C A_ we say that D
is an A_-disk.

Recall the elements x, 24 of (X' *) as defined at the beginning of §19.1. We use z;, respectively
Z;, to denote the image of x; in m (XT), respectively m1 (X (a_)). Clearly, if D is an A_-disk
of type W (X3!, Xi1) then D gives the relation W (73!, z5") in m (X T (a_)).

Note that a triangle face of I'g defines an A_-disk. Note also that there is a one-one correspon-
dence between triangle faces of I's and faces of the reduced graph I's. We therefore say that a
face of T's has type W if and only if the corresponding triangle face of I's has type W.

Let v be a vertex of I's. An endpoint at v of an edge of the reduced graph I's corresponds to
four endpoints of edges of I'g, and we can assume that the label sequence (reading around v
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anticlockwise if v is positive and clockwise if v is negative) is either 34 1 2 or 1 2 3 4. We say
that v is of type I or 11, respectively. If v is a positive vertex of type I we will say v is a (+,1)

verter, and so on.

C

1

FIGURE 3.

C

2

FIGURE 4.

Lemma 19.7(1) implies

Lemma 19.11. No edge of I's connects vertices of the same type and opposite sign.
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By Proposition 11.2 I'g has the same number of positive and negative vertices. In particular,
T's has a face fi in which not all vertices have the same sign; without loss of generality we may
assume that two of the vertices are positive and one negative, and that the negative vertex is
of type I. It follows from Lemma 19.11 that the two positive vertices are of type II. Thus the
face fi has type X5 x 2. The configuration C'1 of I's corresponding to fi is shown in Figure 3.

Lemma 19.12. T's has a face of at most one of the types X3, X2 X2, X3X,.

Proof. We consider the relations in 771()? T(a_)) coming from the corresponding triangle faces

of I's. A face of type X3, XoX? or X2X, would give the relation Zj = 1, 7272 = 1 or 7374 = 1,

respectively. It is easy to see that any two of these, together with the relation T, = @21 coming

from fi, imply Ty = Z4 = 1, contradicting Lemma 19.3. ¢
Let C'2 be the configuration shown in Figure 4.

Proposition 19.13. I's contains the configuration C?2.

We will assume that I'g does not contain such a configuration, and show that this leads to a
contradiction. Equivalently, we make the following assumption:

(19.2.2) Ts contains no face with two (—,I) vertices and one (+,II) verter.

Let Fi be the set of faces of I's with two (4, I) vertices and one (—, ) vertex, and let F
be the set of faces with three positive vertices, at least two of which are of type II. Note that
fi € Fi. Let F = 7, U Fo.

Lemma 19.14. Every face of T's that shares an edge with a face in F belongs to F.

Proof. Let f be a face in F, let § be a face of I'g that shares an edge & with f, and let v be
the vertex of g that is not a vertex of f.

Case (1). f € F.

First suppose that the vertices at the endpoints of € are (+,17) and (—, ). If v is negative
then by Lemma 19.11 it is a (—, ) vertex, contradicting assumption (19.2.2). Therefore v is
positive. By Lemma 19.11 it is a (4, []) vertex. Hence g € Fj.

Now suppose that € connects the two (+, IT) vertices of f. If v is negative then by Lemma 19.11
it is of type I, and hence g € F;1. If v is positive then g € Fo.

Case (2). f € Fo.

First suppose that € connects two vertices of type II. If v is negative then by Lemma 19.11 it
is of type I so g € F;. If v is positive then g € F5.

If & connects a (4, 1) vertex and a (+,1I) vertex then v is positive by Lemma 19.11. Also, f
is of type X2X?, so by Lemma 19.12 g is also of type X2 X?, and hence g € F».
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Now we prove Proposition 19.13. Lemma 19.14 implies that every face of I's has at least
two positive vertices. But this is easily seen to contradict the fact that I'g has the same
number of positive and negative vertices. We conclude that assumption (19.2.2) is false, i.e.
Proposition 19.13 holds. ¢

If W is a word in XzfEl and Xfl we denote by ex, (W) and ex, (W) the exponent sum in W of
X5 and X4 respectively, and if D is a disk in X of type W then we define ex, (D) = ex, (W),
exy(D) = EX4(W)’

A disk in X with 1, 2 or 3 corners will be called a monogon, bigon or trigon, respectively.
Lemma 19.15. There are no monogons.
Proof. Let D be a monogon. Applying the Loop Theorem to D, among disks with ex, +ex, #

0, we get an embedded monogon D’ of the same type as D. Then D’ is a boundary compressing
disk for F' in M, contradicting the fact that F' is essential. <

7

D, D,

FIGURE 5.

Lemma 19.16. There is no A_-trigon of type W with |ex,(W)| + |ex, (W)| = 1.

Proof. Such a disk would give rise to the relation o = 1 or 74, = 1 in m (X”r(a_)), contra-
dicting Lemma 19.3. ¢

Let D be a singular disk in X*. We say that an embedded disk E is nearby D if OF is contained
in a small regular neighborhood of D in 0X ™.

Lemma 19.17. If there is an A_-trigon of type W then there is a nearby embedded A_-trigon
of type W if W = Xzi?’ or Xjfg and of type W or W* = W(X{l,X4) otherwise.

Proof. After possibly interchanging Xs and X4 we may assume without loss of generality that
ex,(W) # 0 (mod 2). Let D be an A_-trigon of type W. The Loop Theorem gives an embedded
A_-disk D’ with ex,(D’) # 0 (mod2). Lemmas 19.15 and 19.16 now show that D’ is of the
desired type. ¢
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a

FIGURE 6.

Let Dy, Dy be properly embedded disks in X*. Putting D; and Dy in general position, D1 N Do
will be a compact 1-manifold. A standard cutting and pasting argument allows us to eliminate
the circle components of Dy N Dy, without changing 0D, and dDy. So suppose that Dy N Do
consists of n > 1 arcs. Let u be one of these arcs. Then u cuts D; into disks D}, D!, i = 1,2, and
the endpoints of u cut 0Dy and 0D- into pairs of arcs «, 8 and -, § respectively; see Figure 5.

Cutting and pasting D; and Dy along u we get four disks D} U D5, D} U Di, DY U D5, and
DY U DY, with boundaries ay~!, ad, 8y and 36! respectively. See Figure 6.

After a small perturbation, each of these disks F meets each of D; and Dy in less than n double
arcs, disjoint from the singularities of F.

The arc w is trivial in Dy if either a or  contains no corner of Di, and similarly for Dy. If
w is trivial in D; and in Dy then without loss of generality a contains no corner of D; and ~
contains no corner of Dy. Then DY U D) has the same type as Dy and D] U Dj has the same
type as Ds. If w is trivial in Dy but not in Dy, and D5 is a bigon or trigon, then at least one
of D} U D}, D} U DY, DY UDL, or DY UDY is a monogon, contradicting Lemma 19.15.

Lemma 19.18. If there is no A_-disk of type X3 then there are disjoint embedded A_-disks of
types XEIXZ and X2_2X4.

Proof. The faces f; and fo of I'g in Figures 3 and 4 are A_-disks of types X2_1XZ and X2_2X4
respectively. Since 7, '77 = 7,74 = 1 in (X (a_)), Lemma 19.3 implies that neither
relation 7272 = 1 nor 7374 = 1 can hold. Lemma 19.17 then gives embedded A_-disks D; and
Dy of type X5 le and X, 2X, respectively, which we may assume intersect in double arcs,
none of which is trivial in Dy or Ds. Let uw be a double arc. Ignoring orientations, there are
two possibilities for u in each of D; and D, shown in Figures 7 and 8 respectively.

Orient u as shown in Figures 7 and 8, so in case (1), (o, 8) = (X7,X5 '), and in case (2),
(o, B) = (X4, X4 X5 1). (Here, we are using the natural convention of labeling the oriented arc
a or ( by the sequence of corners it contains.) If u is oriented on D as shown in Figure 5,
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3 2 3 2

(1) (2)

FIGURE 7.

D (2)

FIGURE 8.

then in case (1), (7,6) = (X572, X4), and in case (2), (v,0) = (X5 ', X5 ' Xy4). Note that if u
on Dy is oriented in the opposite direction to that shown then v and § are interchanged, so
that in case (1), (v,6) = (X4, X5?), and in case (2), (v,9) = (X5 ' X4, X5 ). This gives eight
possibilities (i, j), where ¢ denotes case (i) for Dy, ¢ = 1,2, and j denotes case (j) for Dy,
j=1,2,1or 2. In each case we choose one of the four disks obtained by cutting and pasting
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along u. Below we indicate the chosen disk by the arcs in its boundary and record its type:

1,1) : ad X3

(

(1,2) - B! XXX,
(2,1) - B! XXXt
(2,2) : ad X, 'X3
1,0 : a7t XX
(1,2) : ad X, X?
210 : By X5 X}
(2,2) : oyt XuX'Xe

In case (1,1) we get an A_-disk of type X ;I’, contradicting our assumption.
Cases (1,2), (2,1), (1,1) and (2,2) contradict Lemma 19.16.

In the remaining three cases, (2,2), (1,2) and (2,1) we get an A_-disk E of type X, ' X7.
By Lemma 19.17 there is a nearby embedded A_-disk E’ of type XyX7 or X2_1Xf. The

122 = 2;%2, = 1 in m (X T(a_)),

former is impossible as otherwise we would have Z27 = Z
which implies Zy = Z4 = 1, contrary to Lemma 19.3. Thus E’ has type X, 1XZ. Noting that
|E' N Dy| < |[ENDsy| < |DyN Do, if we continue in this manner we eventually get an embedded

A_-disk of type X2_1XZ disjoint from Ds. <&

Note. Tt is easy to see that in cases (2,2), (1,2) and (2,1) we also get a disk of type X, ?X4, so
we could equally well have fixed D; and obtained an embedded A_-disk of type X, 2X, disjoint
from D;s.

Let D be an embedded disk in X*. Recall that the corners of D are the components of
0D N (Ag3 U Ayp). We will refer to the components of 9D N F as the edges of D. We label
the endpoints of the edges of D with the label of the corresponding corner. Thus, if we have
a disjoint union A of embedded disks whose X;El—corners are labeled so that reading clockwise
around boundary component 2 of F' they appear in the order a,b,c, ..., then they appear in
the same order a, b, ¢, ... reading anticlockwise around boundary component 3 of F'. Similarly,
the clockwise order of the X fl-corners of A at boundary component 4 is the same as their
anticlockwise order at boundary component 1. This ordering condition puts constraints on the
existence of the disjoint embedded arcs in F' that are the edges of A.

Lemma 19.19. If there is an A_-disk of type X3 then a_ = ¢.

Proof. If there is an A_-disk of type X3 then there is an embedded A_-disk D of type X3 by
Lemma 19.17. Let the corners of D be a,b and c; see Figure 9.

Then without loss of generality the edges of D appear in A_ as shown in Figure 10.

Let V=A_xIU Hpy U N(D) C X+, Then, taking as “base-point” a disk in A_ containing
the two left-hand edges in Figure 10 together with fat vertices v1 and vy, we get m1 (V') = (x4, t :
r3 = t) = Z, where t is represented by a_, the core of A_. Hence V is a solid torus and a_
has winding number 3 in V. Let A’ be the annulus OV — int A_. By Assumption 2.2, the torus
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4 1

C

FIGURE 9.

FI1GURrE 10.

(F — A_)U A bounds a solid torus V' in XT. Therefore X+ = V Uy V" is a Seifert fibre space
with base orbifold D?(3,b), and «a_ is the slope of the Seifert fibre p,. ¢

Lemma 19.20. If there are disjoint embedded A_-disks of types XEIXZ and X2_2X4 then

o = Q4.

Proof. Let Dy, D5 be disjoint embedded A_-disks of types XQ_IXZ and X2_2X4 respectively.

First note that the union of the edges of Dy and Dy and the fat vertices vy, v9, v3,v4 cannot be
contained in a disk in A_. For this would give relations zo = 23, ¥4 = 23 in m (X' 1), implying
r3 = 23 = 1. But x and x4 are non-trivial (Lemma 19.3), so 771()? *) would have non-trivial
torsion, contradicting the fact that X+ is a Seifert fibre space with base orbifold D?(2,b).

Let the corners of D; and Dy be a, b, ¢ and p, q,r respectively; see Figure 11.
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FIGURE 11.

Without loss of generality the labels ¢, p, ¢ appear in this order anticlockwise around vg. The
possible arrangements of the edges of Dy and Dy in A_ are then shown in Figure 12 (1)—(6).
(For simplicity we have labeled the corners a,b, ¢, p,q,r only in Figure 12 (1).)

:@-: OO

@ ) @3)

(4) (5) (6)

FIGURE 12.
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Let V=A_x1IU H93y U H41y UN(D1) UN(D2) C XT. Then 7,(V) is generated by za, 74, t,
where t is represented by a_, the core of A_. We take as “base-point” a disk in A containing
the edges of Dy together with the vertices vy, v2,v3,v4. Then the disk D; gives the relation

xy = 23 in 71 (V). The relation determined by Ds is as follows in cases (1)—(6):

—1y—1y.
Ty Tty txg =

In case (1) we get x4 = ot 'zo = 23t ~122, and hence t = z3}. Therefore (V) = Z, generated
by x4. It follows that V is a solid torus and «_ has winding number 3 in V. Hence (see the
proof of Lemma 19.19) a— = ..

In case (2) x4 = (w9t 1)? = 22, where z = xot~!. Thus 71(V) is generated by xo,z4, z with
relations o = 554217 x4 = z2. Therefore m1 (V) 2 Z, generated by z. Alsot = 27 g = 27124 = 23,

Hence again o = ¢, as in case (1).
Cases (3), (5) and (6) are similar and are left to the reader.

In case (4) we have x4 =t taot Laot ™1, s0 24wy = 23, where z = t~1xy. Since zo = 23, m (V)
has presentation (z4,z : x5 = 23). But this contradicts the fact that X is a Seifert fibre space
with base orbifold D?(2,b). ¢

Corollary 19.21. a_ = ¢,.

Proof. This follows from Lemmas 19.18, 19.19 and 19.20. <

We complete the analysis by showing that Corollary 19.21 implies that <I>§)F contains an F-
essential annulus, contrary to our assumptions.

Lemma 19.22. There is no pair of disjoint embedded A_-disks of types XQ_IXZ and X2_2X4.

Proof. The manifold V' given in the proof of Lemma 19.20 is a solid torus such that A is
contained in 0V with winding number 3 and thus the annulus A = 9V \ A_ is a vertical
annulus in the Seifert fibred structure of X*. But A is contained in XT and thus it is an
essential annulus in X*. So 94 = A_ can be isotoped in F' into the interior of <I>;r Therefore
<I>f' NA_ = <I>f' N 7'_(<i>f) = <I>;r N <i>2_ is a pair of F-essential annulus components. Hence <I>§)F
is a pair of F-essential annulus components. But this contradicts our assumption that <I>§r is a
set of tight components. Thus there is no such pair of embedded disks. ¢

Thus the situation given by Lemma 19.20 cannot arise. Then by Lemma 19.18, there is an
A_-disk of type Xj. We also have a A_ disk of type X5 1X§ given by configuration C'1. By
Lemma 19.17, there is an embedded A_-disks D; of type X3 and another Dy of type XQ_IXZ
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or X, X?. In the latter case, we have the relations 73 = &, %7 = @7 = 1 in 1 (X+(ao)),
which imply that o = 4 = 1, contrary to Lemma 19.3. Thus D5 has type X2_1Xf.

Lemma 19.23. There are disjoint embedded A_-disks D1 and Do of types X3 and XQ_IXE
respectively.

Proof. The proof is similar to that of Lemma 19.18. We may assume that among all such
pairs of embedded A_-disks of types X} and X5 1x 2 respectively, D; and Dy have been chosen
to have the minimal number of intersection components. If the disks D7 and Dy are disjoint
then we are done. So suppose they intersect. We may assume that they intersect transversely
in double arcs, none of which is trivial in D1 or Ds.

Let u be an oriented double arc which is outermost in D7 with respect to the corner it cuts off
(i.e. the interior of the corner is disjoint from Ds) as shown in Figure 13 (a). Then there are
six possibilities for the oriented arc u in Ds, as shown in Figure 13 (b1)-(b6) respectively.

If case (bl) of Figure 13 occurs, then cutting and pasting D; and Do will produce an em-
bedded A_-disk of type X5 1X2 having fewer intersection components with Dy than does Do,
contradicting our assumption on Dy and Ds.

If case (b2) of Figure 13 occurs, then cutting and pasting will produce an A_-disk of type
X2. So in 7 (Xt (a_) we have the relation 2 = 1. Together with the relations z3 = 1 and

Ty 177 =1 this implies that o = Z4 = 1 in m (X*(a_)), a contradiction.

Cases (b3) and (b4) of Figure 13 can be treated similarly to the cases (bl) and (b2) respectively.

If case (b5) of Figure 13 occurs, then cutting and pasting Dy and Dy will produce an A_-disk
of type X5 ' Xy. Thus in 71(X*(a_) we have Z; 'Z4 = 1. Since 3 = 1 and 7, '73 = 1, we
deduce To = 74 = 1 in (X (a_)), a contradiction.

Finally, if case (b6) of Figure 13 occurs, then cutting and pasting will produce an embedded
A_-disk of type X3 which is disjoint from Dy, giving an obvious contradiction. ¢

Now let V' be a regular neighborhood in X+ of the set A_ U H 3y U H41yU D1 U Dy. As in the
proof of Lemma 19.20, the union of the edges of D; and the fat vertices v; and v4 cannot lie
in a disk in A_ and can be assumed to appear as shown in Figure 10. Thus two edges of D;
connect the fat vertices v1 and v4 from the left hand side and one edge of Dy connects v; and
vy from the right hand side.

Let e; be the edge of D5 connecting vy and vy, es the edge of Dy connecting v, and v, and es
the edge of Dy connecting vo and vy.

Now take as “base-point” a disk in A containing the union of the two left-hand side edges of

Dy, the fat vertices vy, v, vs, vy, and the edges es, e3. Then the disk Dy will give the relation
azi =1,

and the disk Do will give either the relation

-1,2 _
Ty Ty =1
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4 1
1 4
4 1
()
3 2 3 2 3 2
4 1 4 1 4 1
(b1) (b2) (b3)
3 2 3 2 3 2
4 1 4 1 4 1
(b4) (bS) (b6)
FIGURE 13.

(when ey connects v; and vyg from the left hand side, cf. Figure 10) or the relation
x;lmt_lm =1

(when e; connects v; and vy from the right hand side, cf. Figure 10), where ¢ is represented by
a—. In either case we see that V' has the fundamental group

7T1(V) = <$4,t : azi = t>.

So the manifold V is a solid torus such that A_ is contained in OV with winding number 3.
Now argue as in the proof of Lemma 19.22 to see that (ID; cannot be a set of tight components,
yielding the final contradiction. <

19.2.2. The case m = 4, A(a, ) = 6 and T's rectangular with edges of weight 6. As m = 4, we
may assume:

e both (IDE{ and (iDg consist of a pair of tight components, each a twice-punctured disk;

° <I>5F is a collar on OF, and so contains no large components.
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Recall that bq,...,bs4 denote the four boundary components OF appearing successively along
OM. These four circles cut M into four annuli A; ;41,¢ = 1,...,4, such that 94; ;41 = b; Ub;j+1
(indexed mod (4)). We may assume that 90X = FU Ay 3 U Ay ;.

As in §19.2.1, an n-gon (disk) in X means a singular disk D with 9D C X such that
0D N (Az3U Ay ) is a set of n embedded essential arcs in Ap 3 U Ay 1, called the corners of D,
and 0D N F is a set of n singular arcs, called the edges of D. Recall that a 1-gon, 2-gon or
3-gon will be called a monogon, bigon or trigon.

There are no monogons in X (cf. Lemma 19.15).

Lemma 19.24. There is no bigon D in X+ whose edges e1,es are essential paths in (435_, OF)
and for which the inclusion (D,e; Ueg) — (X, <I>5_) 1s essential as a map of pairs.

Proof. Suppose otherwise that such a bigon D exists. Then D gives rise to an essential
homotopy between its two edges and thus the edges of D can be homotoped, relative to their
end points, into <I>f' Then the essential intersection <i>5_ A <I>;r contains a large component
and therefore so does <i>é' = T+(<i>g A <I>f), contrary to our assumption that <I>5F has no large
components.

Recall that h is the m-injective map from the torus 7" into M («) which induces the graph I'g
in T'. For a subset s of T we use s* to denote its image under the map h.

The image under h of every edge of a rectangular face of I'g is contained in Cbg. The images of
the middle two edges of every family of six parallel edges of I'g are contained in A_.

As before the classes z; € m (X' *) are defined and we use Z; to denote their images in
m (X (a2)).

For notational simplicity, let us write <i>5_ = (@, a pair of twice-punctured disks. A singular
disk D C X whose edges are contained in @ will be called a Q-disk. An essential Q-disk is a
Q-disk D such that 9D is essential in 9X . The following two lemmas are key to our analysis.

Lemma 19.25. An essential Q-n-gon, n < 4, is a 4-gon of type X2X4_1X4X4_1 or X4X2_1X2X2_1.
Lemma 19.26. There cannot be essential (Q-4-gons of both types X2X4_1X4X4_1 and
XX, ' X X5t

The proofs of these two lemmas will be given after we develop several necessary background
results.

All the edges of I's have weight 6. We may assume without loss of generality that there is a
family of parallel edges of I'g at one end of which the label sequenceis 123 4 1 2.

Lemma 19.27. by and by belong to different components of Q.

Proof. Suppose otherwise so that there is a rectangle face of I'g as depicted in Figure 14.
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FIGURE 14.

Here €1, €9, €3, €4, €5, eg is a family of six successive parallel edges which connect vertices v1 and
vo and whose label-permutation is the identity. Let R; be the bigon face between e;, e; 41 for
i=1,...,5 and R the disk Ry U... U R5. We know Rj, R}, f* C X while R}, R}, Rt C X ™.

There is a product structure (R;, e;, ;1) = (€; x I, e; x {0}, e; x {1}) such that for each = € e,
({x} x I)* is an I-fibre of Eg_l)l. Thus 7(_qyi(e]) = e, ;, so the free involution hy : Oy — by
(see the end of §3.2) sends e] U by to ef U by. Proposition 4.5 then shows that b; and by lie in
different components of <I>5_ Hence b3 and b4 also lie in different components of <I>g O

It follows that b3 and by also belong to different components of Q.

If (D,0D) C (Xt,0X™"), we will denote the type of D (see §19.2.1) by W (D). Recall that
W (D) is defined up to cyclic permutation and inversion.

Corollary 19.28. Let D be a Q-disk. Then W (D) does not contain the syllable XoX4 or
X1 Xo.

Proof. These give rise to a 34- or 12-edge in 9D, respectively. &

Lemma 19.29. Let D be a Q-disk. Then in W (D) no Z € {X3', Xi'} can be followed or
preceded by two distinct letters # Z7 1.

Proof. If Z were followed by two distinct letters # Z~! the same component of @ would contain
three boundary components b;. For example, if W (D) contained syllables X5 X5 and XX !
then 0D would contain a 32-edge and a 31-edge, implying that b1, by and b3 belong to the same
component of Q. &

Proof of Lemma 19.25. Let E be an essential QQ-n-gon, n < 4. By the Loop Theorem we get
an essential embedded Q-disk D, with {corners of D} C {corners of E}.

Lemma 19.30. D is a 4-gon.
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Proof. D cannot be a monogon, since then D would be a boundary-compressing disk for F'.
D cannot be a bigon by Lemma 19.24.

So suppose D is a trigon. It is easy to see that Corollary 19.28 and Lemma 19.29 imply that
D contains only, say, Xo-corners. By Lemma 19.18 |ex, (D)| # 1, so W(D) = X3.

Let U = F x U H93yUN(D) C X*. Then m(U) 2 my(F) + Z/3. It follows that U, and hence

X T, has a closed summand with fundamental group Z/3, a contradiction. <

There are three possibilities: D has either

(A) all Xy-corners (or all X4-corners);
(B) two Xy-corners and two Xy-corners;
(C) one Xo-corner and three Xy-corners (or vice versa).

Lemma 19.31. Case (A) is impossible.

Proof. We may suppose that D has all Xs-corners. Note that |ex,(D)| is not 1 by Lemma 19.18
and if it is > 1 then we get a contradiction as in the last part of the proof of Lemma 19.30.
Hence ex,(D) = 0. Thus W(D) = X3X, % or XoX; ' Xo X, .

In the first case, 9D contains a 23-edge, and hence by and b3 belong to the same component of
Q. But 0D also contains a 2-loop and a 3-loop, which clearly must intersect, contradicting the
fact that D is embedded.

In the second case, label the corners of D a, b, c,d as shown in Figure 15.

FIGURE 15.

Then 0D is as shown in Figure 16. Let V = F x TU H33). Note that oV = F x {0} I G, where
G is a surface of genus 2. We see from Figure 16 that 0D is isotopic in G to a meridian of
H 53, and so bounds a non-separating disk D’ C V. Then DU D' is a non-separating 2-sphere
C VUN(D) C X, a contradiction. ¢

Lemma 19.32. Case (B) is impossible.

Proof. By Corollary 19.28 and Lemma 19.29, the only possibilities for W (D) are X2X2_1X4X4_1
and Xo X, ' Xo X 1.
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the boundary of D

Q

FIGURE 16.

In the first case, 9D contains a 24-edge. Therefore by and by belong to the same component
of ), and hence by and bz belong to the same component of (). But dD also contains a 1-loop
and a 3-loop, which must intersect.

In the second case, let U = F' x TU H 33y UH 41y UN(D) C X*. Then m (U) = 7y (F)*Z*Z/2,

implying that X+ has a closed summand with fundamental group Z/2, a contradiction. <

By Lemmas 19.31 and 19.32, Case (C) must hold; so suppose that D has one Xs-corner and
three Xy-corners. Since {corners of D} C {corners of E}, F is also a 4-gon with one Xs-corner
and three X, corners. Corollary 19.28 rules out all possibilities for W (E) except XoX, 3 and
X2X4_1X4X4_1, and the first is ruled out by Lemma 19.29.

This completes the proof of Lemma 19.25.

Lemma 19.33. There do not exist disjoint Q-disks of types X2X4_1X4X4_1 and X4X2_1X2X2_1.

Proof. Let D1, Dy be Q-disks of types X2X4_1X4X4_1 and X4X2_1X2X2_1, respectively. Since
0D contains a 31-edge, by and by must belong to the same component of (). But 0D contains
a 1-loop and 0Ds contains a 3-loop, and these must intersect. <

Proof of Lemma 19.26. Let Eq, F5 be Q-disks of types X2X4_1X4X4_1 and X4X2_1X2X2_1 re-
spectively. By the Loop Theorem and Lemma 19.25 we get embedded @-disks D; and Do
of these types. By Lemma 19.33, D; and Dy must intersect; consider an arc of intersection,
coming from the identification of arcs u; C D;, i = 1,2. We may assume that the endpoints of

w; lie on distinct edges of D;, i = 1,2. Then u; separates D; into two disks, D, and D

i 54y,

where D) contains either one or two corners of D;.
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If D} and D} each contain a single corner, and these corners are distinct, then D] U Dj is a
@-bigon with one Xs- and one Xy-corner, contradicting Lemma 19.24.

If D} and D) both contain, say, a single Xs-corner, then u; is as shown in Figure 17, which
also shows one of the three possibilities for uy. Since by and b3 lie in one component of @,
say @1, and by and by lie in the other component, say (2, and each of the arcs u; and us has
one endpoint in ()1 and one in @2, u; and us must be identified as shown in Figure 17. Then
Dj = DY U D), is a Q-disk of type X2X4_1X4X4_1 having fewer intersections than Dy with Ds.

3 1 1 3
2 4 4 2
1 1 3 3
Dy D,
FIGURE 17.
3 1 1 3
2 4 4 2
4 4 2 2
1 1 3 3
D, D,

(@)

(b)
FIGURE 18.

If each of D! and D/ contains two corners, i = 1,2, the two possibilities for u; and ug are
illustrated in Figure 18, (a) and (b). In both cases, Di = DY U D} is again a Q-disk of type
Xo X, X, X N ! having fewer intersections with Ds.

Applying the Loop Theorem to the disk D] constructed above, and using Lemma 19.25, we get
an embedded @Q-disk of type XoX X, X 1 1 having fewer intersections with Dy than D;. Contin-
uing, we eventually get disjoint embedded Q-disks of types X2X4_1X4X4_1 and X4X2_1X2X2_17
contradicting Lemma 19.33 .

This completes the proof of Lemma 19.26. ¢
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Since each edge of I's has weight 6, consecutive 4-gon corners of I's at a given vertex are
distinct. Hence the total number of Xs-corners in the 4-gon faces of I'g is the same as the total
number of X -corners. Since a 4-gon face of I'g is an essential ()-disk, this contradicts Lemmas
19.25 and 19.26.

This completes the proof for the case where I'g is rectangular.

19.3. Proof when (ID; is not a union of tight components. In this section we suppose
that X~ is a twisted I-bundle and (IDE{ is not a union of tight components. Proposition 8.2
implies that

e M (p) is Seifert with base orbifold P?(2,n) for some n > 2;
e F is vertical in M(f);
° &)f is connected and completes to an F-essential annulus;

° i):}f completes to the union of two F-essential annuli.

By Corollary 11.4, the edges of I's have weight bounded above by m + 4. Hence for any vertex
v of I's we have

valencyp_(v)
(19.3.1) A(a, B) < valencyg (v) + 4<TS>
As the Seifert structure on X7 is unique, it is the restriction of the Seifert structure of M ()
and therefore its base orbifold is D?(2,7n). Recall from §19.1 that ¢ is the fibre slope on F of
this structure. By hypothesis, it is also the fibre slope of the Seifert structure on X ~, a twisted
I-bundle over the Klein bottle with base orbifold a Mébius band. Hence ¢4 = 7_(¢4) = a_,
so the class t € Wl(ﬁ) < 771()?*') is the fibre class.

Proposition 19.34. Suppose that conditions 19.0.1 hold and <I>§)F is not a union of tight com-
ponents. If m = 4 there is a presentation (a,b,z : a® b", abz"2) of I' = m (P%(2,n)) such
that the image in I' of the core Kg of the (-filling solid torus in M([3) represents the element
k=uaz"'b"'z €T, at least up to conjugation and taking inverse.

o~

Proof. Let Ej be the F-essential annulus <i>;r Then 0Ej is a pair of F-essential curves c1,Co.
By Proposition 8.2, <I>§' is the union of two F-essential annuli, and there are disjoint, non-
separating annuli A] ", A5 properly embedded in X~ such that 0A] U0A; C <I>;r and for each
7, afbf N 814; is a boundary component of <I>;r which we can take to be c;.

We can assume that each A} is 7_-invariant. Then AT U A5 splits X~ into two 7_-invariant

solid tori Vi, Vo where Vi N M D OM N X~ and Vo C M. The reader will verify that &)f aR%
is the union of disjoint F-essential annuli Ey, F5 where 7_(FE;) = Eo while F'N V5 is the union

of disjoint F-essential annuli Es5, E4 such that 7_(FEs3) = E4. Without loss of generality we can
suppose that ¢; C E; (j = 1,2) and &t = Ey U Ey U F5. Then Cfg = T_(i)f) = F1UE; U Ejy.
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Number the components of OF so that 9MNX T consists of two annuli, one with boundary b Uby,
the other with boundary by Ubs. Let x = x4 and y = x5 be the elements of w1 (X ) < m (M (B))
defined using the disk D C A_ = Cfg .

The intersection of OM with X~ consists of two annuli, one with boundary b; U by and the
other with boundary b3 U bs. Let w;,ws be the associated elements of 771()?_) < m(M(B))
determined by D. Since Vi N M is a twice-punctured annulus cross an interval we see that
wyp = w3 . We claim that w; = w3 1. To see this, exchange F; and F», if necessary, so that
bj C E; for j =1,2. We will be done if by € F; and b3 € E5. Suppose otherwise that b3 € F;
and b4 € Es. Then 74 (E7) is an F-essential annulus in Ey containing co Uby Uby while C Ty (Es) is
an F-essential annulus in Ey containing ¢; Uby Ubs. It follows that 074 (F7)\ ¢z is an F-essential
curve in ®F which separates by U by from by U bs. A similar conclusion holds for 87, (Fs) \ ¢i.
It follows that up to isotopy we can assume 74(E; N F) = E; N F. On the other hand, by
construction we have 7_(E; N F) = Ey N F and therefore (7_ o 74 )(E1 N F) = E; N F. Hence
the inclusion of Fo N F' in F' admits essential homotopies of arbitrarily large length, contrary

to the results of §10. Thus w; = wgl. Let z be the image of wy in T.
The class of (M (3)) carried by Kg is given by :Ewlywl_l. Let x be its image in I'.

The base orbifold of X+ is D?%(2,n) with fundamental group 71(D?(2,n)) = (a,b: a®> = 1,b" =
1). Here a,b are chosen to be represented by oriented simple closed curves in the complement
P of the cone points of D?(2,n).

We can assume that the E; are vertical in the Seifert structure on M (). Since D C E1UE;UE)y,
it projects to a proper subarc of the circle in P?(2,n) given by the image of the vertical torus
F. Thus the images of  and y in 71 (D?(2,n)) lie in {a*!,b%!} (cf. the proof of Proposition
15.1). Further 22 € {ab,ab=!,ba,b~'a} C . By construction by Uby C Fy and by Ubz C Eo and
S0 as wy is obtained by contenating an arc in OM N X~ from by to by with an arc in D from by
to by, it follows that one of the following four possibilities arises:

(1) 2+ a,y +— b, 2> = ba and k = azbz™!

(2 z—=a,y—b1t22=b"laand k = azb 271
(3) x — b,y a,2? = ab and k = bzaz™!.
(4)

4) z=bty—az22=ab"!and k =b"tzaz""

In case (3) we have I' = (a,b,z : a?,b",ab = 2%) where k = bzaz™! = z(az7'b712)"1271. In
case (4) we have I' = (a, b,z : a®,b",ab™" = 22) where k = b~'zaz~'. Replacing b by b~! gives
the presentation stated in the proposition and x = bzaz~! = z(az~'b712)"1271 as before. In
case (2) we replace z by z~! and note that then x = az~'b~'2z. Finally in case (1) we replace

bby b~! and z by 27! after which again we have k = az~'b712. &
Proposition 19.35. Suppose that conditions 19.0.1 hold and (IDE{ s mot a union of tight com-
ponents. If m =2 (mod 4) and A(a, B) is even, then A(a, 5) = 2.

Proof. Suppose otherwise. Consider the 2-fold cover of M — M which restricts to the cover
F x I — X~ on the —side of F' and the trivial double cover on the +-side of F. Since m = 2
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(mod 4) the boundary of M is connected. Now 3 lifts to a slope 3’ on OM with associated
filling a Seifert manifold with base orbifold S%(2,n,2,n) # S?(2,2,2,2). Hence ' is a singular
slope of some closed essential surface S C M. Since the distance of a to B is even, « also lifts
to a slope o/ on OM with the associated filling Seifert with base orbifold a 2-sphere with three
or four cone points. It’s easy to see that the distance between o/ and 8’ is A(«, 3)/2. Hence as
B’ is a singular slope for S, S is incompressible in M (o). As M is hyperbolic, S cannot be a
torus and therefore must be horizontal in M (/). Tt cannot be separating as the base orbifold
of M (a/) is orientable. Thus it is non-separating. But then [BGZ1, Theorem 1.5] implies the
distance between o’ and £’ is at most 1, so A(a, 8) =2. &

19.3.1. M(«) is very small. We assume that M («) is very small in this subsection and prove
Ala, f) < 3.

Lemma 19.36. M (53) contains no horizontal essential surfaces. Thus every closed orientable
incompressible surface in M(B) is a vertical torus.

Proof. Suppose M () contains a horizontal essential surface G. Then for each €, the compo-
nents of G X¢ are horizontal incompressible surfaces in X¢. Hence if A denotes the slope on F
of the curves GN F , then X is the fibre slope of the Seifert structure on X~ with base orbifold
D2(2,2). In particular, A(A, ¢4 ) = A(X,a_) = 1. Then X (A) is a Seifert manifold with base
orbifold S?(2,n) which admits a horizontal surface. Thus it must be S' x S2. But then n = 2
and therefore X is a twisted I-bundle (Proposition 7.5), contrary to our assumptions. <

Note that closed, essential surfaces in M have genus 2 or larger. Hence we deduce the following
corollary.

Corollary 19.37. If M contains a closed orientable essential surface, then the surface must
compress in M(B3). <

Lemma 19.38. If 3 is not a singular slope, then any orientable essential surface H in M with
boundary slope B has at least 4 boundary components.

Proof. We may assume that |[0H| is minimal among all such surfaces. Then by [CGLS, The-
orem 2.0.3], either [ is a singular slope or His incompressible in M (). So by our assumption
H is incompressible in M (). Thus by Lemma 19.36, H is an incompressible torus in M ().
Hence |[0H| > m and so is at least 4. <&

We complete this part of the proof of Theorem 2.7 using PSLo(C)-character variety methods.
We refer the reader to §6 of [BCSZ2] for the explanations of the relevant notation, background

results, and references.

Now let Xo C Xpsr,(M(B)) € Xpsr,(M) be an irreducible curve which contains a character
of a non-virtually-reducible representation. Let x be any ideal point of Xo. If f, has finite
value at z, then [BZ1, Proposition 4.10] and Corollary 19.37 imply that /3 is a singular slope, in
which case we would have A(«, ) < 1. So every ideal point of X, is a pole of f,. In particular
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Xo provides a non-zero Culler-Shalen seminorm || - ||x, on H;(OM;R) with 5 the unique slope
with ||5]|x, = 0.

By [BCSZ2, Proposition 10.2] and [BZ1] we have
lellxo < sx0 45

Let H be an essential surface associated to an ideal point z of Xy. As z is a pole of fn, H has
boundary slope 8. By Lemma 19.38, |0H| > 4. This implies, by the arguments in [BCSZ2,
Proposition 6.6], that sx, > 2. Thus

Ala, B) = ”‘;‘M <1+5/2=35
Xo

Thus A(q, 8) < 3, which completes the proof when M («) is very small.

19.3.2. M(«) is not very small. We suppose that M («) is not very small in this subsection and
that Y is a torus.

Lemma 19.39. Suppose that conditions 19.0.1 hold and (IDE{ is not a union of tight components.

If Ao, B) > 5 then and there is a vertex v of U's such that u(v) > mA(a, ) — 4, then m = 4.

Proof. Proposition 12.2 and Inequality 19.3.1 show that 3 < valencyr_ (v) < 5 and if v has
valency 3, then A(a, ) < 6 with equality only if m = 4. If it has valency 4, Proposition 12.2
shows that p3(v) > 1. Lemma 19.7 then implies that A(«, 8)m, the sum of the weights of the
edges incident to v, is bounded above by max{3m + 14,4m + 4}. Hence if A(«,3) > 5, then
m = 4 and A(a, ) = 6. Finally suppose that v has valency 5. In this case p3(v) > 4 (cf.
Corollary 12.2) so Lemma 19.7 implies that A(a, f)m < max{3m + 16,4m + 6,5m}. Hence if
A, B) > 5, then m=4. &

In the absence of vertices v of I's for which p(v) > mA(«, ) — 4, Corollary 12.4 implies that
w(v) = mA(a, B) — 4 for all vertices.

Lemma 19.40. Suppose that conditions 19.0.1 hold and <I>§)F is not a union of tight components.
Assume moreover that u(v) = mA(a, B) —4 for all vertices v of U's. If A, B) > 5, then either

(i) m=4, or

(ii) m = 8, A, B) = 6, each edge has weight 12, and T's is rectangular.

Proof. Proposition 12.2 shows that 4 < valencyp (v) < 6 for all vertices of T's. Further,
Proposition 12.5 shows that if

valencyp (v) =4, then p3(v) = 0,¢4(v) =4, and @;(v) =0 for j > 4
(19.40.1) valencyg (v) = 5, then ¢3(v) =3 and @4(v) = 2, and @;(v) =0 for j > 4

valencyr (v) = 6, then p3(v) =6, and ¢;(v) = 0 for j >3
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Let v be a vertex of valency 6. Since the weight of each edge of I'g is at most m + 4, Lemma
19.7 implies that if some edge incident to v has weight larger than m then A(a, f)m, the sum
of the weights of the edges incident to the vertex, is bounded above by max{3m + 18,4m + 8}.
Hence Proposition 19.35 implies that m = 4 and A(«, ) = 6. If, on the other hand, each edge
incident to v has weight m or less, then Inequality 19.3.1 shows that A(«, 5) = 6 and each such
edge has weight m. If some edge incident to v connects it to a vertex v of valency less than 6,
19.40.1 implies that the valency of vy is 5 and @3(v;) = 3. Then Lemma 19.7 shows that 6m,
the sum of the weights of the edges incident to vy, is bounded above by max{4m + 10, 5m + 4}.
In either case, m = 4. Assume then that each edge incident to v connects it to a vertex vy of
valency 6. Proceeding inductively we see that if m > 4, then each vertex in the component of
I's containing v has valency 6. It follows that I's is hexagonal (cf. the proof of Lemma 19.9)
and each edge of I's has weight m. Since I's must have a positive edge, Lemma 19.5 shows
that m = 6. But this is impossible by Proposition 19.35. Thus m = 4.

Next let v be a vertex of valency 5. Then A(«, 5)m, the sum of the weights of the edges incident
to v, is bounded above by max{3m + 16,4m + 10,5m}. Since A(a, 8) > 5, the only possibility
is for m = 4.

Finally if there are no vertices of valency 5 or 6, each vertex of I's has valency 4 and thus
Identities 19.40.1 implies that it has no triangle faces. Lemma 11.5 then shows that I'g is
rectangular. Inequality 19.3.1 shows that m < 8 and

8 ifm=4

Ale, ) S{ 6 ifm=68

Since A(a, ) > 6, Proposition 19.35 implies that m # 6. If m = 8, it is easy to see that each
edge of T'g has weight 12. This completes the proof. ¢

By the last two results, the proof of Theorem 2.7 when <I>§)F is not a union of tight components
reduces to proving the following two propositions.

Proposition 19.41. If m = 8, A(«a, 8) = 6, L's is rectangular, each of its edges has weight 12,
and (IDE{ is not a union of tight components, then A(a, ) < 5.

Proposition 19.42. If m =4 and <I>; is not a union of tight components, then A(a, ) < 5.

Proof of Proposition 19.41. Each component of <I>]_ is tight for j > 5 (Proposition 9.4) and
so ®]; has at least six tight components (Proposition 6.3(2)). On the other hand, since the
weight of each edge of 'y is 12, at least two components of <i>1_1 have two or more outer
boundary components. It follows that <i>1_1 has two components, each having two outer boundary
components. We shall call the union of these two large components ). By Lemma 19.5 each
edge of I'g is negative. Without loss of generality we may assume that there is a parallel family of
edges € of I'g whose label sequence at one of the vertices v adjacent toeis1 23456 78 12 3 4.
Therefore by and by belong to @), and by looking at the corners of the 4-gons of I'g contiguous
to € at v we see that b5 and bg also belong to ). As in Lemma 19.27, b; and b4 belong to
different components of ), as do b; and bg.
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This case is now ruled out exactly as in §19.2.2, with the corners (45) and (81) replacing (23)
and (41). ¢

The proof of Proposition 19.42 requires a certain amount of preparatory work. We use A to
denote A(a, 8) and assume it is at least 6.

Let v3 € m(M(B)) be the element represented by the core Kz of the Dehn filling solid torus.
Then [a] € 7 (M) is sent to ’yﬁA e m(M(B)) = m(M)/{(B])). Hence m (M)/{{[a],[B])) =
7T1(M(5))/<<76A>> Note that this group is a quotient of m (M)/{{[a])) = 71 (M («)).

The quotient of 71 (M (B3)) by the fibre-class is T' = 71(P?(2,n)). As before, denote the image
of v5 in T' by x. By Proposition 19.34 T' admits a presentation (a,b, z : a,b", abz~2) such that
up to conjugation and taking inverse, x = az~'b~'z. Thus if we set G = T'/{(x?)), then G has
a presentation

G = (a,b,z:a? 0", abz"%, (az" 107 12)?)
Since 7T1(M(,8))/<<’}/BA>> is a quotient of 71 (M («)), the same is true for G. We will show that
this is impossible when A > 6.

First we give an alternate presentation of G which will be useful in the sequel.

Lemma 19.43. G = (a,d,z : a®,d", (ad)®, az3dz"1).
Proof. Let d = 2~ 'b~'% and eliminate b = zd~'2~!. This gives the stated presentation. <

Lemma 19.43 shows that G is obtained from the triangle group 7' = T'(2,n, A) by adding a new
generator z and the relation az3dz~! = 1. Such relative presentations ([BP]) have been studied
extensively. In particular, since T is residually finite, a result of Gerstenhaber and Rothaus
[GR] implies

Lemma 19.44. The natural map T — G is injective. <

The specific relation az3dz~"' is analysed by Edjvet and Howie in [EH], in the more general
setting where 7' is replaced by an arbitrary group H generated by a and d. They show, using
the method of Dehn (or Van Kampen) diagrams, that the natural map H — G is injective
[EH, Proposition 1]. Combining this proof with a result of Bogley and Pride [BP] gives us the
following.

Lemma 19.45. Any finite subgroup of G is contained in a conjugate of T .

Proof. Proposition 1 in [EH] is proved by showing that the relative presentation in question
admits no non-empty spherical diagram, except for some special cases where the group H
generated by a and d is small. We observe that these do not arise in our situation where
H =T(2,n,A). The part of the proof of Proposition 1 that is relevant there is Case 2 ([EH,
page 353]). In the exceptional cases that arise either H is finite, or there is a relation in H,
other than a?, which contains at most three occurrences each of a and d, or a relation which is
a product of between one and five words of the form (ad®™')*!. Since none of these hold in our
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case (H = T(2,n,A) where n > 3 and A > 6), we conclude that our relative presentation of
G admits no non-empty spherical diagram. In the dual language of pictures, this says that it
admits no reduced spherical picture [BP]. Since the element az3dz~! € T  (z) is not a proper
power, Lemma 19.45 follows from [BP, (0.4)]. <

Lemma 19.46. The centre of G is finite.

Proof. The orbifold Euler characteristic
1 n-—1 1 1
F:oer22 —1—(= _+_ 1
X(T) = X (PR ) =1 - G+ ) == —

Hence, unless n = 3 and A = 6, (') + % < 0, and so by [BZ2, Theorem 1.2] G has a normal
subgroup Gy of finite index with deficiency def(Gp) > 2 as long as there is a representation

p:I' = PSLy(C) which preserves the orders of the torsion elements of I' and which sends ad
to an element of order A. This is easy to do by hand in our case, but we can also appeal to
[DT, Lemma 8.1] where the result is proven in a broader context. By [Hil2, Corollaries 2.3.1
and 2.4.1], the centre Z(Gy), and hence Z(G), is finite.

Suppose then that n = 3 and A = 6. In this case x(I') + = = 0 and by [BZ2, Theorem 1.2]
and [DT, Lemma 8.1] G has a normal subgroup Gy of finite index with deficiency def(Ggy) > 1.
If def(Go) > 1 we argue as above. If def(Go) = 1, [Hill, Corollary 1, page 38] implies that if
Z(Gy) is infinite then the commutator subgroup [Go, Go] is free. But [G, G] contains [T, T] (by
Lemma 19.44), which is isomorphic to Z @ Z, and hence [Gy, Gy| contains a copy of Z @ Z. It
follows that Z(Gg), and therefore Z(G), is finite in this case also. <

Since the triangle group 1" has trivial centre, Lemmas 19.45 and 19.46 give

Proposition 19.47. The centre of G is trivial. <

Proof of Proposition 19.42. Suppose that A(«, ) > 5 and let ¢ : m(M(«)) — G be the epi-
morphism described above. Recall that M («) is a small Seifert fibred manifold with hyperbolic
base orbifold S%(a, b, c). Let Z be the (infinite cyclic) center of (M (c)). By Proposition 19.47
o(Z) = {1}, and hence ¢ factors through 71 (M («))/Z = T(a,b,c) = T'. Since T" is generated
by elements of finite order, its image under the induced homomorphism is contained in ((7T"))
by Lemma 19.45 . Since G/{(T')) = Z/2, this is a contradiction. ¢
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