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ABSTRACT

It has been known for a long time that the shape of ice crystals depends on both the air temperature and the

relative humidity of the environment. The relationships among these factors have been summarized in

classification diagrams and are intensively referred to in the cloud physics literature. To put in perspective the

atmospheric conditions in which the different ice crystal habits grow with respect to the level of saturation in

the atmosphere, the vapor density excess and supersaturation with respect to ice at liquid water saturation

have been included on those diagrams as a function of air temperature. Over the years, the definition of the

water saturation included in those types of diagrams has beenmisdefined. The goal of this study is to show that

an error has been introduced in the definition of the excess of water vapor with respect to ice.

1. Introduction

Depending on the atmospheric conditions, ice crys-

tals grow in different shapes such as dendrites, col-

umns, and plates. Nakaya (1954) was the first to relate

the shape of ice crystals with the environmental tem-

perature and the supersaturation with respect to ice of

the atmosphere. The findings suggested that the type of

ice crystal depends mainly on the environmental tem-

perature. These results were obtained in laboratory

using a convective-type environment to produce tiny

cloud droplets so that the total water density consisted

of both liquid droplets and vapor. Shortly after the first

crystal growth diagram was developed, Marshall and

Langleben (1954) hypothesized that the shape of the

ice crystals was also strongly driven by the supersatu-

rated conditions. To test this hypothesis, Kobayashi

(1957) used a diffusion chamber without the presence

of water droplets. In this case, the ambient water den-

sity is only the water vapor density. The results were

represented in terms of saturated water vapor density

excess with respect to ice.

These results, among other findings, led to two ver-

sions of ice crystal classification diagrams, which were

summarized first by Kobayashi (1961) and are shown in

Fig. 1. To put in perspective the laboratory findings

with respect to the level of saturation in the atmo-

sphere, the vapor density excess and the supersatura-

tion with respect to ice at liquid water saturation, each

as a function of air temperature Tair, were included on

those diagrams. The temperature of a growing ice

crystal by deposition is, however, generally warmer

than the air temperature. Because the air temperature

is the abscissa on the classification diagram, one may

assume that the atmospheric water conditions repre-

senting the saturation vapor pressure correspond to air

temperature, which is different than the temperature of

the ice crystal Tice.

This study aims to clarify the definition of the water

saturation curves included on the ice crystal classifica-

tion diagrams. In particular, we aim to clarify whether

the air or the ice crystal temperature was used to com-

pute the supersaturation with respect to ice and the

excess of saturated vapor density with respect to ice.

Note that the goal of the paper is not related to the

uncertainty associated with the temperature and su-

persaturation thresholds measured in laboratory. Many

studies such as Bailey and Hallett (2009), Fletcher

(1973), Knight (2012), Pruppacher and Klett (1997), and

Curry and Webster (1999) have referred to these ice

crystal growth diagrams where that curve is identified as

the water saturation or excess of water density with re-

spect to ice without clearly defining it.
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2. Comparison with the Kobayashi (1961) diagram

To verify the definition of the water saturation used on

the ice crystal growth diagrams, the excess of saturated

vapor density with respect to ice at water equilibrium and

water saturation were both computed assuming that the

ice crystal is at thermal equilibriumwith the environment

(Tice 5 Tair) and when it is not (Tice . Tair). Note that an

ice crystal is generally warmer than the surrounding en-

vironment because of the latent heat release by de-

position (appendix). For example, the temperature

difference between the environment and the growing ice

crystal reaches a maximum of 0.458C at Tair 5 2158C,
which is very small. However, this small temperature

difference introduces a 0.06 gm23 difference in the sat-

urated vapor density excess with respect to ice, which

impacts the maximum value of the water vapor density

excess shown in Fig. 1a.

Some differences in the water saturation and vapor

density excess curves at both thermal and nonthermal

equilibrium are evident when compared with the

Kobayashi (1961) diagrams, as can be seen in Fig. 1.

First, the water vapor excess with respect to ice and

the water saturation curves found, respectively, in

Figs. 1a and 1b are not consistent. To compute the

excess of water vapor with respect to ice, the Ko-

bayashi diagram (Fig. 1a) assumed that the ice crystal

was not in thermal equilibrium with the environment,

which is consistent with the theory proposed by

Marshall and Langleben (1954). On the other hand,

the other representation of the diagram (Fig. 1b)

shows the water saturation when assuming that the ice

crystal is at thermal equilibrium. For example, at a

temperature of 2108C, the supersaturation with re-

spect to ice at thermal equilibrium is 10%, whereas it

is 6% when associated with an ice crystal that is

warmer than the surroundings.

3. Conclusions

To conclude, our calculations using basic thermody-

namic concepts show that an error has been introduced

FIG. 1. Classification diagrams of the atmospheric conditions (air temperature and supersaturation) associatedwith

the morphology of ice crystals: (a) the excess of vapor density with respect to ice and (b) the supersaturation with

respect to ice. For both panels, it is assumed that the temperature of the ice crystal growing by deposition is the same

as the air temperature (thick solid black line) and at a higher temperature than the surroundings (thick dashed black

line) [adapted from Kobayashi (1961)].
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in the Kobayashi diagram that started approximately in

1961. In particular, the vapor excess with respect to ice

(referred to as rw 2 ri; Fig. 1a) considers the tempera-

ture of the ice crystal when growing by deposition. The

implications of these findings are critical whendetermining

the ice crystal habit with respect to the excess of vapor

density. The lower values of the excess of vapor density

associated with the formation of, for example, dendrites

and needles are associated with subsaturated conditions

with respect to liquid water. On the other hand, the

implication of these findings is minimal in terms of our

understanding of ice crystal growth. For example, in

cloud microphysics modeling, the depositional growth

considers both the calculation of the saturated vapor

density with respect to ice at the crystal temperature and

the vapor density with respect to liquid water at air

temperature. In the derivation of the depositional

growth rate (Byers 1965), the only approximation ap-

plied is assuming that the ice crystal temperature is ap-

proximately the air temperature. This is an acceptable

assumption, because the maximum temperature differ-

ence is on the order of 0.18C.
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APPENDIX

Calculation of the Ice Crystal Temperature

This section aims to review the basic calculation

of the temperature of the stationary ice crystal grow-

ing by deposition, which is described in many cloud

physics books such as Rogers and Yau (1988) and

Pruppacher and Klett (1997). Note that for ice parti-

cles above a few hundred microns in diameter, their

fall velocity and ventilation would cool the particle

surface whereas riming would increase the surface tem-

perature relative to the stationary case (Heymsfield

1982).

To calculate the temperature of the ice crystal at a

given air temperature, we used the diffusion theory

found in Marshall and Langleben (1954). Under steady-

state conditions, there is a balance between the diffusion

transfer of water vapor at the surface of the ice crystal

and the latent heat released from phase changes. Based

on this assumption, a relationship between the air tem-

perature and the ice crystal temperature is obtained:

DT

ri(Tair 1DT)2 rs(Tair)
52

DL

K
, (A1)

where Tair is the air temperature, DT is the temperature

difference between the environment and the ice crystal,

Tair 1DT is the temperature of the ice crystal, rs is sat-

uration water vapor density with respect to liquid water,

ri is the saturated vapor density with respect to ice, K is

the coefficient of thermal conductivity, D is the diffu-

sivity of water vapor in air, and L is the latent heat of

sublimation.

It is possible to solve for DT at a given Tair to obtain

the temperature of the ice crystal. The temperature

difference between the surface of the ice crystal and the

environment is given in (Fig. A1). The difference be-

tween the environmental temperature increases as

temperature decreases to reach a maximum of 0.458C
atTair52158C.Once the temperature of the ice crystal

relative to the environmental temperature is obtained,

the equation of state is used to calculate the water va-

por excess with respect to ice for both air and crystal

temperatures with thermal and nonthermal equilib-

rium, respectively.

Using the ideal gas law, the vapor density excess with

respect to ice is

rs(Tair)2 ri(Tx)5
es(Tair)2 ei(Tx)

RyTair

, (A2)

where x is air and ice for air and ice crystal temperature,

respectively; ei is the saturation vapor pressure with

respect to ice; and es is the saturation vapor pressure

with respect to liquid water.

Similarly, the supersaturation with respect to ice is

computed for the temperatures of both the ice crystal

and air using

FIG. A1. The temperature difference between the ice crystal and

the environment varying with the environmental temperature.
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s(Tair,Tx)5
es(Tair)2 ei(Tx)

ei(Tx)
. (A3)

Therefore, Eqs. (A2) and (A3) were used in Figs. 1a

and 1b, respectively.
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