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Résumé

Francais

On dit qu’une 3-variété est SU(2)-abélienne si toute les SU(2)-représentations de son
groupe fondamental ont une image abélienne. Dans cette travail, nous classifions toutes les
variétés graphe SU(2)-abéliennes qui sont des spheres d’homologie rationnelle de dimension
3 avec un seul tore JSJ. Pour une 3-variété Y a bord torique, nous définissons l'invariant
T(Y,0Y) qui décrit Hom(m(Y), SU(2)) jusqu’a la conjugaison. En particulier, I'invariant
T(Y,0Y) est un sous-espace d'un tore. Etant donné une variété fermée Y] Uy Y5, nous
déterminons si elle est SU(2)-abélienne en étudiant l'intersection de T'(Y1, 0Y1) et T'(Ya, 0Y3).
Enfin, nous démontrons que si une variété de graphe qui est une sphere d’homologie de
dimension 3 est SU(2)-abélienne, alors c’est un L-espace au sens de I’homologie de Heegaard
Floer.

Mots-clés: 3-variétés, représentations de SU(2), L-espaces.

Anglais

We say that a 3-manifold is SU(2)-abelian if every SU(2)-representation of its funda-
mental group has abelian image. In this work we classify all SU(2)-abelian graph manifold
rational homology 3-spheres with a single JSJ torus. For a 3-manifold Y with torus bound-
ary, we define the invariant 7'(Y,0Y") that describes Hom(m(Y'), SU(2)) up to conjugation.
In particular, the invariant T'(Y,dY) is a subspace of a torus. For a generic closed manifold
Y1 Us Ys, we determine the SU(2)-abelian status of Y; Uy Y2 by studying the intersection
of T'(Y1,0Y1) with T'(Y3,0Y3). Finally, we prove that if a graph manifold rational homology
3-sphere with a single JSJ torus is SU(2)-abelian, then it is an L-space for Heegaard Floer
homology.

Keywords: 3-manifolds, SU(2)-representations, L-spaces.
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Introduction

We take the opportunity to begin this production by recalling the Greek origin of the
word “Topology”. This comes from the combination of the Greek word Témog, which means
“place” or “space” and the word Adyos, a word very popular in philosophy that can be
translated as “study” but also as “word” or “reason”. In fact, as one does on the first
day of a topology course, we say that this is the branch of mathematics that studies the
global properties of spaces that do not change under reasonable modifications. This work
is about Low Dimensional Topology, and indeed it examines those spaces that contain a
small number of dimensions, seen as different directions. In particular, this studies three
dimensional compact manifolds.

A fascinating problem that arises in this branch of topology can be simply stated as
follows: given two m-manifolds is it possible to decide whether they are homeomorphic?
Moreover if the latter has a positive answer, which are the steps we need to follow to reach
such a result?

One of the milestones of three manifold theory is provided by Perelman’s proof of Thurston’s
geometrization conjecture ([Per02],[Per03a},[Per03b]), which implies that closed, orientable
prime 3-manifolds are determined, up to orientation, via fundamental groups, with the excep-
tion of lens spaces. In particular, Perelman proved that the fundamental group of a compact
3-manifold is trivial if and only if the manifold is S®.

Let Y be a closed, prime 3-manifold. If one wants to determine whether Y is homeomor-
phic to S2, one is naturally led to ask whether 7 (Y) is trivial or not. Unfortunately, this
is not a winning strategy since, as a consequence of the Adian-Rabin theorem, deciding if a
group is trivial is hard. Therefore, a more promising way to understand the non-triviality of

Y can be found in the following conjecture:
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Conjecture 1 ([Kir95, Problem 3.105(A)]). If Y is a closed 3-manifold other than

S3, then 71 (Y) admits a non-trivial representation m(Y) — SU(2).

The 3-manifolds which are the simplest from the SU(2)-representation perspective are
the SU(2)-abelian 3-manifolds. A 3-manifold is SU(2)-abelian if every SU(2)-representation
of its fundamental group has abelian image. We say that a rational homology 3-sphere Y
is an L-space if it has minimal Heegaard Floer homology, i.e. rank }/H\?(Y) = |H(Y;2Z)].
The following conjecture, which links these two notions, somehow justifies why one wonders

about SU(2)-abelian 3-manifolds.

Conjecture 2 ([Zha20, Conjecture 4]). Let Y be a rational homology 3-sphere. If Y
is SU(2)-abelian, then Y is a Heegaard Floer L-space.

In general, the theory of SU(2)-representations provides a fruitful technique for studying
the fundamental group of closed 3-manifolds. In particular, SU(2)-abelian rational homology
spheres are interesting from the instanton Floer homology perspective. For instance, in [BS18|
Baldwin and Sivek proved that an SU(2)-abelian rational homology sphere Y is an instanton
Floer L-space if every SU(2)-representation of 71 (V") is non-degenerate in a Morse-Bott sense.
Furthermore, it has been conjectured in [KM10, Conjecture 7.24] that the instanton Floer
homology group of a rational homology 3-sphere Y is isomorphic, as a C-vector space, to the
C-tensored Heegaard Floer homology group HF (Y; C). Therefore, Conjecture 2 with [KM10,
Conjecture 7.24] suggests that if a rational homology sphere is SU(2)-abelian, then Y is an

instanton Floer L-space. This is schematically summed up in Figure 0.1.

Conjecture 3. Let Y be a rational homology 3-sphere. If Y is SU(2)-abelian, then'Y is

an instanton L-space

In this work we focus on graph manifold rational homology 3-spheres and the classification
of those that are SU(2)-abelian. The first step in this classification was taken by Sivek and
Zentner in [SZ21] when they classified SU(2)-abelian Seifert fibred spaces. Consequently, we
study non-Seifert fibred graph manifold rational homology 3-spheres and we shall classify all
SU (2)-abelian graph manifold rational homology 3-spheres that have only one JSJ torus. The
first examples of SU(2)-abelian non-Seifert fibred graph manifolds are contained in [Mot88],

where it is proven that a specific gluing of torus knot complements is SU(2)-abelian.
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Y is SU(2)-abelian

Conjecture 3 Conjecture 2

[KM11, Conjecture 7.10]

Y is an instanton L-space Y is a HF' L-space

Ficure 0.1. A triangle of Conjectures. The manifold Y is assumed to be a
rational homology 3-sphere.

Let Y7 and Y5 be two 3-manifolds with torus boundary. We denote by Y = Y; Uy Y5 a
closed 3-manifold with an embedded torus ¥ C Y such that

Y\Z =Y, UY,.

We denote by A(7;,72) the geometric intersection number between the curves 4, and 7, on

Y. The first step of the classification is the following:

Theorem 5.1.6. Let Y =Y, Us Y5 be a graph manifold rational homology 3-sphere such
that ¥ C'Y is the only JSJ torus of Y. If Y is SU(2)-abelian, then all the following hold:

e both Y| and Yy admit a Seifert fibration with disk base space;
e up to swapping the two JSJ pieces, Y1 has exactly two singular fibres;
e if hy,hy C ¥ = 9Y) = 0Ys are regular fibres of Yy and Y, then A(hy, hy) = 1.

For p; > 2, then the writing D?(P1/q., -+ ,Pn/q,) denotes a Seifert space fibred over a disk
with n cone points and singular fibres of orders (py, -+ ,pn). In particular, D?(r1/g, - -+ ,Pn/q,)
has torus boundary. Let Y = Y] Uy Y5 be a 3-manifold as in Theorem 5.1.6. In Theorem
5.1.14 we give necessary and sufficient conditions for the manifold Y to be SU(2)-abelian.
For ¢ € {1,2}, we denote by t; the order of the torsion subgroup of H;(Y;;Z) and by o; the
order of the rational longitude \; of Y;. As an application of Theorem 5.1.6, we can assume
Y] and Y5 to be fibred over a disk, therefore we denote by h; and hy be the regular fibres of
Yiand Yo in 9Y; =0, =X C Y.
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Theorem 5.1.14. Let Y = Y, Uy Y5 be a graph manifold rational homology 3-sphere such
that ¥ C Y 1is the unique JSJ torus. The manifold Y is SU(2)-abelian if and only if Y is

contained in one of the classes of Table 1 and Table 2.

A more algorithmic, but less clean version of the Theorem 5.1.14 can be found in Theorem
5.1.8. If Y7 and Y5 are as in Table 1 or in Table 2, then Proposition 5.1.12 and Proposition
5.1.13 provide a diffeomorphism ¢: 9Y; — 0Y5 such that the graph manifold Y; Uy Y5 =
Y1 U, Y, is SU(2)-abelian. Thus, each class in Table 1 and in Table 2 is nonempty. Such a
gluing is in general not unique, as shown in Example 5.2.3.

Let Y be the gluing of torus knot exteriors defined in [Mot88], where Motegi proved that
Y is SU(2)-abelian.

# Y; Y, Additional Requirements

(A1, Ay)
D p(3m) D(n,:80) n=1 (0,1)
q2 s17 r1—s1
QQQ —f- D2 Egp2 :l:Oltl
) (32 D2(33) o=t 0.3)
QQQ —f-pg Egp2 Z|:3t1
3) uy(z i) D2<r_1 7"_2> 0y =1 (4,1)
17 g2 s17 s2
r182 + 281 =4y T4go
4) Dz(% f) Da(%’ g) A, X)) #0 (4,3)
5 p*(zz) D(£,4)  pm=1h=1 (1,3)
P1G2 + P2t Zpyp, 3
6) [D2<q—i, q—;) D? (ﬁ, é) ged(p1p2, p1ge + paqr) < 2 (1,2)
P1G2 + D2q1 =p,p, T2t
7) [D2<—1, _2> D2 (T_l’ T_2> o1t1 <2V o9ty < 2 (1,1)
q1’ q2 S17 82

01 < 2,09 <2

(p1q2 + P2q1) =pip, TO1t
(1152 4 T251) =pypy £0292

TABLE 1. Classes of SU(2)-abelian graph manifolds rational homology spheres
of the form Y] Us Y. We use a normalization for which 0 < ¢; < p; and
0 < s; < r;. We always suppose that A(hy, he) = 1, A(A, A2) # 0, and
tl S tz. We write Al for A()\Q, hl) and AQ for A()\h hz)
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Corollary 5.2.2. Fori € {1,2}, let E(T;) be the exterior of a open tubular neighborhood
of the torus knot T; C S3. We denote by \; and u; the null-homologous longitude and the
meridian of T;. The manifold E(Ty) Us E(T3) is SU(2)-abelian if and only if A(Ay, p2) =0
and A(Ag, 1) = 0.

Corollary 5.2.2 implies that if Y is an SU(2)-abelian graph manifold whose JSJ pieces
are two torus knot exteriors, then Y is one of the gluing of torus knot exteriors as in [Mot88].
Since Y has two JSJ pieces which are two torus knot exteriors, Y belongs to class (7) of
Table 1.

By means of an explicit calculation of the L-space interval of Y; and Y5, and by applying
the “gluing theorem” for graph L-space manifolds (i.e. [Rasl7, Proposition 1.5]) we prove
the following:

Theorem 6.1.19. Let Y = Y] Uy Y, be a 3-manifold as in Theorem 5.1.14. IfY is an
SU(2)-abelian rational homology sphere, then Y is an L-space.

Y, Y- Additi 1 Requi t

7 1 2 itional Requirements (AL Ay)

8) D2<%, Z—;) DZ(% ill, %) ged(p1p2, p1ge + paqr) < 2 (1,1)
(P1g2 + P2q1) =pip, Tor1ts

9) D? (%, q—;) D? (%, %, %) ged(pipe, p1g2 + p2qi) < 2, (1,1)
(P1G2 + P2q1) =pip, T011
T1 7é Trs, A(/\h/\g) == 2n, n 7é 0

10) D2(§, i) [D2(i, 3 z) r£ s, AL ) =20, 0 £0  (4,1)

q2 rL’ry1’rs

11) [D2(Z_i’plpTIQI) D2(%,~-- 7%’Z_m> p1 =2 1, 09 < 2, (1,0)
(m — 1)1y + 28, =op,, 1

12 (1Y) (3 i) e=3, (1,0)
(m — 1)ry, + 28, =9, 1

13) D?(2,2) @2@7. 2, _Z> 02 =1, MM, \) =2n,n £0  (3,0)

(m — V)ry, + 28y =2, £3

TABLE 2. Classes of SU(2)-abelian graph manifolds rational homology spheres
of the form Y] Us Y. We use a normalization for which 0 < ¢; < p; and
0 < s; < r;. We always suppose that A(hy, he) = 1 and A(A, A2) # 0. We
write Ay for A(Ag, hy) and Ay for A(Ay, hy).
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This gives further evidence to the conjecture that if a rational homology sphere is SU(2)-

abelian, then it is a Heegaard Floer L-space (see Conjecture 2):
Corollary 6.1.20. Conjecture 2 holds for graph manifolds with at most one JSJ torus.

We denote by U(1) the subgroup of diagonal matrices of SU(2). For a manifold with
torus boundary Y, we define T'(Y,0Y) C Hom(m (0Y),U(1)) as the set of representations
m(0Y) — U(1) that extend to a representation m (Y) — SU(2). The object T'(Y,0Y) can
be seen as the SU(2) version of the A-polynomial, defined in [Coo+94], which uses SLy(C)-
representations or the translation extension locus, defined in [Dunl9], which uses SLy(R)-
representations. The set T'(Y, Y') has a natural decomposition as H (Y )UA(Y)UP(Y), where
H(Y) (resp. A(Y) resp. P(Y)) is the set of representation 7 (0Y) — U(1) that extend to an
irreducible (resp. abelian resp. abelian and non-central) representation m (Y') — SU(2). Let
Y = Y1 Us Yy, since 0Y; = 0Y, = X, we have that T'(Y7, 0Y7) and T'(Ys, 0Y5) are both subsets
of Hom(71(X),U(1)). Therefore, the intersection T'(Y7,dY1) N T(Ys, 0Ys) is well defined and

we can determine the SU(2)-abelian status of Y via the following:

Theorem 2.1.8. Let Y, and Ys be two 3-manifolds with torus boundary. The manifold
Y =Y Us Ys is SU(2)-abelian if and only if H(Y1) N H(Ys), H(Y1) N A(Ys), A(Y)) N H(Y3),
and P(Yy) N P(Y,) are empty.

Let Y =Y; U, Y5 be the manifold defined as before. We also determine an obstruction
to the existence of an irreducible SU(2)-representation of m(Y), whose analogue in the

Heegaard Floer world is obtained as a consequence of [HRW23, Theorem 1.14].
Corollary 2.1.14. If the manifold Y =Y, U, Y, is SU(2)-abelian, then the manifolds
Yi(Ay,) and Ys(Ay,)
are SU(2)-abelian. Here Ay, and My, are the rational longitudes of Yy and Y;.

Stepping aside from the preceding discussion, this work naturally leads to the following

conjecture. We refer the discussion of the latter to the final part of Chapter 6.

Conjecture 4. Every toroidal manifold such that |H,(Y;Z)| < 6 is not SU(2)-abelian.



Chapter 1

Background and Notation

1.1. Our favourite group: SU(2)

As we mentioned in the Introduction, this work focuses on understanding representations
m(Y) — G for a fixed group G. Therefore, the first step is to choose the group G wisely.

The Geometrization theorem, implies that three-manifolds have residually finite funda-
mental groups [Hem87], meaning that for every non-trivial element of the group there exists a
homomeomorphism to a finite group that maps this element in a non-trivial element. There-
fore, the first attempt could be to take the group G as a finite group. This is not a wise

choice since, for every finite group G, it is possible to find a closed 3-manifold Y such that
Hom(m(Y), G) = Hom(m (S°), G) = {1}.

For instance, it suffices to take Y as a lens space whose fundamental group is of coprime
order with the order of G.

Another attempt could be to take G = SLy(C). This choice may be motivated, for
example, by a Thurston’s famous result that claims that if Y is a hyperbolic manifold, then

there exists a discrete faithful representation
7T1(Y) — SL2(C)

given by the hyperbolic metric of Y (see [Thu77, page 98]). Indeed, the theory of SLy(C)-
representations has been largely developed in the last two decades. For instance, the following
is the result the author finds particularly within the SLy(C)-representation theory of 3-
manifold:

14
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Theorem 1.1.1 ([Zenl16, Theorem 1.1]). Every integer homology 3-sphere Y admits

a non-trivial representation m(Y') — SLo(C).

The logic of Theorem 1.1.1 can be summed up in the following way: if Y is a hyperbolic
3-manifold, then it has a “for free” non-trivial representation m (Y) — SLy(C) by Thurston.
If Y is geometric but not hyperbolic, then a non-trivial SLs(C)-representation can be con-
structed by hand. If Y is prime and not geometric, meaning that it has a non-trivial JSJ

decomposition, then Zentner proved that there exists a surjective homeomorphism
m(Y) - m(Yo),

where Yj is an integer homology sphere obtained by gluing together two knot exteriors.
In particular, extending [KM10, Theorem 1] he proved that the group m(Yy) admits an
irreducible, and hence non-trivial, SU(2)-representation. We recall that SU(2) is a subgroup
of SLy(C), therefore an SU(2)-representation is an SLs(C)-representation.

The importance of the group SU(2) is, in the author’s opinion, bifold. On one hand SU(2)
is the universal cover of SO(3), and these two groups are the two compact non-abelian Lie
groups of smallest dimension. On the other, the group SU(2) is deeply connected with the
theory of instanton Floer homology. In a nutshell, under specific hypotheses, the instanton
Floer chain complex of a closed 3-manifold Y is generated by SU(2)-representations of m1(Y).
We recommend [BS18] and [L.PZ23] as references.

We now take a brief moment to define the SU(2) group comprehensively and satisfactorily,
we give [Sav12] as a reference. The Lie group SU(2) consists of all complex 2 x 2 matrices
A such that

AA' =1 and detA=1.

Since A is invertible, we obtain that A" = A1 More explicitly,

T T
b a

ol

ISH
|

SH

|
4|
o
S
S

o
SH
ol
al
el
ul
|

o
IS

This is equivalent of asking that @ = d and ¢ = —b. Thus, any matrix A € SU(2) is of the

form

, where a,b€C and detA=|a*+ [b|* =1.
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This provides the identification
SU(2) = {(a,b) € C*||a]* + |o]* = 1} = $°.

The group U(1) is an abelian subgroup of SU(2) and it can be identified as
0
U(l) = ; 6 € [0, 27]

In this work an abuse of notation is in use: when not confusing, we write ¢ € SU(2) for the

matrix

The center of SU(2) is

10
Z(SU(2)) ={ + — {£1}.
0 1

Remark 1.1.2 ([Sav12, Theorem 13.2]). Two SU(2)-matrices A and B are conjugate,
meaning that there exists a third matrix X € SU(2) such that XAX~! = B, if and only if
TrA="TrB.

We now define a very important subgroup of SU(2), which, with very little imagination,
has been called a mazimal torus. A torus of a Lie group is a compact closed abelian Lie
subgroup. It can be proven that a torus is diffeomorphic to (S*)", so at least the lack of
imagination is justified in being an actual torus. A maximal torus of a Lie group is a torus
that is maximal with respect to inclusion.

Let z be a non-central element of SU(2). We denote by A, C SU(2) the centralizer
subgroup of the element z. The subgroups A, and U(1) are known to be conjugate in SU(2),

details can be found in [Sav12, Lecture 13]. The following is well known.

Fact 1.1.3. Let z,y be two non-central elements of SU(2). The elements x and y com-

mute if and only if the two centralizer subgroups A, and A, coincide.

Lemma 1.1.4. The centralizers A, with z € SU(2)\Z(SU(2)), are precisely the mazimal
tori of SU(2).
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PROOF. It is known that U(1) is a maximal abelian (Lie) subgroup of SU(2). Therefore,
U(1) is a maximal torus of SU(2). Furthermore, it is easy to see that U(1) is the centralizer
of e € SU(2), for § € (0,7). By [Hal03, Theorem 11.9] two maximal tori of a compact Lie

group are conjugate. Therefore, every maximal torus of SU(2) is of the form
cUN)x ' = 2Agex™, for € SUR2) and 6 € (0,n).
A basic computation of group theory shows that
zAx! = Agyo1.
Therefore, all maximal tori of SU(2) are of the form
Agiog—1 with 6 € (0, 7).

Since, two matrices in SU(2) are conjugate if and only if they share the same trace, we obtain

the conclusion. O
We are ready now to give probably the most important definition of this work.

Definition 1.1.5. A group G is said to be SU(2)-abelian (resp. SU(2)-central) if every
representation G — SU(2) has abelian image (resp. has image contained in the center
Z(SU(2)) = {£1}). A 3-manifold is said to be SU(2)-abelian if its fundamental group is
SU (2)-abelian.

A representation G — SU(2) is said to be abelian (resp. central) if its image is abelian
(resp. contained in the center Z(SU(2))). A non-abelian representation is also called irre-

ducible.

1.2. Our favourite walks: the slopes

Let M be a manifold with torus boundary. A (rational) slope on the boundary M is an
element [a] of the projective space of Hi(OM;Q), where o € H1(OM; Q) \ {0}. Slopes can be
identified as either

e a £-pair of primitive elements of H,(0M;Z) = m (0M);

e a JM-isotopy class of essential simple closed curves on M.



18 CHAPTER 1. BACKGROUND AND NOTATION
We denote by .#(0M) the set of slopes in M. For further details, see [BC24, Subsection
4.2].

Let 3 be a torus, and {u, A} a basis of H;(X;Z). We use the convention, depending on
the choice of the basis {y, A}, such that an element »/¢ € Q U {1/0} corresponds to the slope
pi+ g\ € Hi(%; Z).

Definition 1.2.1. Let {u, A} be a basis of H(X;Z), where ¥ is a 2-torus. Let v, and v,
be two slopes on a 2-torus ¥ such that [y1] = p1p + @A and [2] = popr + g2 in Hi(X; Z).

The geometric intersection number between 1 and 7y, is A(v1,72) = |p1g2 — Gop1]-

Let Y be a 3-manifold such that dY contains a torus 3. Let v C X be a slope. We call
Dehn filling of Y along v the 3-manifold

Y(X;y) =Y Uy ST x D?
where f: 9(S' x D?) — X is an orientation reversing diffeomorphism such that
f({*} x 0D*) =~ with %€ S (1.2.1)

We chose f the be orientation reversing as if Y is oriented, then its orientation can be
extended to an orientation of S! x D?. Therefore, if Y is oriented and f is orientation
reversing diffeomorphism, then Y (7) is orientable with an orientation compatible with Y.

It is straightforward to see that if f and f’ are two orientation reversing diffeomorphisms

I(S! x D?) — ¥ both satisfying the relation (1.2.1), then
Y Uf Sl X |D2 = homeo Y Uf/ Sl X |D2.

Therefore, Y (X; ) is indepent of the choice of f, as long as this satisfies the relation (1.2.1).

Everyone’s favorites theorem, meaning Seifert—Van Kampen one, implies that

m(Y)
(SO

where ((y)) denotes the smallest normal subgroup containing the element v € 7 (Y)

m(Y(y)) =

1

To be more precise, there is a natural inclusion ¢: ¥ — Y that indices a homomorphism ¢, : 7 (%) — 71 (Y).
Since 7 is a slope, it is an element of 71 (X). Therefore, when considered as an element of 71 (Y"), we call
v € m1(Y) the image t.(7y) € m(Y)
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If Y is a compact 3-manifold with toroidal boundary components >4, --- , 3, with fixed

bases {p;, A;} for each Hy(X;;Z), then
Y(El’ RN DR rl/sn, e Tn/sn)

denotes the closed 3-manifold obtained by performing Dehn fillings along a simple closed
curve representing ri/s, on %; for each i = 1,--- ,n. If Y has a single torus boundary and

~v C 9Y is a slope, we make the notation lighter by writing
Y(y) =Y (9Y;7).

Let Y be a 3-manifold with torus boundary and let .: 0Y — Y be the natural inclusion.

According to the “half lives and half dies” Theorem [Marl6, Corollary 9.1.5], we have that
dim(ker (Hl(é?Y; Q) 5 Hy(Y; Q))) —1.

We define the rational longitude as the slope Ay C 9Y such that its class in homology
generates kert, C H;(0Y;Q). Equivalently, the rational longitude of Y is a simple and
closed curve Ay C JY such that its class is a torsion element of Hi(Y;Z), which is unique
up to isotopy.

In this work an abuse of notation is in use: for a given simple closed curve 7 in the torus
¥, when we refer to its homotopy class [y] € m(X) we omit the brackets. Consequently, ~y

indicates both a curve in ¥ and its homotopy class v € m1(2).

1.3. Our favourite bricks: Seifert fibred spaces

The concept of Seifert fibred space was originally studied by Herbert Seifert in [Sei33].
Since the article just quoted is in German and the prerequisites for this work do not include
knowledge of that language, we will give a definition of a Seifert fibred spaces.

A compact space Y is said to be a Seifert fibred space if there exists a collection of pairwise

disjoint circles f, C Y, which are called fibres, such that

Y = /far

and every fibre f, admits a tubular neighbourhood in Y that is union of fibres. We call such

a tubular neighbourhood a fibred neighbourhood.
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Every fibre f, is associated with an invariant called order that counts how many times
any other close by fibre wraps around f,. A fibre of order one is called reqular fibre and the
ones with order 2 or greater are called singular fibres. A compact Seifert fibred space admits

finite many singular fibres. A regular fibre is sometimes called general fibre.

Definition 1.3.1. Let Y be a Seifert fibred space and let S C Y be an embedded or

immersed surface. We say that S is vertical if it is union of fibres of Y.
Let Y be a Seifert fibred space. It can be proven that
Y/~ with z~yifand onlyif z,y € f,,

is a 2-dimensional orbifold B with a number of cone points equal to the number of the
singular fibres, each of order equal to the order of the corresponding singular fibre. We give
[Sco83] and [Car19] as references for the concept of orbifold. Let B be underlying surface of
the orbifold B and {pi,---,p,} the orders of its cone points. The orbifold B is sometimes
denoted by

B(pb"' 7pn)

We say that Y is fibred over the orbifold B = B(py,--- ,p,) and, when the Seifert fibration
of Y is fixed, that B is the base space of Y. To be even more accurate, when we say that Y
has base space B we mean that there exists a Seifert fibration of Y whose base space is B.
Let n > 1. A Seifert fibred manifold with n singular fibres can be described from the
surface B and a set of rational numbers {P1/q,, -+ ,P/q,}, where p; is the order of the i

singular fibre. We call the fraction »i/q; a Seifert coefficient of Y. We can therefore write

Y:B(&,...,&)_
q1 dn

In this case, Y is fibred over the orbifold B(py,--- ,p,) and has base space B. Details, can
be found in [Marl6, Section 10.3.2].

Let us now go into the details of two types of Seifert fibred spaces to fix the notation
once and for all. Let us suppose that p; > 2. Let {[D?}ie{l,m ) be a system of n open disjoint
disks in S2. We define Y as

Y =5 x <SQ\H[D?> =5 x 52\ (]_[Slxuaf).
=1

i=1
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We define m; and I; on the i*"-torus boundary component of Y as
m; = {x} x D7 and [; = S' x {*}.

The closed manifold Y = S%(p1/g,, - - -Pn/q,) is the result of performing a Dehn filling of ¥
along the curve p;m; + ¢;l; for every i. This construction gives the following presentation for

the fundamental group of Y:
WI(Y) =T1 (Sz(pl/lh; te 'pn/qn)) = <ZE1, oty Tny h | xl;’ih(h’ [xia h]7$1$2 e I‘n>

Here [z,y] denotes the commutator zyx~'y~1. Let h be a regular fibre of the Seifert fibred
space Y = S?(pi/q,, - - -Pn/g,), we define the space D?(Pi/q, - - - Pn/g,) as

[D2(p1/qh"'pn/qn) :Y\V(h)v

where v(h) is a small fibred open neighborhood of the fibre h. The manifold D?(P1/qy, - - - Pn/g,)
is a Seifert space fibred over a disk. If M = D?(p1/q,, - - - Pn/q,), then its fundamental group is

(M) = (D?*(Pr)ar, - - - Prfan)) = (@1, -+, @p, b | 2P, [, ). (1.3.1)

Definition 1.3.2. Let M = D?(r1/q, - - - Pn/q,). Let us suppose that 7 (M) is presented as
in (1.3.1). We define the fibration meridian of this presentation as the, unique up to isotopy,
simple closed curve y C M, such that

1| =z -+ Ty, € 7T1(|D2(p1/‘11a T 7pn/q”))‘

Similarly, let us suppose that p; > 2. Let {D?};eq1,... oy be a system of n open disjoint
disks in RP?. We define Y as

Y = S'% ([R[P2 \ ]_[[D?),
=1

here x denotes the twisted product (see [MS74, Chapter 2]). We define m; and [; on the

i"-torus boundary component of Y as

m; = {x} x 0D} and [; =S x {x}.
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As before, the closed manifold Y = RP?(P1/q,, - - -Pn/q,) is the result of performing a Dehn
filling of Y along the curve p;m; + ¢;l; for every i. This construction gives the following

presentation for the fundamental group of Y:
m(Y) = 11 (RP?(P/ar, - - - Po/gn)) = (@1, -+ 2y, 2, B | 2l h [z, b, zhe " hy s - - 2,27,

Let h be a regular fibre of the Seifert fibred space Y = RP?(ri/q,,---Pn/qg,), we define the
space M(P1/qy, - -Pn/q,) as

M@ /gy, -+ Prfan) =Y \w(h),
where v(h) is a small fibred open neighborhood of the fibre h. It is easy to see that
M?2(p1/gy, - -Pn/q,) is a Seifert space fibred over the Mobius band, that is a punctured RP?.
The fundamental group of M?(P1/g,, -+ -Pn/q,) is

W1(M<&,"'&>) = <x1,---,xn,y,z,hﬂf"h(’i,[y,h],[xi,h}zhz_lh,yxlxg---xnz2>.
qQ Qn

(1.3.2)

Definition 1.3.3. Let M = M(P1/q, -+ ,Pn/q,). Let us suppose that 71 (M) is presented
as in (1.3.2). We define the fibration meridian of this presentation as the, unique up to

isotopy, simple closed curve p C dM, such that

] =y e m(M(P/ar, -+ Prfan)).

The classification of Seifert fibrations [Marl6, Proposition 10.3.11] states that there exists

a fibre-preserving diffeomorphism

Dg(}ﬂ"”’&)_}ﬂy(&” pi ...,&) (1.3.3)

¢ Gn o kpit+aq’ n

for every k € Z and i € {1,--- ,n}. In particular, we can suppose ¢; to be odd for every 1.
Let M = D?(p1/qy, - - -Pn/q,) with n > 2 and p; > 2. The Seifert fibration on M is unique
up to isotopy unless M = D?(2/1,2/1); see [Marl6, Proposition 10.4.16]. The latter admits
exactly two isotopy classes of Seifert fibration. One has base orbifold the Mébius band and
the other has base orbifold the disk with two cone points.
Let Y be a Seifert manifold with a given fibration which has a non-trivial singular fibre,

then we denote by O(Y) the vector whose entries are the orders of the singular fibres in
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ascending order. For instance, if Y = D?(P1/q,, -+ ,Pn/g,) with 2 < p; < -+ < p,,, then
O<Y) = (p17 e apn)

Lemma 1.3.4. LetY be a Seifert space fibred over a Mobius band. The rational longitude
of Y coincides with the regular fibre h C 0Y .

PROOF. This presentation in (1.3.2) shows that A has finite order in H;(Y’; Z) and, indeed,
it is the rational longitude of Y. 0

Now we need to define a graph manifold, in simple terms we can say that graph manifolds

are 3-manifolds resulting from the union of Seifert fibred spaces.

Definition 1.3.5. Let M be a closed and orientable 3-manifold. A JSJ decomposition
on M is a minimal collection of disjointly embedded incompressible tori 7 C M such that

each connected component of M \ T is either atoroidal or Seifert fibreed. A torus in 7T is

called JSJ torus.

In [JS79], it is proven that every closed, orientable, irreducible 3-manifold admits a JSJ

decomposition. Moreover, they proved that a JSJ decomposition is unique up to isotopy.

Definition 1.3.6. Let M be a closed 3-manifold and 7 C M its JSJ decomposition. We
say that M is a graph manifold if every connected component of M \ T is a Seifert fibred

space.

Graph manifolds are named after the fact that they can be described by a graph; see
[Neu81] for further details

Definition 1.3.7. A closed 3-manifold is said to be toroidal if contains an embedded

imcompressible torus.

For the meaning of ‘incompressible’ we give [Hem76, Chapter 6] as a reference. We em-
phasize [Hem76, Corollary 6.2], which states that 2-sided and incompressible surfaces are
mi-injective. This in particular implies that if a 3-manifold has a non-trivial JSJ decomposi-

tion, then it is toroidal.
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1.4. The Pillowcase and the image of the character variety

We give [HHK13] as a reference for this section. For a given group G we define
X(G) == Hom(G, SU(2))/~,

where ~ is conjugation in SU(2). We call x(G) the SU(2)-character variety of G. It is easy
to see that

x: Group — Top

is a contravariant functor from the category of groups to the category of topological spaces.

This means that if for a group homomorphism f: G — H we have a map

xX(f): x(H) = x(G)

If M is a manifold and G = 7 (M), we define the SU(2)-character variety of M, by x(M)
denoted, as x(m(M)).

Let ¥ be a 2-torus. Since m(X) is abelian, every representation m(X) — SU(2) has
image in a maximal torus of SU(2). Since the maximal tori are conjugate, every SU(2)-

representation of 7 (X)) is conjugate to one whose image is contained in U(1).

Definition 1.4.1. We define the pillowcase as the quotient of the rectangle [0, 7] x [0, 27]

with the following identifications along its boundary
(z,0) ~ (x,2m), (0,y) ~ (0,27 —y), and (m,y)~ (727 —y).
We denote this as P.

Figure 1.1 shows the pillowcase and, in particular, it is homeomorphic to the 2-sphere.
Figure 1.1 is taken from [HHK13]. In [HHK13] it is proven that the pillowcase P is home-
omorphic to the orbifold S*(2,2,2,2). We call the four corner points {0,7}* C P of the

pillowcase cone points.
Lemma 1.4.2. Let ¥ be a 2-torus. The SU(2) character variety x(X) is homeomorphic
to the pillowcase P.

PROOF. Let {1, 22} be an ordered basis of m(X). Let (0,¢) € P = ([0, n] x [0,27])/ ~,
and map this point to the conjugacy class [n] € x(X), where 7 is the representation n: m1(3) —
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FIGURE 1.1. The pillowcase from [HHK13]

U(1) such that
e 0 e 0
Ty — , and x5 — - (1.4.1)
e~ 0 e

This defines a map F': P — x(3). The map F'is clearly well-defined. We shall prove that it
is surjective and injective.

Let n: m(X) — U(1) be a representation as in (1.4.1) such that 6 € [0, 7] and ¢ € [0, 27],
then [n] € Im F.

Let n: m(X) — U(1) be a representation as in (1.4.1) such that 0 € (m,27). The

representation 7 stays in the same conjugation class of = XnX !, where

We notice that

1 of]0o e[|-10 0 e 0 eiCemo|

Therefore, [1'] = [n] € Im F. This implies that the map F is surjective.
Let us suppose that the points (01,11) € P and (05, 1)5) € P are such that

F(01,v1) = F(0,12) = [n],
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where n: m(X) — U(1). This implies that there exists a matrix Y € SU(2) such that

eiel 0 61’92 0 . eidu 0 ei1/)2 0 i,
| =Y Y and ' =Y YT
0 e 0 e 2 0 e 0 e W

Therefore, as a consequence of Remark 1.1.2, we obtain that their traces coincide. Hence,

either (01,11) = (6a,15) or (61,91) = (2m — 02,27 — 1b5). In both cases, (61,11) = (02, 12) as
points of P. 0

Definition 1.4.3. Let Y be a 3-manifold with torus boundary. Let ¢: 9Y < Y be the
natural inclusion with induced map x(¢): x(Y) — x(9Y). We call I(Y') the image of x(Y)
through the map x(¢).

We will not make use of the orbifold structure of P = x(3), but we are interested in its
cone points. Specifically, we refer to the four points {0, 7}? C P as the cone points of x(X);

these correspond to the characters of the four central SU(2)-representations
m(X) = Z2(SU(2)) = {£1}.

Definition 1.4.4. Let G be a group and H a linear group 2. For a given matrix M, we
denote by M T the transpose of a M. Let p: G — H be a representation. We define the

jewelled representation pt: G — H as

As we mentioned in the proof of Lemma 1.4.2, if ¥ is a torus and n: m (X) — U(1) is a

representation, then 7 is conjugate, via the matrix

0 -1
1 0

to the representation nT.

2A linear group is a group of invertible matrices over a given field and with the operation of matrix multipli-
cation.



Chapter 2

Topological Set Up

2.1. General results

Definition 2.1.1. Let X be a 2-torus. We define Ry 1)(2) as Hom(m(X), U(1)).

Let Y be an n-manifold, we denote by R(Y") the set Hom(m (YY), SU(2)). There exists a
natural inclusion

Rumy(X) = R(¥) = Hom(m(X), SU(2)).
Let {z1,22} C m(X) be a basis for the fundamental group of ¥. The space Ry1)(X) is
homeomorphic to the torus [0, 27]?/. in the following way: the point
(0,0) € 0,272/ = § x &
is associated to the unique representation

. e 0 e’ 0
m(0Y:) = U(1), with 1+~ , and  x9 — - (2.1.1)
0 e 0 e

Definition 2.1.2. Let Y be a 3-manifold and ¥ an embedded torus via the map ¢: ¥ — Y.
We define the U(1)-representation space of ¥ relative to Y as the set of representations

m(X) — U(1) that extend to a representation 71 (Y) — SU(2). We denote this by T'(Y,>) C
Ru@) ().

Explicitly, we have

T(Y,X) = {77 € Ruy(X) | 3p € R(Y) such that p|, . ) = 17}.

27
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We can thus see T'(Y,0Y) as the SU(2)-version of the zero set of the A-polynomial of Y, a
formal definition of this polynomial can be found in [Coo+94]. Similarly, 7(Y,0Y") can be
seen as the SU(2) version of the translation extension locus, see [Kho03] and [CD16], which
uses SLy(R)-representations. The set T'(Y,dY') was previously defined in [Lin13, Definition
2.10] in terms of the flat connections of a trivialized rank 2 unitary bundle over Y.

We now emphasize that the object T'(Y,0Y") is very close to the pillowcase image I(Y').
This latter is defined in Section 1.4. As an application of Lemma 1.4.2, x(9Y") is homeomor-
phic to the pillowcase P = [0, 7] x [0,27]/ ~. Let

T Ry (9Y) = x(9Y), with e [n],

be the quotient map. Let {1,252} be a basis for m(X) and we denote by 7,y : m(9Y) —
U(1) the representation corresponding to the point (6,v) € Ry1)(9Y) as in (2.1.1). There-

fore,

(o) = [(0,9)]/ ~€ P.
It can be proven that

[M61,00)] = [M62,0)] € X(9Y)

if and only if (61,11) = (27 — 04,27 — 1)5). Therefore, if ¢ € x(9Y), then

7o) = {me,ww m*@,w)}a

for some (0,7) € S' x S'. Here n" denotes the jewelled representation as in Definition 1.4.4.

This implies that the map 7 is the double cover of the 2-sphere branched over the four
cone points {0,7}*> C P. We prove now that preimage 7 'I1(Y) C Ry (9Y) is exactly
T(Y,0Y).

Lemma 2.1.3. Let Y be a 3-manifold with torus boundary. Let w: Ry1y(0Y) — x(9Y)
be as above, then 7' I1(Y) = T(Y,dY).

PROOF. Let ¢t: 0Y — Y. If n € T(Y,0Y), then w(n) € I(Y) by definition. Thus,
T(Y,0Y) C 7w 'I(Y). Conversely, if c € I(Y'), then by definition there exists a representation
pe: m(Y) — SU(2) such that

B

L*71'1(6Y):| = W(Pc) =cC
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It is easy to see that if ¢ € I(Y') one of branched point {0,7}* C x(9Y), then the preim-
age 7 !(c) contains only one representation n: m (9Y) — Z(SU(2)). Therefore, 7(c) C
T(Y,0Y) by definition. If ¢ € I(Y) is not a branched point of x(9Y’), then 7~*(c) = {n., i},
where 7l is the jellewed representation of 7.. By definition, we know that there exists a

representation p.: m(Y) — SU(2) and a matrix X € SU(2) such that

X 1o,

LeT (ay)X = Te-

Up to conjugation, we can suppose that X = 1. It is easy to see that

(v

Therefore, the representation 7} extends to 7, (V) too. We conclude that #=*1(Y) C T(Y,9Y).
U

.I.
_ .t _
Ml(a;z)) = Pelymoyy = e

The author prefers working with Ry 1)(0Y) rather than the pillowcase x(9Y) as they
find the former more natural when working with objects such as slopes, Dehn surgeries, and
coordinates. It should be noted, however, that as a consequence of Lemma 2.1.3, T'(Y,9Y)
and I(Y') are almost equivalent. Consequently, given a certain result concerning the structure
of T(Y,0Y) in Ry1)(9Y') one can find a corresponding to I(Y') in the pillowcase x(9Y'), and
vice versa.

Let Y7 and Y, be a pair of 3-manifolds with torus boundary and ¢: 9Y; — 9Y3 a dif-
feomorphism. We denote by ¥ = Y; U, Y5 be the manifold obtained by gluing Y; and Y5
along the map ¢. Let X be the torus 0Y; = 0Y2 in Y and ¢: ¥ — Y the inclusion. Then,
the spaces T'(Y,3) and T'(Y3, ) are both contained in Ry 1)(3). Therefore, the intersection
T(Y1,3) NT (Y2, %) is well defined in Ry1y(2).

If n: m(¥) — U(1) is a representation in 7'(Yy, X) NT(Ys, ), then there exist p; € R(Y1)
and py € R(Y2,) such that

P1 L1 (2) =1N=p2 L1 (3)°
Let p: m(Y) — SU(2) obtained by gluing the representations p; and py along 7. Thus, the

representation p is such that

p|7‘|’1(Y1) = P1, plﬂ'l(YQ) = P2, and p’l,*ﬂ'l(z) =1n.
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This means that every point in 7'(Y7, ¥) N T'(Ys, 3) corresponds to an SU(2)-representation

of m(Y). Conversely, up to conjugation, a representation p: m (Y) — SU(2) satisfies

Im ,0|L*m(2) cuU().

This implies that p[, ) € T(Y1,2) NT(Y2, X).

Proposition 2.1.4. Let Y = Y; U, Y5 be the 3-manifold defined above. The manifold
Y is SU(2)-abelian if and only if every SU(2)-representation of m(Y') that restricts to a
representation in T(Y1,X) NT(Ys, X) is SU(2)-abelian.

Proor. If Y is SU(2)-abelian, the conclusion is trivial. If Y is not SU(2)-abelian, there
exists a representation p whose image is not abelian. Up to conjugation, we can suppose
that p(e.m1(X)) € U(1). The restriction pl, ) extends to both m1(Y1) and m(Y2). Hence,
eT(Y,2)NT (Y, X). O

p

L1 (2)

Definition 2.1.5. Let Y be a 3-manifold with torus boundary, let ¢: Y — Y be the
natural inclusion. We define the sets A(Y'), H(Y), and P(Y') as

AY) = {77 € Ry (0Y) | Ip € R(Y') such that p) yy =1 and pis abehan}

L1 (0

H(Y) = {7] € Ruy(9Y) | 3p € R(Y) such that p|, . 5y) =7 and pis irreducible},

P(Y) = {77 € Ry (9Y) |3p € R(Y) such that p|L*m(ay) =7,
n is central, and p is abelian and non—central}.

Equivalently, a representation m(0Y) — U(1) is in A(Y) (resp. H(Y)) if and only if
it extends to an abelian (resp. an irreducible) representation m(Y) — SU(2). Similarly,
a representation m(0Y) — Z(SU(2)) is in P(Y) if and only if it extends to an abelian
representation 7 (Y) — SU(2) whose image is not in Z(SU(2)). Notice that P(Y) C A(Y)
and A(Y)UH(Y) = T(Y,0Y) € Ry(dY).

Let Y =Y U, Yz and p € R(Y). We write p; for p|,(y,, and ps for p|

m1(Ya)"

Proposition 2.1.6. Let Y =Y, U, Y, and X C Y the torus corresponding to 0Y, = 0Ys.
If p € R(Y) is an irreducible representation such that py and ps are both abelian, then
ol (%)) € Z(SU(2)).
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PROOF. Since p is irreducible, neither Im p; nor Im py is central. Let us suppose, by
contradiction, that there exists g € ,.m(X) such that p;(g) is not in the center. Since
g = ¢(g) in m(Y), we have that pi(g) = pa(p«(g)). In particular Imp;, C A, (4 and
Im ps € Apy(p.(g)), Where A, C SU(2) is the centralizer subgroup of the non-central element
z € SU(2). Fact 1.1.3 implies that A, ) = Ap,(s.(9))- This implies that Imp C A, (5 =
Apy (4. (), Which contradicts the irreducibility of the representation p. 0

Proposition 2.1.7. Let Y = Y; U, Y5 be as above. If there exists p € R(Y) such that
p(L.m (X)) € Z(SU(2)) and neither py nor pe is central, then the manifold Y is not SU(2)-

abelian.

Proor. If p is irreducible we get our conclusion. Let us suppose that p is reducible and
therefore both p; and py are reducible as well. Without loss of generality, we assume that
the images Tm p; and Im p, are both in U(1). Let z € SU(2) \ U(1). If a € zU(1)z~! and a
is not in the center Z(SU(2)) = {%1}, then the matrix a does commute with any element

of U(1)\ Z(SU(2)). Let v: m(Y) — SU(2) be defined as

p1(z) if x € m (Y1)
() = .
zpo(z)ztif v € (V)

As pi(x) = pa(z) € Z(SU(2)) for every x € m(X), then

zpa(y)2~ = p2(y) = p1(y)

for every y € m(X). Therefore the representation 7 is a well defined representation. Since
neither p; nor py is central, the representation 7 has non-abelian image. This implies that ~

is irreducible. O

Let Y7 and Y5 be two 3-manifolds with torus boundary and let Y =Y, U, Y5. Let ¥ C Y
be the torus corresponding to dY; = Y5, let ¢: 3 — Y be inclusion. In order to make the
notation a little lighter, the sets A(Y;), H(Y;), and P(Y;) of Definition 2.1.5 will be denoted
by A;, H;, and P;, where ¢ € {1,2}, where there is no risk of confusion. Proposition 2.1.6
and Proposition 2.1.7 imply that there exists an irreducible representation p € R(Y’) such
that p|, . s € 41N Ay if and only if p|, = €PN D

1
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Theorem 2.1.8. Let Y, and Ys be two 3-manifolds with torus boundary. The manifold
Y = Y1 U, Ys is SU(2)-abelian if and only if Hy N Hy, Hy N Ay, Ay N Hy, and PN P are
empty.

PrOOF. If Y is SU(2)-abelian, then, for every p € R(Y), the restrictions p; = p

1«1 (Y1)
and py = p|L*m(Y2) are abelian. This implies that H{NHy =0, AiNHy, =0, and H,N Ay = (.

If n € P, N Py, then there exists a representation p € R(Y) such that p; and ps are
non-central. Proposition 2.1.7 implies that Y is not SU(2)-abelian, which is a contradiction.
Thus, PN P, = 0.

Conversely, let p € R(Y) be an irreducible representation. In particular, Y is not SU(2)-
abelian. Up to conjugation, we can suppose that p(u,m (X)) C U(1). If ,0|L*m(2) is either
in Hy N Hy, Ay N Hy, or in Hy N Ay, then we get our conclusion. If p\b*m@) is in neither
Hi N Hy, Ay N Hy, nor Hy N Ay, then p; and py are both abelian. Proposition 2.1.6 implies
that p(e,m (X)) € Z(SU(2)). Since p is irreducible and the restrictions p; and ps are SU(2)-
abelian, neither p; nor py is SU(2)-central. This implies that p|L*m(E) is in PN P,. Therefore,
P, N Py is nonempty. 0

Example 2.1.9. We give now an application of Theorem 2.1.8. Let Y; = Y5 be the exte-
rior of the figure eight knot. For i € {1,2}, we denote by p;, \; C 9Y; the knot meridian and
the nullhomologous longitude. Let ¢: dY; — 0Y5 be an orientation reversing diffeomorphism

defined as
o) = A2 and (A1) = uo. (2.1.2)

We want to prove that Y = Y; U, Y5 is not SU(2)-abelian by applying Theorem 2.1.8. Note
that Ry)(0Y;) comes with coordinates (6;,;) according to the ordered base {u;, A;} as in
(2.1.1). Figure 2.1a shows the space T'(Y;,0Y;) € Ry)(0Y;) with the chosen coordinates.
Details of Figure 2.1a can be found in [KK90].

Since 9Y; = 0Y, in Y, (61,%1) and (0s,1)5) are two parameterization of the same space.
In particular, the (2.1.2) implies that (01,11) = (12,63). Figure 2.1b represents the sets
T(Y1,0Y1) and T'(Y2,0Y2) in Rya)(0Y1) with the coordinates (6:,1). Figure 2.1b shows
that H(Y1)NH(Y2) is nonempty. Therefore, as a consequence of Theorem 2.1.8, the manifold
Y is not SU(2)-abelian.
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A A
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(A) T(Y;,0Y;) C Rya)(9Y;) with coordi-  (B) T(Y1,0Y1) N T(Y2,0Y2) as a subset of
nates (6,1) corresponding to {4, \i}. The Ry1)(9Y1). The set A(Y1) (resp. A(Y2),
set A(Y;) (resp. H(Y;)) is in orange (resp. H(Y1), H(Y2)) is in orange (resp. cyan, ma-
magenta). genta, blue).

FI1GURE 2.1. Example 2.1.9

Let Y be as in Example 2.1.9, since ¢(p1) = Ag, then A(A,; Ay) = 1. It can be proven,
for example as a consequence of Remark 2.2.2 below, that this implies that Y is an integer
homology 3-sphere. Clearly, Y is toroidal. Therefore, Y was known to be non SU(2)-abelian
as a consequence of [LPZ23, Theorem 1.1].

Now we focus on the set A(Y) of Definition 2.1.5. Let Y be a compact orientable
3-manifold with torus boundary, we identify the group H,(9Y;Z) = 7? with the group

71 (0Y) = 72 in the natural way. With an abuse of notation, we consider the group
ker(c, : H1(0Y;Z) — H(Y; 7)) < H(0Y; Z),

where ¢: Y — Y is the inclusion, as a subgroup of m;(9Y).

Before moving to next proposition, we recall a definition:

Definition 2.1.10. A group G is said to be divisible if for every x € G and every n € N>,
there exists a y € G such that x = y".

Proposition 2.1.11. Let Y be a 3-manifold with torus boundary and v: Y — Y the
natural inclusion. A representation n: m(0Y) — SU(2) extends to an abelian representation

p:m(Y) = SU(2) if and only if 9|, =1.
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PROOF. The abelianization map m(Y) — Hy(Y; Z) is denoted by A. Let us suppose that
the representation 7n: m(0Y) — SU(2) extends to an abelian representation p : m (V) —
SU(2). Then, n = po,. Since p is abelian, there exists a representation p: Hy(Y;Z) —
SU(2), such that p = po A. This implies that all the triangles in diagram (2.1.3) commute.

RN,

b (V) — 5 SU(2 (2.1.3)

/

(0Y;7) = 1 (9Y)

Thus, n = p o t,. Therefore, n(kert,) = po t.(kert,) = 1. This concludes one direction.
Conversely, let n: m(0Y) — SU(2) be a representation that is trivial on ker¢.. Up to
conjugating, we can suppose that n has image in U(1) C SU(2). Therefore, we define the
(abelian) representation v: Im¢, — U(1) as n(z) = y(z). Since the group U(1) is divisible,
[Lam99, Proposition 3.19] implies that there exists a representation p: Hy(Y;Z) — U(1)
that extends y. The representation p is given by pre-composing p with the abelianization

homomorphism A. O

We recall that an abuse of notation in use: for a given simple closed curve « in the torus
Y, when we refer to its homotopy class [y] € m(X) we omit the brackets. Consequently, -y
indicates both a curve in ¥ and its homotopy class v € m;(X).

The following is a more operational formulation of Proposition 2.1.11.

Corollary 2.1.12. Let Y be a 3-manifold with torus boundary and let Ay be its rational
longitude. Let n be the order of Ay in Hy(Y;Z). A representation n: m(0Y) — SU(2)
extends to an abelian representation m(Y) — SU(2) if and only if n(Ay)™ = 1.

PRrROOF. The subgroup ker ¢, < H,(0Y';Z) is generated by the element n-Ay € H,(0Y'; Z).
Hence, n(ker ¢,) = 1 if and only if n(Ay )™ = 1. The conclusion holds by Proposition 2.1.11

In what follows A\; and Ay are the rational longitudes of Y] and Y,. Furthermore, o; and

09 are the orders of the corresponding rational longitudes in Hy(Y;;Z) and Hy(Y3; 7).
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Proposition 2.1.13. Let Y, and Y, be two 3-manifolds with torus boundary and let
@: 0Y1 — 0Ys be a diffeomorphism. If the manifold Y =Y, U, Yy is SU(2)-abelian, then the

groups
m(Yz)

{(A2") )

are SU(2)-abelian. Here, (x)) < m (Y1) denotes the smallest normal subgroup of m (Y1)

containing x € m(Y1).

PROOF. Let us suppose that the group m(Y1)/{(A2??)) admits an irreducible SU(2)-
representation. Hence, there exists an irreducible representation p;: m (Y1) — SU(2) such
that p;(A2”) = 1. Let ¥ be the embedded torus in Y corresponding to 0Y; = 9Y, and
let .: ¥ — Y be the natural inclusion. Let 7 be the restriction pi|, . ). Since n(A2)” =
p1(A2)?2 =1, Corollary 2.1.12 implies that the representation 1 extends to an abelian repre-
sentation pg: m(Y3) — SU(2). Thus, there exists a representation p: m (Y) — SU(2) such
that p|. y,) = p1 and pl, y,) = p2. The representation p is irreducible. The conclusion for

(Y1) /{(X2?%)) holds similarly. O

Corollary 2.1.14. If Y is SU(2)-abelian, then the manifolds Yi(Aa) and Ya(A1) are
SU(2)-abelian as well.

PRrOOF. The conclusion holds by Proposition 2.1.13 and the existence of a surjective

homomorphism

7T1(Y1) g _ 7T1(Y1) _ 7T1(Y1)
ey 030 = T = Ty / 09

O

As shown in [Mot88], there exists a way to glue together two copies of the exterior of the
trefoil to get an SU(2)-abelian manifold. Corollary 2.1.14 combined with Theorem 2.1.15

above has an interesting application: we cannot do the same for the figure-eight knot.

Theorem 2.1.15 ([BHO7, Theorem 1.1]). LetY be the exterior of a nontrivial 2—bridge
knot in S which is not a torus knot, and let o be any non-meridional slope in OY . Then

there ezists an irreducible representation m (Y () — SU(2).

Corollary 2.1.16. For i € {1,2}, let K; C S a non-trivial 2-bridge knot which is not
a torus knot and Y; = S3\ v(K;). For every diffeomorphism ¢: 3Y, — 0Y,, the manifold
Y1 U, Y, is not SU(2)-abelian.
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PRrROOF. Since Kj; is a non-trivial 2-bridge knot, Y; cannot be a solid torus. Therefore for
every diffecomorphism ¢: 0Y; — 0Y5, the manifold Y; U, Y5 is toroidal. Let {su;, A;} € 9Y be
a system of the knot meridian and null homologous longitude. If p(u;) = Ay and (A1) = pa,
then manifold Y is an integer homology sphere. In this case the conclusion holds by [LPZ23,
Theorem 1.1].

Let us suppose that the diffecomorphism ¢ is not as above, therefore either (A1) # o
or ¢ 1(Xg) # pp. Without loss of generality, we suppose that ¢(\;) # pe. The manifold
Y5(¢(A1)) is known to be not SU(2)-abelian by Theorem 2.1.15. The conclusion holds by
Corollary 2.1.14. O

Since the figure eight knot is a 2-bridge knot, the following is a trivial consequence of

Corollary 2.1.16.

Corollary 2.1.17. Let Y, and Yy be two copies of the exterior of the figure eight knot.
Let ¢: 0Y1 — 0Y; be a diffeomorphism. The manifold Y =Y, U, Yy is not SU(2)-abelian.

2.2. Graph manifold rational homology 3-spheres

In this section we shall prove that graph manifold rational homology spheres decompose
into Seifert pieces whose base spaces are relatively simple. More explicitly, we are going to
prove that every JSJ piece of a graph manifold rational homology sphere, which is a Seifert
fibred space, has a base space which is either a punctured 2-sphere S? or a punctured RP?.

For details see [BC17, Section 2.2].

Lemma 2.2.1. Let Y be a graph manifold rational homology sphere with a nontrivial JSJ
decomposition and let Yo CY be a JSJ piece. The Seifert space Yy admits a Seifert fibration

over either a punctured 2-sphere S? or a punctured RP?.

PROOF. Let us fix a Seifert fibration of Yy and let B be the base orbifold of this Seifert
fibration. Let B be its underlying surface, we shall prove that this is either a punctured S?
or a punctured RP?. If B admits a non-separating circle, then Y admits a vertical embedded
orientable non-separating surface. This implies that ¥ admits an embedded orientable non-
separating surface. We recall that if a closed 3-manifold admits an embedded orientable non-

separating surface, then it is not a rational homology sphere. Therefore, the base surface ¥
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does not admit a non-separating orientation-preserving circle. Thus, ¥ is either a punctured

2-sphere or a punctured RP?. O

We give now an useful consequence of Lemma 2.2.1. Before going through this we need

to mention some facts.

Remark 2.2.2. Let X be a closed surface and Y a Seifert fibred manifold with boundary,
n singular fibres, and a punctured ¥ as a base surface. Let us suppose that Y is not a solid
torus. Let v be a slope on 9Y. If 7 is a regular fibre for a Seifert fibration of Y, then Y (v) is
a reducible manifold. If -y is not a regular fibre, then Y () is a closed Seifert space fibred over
Y with n or n + 1 singular fibres. More precisely, Y () has n singular fibres with the same
orders as Y and one additional singular fibre of order A(h,~y), where h C 9Y is a regular
fibre.

Remark 2.2.3. Let Y; and Y5 be two rational homology solid tori and Y = Y; Us Y5 a
closed three manifold. Let 0 € N be defined as

g = A()\l, )\2)01t102t2,

where o; is the order of the rational longitude A; and ¢; is the order of the torsion subgroup of
H,(Y;; Z). A standard homology computation shows that if Y is a rational homology sphere,
then

o= |H(Y;2)].

In particular, if A(A, A2) = 0, then Y is not a rational homology sphere. Details about this
can be found in [BGH21, Section 10.1].

Proposition 2.2.4. [SZ21, Proposition 3.5] Let Y be a Seifert fibre space with base space
RP? and any number of singular fibres. Then'Y is SU(2)-abelian if and only if Y is a lens
space or RPP*#RP?.

We remind the reader that RP3#RP? is a Seifert manifold fibred over RP? and with no
singular fibres. Furthermore, a Seifert manifold with base space RP? is a lens space if and
only if it has exactly one singular fibre and this has an integer Seifert coefficient. For the

notation used here see [SZ21, Section 3.
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Corollary 2.2.5. Let Y be an SU(2)-abelian graph manifold rational homology sphere
with one JSJ torus. The two JSJ pieces of Y admit either a Seifert fibration disk base space

or a Seifert fibration over a Mobius band with exactly one cone point.

PROOF. Let ¥ C Y be the JSJ torus. We call Y; and Y5 the two connected components
of Y—\E Lemma 2.2.1 implies that Y; and Y5 have base spaces that are either a disk or
a Mobius band. Without loss of generality, we suppose that Y; has base space a Mobius
band and that it has n > 0 singular fibres. As an application of Corollary 2.1.14, since Y
is SU(2)-abelian, the manifold Yi()\y) is SU(2)-abelian. According to Remark 2.2.2 we have
two possibilities:

e )\ C JY] is a regular fibre of Y7 and Y7i()2) is reducible;
e )y C JY] is not regular fibre of Y7 and Y;(\;) has base space RP?.

According to Lemma 1.3.4, the regular fibre of Y; coincides, as a slope of Y7, with the rational
longitude of Y;. In other words, we have that hy = A;. This implies that, if A(hy, \y) = 0,
then A(A1, A\2) = 0 and therefore Y is not a rational homology sphere by Remark 2.2.3. This
is not possible since Y is a rational homology sphere by hypothesis.

Let us suppose that A(hy, A2) # 0. As before, Remark 2.2.2 implies that Y;(\y) is a Seifert
space fibred with base space RP?. By Corollary 2.1.14, the manifold Y;(\y) is SU(2)-abelian.
By Proposition 2.2.4 and the remarks above, the manifold Y;(A2) has at most one non-trivial
fibre.

If Y1(A2) does not have any non-trivial fibre, then Y; is the result of removing a vertical
tubular neighborhood of a regular fibre. This implies that Y] is a Seifert space fibred over a
Mébius band with no cone points. According to [Marl6, Proposition 10.4.16], ¥; admits a
fibration over a disk with two cone points, both of order 2.

If Y1(A2) has one singular fibre, then Y; is fibred over a Mobius band and this at most
one non-trivial singular fibre. If Y; has does not have any non-trivial singular fibres, then

the conclusion holds as in the case proven previously. 0

To prove the next result, we need to fix the notation. In particular, we adopt the one
introduced in [Bas25a]. Let Cy be the twisted I-bundle over an once-punctured Mobius band,

this is a a Seifert fibred manifold whose fundamental group is

71(Cy) = (x1, 79, 2, h|zhz " h = 1, 21292% = 1). (2.2.1)
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The boundary dC5 consists of two tori. As in the disk case, the element h € 71(C5) in the
presentation (2.2.1) is the homotopy class of the regular fibre. We name >; and X5 the two
tori boundary of Cy. For i € {1,2}, if h is considered as a slope in 7 (%;), then we call it h;.

With this notation, the group
T (%) < m(Co)

is generated by the ordered basis {x;, h;}. We consider the space Ry 1)(3;) with coordinates
(0;,1;) according to this ordered basis as in (2.1.1).

Theorem 2.2.6. [Bas25a, Theorem 7.6] Let Y =Y, Us, Cy. Let the set T(Y1,0Y1) =
A(Y1) U H(Y1) be considered as a subset of Ryy(31). As a subset of Rya)(32) the set
T(Y,0Y)=AY)UH(Y) where

{t = 0} if AV)N{r =7} =0
_ (2.2.2)
{o =0} U{tpy =7} otherwise.
and Hy; U Hyo U Hy. C H(Y'), where for ¢ € {0,7},
Hy; = {(—91 +7,91) € RU(l)(E2)‘(91,@/}1) € T(Y1,0Y1),¢1 ¢ WZ},
{2 = e} C Ry (X2) if HY1)N{yy =€} #0
HY,E = {7»02 = 5} \ {077T}2 - 7-\)'U(l)(ZQ) Zf T(}/lv 8}/1) N ({¢1 = 5} \ {077}2) 7£ @
0 otherwise.

Proposition 2.2.7. Let Y =Y, Uy Yy be a graph manifold rational homology sphere with
a single JSJ torus. If Y1 is a Seifert space fibred over a Mobius band and with one singular

fibre, then Y is not SU(2)-abelian.

PROOF. Pet p € N be the order of the singular fibre of Y;. Since Y; has base space a

Mobius band, there exists a vertical torus ¥; C Y; such that
Vi\ 5 = Cy U St,

where St = S' x D2. With the notation above, ¥y = ¥ C 9C, has the JSJ torus of Y. We

call \g; = pt x OD? C X, the rational longitude of St. Since Y] as a nontrivial singular fibre,
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then A(Agy, h1) = p > 2 by Remark 2.2.2. According to Proposition 2.2.4, the space
Ca (31, a5 Ast, Az),
is SU(2)-abelian if and only if it is a lens space. This happens if and only if
Ast = nxy +mhy € m(X1) and Ay = 29 € m(X9), (2.2.3)

where |n| = A(As, hi) = p and |m| = We assume the two identities in (2.2.3). For

1.
i € {1,2}, we consider the space Ry)(2;) with coordinates (6;,;) as above. According to
(2.2.3) and Corollary 2.1.12,

Figure 2.2b shows part of T'(Y},0Y), as a subset of Ry1)(E2) is the case n = —2. Figure
2.2b is obtained by applying Theorem 2.2.6 to A(St) for n = —2. Therefore, by Theorem
2.2.6, we obtain that for every |n| > 2

A1) = {2 =0y U{y =7} and {4y =7} \{(0,7), (x,m)} C H(Y1) (2.2.4)

Claim 1. Every central representation n: m (X2) — Z(SU(2)) is in P(Y7).

PROOF. We consider 7 (Y]) presented as
™ (Y1) = {(z,y, 2, h|[x, b, [y, h], yPh"™, zhz" h, y2?).

As before, the element h € 71(Y]) is the homotopy class of the regular fibre of Y;. We recall
that 7 (0Y7) is generated by the set {x, h} C m(Y1). Let € Ry(1)(32) be a representation of
coordinates (mey, meg) with €1, 9 € {0, 1}. Clearly, Imn C Z(SU(2)). We define p: m (Y1) —
SU(2) as

i€9MmTm .EQT | .EQMT . q

p(gj) = 61’51#’ p(h) — eiezrr’ p(y) —e > +i27”’ and ,0<Z) — i3 +i-%, -

We prove now that p is a representation by checking that the relators map to the identity.
We start by noticing that p(z), p(y), p(h), p(z) € U(1), that is an abelian group. Therefore
ply, h] = plz,h] = 1. Similarly, p(z)p(h)p(z) "' p(h) = p(h)? = 1. Moreover,

p(y)Pp(h)m — e—i82m7r+i27rei€2m7r _ eiQﬂ' -1
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Finally,

. iE9mm i2 . .E9mT i2
jerm  — 2B ey -2 E

p(x)p(y)p(2)® = =™ v T eT T T T = 1L

Therefore, p is a well-defined representation.

It is clear that the representation p is abelian and that

p’ﬂl(ZQ) = 77

If p > 3 then p(y) ¢ Z(SU(2)) and hence p is non-central. Therefore n € P(Y7).

Let us suppose that p = 2. If n(h) = —1, then e = 1. This implies that p(y) ¢ Z(SU(2))
and again p is non-central. If n(h) = 1, then 5 = 0. If n(z) = —1, then £y = —1. In this case
p(z) ¢ Z(SU(2)). This implies that p is non-central. It n: m(X2) — Z(SU(2)) is trivial,
then €, = &5 = 0. This implies that p(xy) = —1. Thus p(z)?> = —1. This implies that p is

non-central. This concludes the claim. O

The identity (2.2.3) implies that, as a subset of Ry 1)(32),

AYy) = {wz _ Zmik } . (2.25)
ke{l,- 02}

02

The (2.2.4) and (2.2.5) imply that if o, > 3, then H(Y;) N A(Y2) # (). Therefore, Y is not
SU(2)-abelian as an application of Theorem 2.1.8.

Let us suppose that 0, = 1. Thus, the (2.2.5) implies that A(Y5) = {¢» = 0} C Ry)(X2).
We remind the reader that, as proven in [Bas2bal, H(Y2) C Ry1)(32) contains a non-trivial
path v: (=1,1) = H(Y3) contained in a straight line of Ry 1)(0Y1) such that

i (o) € 40%),

Let I' = Im+ be the image of this path. Thus, I' C H(Y,). Figure 2.2b implies that, if
09 = 1, then T intersects either A(Y]) or H(Y;). Therefore,

H(Yz) N (A(Y1) UH(Y3)) # 0.

Theorem 2.1.8 implies the conclusion. Thus, we can suppose that o; = 2.

By [Bas25a, Corollary 9.6], if a point n € {0,7}* is an end point of H(Y3), i.e. it is

contained in H(Ys) \ H(Y2), then n € P(Y;). This consideration, Figure 2.2b; and Claim 1
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(e} (e
27 2
s T 9
. 91 02
0 ™ 21 0 ™ 2

(A) T(St,08t) C TRya(X1) for (B) A subset of T(Y1,0Y1) C
(n,m) = (2,-1). Ru)(X2).

FIGURE 2.2. Part of the proof of Proposition 2.2.7. The sets A(St) and A(Y))
are in blue. The set H(Y}) is in red and P(Y7) is represented by the black dots.

imply that if o = 2, then either
PAAY)UHM) £ or P(Yi)N P(Ys) # 0.
In both cases, the conclusion is given by Theorem 2.1.8. O

We recall that if Y is a Seifert manifold with a given Seifert fibration which has a non-
trivial singular fibre, then we denoted by O(Y') the vector whose entries are the orders of
the singular fibres in ascending order. For instance, if Y = D?(Pi/qi, - -+ ,Pn/g,) with 2 < p; <
++ < pny then O(Y) = (p1, -+, pn).

Theorem 2.2.8. [SZ21, Theorem 1.2] LetY be a closed Seifert manifold fibred with base
space either S? or RP?. Then'Y is SU(2)-abelian if and only if one of the following holds:
o Y is either S®, a lens space, S* x S, or RP*#RP?;
e Y has base space S* and O(Y) = (2,4,4),
e Y has base space S*, O(Y) = (3,3,3), and either |H,(Y;Z)| = oo or |H,(Y; Z)| =, 0.

We define the set S as

S:={((2,4,4),1),((3,3,3),1),((4,4),2),((3,3),3), ((2,4),4)}u

U {((27 2, n)7 0)7 <<n7 m)? 1>}n,m€N22'

Corollary 2.2.9. Let Y = Y1Ux Y5 be an SU(2)-abelian graph manifold rational homology
sphere with one JSJ torus. The two JSJ pieces of Y admit a fibration whose base space is a
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disk. Furthermore, if Yo has at least three singular fibres, then
(O(Yé), A()‘la h2)) S S?

where hy C X is the reqular fibre of Ys.

ProOF. The manifolds Y; and Y5 a disk base space as an application of Corollary 2.2.5
and Proposition 2.2.7.

If Y is SU(2)-abelian, then Y;(\y) and Y3(\;) are SU(2)-abelian by Corollary 2.1.14. Let
us suppose that Y5 has at least three singular fibres. If A(Ag, hy) > 1, then Y;(\2) is a Seifert
space fibred over S?. The conclusion holds by Theorem 2.2.8.

If A(Xg, hqy) =0, then

z 7
m(Yi(A2)) = —= %+ x ——, 2.2.6
() = == (2:26)

where (p1,---,pn) = O(Y1). We conclude the proof by proving that m(Y2(A1)) is SU(2)-
abelian if and only if p; = -+ - =p,_1 = 2.

Let p be an SU(2)-representation of m(Y1(A2)). If py = -+ = p,, = 2, then the repre-
striction of p to the first n — 1 components of (2.2.6) has image in Z(SU(2)). Therefore p is
SU (2)-abelian. Conversely, let us suppose that p,—1 > 3 and p,, > 3. Let

i 27 Lo
X =erm1 Y =jewmjl
The matrices X and Y do not commute. The group in (2.2.6) admits the representation that
sends the generator of the (n — 1) component in X and the generator of the n* component

in Y. This representation is not SU(2)-abelian. O

2.3. The graph manifold Y; Uy Y,

Let Y be a graph manifold rational homology sphere with a single JSJ torus ¥ C Y. Let
Y] and Y5 be the two JSJ pieces of Y, in other words Y; and Y5 are the closures in Y of the
two components of Y\ 3. Thus,
Y\Z =Y, UY,.

As a consequence of Corollary 2.2.9, if either Y7 or Y5 does not admit a fibration with disk

base space, then Y is not SU(2)-abelian. Therefore, from now on we assume that the two
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JSJ pieces Y7 and Y, are given with a fibation whose base space is the disk D?. We call
hy C Y7 (resp. hy C Y3) the regular fibre of Y7 (resp. Y3).
The orientation of Y gives an orientation to the manifolds Y; and Y5. Let ¢: 9Y] — 0Y5

be a diffeomorphism such that
Y=Y Us Yy =Y U, Y. (2.3.1)

Since Y is an oriented manifold, the diffeomorphism ¢ is an orientation reversing diffeomor-
phism. The goal of this thesis is to determine which of these manifolds are SU(2)-abelian.
Let us suppose that the manifolds Y; and Y5 are parameterized as
}g:w(@,...,&), n:DZ(ﬁ,---,T—m); (2.3.2)
41 an

with ged(pi, q;) = ged(riys;) =1, p; > 2,1, > 2, n > 2, and m > 2. We remind the reader

that we can suppose the manifold Y; and Y5 admit a Seifert fibration over the disk as a

consequence of Corollary 2.2.9. We further suppose that the orders of the singular fibres are

given in ascending order: we assume that
< <p, and 1 <o <

Without loss of generality, we assume n < m. Therefore the JSJ piece Y] is assumed to have
a number of singular fibres less than or equal to the number of singular fibres of Y5.

Let Y7 be presented as in (2.3.2). As explained in section 1.3, the Seifert coefficients of
Y1 are not unique. In fact, for every k € Z and for every j € {1,--- ,n}, there exists a fibre

preserving diffeomorphism

Dz(&,.. fip_) HDz(&,... p_p_)
¢ 10 qn ¢ kpi+q  an

Therefore, ¢; can be chosen to be either in {1,---p;} or positive and odd. As we shall see
later, it is algebraically favourable to consider ¢; odd. Similar conclusions follow for Y5 and

thus for the coefficients s;.
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The parameterizations in (2.3.2) give the following presentations for the fundamental
groups of Y; and Y5:
7Tl<Y1) = <.Z’1,"' ,xn,h1|$§)ih%7[h1,l’i]> and
(2.3.3)
71-1(}/2) = <y27 5 Ym, hQ | y;J hSJ’ [h27 y]]>7

where [a,b] .= aba"1b~!.

Let v be a simple closed curve in X. Recall that we are abusing notation by considering ~
as either the curve in ¥ or its homotopy class in 71 (X). Therefore, h; indicates either a regular
fibre of Y] in 9Y7, its homotopy class in m(Y}), or its homotopy class in the fundamental

group of the boundary m;(9Y7). More schematically,
hl C 0Y1, hl S 71'1((9}/1), and hl € 7T1<Y1).

The same holds for hs,.
Given these presentations, the curves p; C 9Y; and py C 0Ys will represent the fibration
meridians of Y7 and Y5 as in Definition 1.3.2, respectively. We recall that, when g, and us

are considered as an elements of m1(Y7) and 7 (Y3) respectively, then
pr ==y x, and s =Y Ym.
The groups m;(9Y) and 7 (0Y2) admit the following presentations:
m(OY1) = (1, ha [ [Py, m]), and w1 (0Y2) = (u2, ha | [he, pa])-
We set the convention that the vectors
(8),(9) € 2* = m (Y1)
correspond to p; and hy respectively. Similarly, the vectors
(8), (%) € 2% = m (0Y2)

correspond to o and hy. We will use the integer matrix

with @) — By = —1 (2.3.4)
v 0
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to represent the map @, : m1(0Y1) — m(0Y2) with respect to these ordered bases. In partic-
ular, we have that A(hy, hy) = |B|. This gives an explicit presentation for the fundamental
group of Y =Y, U, Ya:

m1 (Y1) x m(Ya)
(n = psh3, ha = p5h3)

- <xlaxn>yla bma h1> h2 ’ xflh%7 [hlaxi]ai € {17 e 7n}7 (236)

m((Y) = (2.3.5)

y;jh’;ja [h’27yj]7j € {17 o >m}7
T1 Ty = (Y1 Yn) h3 e = (Y1 yn) ).
If the diffeomorphism ¢ : 9Y; — 9Y5s is such that A(hy, hy) = 8 = 0, then the matrix ¢,
is lower triangular. Thus, we have that ¢(h;) = hy. This means the fibration of Y; can be
extended over Y,. Therefore, the manifold ¥ = Y] U, Y5 is a closed Seifert fibred manifold.
In particular, Y is fibred over S? and it has at least four singular fibres. Therefore, Y is not
SU (2)-abelian by Theorem 2.2.8. Thus, we assume that |3| > 1.
The presentations in (2.3.3) implies that the first homology groups H;(Y1; Z) and Hy(Ys; Z)

are presented as Z-module as

pr 0 0 - 0
0 po O 0
H,(Y1;Z) = coker
0 0 © Pm—1 O
0 0 0  pm
|1 G2 - dm-1 Gm
and ) )
rr 0 0 0
0 772 O 0
H,(Y5;Z) = coker
0 O Tm—1 0
0 0 0 7y
51 S2 't Sme1 Sm |




2.3. THE GRAPH MANIFOLD Y; Us Y, 47

We define t; as cardinality of torsion subgroup of H;(Y1;Z). We define ¢, similarly. It is

easy to see if n = 2, then ¢; = ged(py, p2). Similarly, if m = 2, then ¢ty = ged(ry, r2).

Notation. Let us summarize here the objects we have introduced and the notation used:

Y is a graph manifold rational homology 3-sphere with a single JSJ torus X,

Y1 and Ys are the two JSJ pieces of Y;

For i € {1,2}, the manifold Y; admits a fibration over a disk with at least two cone
points. They are presented as in 2.3.2;

Let Yy and Yy be presented as in 2.3.2, the q; and s; can be chosen either positive
and smaller than p; and r; respectively or positive and odd,

Y1 has n singular fibres and Yo has m singular fibres. We assume 2 < n < m;

A1 C 9Y71 and Ny C 9Y5 are the rational longitudes of Y1 and Ys respectively;
Similarly, hy C 0Y; and hy C JYs are the reqular fibres of Y1 and Ys;

01 € N and oy € N are the orders of the rational longitudes Ay and Ay in corresponding
first homology groups Hy(Y1;Z) and Hy(Ya;Z);

1 C OY1 and pe C Yy are the fibration meridians as in Definition 1.3.2;

for i € {1,2}, we consider the ordered basis {y;, h;} for the group m (9Y;) and we
parameterize the space Ry1y(0Y;) according to this basis as in (2.3.7);

t1 € N and ty € N are the orders of the torsion subgroups of Hy(Y1;Z) and Hy(Ys; Z)
respectively;

If n =m = 2, then we assume that t; = ged(py, p2) < to = ged(ry, ra).

We recall that, for the non-central element z € SU(2), we call A, the centralizer subgroup

of z in SU(2).

Lemma 2.3.1. ForY as above, if m(Y') admits an irreducible SU(2)-representation p,

then either p(hy) € Z(SU(2)) or p(hy) € Z(SU(2)).

PrROOF. We recall that ¥ = 9Y; = dY5. Since the torus X contains the regular fibres h

and hs, their homotopy classes commute in 7 (M).

Let us suppose by contradiction that p(hy) ¢ Z(SU(2)) and p(hs) ¢ Z(SU(2)). Accord-

ing to Fact 1.1.3, the centralizers A,;,) and Aj,@;,) coincide. According to the presentation

(2.3.6) we have [z;,hi] = [yj,he] = 1 for ¢ € {1,--- ,n} and j € {1,---,m}, we conclude
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that p(m(Y1)) C Apnyy and p(m1(Y2)) C Apny). Then,

p(xz)7 p(yj)7 ,O(h1>, p(h2) € Ap(h1) = Ap(hg)-
This implies that p is abelian, which is a contradiction. O

We recall that Ry 1)(0Y1) is a torus, as shown in (2.1.1). We choose {y1,h1} as an
ordered basis for m;(9Y;) as we give the space Ry1)(0Y1) coordinates (6,1);) according to
this ordered basis. Explicitly, the point (6y,41) € [0,27]%/. is associated to the unique
representation

m(0Y1) — U(1), with py > e = ejl 6—01‘91 and hy — et = eljl 6—0i¢>1

(3.3.7)
From now on, the sets H(Y;), A(Y;), and P(Y;), for i € {1,2} of Definition 2.1.5 are denoted

by H;, A;, and P;. Figure 2.3 shows the spaces T'(Y7,90Y;) for Y3 homeomorphic to

D*(%/1,%1),  D*(1,%1), D*(1,%h),  D*(41,4),
D?(2/1,4/1,41), or D*(3/1,3/1,3/2).

In Figure 2.3 the tori Ry1)(0Y71) are parameterized with coordinates (61,1)1) as above. Since
Py consists of central representations, it is contained in {0,7}* C Ry(1)(9Y7). According to
Fact 1.1.3, if the representation p € R(Y') is such that p[,, 4y, € Hi, then p(h1) € Z(SU(2)).
This implies that H; is contained in the “horizontal” lines {41 =, 0} C Ry1)(9Y1). That is
why we chose the notation as H(Y'). For explicit descriptions of the set A; and Hy, we refer
the reader to the next chapter.

Here is an example of how Theorem 2.1.8 can be applied to determinate the SU(2)-abelian

status of a 3-manifold.

Example 2.3.2. Let Y; = Yy = S3\v(Th3), where Ty 3 is the trefoil in S® and v(Ty3) C S®
is an open tubular neighborhood of the knot 75 3. It is known that

2 3
Y, =Y, =D =, = ).
1 2 (_171)

Let Y be the manifold obtained by gluing Y; and Y5 along a diffeomorphism ¢: 0Y; — 90Y3

that sends a knot meridian of Y] into a regular fibre of Y5 and a regular fibre of Y] into a
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A A

U Py
27 27 \ \
m™ € D ™
-0 \ 1 \ 1 -0
0 ™ o ! o) = st T sm Tm o !
(A) Y1 = D*(2/1,2h) (B) Y1 = D?(2/1,4/1)
K2 2
21 4 i 21 4
T 4 T 4
— ‘ : 0, — o ‘ ‘ 0,
0 2n T dn o 0 L4 ™ 3r on
3 3 2 2
(c) Y1 = D*(3/1,3/1) (D) Y1 = D?(#/1,4/1)

™ 3m 2m 2 T 4w 2w
3 3

(B) Y1 = D*(%/1,4/1,41) (F) Y1 = D*(3/1,3/1,3/2)

FIGURE 2.3. Six examples of T'(Y1,0Y1) C Ry1)(0Y1). The set Hy, Ay, and
P, are respectively in orange, blue, and red.

49
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U

2

- 0,

27 ™ 4 5w 2T
3 3 3

Wl

FIGURE 2.4. The intersection T'(Y1,0Y1) N T (M, OMs) as in Example 2.3.2.

knot meridian of Y5. With respect to our bases,

01
P = .
10
Let X be the torus in Y corresponding to dY; = 0Y5. We remind the reader that the rational
longitude of a knot exterior is the null-homologous longitude of the knot. This implies that
the rational longitudes of Y; and Y5 both have order 1. Hence 0, = 05 = 1. A famous

construction in [Rol03, p. 327] shows that, as slopes in dY; we have that 61, — A\ = hy.
Hence \; = 6y — hy. Similarly, Ay = 6us — ho. In particular

() = p(pn)p(hy) ™" = €60

As a consequence of Corollary 2.1.12

A1 ={n € Ruw)(T)|n(\) =1} = {(61,¢1) € Ry)(E)|661 — 1 =0}
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Similarly,
p(ha) = p(p2)°pha) ™ = p(hn)°ppn) " = =)

This implies that

Ay = {n e Ruw)(E)|n(re) = 1} = {(01,¢1) € Ry)(E)|01 — 64 = 0}

Figure 2.4 exhibits the sets T'(Y7, ) and T'(Y2, X)) as a subsets of Ry1)(X). This latter comes
with coordinates (01,1) as in (2.3.7). In particular, H; and H, are in orange and brown, A;
and A, are in blue and light blue.

For explicit descriptions of the set H; and H,, we refer the reader to the next chapter.
Let py: m (Y1) — SU(2) be a representation such that py (7w (X)) C Z(SU(2)). This implies
that p1(u) = 1, where p € m(Y7) is the homotopy class of the knot meridian. By the
Wirtinger presentation, see [Rol03, Section 3.D], we known that the fundamental group of
71 (Y1) = m(S® \ Ta3) is normally generated by the meridian: the group is generated by the

set
T A

Hence, if py (1) = %1, then the image of p; is contained in the center Z(SU(2)). This implies
that P, = (). Therefore, P, N P, = (). Figure 2.4 implies that

T(}/l, Z) N T(YQ, E) = (Al N Ag) C RU(l)(E)

In particular, we obtain that H; N Hy, A1 N Hy, Hy N Ay, and P, N P, are empty. Theorem
2.1.8 implies that Y is SU(2)-abelian. This manifold was known to be SU(2)-abelian after
[Mot88].



Chapter 3

The Ingredients

In this chapter we shall describe the sets A;, H;, and P; of Definition 2.1.5. This will

enable us to compute the intersections
AlﬂHg, HlﬂAg, HlmHg, and leP27

as required by Theorem 2.1.8.
Corollary 2.2.9 implies that we have to study A;, H;, and P; only for the following classes

of manifolds:

3 3 3 2 4 4 9 2
|D2<Z£712)7 DQ(_v_v_)a Dg(_v_a_>7 and DQ(_7"'a_ap_)
q1 42 q1 42 43 1 g2 g3 1 L gn

The sets of Definition 2.1.5 for the fist class of manifolds are exhaustively studied in
[Bas25b]. We remind the reader that the space Ry 1)(0Y1) is taken with coordinates (61, )1)
according to the ordered basis {1, h1} as in (2.3.7).

3.1. Abelian representations and the set A;.

Corollary 2.1.12 implies that the set A; C T(Y7,0Y)) is equal to
Ar = {n € Ru) (1) | n(A)" = 1}. (3.1.1)

Hence, to describe the set A; with coordinates (61,1) it suffices to write the rational

longitude A\; € m1(9Y}) in terms of the chosen basis {u1, h1} and to determine its order.

Lemma 3.1.1. Let Y| = D?(P1/q1,72/g;) and let us suppose that w, (Y1) is presented as in

(2.3.3). Let py C 9Y; be the fibration meridian as in Definition 1.3.2 and hy C 9Y7 a regular
52
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fibre. Let t; = ged(py, p2) and oy be the order of the rational longitude of Y1 in Hy(Y1;7Z).

Then
+
Ap = (plpz)m N (pqu tpz(h)hl .

o1tq o1t1

is the rational longitude of Y. Furthermore, 0, = gcd(pi—f?, ’%@) and o, divides t;.

PROOF. As we mentioned in the previous chapter, the Z-module H;(Y7;Z) is presented
as
pr 0
Hy(Y1;Z) = coker | 0 po -
a1 g2
Therefore, the Z-module H;(Y7;Z) is generated by the set {x, 22, h1} and related by the

equations
p1z1+geh1 =0 and  poxo + gehy = 0. (3.1.2)

This presentation implies that Hy(Y1;Z) = ZxZ/t,z. Since the element \; is a torsion element
of H1(Y1;7Z) by definition, its order oy divides t;.

We remind the reader that puy = z129 € m(0Y1). Thus, [p1] = x1 + 22 € H1(Y1; 7). In
particular, the additivite group H;(0Y1;Z) is generated by {z + x2,h1} C H,(0Y1;Z). Let

a € H,(0Y1;Z) be
_.l_
0= P20, 4 )+ (BEERD Y, ¢ o),
1 1

The relations (3.1.2) imply that the element « is null-homologous in H;(Y};Z). Since

+ +
gcd P1p2 7 P1q2 — p2g1 —1 where k= ged p1p2’ P192 ~ P2g1
tlk tlk tl tl

then the following is a simple closed curve on 9Y;:

P1P2 P1q2 + P2q1
A= | —= — " | hy.
1 < ok >,u1 + ( ik ) 1

Clearly a = k - A\;. Therefore, k- A\; is null-homologous in H;(Y;;Z). Since, as we have just

proven, the slope \; is a torsion element of H;(Y7;Z), this is the rational longitude of ;.
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We prove now the expression for the order oy. Since o; - A; is trivial in H;(Y3;Z), there
exist two integers n and m such that the following identities hold in H;(Y1; Z):
+
01 (%) (21 +22)+01 (%) hi = o01- A1 = n(prz1+qih) +m(paza + g2ha). (3.1.3)
1 1

Thus, we obtain that

o P1D2 = np, = mp
1 _tlk 1 2.

Therefore, there exists a j € Z4p such that

jlem(py, p2) = 01 P1P2 .
’ t1k

Since lem(py, po) = B2 we obtain that

t1
. P1DP2 — 0 pP1ip2 — npy = mp
J _t1 1 _t1 I 1 2.

This latter implies that n = j% and m = %. Hence, the (3.1.3) becomes

p D (P D
01\ = ]75—2(1?156'1 + qihy) + ]75_1(1?2% + qh) = (72(191561 + qihy) + t_l(pzaz + Q2h1>>-
1 1 1 1

The presentation of the first homology implies that the element

%(lel +qihy) + %(pzaz + qhy) € H1(Y1;2)
1 1

is trivial. The minimality of o; implies 7 = +1. Hence,

P1p2 — 0 DP1ip2
t "tk )

This implies that o, = k = gcd(w, M). O

t1 t1

Lemma 3.1.2. Let Yy = D?*(3/q1,3/a2,3/4s) and let us suppose that (Y1) is presented as
in (2.3.3). Let py C 9Yy be the fibration meridian as in Definition 1.8.2 and hy C 0Y1 a
reqular fibre. Let o, be the order of the rational longitude i of Yi. Then

3 + ¢ +
01 = ng(?M QI + QQ + Q3) and Al = O—Ml —|— Mh&
1

01
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PROOF. The proof follows with the same strategy of Lemma 3.1.1. As in Lemma 3.1.1,
the Z-module H,(Y;;Z) is presented as

3 0 0
0 3 0
H,(Y1; Z) = coker
0O 0 3
|41 42 43|

The module above is generated by {1, xs, 3, h1}. The module H;(0Y7;7Z) is generated by
the basis {x1 + z2 + x3,h1}. Let a € H{(Y1;7Z) be

a=3(x1+x2+x3) + (1 + g2 + ¢q3) 1.

Clearly, the element « is nullhomologous in H;(Y;;Z). As before, the following is a slope in

Hl(ayl;z)

3 + g2 + .
AL = Elh + uqugfh C oYy with k=ged(3,q1 + g2+ g3)-

We recall that py = 21 + 29 + x5 in H1(Y1;Z). Since k- A\ = « is trivial, the slope A; is
torsion in H;(Y7;Z). This implies that \; as above is the rational longitude of Y.

We prove now that o; = k. Since k divides 3, we get that k € {1,3}. If k = ged (3, 1 +q2+
g3) = 1, then \; is nullhomologous in H;(Y;; Z). Therefore, 0 = 1 = k. If ged(3, 1 +q2+4q3) =
3, then

G1+q2+ g3

A1 = +Th1

is not nullhomologous. However 3 - \; = « is trivial in H;(Y7;Z). Therefore o, divides 3 and

cannot be 1. We conclude that o = 3 = k. O

The following two lemmata follow exactly as Lemma 3.1.1 and Lemma 3.1.2. Therefore,

we give the statements, but the proofs will be left to the willing reader as an exercise.

Lemma 3.1.3. Let Y = D*(2/1,4/4:,%/4s) and let us suppose that w, (Y1) is presented as in
(2.3.3). Let iy C 9Y) be the fibration meridian as in Definition 1.3.2 and hy C 0Y7 a regular
fibre. Let oy be the order of the rational longitude A1 of Y1. Then

4 24 q +
01 =gcd(4,24 g+ q3) and M\ = O—/u + Mhl.
1

01
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Lemma 3.1.4. Let Yy = D?(2/1,2/1,+-+ ,pn/q,) and let us suppose that w1 (Y1) is presented
as in (2.3.3). Let py C 0Y; be the fibration meridian as in Definition 1.3.2 and hy C 0Y; a
reqular fibre. Let o1 be the order of the rational longitude A1 of Y1. Let g = ged(2,py), then

01 = gcd(i, (n Jn + 24 ) and A\ = L,ul + (n Jpn + 24 hi.
g g 019 019

3.2. Central representations and the set P;

In this section we give a description of the set P, C Ry1)(9Y1). Let us assume that
Y) = D*(P1/qy, - -+ ,Pn/q,). The diffeomorphism in (1.3.3) implies that all ¢; can be chosen to
be odd. In this section we consider 7 (Y7) to be presented as in (2.3.3) with all ¢; odd.

We consider m1(0Y]) generated by the usual basis {y1, hi} where py = xq - - x,, when it
is considered as an element of m;(Y}).

In the first part of the section we study the problem for n = 2, and thus for Y; =

D?(r1/q1,72/g5). In the second part we extend the results to the manifolds
3 3 3 2 4 4 2 2 pn
[D2<_7_7_>7 [Dz(_a_a_)a and DZ(_7.” 7_7p_>'
@ 2 g3 1 g2 g3 1 L gn
Let us suppose that n = 2, therefore Y; = D?(P1/q,,72/q,). We remind the reader that
R(Y1) == Hom(m (Y1); SU(2)).
If the representation p € R(Y1) is such that the restriction p| 5y,) is central, then

p(pa) = plzraz) = £1.

The latter implies that p(x1) commutes with p(xs), and hence, since x; and xs commute with
hy in 7 (Y)), therefore p is an abelian representation by Fact 1.1.3. We remind the reader

that ¢; is the order of the torsion subgroup of H;(Y71;Z). If n = 2, then t; = ged(p1, p2).

Lemma 3.2.1. Let Y; = D*(P1/qi,P2/g5). Let n: m(0Y;) — Z(SU(2)) be a representation
such that n(hy) = —1 and let t; =5 0. If n extends to a representation w1 (Y1) — SU(2), then

every such extension is non-central.

PROOF. Suppose that the representation n extends to a central representation p: m(Y;) —
SU(2). This implies that p(z;) and p(xq) are both in Z(SU(2)) and p(hy) = n(hy) = —1.
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Since p; is even and ¢; is odd, we obtain that
L= plan) () = (1P (1) = —1

This is a contradiction. O

Lemma 3.2.2. Let Y; = D?*(»/q,?2/qs). If t; > 3, then the trivial representation

n: m(0Y1) — 1 extends to a non-central representation m (Y1) — SU(2).

PRrROOF. Let A be the abelianization homomorphism and G the abelian group

We recall that ((S)) denotes the smallest normal subgroup containing the set S C m1(Y7). The
presentation (2.3.3) of (Y1) implies that G is isomorphic to Z/n,z. Let ¢ : m (Y1) — G be
the quotient map. Since t; > 3, the group G admits a non-central SU(2)-representation. Let
~v: G — SU(2) be a non-central representation, then v o ¢: m(Y;) — SU(2) is a non-central
SU(2)-representation of m(Y;). Furthermore, (o q)l,,ay,) is the trivial representation 7.

This implies that the representation 7 admits a non-central extension. 0]

Lemma 3.2.3. Let Y; = D?(P1/qi,P2/g5). Let n: m(0Y1) — Z(SU(2)) be a representation
and let t; > 3. Ifn extends to a representation m (Y1) — SU(2), then it admits a non-central

extension.

Proor. We split the proof in the cases t; =5 0 and t; =5 1.

Let us suppose that t; =5 0. This implies that t; > 4. If n(h;) = —1, then Lemma 3.2.1
gives the conclusion. If n is the trivial representation, the conclusion holds by Lemma 3.2.2.
Therefore, we prove the remaining case: we suppose that n(xjz9) = —1 and n(hy) = 1. Since

P1 =2 pa =2 0, we define a representation p: m (Y;) — SU(2) as

e%fili 0 e_%i 0
p(z1) = Comi | pT2) = — ami | > and  p(hy) =1.
0 e u 0 et

Since t; > 4, such a representation p is non-central and it restricts to 7.
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Let us suppose that t; =5 1 and ¢; > 3. As a consequence of Lemma 3.1.1, the order o,

is odd. Since t1, q1, and ¢o are odd, we obtain that

pP1ip2 P1q2 + P21
—— =y pipp and —————
t 131

=2 1+ P2
Let n: m(0Y1) — Z(SU(2)) be a representation that extends to m(Y7). As we said be-
fore, every such an extension is abelian. By Corollary 2.1.12, we obtain that n(A;)* = 1.
According to Lemma 3.1.1, we obtain that
pP1p P192+P24g

1 = 77<>‘1)01 _ 17(3;13:2)%77(]11) 1 2t1 241 _ 77(‘7:1$2)p1p277(h1)p1+p2- (3‘2'1)
If p1p2 =2 1, then p; and p, are both odd and p; + ps =2 0. Equation (3.2.1) implies that
n(xixe) = 1. If n(hy) = 1, then the conclusion holds by Lemma 3.2.2. Without loss of

generality, we can suppose that n(h;) = —1. The representation p: m (Y1) — SU(2) with

e 0 e
p(z1) = i | Pl22) = x| and p(h) = -1,
0 e @ 0 en

restricts to 7. Since ¢; > 3, the representation p is non-central.

If pips =2 0, then p; + p» =2 1. Equation (3.2.1) implies that n(h;) = 1. Again, if
n(x1x2) = 1, then the conclusion is implied by Lemma 3.2.2. Without loss of generality, we
can suppose 7(z123) = —1. Since o; divides t; by Lemma 3.1.1, the quantity o; is odd. Since
t, =5 1 and p1ps =2 0, we can also assume that p; = 0 and py =5 1. Let t; = 2n + 1 with
n € N. The representation 7 extends to the representation p: m(Y;) — SU(2) with

eit1 0 ei%n 0
p(x1) = x| pla2) = e |»and p(hy) =1
0 e t 0 e

If t; > 3, then p has a non-central image. 0
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Remark 3.2.4 ([Wik25]). Let A be a nonzero m X n matrix over Z. There exist

invertible m x m and n X n integer matrices S, T such that the product SAT is

a; 0 0 -+ 0 - 0
0 ay O
0 0

a,
0 0 --- 0
0 0 --- 0

where «o; divides a4 for all 1 < i < r. The elements «; are unique up to multiplication by

+1. They can be computed (up to multiplication by +1) as:

where d; equals the greatest common divisor of the determinants of all ¢ x ¢ minor of the

matrix A and dy = 1. In particular,

Lemma 3.2.5. Let Yy = D?*(P1/q1,72/g). Let n: m(0Y1) — Z(SU(2)) be a representation,
then n extends to a representation p: m (Y1) — SU(2) if and only if n(\)°* = 1. If this
happens, the following hold:

o [fti =1, then n extends only to central representations;
o [fty = 2, then n extends to a mon-central representation if and only if o = 2 and
U(hl) = _17.

o [ft; > 3, then n extends to a non-central representation.

PROOF. As we stated before, if n: m(0Y1) — Z(SU(2)) extends to the representation
p: m (Y1) — SU(2), then p has abelian image. Thus, the first part of the statement is a
consequence of Corollary 2.1.12. Moreover, if t; > 3, then the conclusion holds by Lemma
3.2.3.

Let €1,69 € {£1} = Z(SU(2)) and let 7, » € {1,2} be their orders in SU(2). Let
p: m (Y1) — SU(2) be such that p(hy) = &1 and p(x;x9) = €2. Let n be the restriction of p
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to m1(0Y1). We define the group F,, ., as the the abelianization of

771(3/1)
(AT, (w129)72))

for the corresponding 7, and 7. Consequently, the following diagram commutes:

SU(2) ;
/ pT \ (3.2.2)

L F 71 (Y
m (Y1) ———— m (1) i’ A(((h?,(lzil:i;)f2>>> = Feve

Here F is the quotient map and ¢, is the map induced by the inclusion ¢ : 9Y; — Y7.
Let us suppose that t; = 1. If n extends to a representation p. Diagram 3.2.2 implies

that p factors through the group

P1 O O T2
F. ., =coker |0 p, 0 7

@1 @ 71 O

We recall that ds(F., .,) is the greater common divisor of the determinant of all 3 x 3 minor

of the matrix F;, .,. We recall that ¢; = ged(py, p2) = 1. Explicitly,

ds(F:, ) = ged(Tip1p2, T2(P1g2 + P2qi ), P1T1T2, P2T1T2)

= ged(Tip1p2, T2 ged(p1g2 + p2qi, 1))

We show now that ds(F:,.,) € {1,2}. If ged(piga + poqi, 1) = 1, then ds(Fy,.,) =
ged(Tipipe, T2). Since 1 € {1,2}, the d3(FL, ) € {1,2}. If ged(piga + p2gi, 71) = 2, then
T =2, p1 =2 1, and py =2 1. Thus, d3(Fy, c,) = ged(2pip2, 272) = 2 ged(p1p2, 2). Since pips
is odd and 7 € {1,2, }, then ged(pips, 72) = 1 and d3(F%, c,) = 2.

Remark 3.2.4 implies that F;, ., € {{1},%/2z}. Thus, the representation p factors through
the center Z(SU(2)). This implies the conclusion for the case t; = 1.

Let us suppose that ¢t; = 2. We are going to prove that n extends to a non-central
representation if and only if n(h;) = —1 and 0, = 2. Let us suppose that o = 2. Let
n: m(0Y1) — Z(SU(2)) be a representation such that n(h;) = —1. Since 7 is a central

representation, we obtain that n(A;)” = 1. According to Corollary 2.1.12, the representation
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n extends to m(Y1). Lemma 3.2.1 implies that 7 extends to a non-central representation.
This concludes one direction of the case t; = 2.

Conversely, suppose that n: m(9Y;) — Z(SU(2)) extends to a non-central representation
m (Y1) — SU(2). We need to show that this implies that o; = 2 and n(h;) = —1. For this
purpose, we first prove that if the representation p: m(9Y1) — Z(SU(2)) extends to m(Y7)
and p(hy) = 1, then every extension of p is central.

Let n: m(0Y1) — Z(SU(2)) be a representation that extends to (Y1) such that n(hy) =
1. Let p: m (Y1) — SU(2) be an extension of 7. According to diagram 3.2.2, the representa-
tion p factors through the group

D1 0 0 T2 P1 0 0 = 2
Fi.,=coker |0 py 0 7| =coker| 0 py, 0 7.
¢ ¢ 1 0 0 0 1 0

For i € {1,2,3}, we define d; = d;(Fi.,). We recall that ¢; = ged(p1, p2) = 2 It is straight-

forward to see that

dy=1, dye {Lng(Pl,pz)} = {172}7 and dz = ng(?lPQ,szl,szz) = 2d,.

Remark 3.2.4 implies that F) ., € {Z/2z,Z/2z x Z/2z}. Hence, p is central. This implies that
if the representation 1 extends to a non-central representation, then n(h;) = —1.

Let n: m(0Y1) — Z(SU(2)) be a representation that extends to an SU(2)-representation
of m1(Y1) whose image is non-central. We proved before that n(h;) = —1. We are going
to prove that o, = 2. Since t; = 2, the integer 2 is even. Since 7 extends to m1(Y7) by

hypothesis, Corollary 2.1.12 and Lemma 3.1.1 imply that

1=n(A)" = (Mn(hl)m;m)ol = (1) (), (3.2.3)

In particular, equation (3.2.3) implies that 01(1%) is even. Lemma 3.1.1 implies that
01 is even if and only if the integer 2227229 is even. Hence, if o; is odd, then oy (Z12EP210) g
also odd, which contradicts (3.2.3). This implies that o, has to be even. Since, by Lemma

3.1.1, 0 divides t; = 2, we obtain that o, = 2. O
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Lemma 3.2.5 describes completely P(Y7) in the case that Y; = D?(p1/q;,r2/q,). We focus

now on the manifolds

3 3 3 2 4 4 2 2
[D2<_a_a_)7 |D2<_a_7_)a and DQ(_v"'7_7p_)'
G Q2 gs I g2 g3 1 " g

Lemma 3.2.6. Let Yy = D?*(3/q1,3/a2,3/as) with q; odd. The representation n: 7 (9Y;) —
Z(SU(2) is in PV if and only if () = n(in).

PROOF. Let p: m (Y1) — SU(2) be the abelian non-central representation defined by

es 0 es 0 e 0
p(x1> = 27 Y p(xz) = 2mi Y p(x3) - 2mi Y a’nd p(hl) - 1
0 e 3 0 e 3 0 e 3
Thus, n = '0|7r1(3Y1) is such that

n(h1) = n() = n(@1z9w3) = 1

and n € P(Y1).
Let p: m (Y1) — SU(2) be the abelian non-central representation defined by

e 0 es 0 e 0
p(ry) = | oplae) = | oplrs) = | and p(hy) = —1.
0 e 3 0 e 3 0 e 3

Again, 1 = p|_ (v, 18 such that
n(ha) = n() = n(@1z223) = —1

and n € P(Y;). This concludes one direction: we have just proven that if n: m(9Y;) —
Z(SU(2)) is such that n(u1) = n(hy), then n € P(Y7).
Conversely, let n: m1(0Y1) — Z(SU(2)) be a representation such that

n(pa) # nh).
We write n(p1) = £1 and n(hy) = F1. Lemma 3.1.2 implies that
N = 1) *n(hy) T8 = (£1)%(F1)0F e = 1. (3.2.4)

We recall that ¢; are odd, therefore the sum ¢; 4+ ¢2 + g3 is odd as well. The (3.2.4) implies
that (A1) # 1, therefore n cannot extend to an abelian representation m (Y;) — SU(2) by
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Corollary 2.1.12. This implies that if n: m(0Y1) — Z(SU(2)) is as above, then n ¢ P(Y}).
This concludes the proof. O

Lemma 3.2.7. Let Yy = D*(2/1,4/4:,%/4s). Every representation n: m(0Y1) — Z(SU(2))

extends to an abelian non-central representation m(Yy) — SU(2).

PROOF. Let € € {1,2}. Let p: m (Y1) — SU(2) be defined as

p(z1) = (—1)° ;o plae) = plas) = s and p(hi) =1
0 -1 0 e 2

The representation p is abelian and, as p(x2) ¢ Z(SU(2)), it is non-central. Moreover,
p‘m(aYl)(/il) = p(r12223) = (—1)° and p(hy) = 1.

This implies that if n: 7 (0Y1) — Z(SU(2)) is such that n(hy) = 1, then n € P(Y7)
Similarly, let p: m(Y7) — SU(2) be defined as

plr) = (=1)° | pla) = plas) = .| and p(hy) = -1
Clearly, p is abelian and non-central. Moreover,

Playovy) (1) = plarzaws) = (1)1 and  p(hy) = —1.

This implies that if n: 71 (0Y1) — Z(SU(2)) is such that n(h;) = —1, then n € P(Y1).
This concludes the proof that every representation m(9Y;) — Z(SU(2)) extends to

an abelian non-central representation m (Y1) — SU(2), and therefore every representation

m(9Y1) — Z(SU(2)) is in P(Y}). O

Lemma 3.2.8. Let Yy = D?(2/1,-++ ,2/1,Pn/q,). If n: m (Y1) — Z(SU(2)) is a represen-
tation such that n(hy) = 1, then n ¢ P(Y1).

PROOF. If n = 2, then the conclusion holds by Lemma 3.2.5. Therefore, we suppose that
n > 3.

If p is an abelian representation of m;(Y]) such that p(h;) = 1, then for every i €
1, ,n—1},

p(x:)* = p(hy) =1, and therefore, p(z;) € Z(SU(2)).
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This implies that if p(py) = p(x1 -+ 2,_12,) = £1, then
p(xy) = xp(xy - x0-1) € Z(SU(2)).

Thus, p is central. Therefore, if n: m(90Y;) — Z(SU(2)) is a representation that extends to

an abelian representation of m(Y]) and such that n(h;) = 1, then this extension must be

central. Thus n ¢ P(Y}). O

Note that in Lemma 3.2.8 we only consider two representations out of the four central
representation m;(9Y;) — Z(SU(2)), as we do not mention the representations 7 : m1(9Y;) —
Z(SU(2)) such that n(hy) = —1. In fact, we will prove in the next section that 7 extends to

an irreducible representation m(Y;) — SU(2).

3.3. The irreducible representations and the set H;

Let Yy = D?(P1/q, -+ ,Pn/ga). Let p: m (Y1) — SU(2) be such that Pleyovy =1 € Hi =
H(Y}), Fact 1.1.3 implies that p(hy) = n(h1) € Z(SU(2)). Hence, we divide H; into the sets
H, o and H; . where

Hip={n€Hi|n(h)=1} and H ={ne H|nh)=—1}

Clearly Hy = HyoU H; . We use the coordinates (01,1) for the space Ry1)(9Y1) with
respect to the basis ordered {1, b1} as in (2.3.7). With this parameterization of Ry 1)(0Y1),
we have that HLQ C {Qﬂl = O} C RU(l)(aYl) and H].Jl' C {@Dl = ’/T} C RU(l)(aYi)

Lemma 3.3.1. Let n = 2, thus Y; = D*(1/qi,72/g,). Let w1 (Y1) be presented as in (2.3.3).
If the representation n: m (0Y1) — SU(2) is such that Trn(xixe) = £2, then n is not in H;.

PROOF. Let us suppose that p : m1(Y7) — SU(2) is an extension of 1. Since Trn(zix) =
Tr p(x129) = £2, then p(x1x9) = £1. Thus, [p(x1), p(x2)] = 1. This implies that p is an

abelian representation and hence p[,_ v,y =1 ¢ Hi. O

Lemma 3.3.1 implies that if Y; admits n = 2 nontrivial singular fibres, then the set H;

has no intersection with the lines
{01 =or 0} U {01 = 7T} C RU(l)(a}/l)

The next proposition will be central in this chapter.
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Proposition 3.3.2. Given a,b,c € (—2,2), there exist two matrices A, B € SU(2) with
TrA=a, TrB=0, TrAB = ¢, and AB # BA if and only if

%(ab_\/(4—a2)(4—b2)><c< S (ab+ VE= @)@ =1)).

PROOF. In this proof we consider S! as the subset of C in the usual way. Let z be a
complex number, we denote by R(z) and J(z) its real and imaginary part. Let us suppose
that there exist two matrices A, B € SU(2) such that Tr A = a, Tr B = b, Tr AB = ¢, and
AB # BA. Up to conjugation, we can suppose that

0 =
" and B = @ =P ,
0 @ 5 @

A:

where u € S' and «, 3 € C. Since A and B are assumed not to commute, B is not diagonal.
This implies that 3 # 0 and |a|?> < 1. Thus, there exist v € S* and ¢ € (0, 1) such that

= (1—t)v+ tw.
By hypothesis, the complex numbers «, u, and v are such that

2R(u) =TrA=a, 2R(a)=2R(v)=TrB=5b, and TrAB=c.

Let us consider the following:

¢ =Tr AB = ua + ua = 2R(ua) = 2((1 — t)R(uv) + tR(uv)

—ORWRW) + 22 — DI@)S(0) = L 4 22t — 1 \/1 _ —\/1 P 3
_ %(ab + 2t — 1) /A— )= b2)>.

Since t is neither 0 nor 1, we conclude that

%(ab—\/(4—a2)(4 b))<c< (ab+\/ 4 —a?)( b2)>-

Conversely, let u,v € S with

/ 2 b b2
u:%+i 1—% and v:§—|—z’ 1—2.
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For ¢t € (0,1) we set a(t) = (1 — t)v + tv and define A, B(t) € SU(2) by

A | 0 4 Bt — a(t) 1 —|a(t)]?
= an (t) = :
0 @ —/1—a(t)? a(t)

It is easy to see that Tr A = a and Tr B(t) = b. Since t is neither 0 nor 1, the matrix B is not
diagonal and hence AB(t) # B(t)A for every t € (0,1). The computation in (3.3.1) implies
that the trace of the multiplication AB(t) is

Tr AB(t) = ua(t) + ua(t) = %(ab + (2t — 1)/ (4 — a?)(4 — bz)).

Therefore, there is some t € (0, 1) for which Tr AB(t) = c. O

Definition 3.3.3. For a,b € [—2,2] C R we define I(a,b) as the open interval

(5 (a0~ V=T 4 (0+ VA=) ) € [-2.2)

Let a,b € [—2,2]. Let A, B € SU(2) be two matrices such that
TrA=a, and TrB =0.

A consequence of Proposition 3.3.2 is that if ¢ € 9I(a,b) then, there exist two matrices

A, B € SU(2) such that
TrA=a, TrB=b and [A B]=1.

Thus, we can say that the points in the interior of I(a,b) correspond to irreducible represen-
tations and the two endpoints 01(a,b) to abelian representations. We summarize this in the

following Corollary.

Corollary 3.3.4. Let a,b,c € [—2,2], there exist two matrices A, B € SU(2) with Tr A =
a, TrB=0b, Tr AB = ¢ and AB = BA if and only if ¢ € 91(a,b).
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PROOF. Let «, 8 € [0,27] be two angles such that a = 2cosa and 2cos . A direct

computation on (2 cos a, 2 cos ) shows that

O0I(a,b) = 0I(2cos a,2cos 3) —{2 cosacos 3+ 2\/Sin2asin26}

{2cosacos f + 2sinasin f}

{2cos(a+ p)}.
If AB = BA, then up to conjugation A and B are both in U(1). This implies that

ela 0 eB eila+B) 0
' B = |, and AB= ,
0 e 0 €” 0 e~ +h)
Therefore, Tr AB = 2cos(a+ ) and Tr AB € 01(a, ).
Conversely, let us suppose ¢ € 0I(2cosa,2cos ) = {2cos(aw+ §)}. Let A and B defined

as
e 0 et
A= |, and B = -
0 e 0 €7
These two matrices give the conclusion: they commute, TrA = 2cosa = a, TrB =
2cos(£p) = b, and Tr AB = 2cos(a £+ ) = c. O

In the following definitions an abuse of notation is in use. Let x € R be a real number,

then the open interval (z,z) is empty. However, we set d(z,x) = {x}.

Definition 3.3.5. Let 2 < p; < py be two natural numbers, we define the interval

27k 2k
Jo(p1,p2) = U [(2005( T 1),2003( T 2)) C[-2,2].
k1,k2€Z D1 D2

Definition 3.3.6. Let 2 < p; < --- < p, be n > 3 natural numbers. We inductively

Jo(p17p2) as

define the interval Jo(p1,--- ,pn) as

- 2rk 2rk
Jo(p1, -+ o) = U U I<2cos( T n),c) u U I(Qcos( T ”>,c) C [-2,2],
p'n, c€dJn_1 pn

kn€Z \ceJp_1

where J,,_; is Jo(p1, -+ , pn_1) and I denotes the closed interval defined by the same formulae

as in Definition 3.3.3.
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For instance, I(2,2) = () by Definition 3.3.3, however 1(2,2) = [2,2] is the singleton
{2}. Therefore 9I(a,b), with a,b € [~2,2] is well defined and never empty. For example
01(2,2) = 0{2} = {2}.

Definition 3.3.7. Let 2 < p; < py be two natural numbers, we define the J,(p1, p2) as

T(prp2) = | 1(2008(%),2(:%(;—]?))Q[—Q,Z].

k1,ko€Z
k; odd

Definition 3.3.8. Let 2 < p; < --- < p, be n > 3 natural numbers. We inductively

define the interval Jo(p1,- -, pn).

Fon o= U [ U T(2(%))u U z(z(%)) c 2.9

kneZ \ceJn_1 c€dJpn_1
kn odd

where J,,_1 is J(p1,- - ,pn_1) and I denotes the closed interval defined by the same formulae

in Definition 3.3.3.

In order to make the notation lighter, the interval I (2 cos(%) , 2 cos(%)) as in Def-
inition 3.3.5 will be denoted as I(k1/p,, *2/p,). Thus, J.(p1,ps) is the union of I(k1/2p., *2/2p,)
with k; and kg odd. The length of I(k1/p,*2/p,;) can be computed from Definition 3.3.3 and

() () e
P1 P2 b1 D2

Similarly, the length of I(¥1/2p,,*2/2p,) is computed from (3.3.2).

it equals

Lemma 3.3.9. Let 2 < p; < po. The set Jo(p1,p2) is empty if and only if p; = 2.
Furthermore, the set J.(p1,p2) is not empty.

PROOF. The identity (3.3.2) implies that I(¥1/p;, ¥2/p,) has positive measure if and only if
sin(27k1/p,) and sin(27k2/p,) are both non-zero. This implies that Jy(2, p2) is empty. Conversely,
if 3 < p; < py, then there exists (ky,ks) € Z? so that sin(27%1/p,) # 0 and sin(27k2/p,) # 0.
This implies that (*1/p1, *2/p,) is nonempty, and therefore that Jy(p1, p2) is nonempty as well.

The set J.(p1,p2) contains the interval I(1/2p,,1/2p;) that is not empty by the (3.3.2).
Hence, the set J;(p1, p2) is not empty. O
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Lemma 3.3.10. Let n > 3, the set Jo(2,---,2,p,) is empty and J.(2, -+ ,2,p,) =
[—2,2].

PROOF. Let us focus on Jy(2,---,2,p,). We remind the reader that we are using the
notation for which d(x,x) = {z}. Definition 3.3.5 implies that (2,2) = (2,2) is empty and
01(2,2) = {2}. By induction, Definition 3.3.6 implies that

Jo2,--.2)= ) I(c.d).
c,de{2}
Therefore, Jo(2,---,2) = (2,2) is empty and 0Jy(2,--- ,2) = {2}. According to Definition
3.3.6, the set Jo(2,--- ,2,p,) is equal to

2
U ](2005( Wk,c)).
kcz Pn

c€dJy(2,+ ,2)

According, to Definition 3.3.3, Jo(2, -+ ,2,p,) is the union of empty interval and therefore,
it is empty as well.

Let us focus on J,(2,---,2,p,). Definition 3.3.7 shows that J;(2,2) = (—2,2). We recall
that, by Definition 3.3.3, for every x € [—2,2] the interval I(z,£2) is empty. Therefore,
Definition 3.3.8 implies that

Je(2,2,p5) = | 7(2 cos(wp—kj) , c)

kseZ
kg odd
ce(—2,2)

We notice that 2 cos(™/p;) € (—2,2) if and only if k ¢ p3Z. Thus, the set J.(2,2, p3) contains

ol s k
U 1(2 cos(—),Zcos (—)> (3.3.3)
1 Ds D3

This latter is the union of the closed intervals whose endpoints are

2COS(7Tk+ 1) and 2008(71'k_ 1).
b3 p3

Thus, the (3.3.3) implies that J,(2,2,p3) = [-2,2]. By induction, we obtain the conclusion
for J.(2,---,2,p3). O
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Remark 3.3.11. Let n > 1 be a natural number. Let A € SU(2). The matrix A is such
that A" =1 if and only if Tr A = 2008(%) for a k € Z. Moreover, A" = —1 if and only if
TrA= 2005(%’“) for an odd k € Z.

The next lemma and Proposition 3.3.2 are, the two key results for constructing the set

H, C T(Y;,0Y;) for the case Y; = D?(P1/q1,P2/q5).

Lemma 3.3.12. Letn = 2, thus Yy = D*(P1/q,72/q,). Let w1 (Y1) be presented as in (2.3.3)
with q1 and qo odd. Then the maps

for Hip — Jo(p17p2) and fai Hip — Jw(p17p2)

n — Trn(zizs) n — Trn(zizs)
are well-defined and surjective.

PROOF. Let us suppose that p; = 2. The set Jy(2,ps) is empty by Lemma 3.3.9. Since
p1 = 2, every representation p € R(Y;) with p(hy) = 1 is such that p(z,) € Z(SU(2)).
Hence, the representation p has abelian image. This implies that H; o is empty.

Let us suppose that 3 < p; < ps. If n € H; o, then there exists an irreducible representa-

tion p € R(Y1) such that p[, 5y,) =1 and p(h1) = 1. In particular, we have that

pla)’ p(h)™ = pla)™ =1 and = p(x2)”p(h1)™ = p(x2)™ = 1.

Since p is irreducible, we obtain that p(z1)p(z2) # p(x2)p(z1). According to Remark
3.3.11, there exist two integers k; and ky such that Trp(x;) = 2008(%) and Tr p(zy) =
2 cos(%). Proposition 3.3.2 implies that
Trn(z122) = Tr p(a122) € ](ﬁ, @) C Jo(p1, p2)-
P1 P2

This implies that the map fy is well defined.

Let z € Jo(p1,p2). Thus, there exist two integers ki and ko such that z € I(k1/p,, *2/p,) C
Jo(p1,p2). According to Proposition 3.3.2, there exist two matrices A and B of SU(2) such

that

2 2
TrAchos( Wkl), TrBchos( WkQ), TrAB =2 and AB # BA.
P1 P2
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Remark 3.3.11 implies that A”* = 1 and B"> = 1. Let p € R(Y;) be the representation
defined as

p(x1) = A, plrz) =B, and p(h)=

Since A and B do not commute, p is irreducible. Up to conjugation, we can suppose that
Pleyovy) € Ru)(0Y1). In particular this implies that p|_ sy,) € Hio. Thus, fo(pl,, ov;)) =
Tr p(x129) = Tr AB = 2. This implies that the map fj is surjective.

Let n € Hy .. This implies that there exists an irreducible representation p € R(Y}) such
that p|, 5y;) = n and p(hi) = —1. Since ¢; and ¢» are odd, we obtain that

p(z1)" = =1 and p(z2)” = —1.

As a result of Remark 3.3.11, there exist two odd integers k; and ks such that Tr p(x;) = ’;kll

)_Trkg

and Tr p(z4 Proposition 3.3.2 implies that

ki ko

C Jx(p1,p2)-
2p1 2p2> = (pl ]92)

Trn(z122) = Tr p(x125) € I(

This implies that f, is well defined.

Let z € J:(p1,p2). As a result of Remark 3.3.11, there exist two odd integers k; and ko
such that z € I(k/2p,*2/2p,) C J(p1,p2). According to Proposition 3.3.2; there exist two
matrices A and B of SU(2) such that

Tr A= 2008(7;k11>, Tr B = QCOS( plzz)’ TrAB =2, and AB # BA.

Let p: m (Y1) — SU(2) be the representation determined by the following:

plz1) =A, plxe) =B, and p(h)=—

Since A and B do not commute, p is irreducible. Up to conjugation, we can suppose
that p|. av,) € Ru@(9Y1). In particular, this implies that p[, 5y,) € Hix. Moreover,
fr(playovyy) = Trp(x122) = Tr AB = 2. This implies that f; is surjective. O

Before proving the next corollary, we need to mention a property of 71 (D?(P1/qy, - - - ,Pn/q,)),

which is considered presented as in (2.3.3). We notice that

T (D2(Pqr, - -+, Pa=1/gu1)) % Z

T (ID (P/qr, - ,pn/qn)) = (ahm hom)
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Thus,
771(|D2(P1/q1, e ’pn—1/qn71)) <m (IDQ(Pl/ql, e 7p"/qn)).

In particular if p,_; is the fibration meridian of D?(P1/q,, - -+ ,Pn-1/q, 1) and u, is the one of

|D2(p1/q1, ce ,p”/qn), then

Up = Up—1Tpn € T ([DQ(pl/‘H? U 7pn/q”))‘

Corollary 3.3.13. Let Yy = D?*(pi/q,, - -+ ,Pn/q,) with n > 3. Let (Y1) be presented as
in (2.3.3) with q¢; and g odd. Then the maps

fO:Hl,0_>']0(p17"' 7pn) and fﬂ:Hl,ﬂ'%Jﬂ'(pl?.'. 7pn)

n— Trn(zy - x,) n— Trn(zy - x,)

are well-defined and surjective.

ProOOF. We prove the conclusion by induction on n. The case n = 2 holds by Lemma
3.3.12. Let us suppose that the conclusion holds for n — 1 fibres. We define J,_; =
Jo(p1,- -+ ,pn_1). We first prove that fy is well-defined, then we prove that fy is surjective.

According to Lemma 3.3.10, the Jo(2, - - - , 2, p,,) is empty. Let p: 7 (D?(2/1,- -+ ,2/1,Pn/q,)) —
SU(2) be a representation such that p(h;) = 1. This implies that p(x;) € Z(SU(2)) for
ie{l,---,n—1}. Therefore,

Imp C Ay,

where A,,,) is centralizer of p(x,) € SU(2). Hence, p is abelian and H; = (). This implies
that the the map fy is well-defined and surjective for the manifold D?(2/1,- -+ ,2/1,P1/q,).

Let p: (Y1) — SU(2) be an irreducible representation such that p(hy) = 1. By Defini-
tion 2.1.5, we have that p| (ovy) € Hi. We define p,_; as the restriction of p on the subgroup
71 (D?(P1/qr, -+ ,Pn-1/q, ;). The representation p,_; is either abelian of irreducible.

If p,_1 is irreducible, then
Trpp1(z1- 2p1) = c € Jpa,

by induction. By the presentation of m(Y7) in (2.3.3), we have that p(x,)?» = 1. Thus,

according to Remark 3.3.11,
21k,
Tr p(z,) = 2 cos T ,
Pn
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with k,, € Z. Therefore, the matrix p(z; - - - ,-1) either commute or does not commute with

21k, )
e
Pn

If p,_1 is abelian, then as an application of Corollary 3.3.4 p(x;---2,1) € J,._1 and

p(x,). By Proposition 3.3.2 and Corollary 3.3.4,

Trp(zy - Tp12n) = Trp(zy - - 201)p(xy,) € U 7(2 cos

ceJn_1

Therefore, Trp(z1 -+~ x,) € Jo(p1,- -+, Pn)-
p(xy -+ x,_1) does not commute with p(z,). This implies that

2k,
de U [O(QCOS(; ,c)).

cEJpn—1

Therefore, Trp(z1 -+~ x,) € Jo(p1,- -+ ,pn) and fo is well-defined.
Let d € Jo(p1,- -+ ,pn). Thus, there exists a k, € Z such that either

- 27k, 27k,
de U I(Qcos(; ,c)) or de U [O(QCOS(; ,c)).

CGJ,271 CeaJnfl

We recall that J,_1 = Jo(p1,- -+ ,Dny). If

- 2mk,,
de U I(QCOS(; ,c)),

ceJ?

n—1

then there exists two matrices C, X,, € SU(2) such that

2k
TrC=ced,_,, TrX,=2cos i
Pn

and Tr(CX,)=d.

Since ¢ € J°_,, by induction there exists an irreducible representation p,_;: 71 (D?(P1/g1, Pr—1/g, 1)) —
SU(2) such that
pn—l(hl):: 1 and rITpn—l(xl"'ﬁn_l):: C.

Up to conjugation, we can suppose that p,_1(z1 - x,—1) = C. We define now p,,: 7 (Y1) —

SU(2) as the representation such that
1 if « :ihl,

plx) =< ppi(z) ifxe 7T1(|D2<p1/q1,p"*1/qn,1)),

X, if v = x,.
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Clearly p,, is irreducible and
Tt pu(@s -+ ) = Tr(puor (@1 ) pu(a)) = TH(CX,) = d.
Similarly, let us suppose that
de U I° <2cos(22kn,c)).
c€0Jn_1 "

Thus, there exist two matrices C, X,, € SU(2) such that

21k,
TiC =cedl’ |, TrX,=2cos " THCX,)=d,
Pn

and CX,, # X,C. Since c € dJ;, , then there exists an abelian representation
Pn—1:T1 ([DQ(pl/CIl, p”’l/Qn—1>) — SU(2)

such that

pn-1(h1) =1, and Trp, (21 -20_1) =c

This implies that the map fj is surjective.

The conclusion for f; holds by a similar analysis, therefore it is left to the reader.

Lemma 3.3.14. The following hold:

o Jo(2,4,4) = J.(2,4,4) = (—2,2),

o Jo(3,3,3) = (=2,2] and J.(3,3,3) = [~2,2).
PROOF. Let us start with Jy(2,4,4). It is easy to see that

Jo(2,4)=J I<:|:2,2cos<%k>> — (—2,-2)U (0,0) U (2,2).

kez

We remind the reader that d(z,z) = {«}. This implies that

Jo(244) = [(2(;05(%1{),9:):1(0,0):(—2,2)

€
z€{2,0,—2}

One notices that J;(2,4) = (2cos /4,2 cos37/4) = (—v/2,1/2). Therefore

,J7r(2,4,4):k93 U T(Qcos(%k),x)u U I°(2cos(%k),x)

z€(—Vv2,V/2) me{—ﬁ,ﬁ}

O
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FiGURE 3.1. The plots of the functions y = %(xﬁ —/2(4 - m2)> and y =

%(x\/ﬁ ++/2(4 — x2)> in blue and red with x € (—v/2,1/2), as in the intervals
in (3.3.4).

A direct computation shows that
1 1
L2449= {5 (x\/_ T x2)>, 5 (x\/i V20— x2)>] . (3.3.4)
z€(—v2,V/2)
This implies that J;(2,4,4) = (—2,2), as shown in Figure 3.1
Let us focus on Jy(3,3,3). We see that Jy(3,3) = (2cos?7/3,2) = (—1,2). As before, a

direct computation and Figure 3.2 show that,
1 1
D(3,3,3) = {— r— /34 —22)), = (x+ /34— 1?) ] = (—2,2] (3.3.5)
U sl ) 5l )
Similarly, J,(3,3) = (2cos(27/3),2) = (—1,2). Therefore,
1 1
_ i —2)) —=(_ — 2 )| ==~
J.(3,3,3) = G(U12)[2< r—3E -z )), 2( 43—z ))} [-2,2)  (3.3.6)

O

Example 3.3.15. Let us suppose that Y; = D?(3/q:, 3/4s,3/gs) with ¢; odd. Corollary 3.3.13
and Lemma 3.3.14 imply that there exists an irreducible representation p : m(Y;) — SU(2)
such that p(hy) =1 and p(u1) = —1. We are going to construct such a representation.
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(A) Case Jy(3,3,3) (B) Case Jr(3,3,3)

FIGURE 3.2. In red and blue are the endpoints of the intervals in (3.3.5) and
(3.3.6) with the corresponding domains.

We notice that
2 2
2cos— =1¢ (-1,2)=1 2COS—7T,QCOS—7T = Jo(3,3).
3 3 3
Proposition 3.3.2 implies that there exist two matrices X, Xo € SU(2) such that

2
Tr X; = Tr Xy = 2cos %, X1Xo # XoX;, and Tr XX, = 2008%

Up to conjugation we can suppose that the product X; X5 is in U(1), this means that

Let X3 = ¢'5. Remark 3.3.11 states that X3 =1 for all i € {1,2,3}. We define the

irreducible representation p: m(Y;) — SU(2) as
p(z;) = X;, and p(hy) = 1.
A direct computation shows that
p(p1) = p(rrz270) = (X1 X0) X35 = e'ietT = —1.

More explicitly, the matrices X, X5, and X3 can be chosen in the following way:

1 iVv3 2 i . i2r
X, 27 76 3 X, _%_%g _\/Té""l\/Ti X, e s 0
2 1, /3 V6 o V2 1, /3 |’ _i2m
_\/; _§+T ?+ZT _§+T 0 e 3
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We use the rest of the section for understanding more the case Y; = D?(P1/q,,72/g). Let
us define

SID\IZQ—)D\‘

as the function that maps a natural number n > 2 into the smallest number 1 < k < n which
2k

maximizes the quantity ‘sin(T) | It is easy to see that

(

0 ifn=40,
-1 ifn=41,
Sin) = 25 it @, = (3.3.7)
4 2 ifn=,2
\

Let us assume that 3 < p; < po. The interval Jo(p1,p2) is, by definition, the union of the
subintervals I(*1/p1,*2/ps). According to the (3.3.2), the interval I(5®1)/p,, 5®2)/p,) is the one

of maximum length among these.

Definition 3.3.16. Let I = (aj,a5) C [—2,2]. Let 61,0, € [0, 7] such that R(2¢%) =
2cos(#;) = a;. We say that the interval I is supported by the angle a(I) == |0y — 61]. See
Figure 3.3.

Let I C [—2,2] be the interval (2 cos 1,2 cos ) as Figure 3.3. Let a € [0, 7| be the angle
that supports I. We recall that 0 < arccosz < m and that if § € [r, 27| and ¥ = § — 7, then

cosf = cos(m — ).

Hence, it is straightforward to see that

(200s01) (260892>’
arccos 5 — arccos 5 .

o =

Lemma 3.3.17. Let 3 < p; and o € [0,7]| be the angle that supports the interval
](M M) as in Definition 3.3.16, then o > %’T

p1 7 p2

PROOF. According to Lemma 3.3.9, the interval [(5®1)/p,, 5®#2)/p,) is nonempty. Let z,,

be defined as in (3.3.7) for i € {1,2}. Definition 3.3.3 implies that the end points the interval
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A

Y

1 | 1 Il x‘
T T T T T T
—2 cosf; —1 0 cosfy 1 2

FIGURE 3.3. The angle (in blue) that supports the interval I (in red).

I ( S(p1) S(m)) are

p1 7 p2

2008(27?5(1)2) + 275(1)1)) = 2cos (7r + T (@ + %)) and

D2 D1 2\p2 M

2005(27TS(p2) — QWS(pl)) = 2(:08(z (ﬁ — &))
P2 D1 2\pp m

Let (¢1,¢2) be an interval in [—2,2]. The angle that supports the interval (cq, ¢2) is equal to

| arccos(¢1/2) — arccos(¢2/2)|. If ¢; = 2cos(m £+ 1) and ¢y = 2cos(£7y2) with v1,7v, € [0,7/2],

then the angle that supports the interval (c¢q,c) is m — 713 — 72. Hence, we obtain

)

g |Tp P2 + Tp,P1| + [Tp, P2 — T, 1|

xp2 xpl

b2 D1

Lo | Tpr
b2 y4!

=7
2p1p2
> min{ﬂ — W—lxp1|,7r — W_]xp2| } > 2—7T
D1 D2 3

Lemma 3.3.18. Let 3 < py, then Jo(p1,pe) is connected.

PRroOOF. The intervals Jy(3,3) = 1(Y/3,1/3), Jo(3,4) = 1(1/3,/4), and Jy(4,4) = I(1/a,1/4)

are connected. Hence, let us suppose that p, > 5. We define the interval J; as

2 2 2 2
Ji = <200$(7r— l),2008<l)> = (—2COS<—7T),2COS<—7T)>.
P2 P2 b2 P2

Claim 2. The interval Jy(p1, p2) contains the connected interval J;
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We prove the conclusion assuming Claim 2, and then we prove Claim 2. Note that, since

p2 > 5, the interval J; is nonempty.
Let us assume Claim 2 and suppose, by contradiction, that Jy(p1,p2) is not connected.

Let J; be a connected component of Jy(py, pe) disjoint from J;. Then

2 2
either Jy C {—2, —2cos (—W)) or Jy C (2 CoS (—W),Z}.
P2 2]

This means that m(.J;) <2 —2 cos(i—?) = 4sin? (p%) Let 4, j € Z be such that the interval
I(i/p1,/p2) has non-zero length. Let n € N, we remark that if & is an integer such that k ¢ 7,
then [sin(27%/n)| > |sin(7/n)|. According to the (3.3.2), this implies that

m(](i, i)) = sin<@> sin<2ﬂ) ‘ >4 sin(l) sin(l) ‘ > 4 sin? (1)
b1 D2 b1 D2 b1 b2 D2

If p1 < po, then this last inequality is strict. In this case, we get a contradiction since we

supposed that the connected component J, has length smaller or equal than 4 sin? (;%)

Suppose than that p; = p, > 5. The end points of the interval I(k=1/p, 1/p,) are

k k—2
2 cos (277—) and 2 cos (27r ) .
b1 D1
This implies that

Jy= I<k_1 i) — 0 (zcos(%k/),z) C Jo(p1,p2)

Y
hez P n =1 p1

is a connected subinterval in Jy(p1, p2). If ky and ky are both not in £-7Z, then the end points

of the interval I(ki/p,, *2/p,) are

2COS(27Tk1 + k2) and 2008(27rk1 _ kQ).
D1 D1

This implies that the end points of the interval I(*1/p,, *2/p,) are both of the form 2 cos(27¥'/p, ),
with &' € Z. This implies that for every ki, ky € Z, we have I(*1/p., *2/p,) C J3. And therefore
Jo(p1,p1) C J3 that brings us to Jo(p1,p2) = J3. The conclusion holds by the fact that J; is

connected.

PRrROOF OF CLAIM 2. We shall prove that J; C Jy(p1, p2) for po > 5. Consider the union

U 1(5(]?),]’;—2) :UI(SSII),SU’?)”). (3.3.8)

kocZ p jez P2
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Let 61,0, € [0, 7], be such that [(S®1)/p,,S®2)/p,) = (2cosby,2cosby). The end points of

]<S(p1)7 5(p2)+j> are:
p1 p2

{2 coS (27rp15(p2) = p2S(py) + 27U) ,2cos <27Tp15(p2) —p25(p1) + 27”) } =
pip2 D2 P1D2 P2

27 2
{2005(01 + —‘7) 2COS<92 + ﬂ) }
b2 P2

By Lemma 3.3.17, |0; — 05| > %’r > i—:. In particular m > 0y > 6y + 27/p, > 0y > 0. This

implies that

2
2 cos by > 2008(92 + il
b2

Furthermore, if 6; < m — 7/p,, then @ — 7/py < 01 + 27/p, < 7 + 7/p,. Thus,

) > 2cosb.

2 2
2 cos by > 2008(92+—7T> > 2cosf; > 2005(91+—7T>.
P2 P2

Let j € N be such that 6y 4 27i/p, < ™ — 7/p,, then

2m(g + 1 2 2m(7+ 1
2 cos (92 + M) > 2cos (01 + ﬂ) > 2cos (91 + M) (3.3.9)
P2 D2 P2

Notice that the left and right sides of identity (3.3.9) are the end points of [ (M, M) :

p2

Furthermore, the central term the in identity (3.3.9) is an end point of [ ( Sp1) M)_

pr ' p2
Hence, identity (3.3.9) implies that [ (S(p L) S(p;;ﬂ ) NI (%, %) is nonempty. Thus,
this implies that ]( (p1) %) U I(%, W) is connected. Similarly, let 7 € N be

such that 0y + 27i/p, > 7/p,, then

2m(g — 1 219 2m(y — 1
2008(91+M> >2008(02+ﬂ> > 2008(02+M).

D2 D2 D2

p1 p1 D2

As before, this implies that one of the end points of [( Sy S(prQ)J“j) is in I( (p1) M).

So T S(pl) S2)+i Y1 ( Sy Sw2)Hi-1Y ic 1 onempt Furthermore, [ Spy) S2)+i ) (S Sp)ti-t
p2 pr p2 Py pr 7 p2 pr p2
is connected. Thus, the union in (3.3.8) contains the connected interval J;. U
O

Lemma 3.3.19. Let 3 < pq, the set J.(p1,p2) does not contain the element 0 € [—2,2] if

and only if p1 = ps = 4.
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PROOF. The interval I(*1/2p,,*2/2p,) has length equal to

() () (5
m(|l| —,— =4|sin| — | sin| — | |.
2p1 2ps D1 D2

It is easy to see that if p; > 2 there exists an odd integer k in the range »1/4 < k < 3p1/4. For
> —

Sin(ﬁ)‘ = sm<7r—k>
2py D1 2

Moreover, if p; # 4, we can choose k to make this inequality strict. Thus, if (p1, p2) # (4,4),

such a k£ we have

V2

then there exists an interval I(*1/2p.,*2/2p,) C J:(p1, p2) whose length is strictly bigger than
2. This implies that 0 € I(*1/2p1,*2/2p,). A direct computation shows that 0 ¢ J.(4,4) and

this gives the conclusion. 0

Lemma 3.3.20. Let 3 < p; and let t; = ged(py, pe), then

(77 (BzuZz) -1,

S(p1,p2) = {k1p2 + kapy ‘ ki€ Z,k; ¢ %Z} =427\ (mZUpZ) ift, =2,

7 ift; > 3.

\

PROOF. Let us start with t; = 1. Let © = kipy + kop; € S(p1,p2). Let us suppose by
contradiction that x € £-Z. This implies that kyp, € B-Z. Since ged(py,p2) = 1, we obtain
that k; € B Z that is a contradiction. Similarly, if z € 27, then kyp, € 2 Z. Hence, k; € 227
that is a contradiction. Conversely, let z € Z\ (%Z U %Z). Let us write x = kyps + kop;.
Let us suppose, by contradiction, that k; € £-Z. This implies that z € 57, that is a
contradiction.

Let us suppose that t; = 2. We write p; = 2n; and py = 2n,, with ged(ng,ns) = 1. Let
x = 2king + 2kony € S(p1,p2). We note that since p; > 3, the set S(p1, p2) is nonempty. Let
us suppose, by contradiction, that z =,,, 0. This implies that 2k;ny =5,, 0. We obtain that
k1 =5, 0, this is a contradiction. Similarly, if z =,,, 0, then 2kon; =,,, 0. Thus, ks =,,, 0
and this is a contradiction. Conversely, let x € 27\ (p1Z U p2Z). Let us write x as k1ps + kop;
and suppose that k; =, 0. This assumption implies that 2k; =, 0 and hence x =,, 0 that

is a contraction. Similarly, if ks =, 0, then  =,, 0, and here is our contraction.
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Let us move to the case t; > 3. Notice that S(py,p2) C t1Z. Let us suppose that = € t,Z

and let us write x = poky + p1ke. More generally, we have that for every n € N

xr = p1k27n + p2k17n Wlth kl,n = kl +n (%) and k27n — kQ -n (%) ‘
1 1

We need to show that there exists a n € N such that
ki & %z and ks, ¢ %z. (3.3.10)

If k1o = k1 and ky g = ko are not in 2-Z and B2 Z respectively, we get the conclusion. Suppose
then without loss of generality that ko € 2Z. Then ky; = k; + % ¢ B.Z. If the couple
(k1.1,k21) has the property in (3.3.10), then we get the conclusion. Let us suppose that
koq = ko + ’Z—f € B7. Then, since t; > 3, we obtain k1, ¢ 227 and k5 ¢ 2*Z. This implies

that © € S(p1,p2) and this completes the proof. O

Let S(p1, p2) be as in Lemma 3.3.20, we define zyn, Tmax € [—2, 2] as

2 2
Tmin = min {2 cos(ﬂ)} and  Tpax = mMax {2 cos<ﬂ> } (3.3.11)
€S (p1,p2) Pip2 €S (p1,p2) Pip2

Lemma 3.3.21. Let Ty, Tmax € [—2,2] be as in (3.3.11), then Jo(p1,p2) = (Tmin, Tmax)-

PROOF. Let ki, ky € Z be two integers such that k; ¢ £'Z. As we proved in Lemma 3.3.9,
the interval I(*1/p,, *2/p,) is nonempty and I(k1/p,, *2/p,) C Jo(p1,p2). In particular,

a]<ﬁ @) = {2cos<27r(k1p2ﬂ:k‘2p1)>} C Jo(p1,p2),

b1 7 b2 DP1p2

Thus, the interval Jo(p1, p2) must contain 2 cos(27%/pp,) for all z € S(p1, pa2). Since Jo(p1, p2)
is connected by Lemma 3.3.18, we obtain that Jy(p1,p2) = [Zmin, Tmax] and hence Jy(p1, p2) =

(Imina xmax)- I:]

Corollary 3.3.22. Suppose p1 > 3 and let a be the angle that supports the interval

4t 4
Jo(p1,p2), then o« > — s =T =

Lemma 3.3.23. Ifpy > 2, then J.(2,ps) = I(i, 2}%), where k is an odd number satisfy-
ing 1 < k < py that mazimizes | sin(™*/p)|. In particular J.(2,ps) is connected and supported

by an angle greater than or equal to ™ — i—;r.



3.3. THE IRREDUCIBLE REPRESENTATIONS AND THE SET H; 83

PROOF. Let I(l ks ) be an interval of J,(2,ps). The end points of I(l ﬁ) are

10 2py 47 2ps
oI -, — ) =< 2cos| 2n———=
(4 2po 8pa
k k k
= {2008(E + D),Zcos(z — 2)} = {iQsin(B> }
2 p 2 p D2

Hence, all intervals in J;(2, p2) are nested, and we conclude that J(2,ps) is connected. Let

(3.3.12)

a € [0, 7] be the angle supporting J;(2,p2). The identity (3.3.12) implies that

O

Corollary 3.3.24. Ifpy > 2, then J(2, ps) is supported by an angle greater than or equal
to m/2. Moreover, J.(2,4) C J(2,p2) for every po > 2. This last inclusion is strict if ps # 4.

PROOF. Let a,, € [0, 7] be the angle supporting J;(2,ps). A direct computation shows
that ay, > /2 if py = 2,3. Moreover, if py > 4, then «a,, > 7/2 by Lemma 3.3.23.

Let po > 2. Lemma 3.3.23 implies that there exists a real number = € (0, 2] such that
Jx(2,p2) = (—z,2). Since a(J(2,p2)) > /2 and «(J;(2,4)) = 7/2, we obtain that J.(2,4)
is the smallest possible interval among the ones of the form J; (2, p,). This also implies that
Jz(2,4) C J.(2,p2). The identity (3.3.12) implies that if py # 4, then J.(2,4) # J(2,p2).
Thus if pg # 4, then J.(2,4) C J-(2,pa2). O



Chapter 4

The Intersections

Let Y = Y] Uy Y5 be a graph manifold rational homology sphere such that > C Y is the
unique JSJ torus of Y as in (2.3.1). We recall that, as an application of Corollary 2.2.9, we
can suppose that Y; and Y5 both admit a fibration with disk base space. In particular we
supposed that Y; has n € N singular fibres and Y5 has m € N singular fibres. Without loss
of generality, we suppose that n < m.

We remind the reader that we lighten the notation by naming the set A(Y;) (resp. H(Y;)
and P(Y;)) as A; (resp. H; and P;). In this chapter we study the intersections

AlﬂHQ, HlﬂAQ, HlﬂHQ, and PlﬂPQ,

in order to be able to apply Theorem 2.1.8 and determine the SU(2)-abelian status of Y =
Y; Uy Ys.

We recall that O(Y]) indicates the vector whose entries are the orders of the nontrivial
singular fibres of Y] in ascending order. Thus if Y} = D?(P1/q,, - -+ ,Pr/q,) with 2 < p; < -+ <
Pn, then O(Y1) = (p1,- -+ ,pn). Corollary 2.2.9 implies that if Y; has n > 3 singular fibres,
then

oY1) €{(2,4,4),---,(3,3,3),(2,- -+ ,2,pn) }.

4.1. The intersections between P, and P,

As we stated in Chapter 2, if

Y =YiUs Y = Y1 U, Ya,
84
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then we represented the induced isomorphism ¢, : m(90Y1) — m1(0Ys) with respect to the
order basis {1, h1} and {us, ho} by the matrix

o= |* | e s1a2).

v 0

In particular, |3| = A(hy, he). Since Y is not a Seifert fibred manifold, |3| = A(hq, hy) is
bigger then or equal to 1.

We prove now a lemma that leads us to an obstruction on the number of the fibres of Y;

and Y5.

Lemma 4.1.1. If Y] is fibred over a disk and O(Y7) € {(2,4,4),(3,3,3),(2,---,2,pa)},
then

PROOF. In all three cases, we suppose that 7 (Y}) is presented as in (2.3.3) with ¢; odd
and we assume Ry(1)(0Y1) to have coordinates (61,1)1) as in (2.3.7). Thus,

{77 € RU(l)(ayl)‘n<h1) = _1} = {Y =7}

If O(Y1)(2,---,2,pn), then the conclusion holds by Lemma 3.3.10 and Corollary 3.3.13.
If O(Y1) = (2,4,4), then J.(2,4,4) = (—2,2). Corollary 3.3.13 implies that

Hyx={(61,91) € Ryy(0Y1)|vr = 7,01 ¢ nZ} = {py = 7} \ {0, 7},
According to Lemma 3.2.7, P, = {0, 7}?. Therefore,
{1 =7} C H, - U{0,7}* C HUP,.
If O(Y1) = (3,3,3), then J:(3,3,3) = (—2,2]. As an application of Corollary 3.3.13
Hix={(61,%1) € Ryy(0Y1)|tr = 7,00 # 7} = {r =7} \ {(m,7)}.

Lemma 3.2.6 implies that the representation 7 : m1(0Y1) — SU(2) with n(hy) = n(u1) = —1

is in P;. The representation 1 has coordinates (m, ) and therefore,

{ =7} CH,UP, C H UP,.
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0

Lemma 4.1.2. LetY = Y Uy Y5 be the graph manifold as above. If Y hasn > 3 singular
fibres and Yy has m > 3 singular fibres, then manifold Y is not SU(2)-abelian.

PROOF. According to Corollary 2.2.9, we can suppose that
0(1/1)7 O(Yé) S {(2’ 47 4)7 (37 3a 3)7 (27 Ty 27pn>}

For i € {1,2}, we assume Ry (1)(9Y;) to have coordinates (6;,1;) as in (2.3.7). We recall that
in Y we have that 0Y; = 9Y, = X. Therefore, the space Ry(1)(9Y1) coincide with Ry 1)(0Y?2).

Thus, (61,%1) and (63,1) are two parameterizations of the space space. The presentation

(2.3.6) implies that
th = aby + vy and Py = B0 + 6es.

We recall that |3 > 1. The line
L= {(0462 + v, 582 + (57’(’) S RU(1)<83/1)‘92 c [0, 271']} C RU(l)(ﬁYI)

is equal to the line {1, = 7} C Ry1)(9Y2) in (01,11) coordinates. Since |5| > 1,

(=7} AL — {(a(w% DN 2|75T) +7m),k cql,.- ,ym}} C Ru (Y1)

In particular, this intersection is not empty. By Lemma 4.1.1,

{¢1:W}§H1UP1, and LQHQUPQ

Thus H;U P, has a nonempty intersection with HoU P,. We recall that P; C A; by Definition
2.1.5. Therefore, either H; N Hy, A1 N Hy, Hy N Py, or Py N P, is not empty. The conclusion
holds by Theorem 2.1.8. U

We are going to focus on the case n = m = 2. Thus Y; = D?(P1/q,P2/g;) and Yy =
D?(71/s1,72/s:). We recall that ¢; is the order of the torsion subgroup of H;(Y;;Z). We assume
that t1 = ged(p1, p2) < to = ged(ry,72).

Proposition 4.1.3. Let Y = Y] Uy Y, be the graph manifold as above. Let us suppose
that both Yy and Yy have exactly two singular fibres. The set Py N Py is empty if and only if

one of the following conditions holds:
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(1) t, = 1;
(2) t1 =2 and 01 = 1;
(3) ta =2 and 05 = 1;
(4) t1 =2, 0y odd and A(hy, A2) is even.

PROOF. Let us suppose that either the condition (1) or (2) holds. By Lemma 3.2.5, the
set Py is empty. Thus, P, N P, = ). Similarly, if the condition (3) holds, then Lemma 3.2.5
implies that P, = () and then, P, N P, = ().

Let us suppose that the condition (4) holds. Without loss of generality, we can suppose
that conditions (1), (2), and (3) do not hold. This implies that ¢t; = 0 = 2. Let p € R(Y)
be such that p(m(2)) € Z(SU(2)). We will show that p;(h;) = 1. According to Lemma
3.2.5, this implies that p; is a central. Thus, P, N P, = 0.

Since p(m1 (X)) C Z(SU(2)), the restrictions p1 = p[,,(y;) and p» = pl, (y,) are abelian.
Let ¢ be an oriented simple closed curve in 0Ys such that {\o, £} generates m(0Y2). The
representation p maps both Ay and £ into +1. Since py is abelian, as a consequence of

Corollary 2.1.12, we obtain that

p(A2)? = p2(A2)” = L.

Since o0g is odd by hypothesis, p(Ay) = 1. There exist integers n,m € Z, with |n| = A(&, hy)
and |m| = A(Xg, hy), such that

hiy =n-Xo+m-€§ C0Y;, andhence pi(h1)= pag)pa(&)™ = p2(§)™. (4.1.1)

Since A(hy, Ag) = |m| is even, we get that pi(hy) = 1.

Conversely, let us suppose that P, N P, = (). This implies that if the representation p €
R(Y) is such that p(m (X)) C Z(SU(2)) then, either p; or ps is central. Let n: m(X) — {1}
be the trivial representation. Then, we have n(A;)°* = n(A2)?? = 1. According to Corollary
2.1.12, the representation 7 extends to a representation p: m(Y) — SU(2). Since either p;
or pg is SU(2)-central, Lemma 3.2.3 implies that either t; < 2 or ¢, < 2. Since we supposed
that t; < t9, we obtain t; < 2.

We complete the proof by proving that if conditions (1), (2), and (3) do not hold, then
condition (4) holds. If conditions (1), (2), and (3) do not hold, then, since ¢; < 2, we get
that o = ¢; = 2 and either 0y = t5 = 2 or t5 > 3.
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Suppose first that 0oy =5 0. Then t5 =5 0 by Lemma 3.1.1. Since 0; and oy are both even,
Corollary 2.1.12 implies that every central representation m (X) — Z(SU(2)) extends to both
m (Y1) and 7 (Ys). Let n: m(2) — Z(SU(2)) be a representation such that n(h;) = n(hy) =
—1. Lemma 3.2.1 implies that there exist two non-central representations p; € R(Y;) and
p2 € R(Y>) such that pi| s =1 and psl, sy = 7. This implies that n € Py and n € P,.
Thus, P, N P, # (), and this is a contradiction. This implies that if P, N P, = (), and the
conditions (1), (2), and (3) do not hold, then o0y is odd.

Suppose next that oy is odd. Since 2 = t; < t5 and condition (3) do not hold, we obtain
that to > 3. Lemma 3.2.2 implies that there exists a representation n: m(3) — Z(SU(2))
that extends to m(Y3) in a non-central way. In particular n € P,. Since o, = 2, the
representation 7 extends to m1(Y7) as well. Since P, N P, = () by hypothesis, if p1: m(Y;) —
SU(2) is an extension of 7, then p; is central. Notice that, since 0; = 2, then 1 extends to
m1(Y1) by Corollary 2.1.12. Since t; = 0; = 2, Lemma 3.2.5 implies that p; is central if and
only if py(hy) = 1. The identity (4.1.1) implies that this happens if and only if A(hy, Ao) is
even. Thus, P, N P, = (), and the conditions (1), (2), and (3) do not hold, then condition (4)
applies. This concludes the theorem. O

It is conjectured that SU(2)-abelian rational homology 3-spheres are Heegaard Floer L-
spaces (see Conjecture 2). It is known that the converse of this conjecture is false, as shown
below. By [BGW11, Theorem 5], the gluing of two twisted I-bundles over the Klein bottle
is an L-space if and only if the gluing map does not identify the two rational longitudes.

However, we prove in Example 4.1.4 that such a manifold is not SU(2)-abelian.

Example 4.1.4. Let Y; and Y5 be two copies of the twisted I-bundle over the Klein
bottle. Hence, Y; = Yy = D?(2/1,2/1). Let ¢ : 9Y; — 0Y, be a diffeomorphism. Proposition
4.1.3 implies that the graph manifold Y; Uy Yo = Y7 U, Y5 admits an irreducible SU(2)-
representation whose restriction to m1(X) is in P; N P,. This implies that it does not exist a

diffeomorphism ¢ : 9Y; — 0Y; such that Y; Uy, Y5 is SU(2)-abelian.

A more classical example of a non-SU (2)-abelian L-space is the Poincaré homology sphere
%(2,3,5). It is known that the Poincaré homology sphere ¥(2,3,5) is the double branched
cover of the alternating pretzel knot P(2,3,5). As a consequence of [OS05, Proposition

3.3], since P(2,3,5) is alternating it has an L-space double branched cover and therefore
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the Poincaré homology sphere ¥(2,3,5) is an L-space. Moreover, the Poincaré homology
sphere (2, 3,5) is a Seifert fibred space with base S? and with three singular fibres of orders
(2,3,5), and according to Theorem 2.2.8, it is not SU(2)-abelian.

We now would like to write a result a la Proposition 4.1.3 but for the case where Y; =
D?(P1/q1,72/¢;) has two nontrivial singular fibres and Yo = D?(Pi/qi, -+ ,Pm/q,) has m > 3

singular fibres. We recall that
P(Y1) C {0,7}* C Ryq)(d%1).

Proposition 4.1.5. Let Y| = D*(P1/q,72/q,) and Yy = D?(P1/qr, - -+ ,Pn/q,,) be as above.

o IfO(Ys) € {(2,4,4),(3,3,3)}, then PN (P, U Hy) = 0 if and only if either t; = 1
orti =2 and o = 1;
o IfO(Y3) = (2, +,2,pm) and A(A1, he) =0, then Py N (P, U Hy) = 0 if and only if

etther o1 =5 1.

PrROOF. For i € {1,2}, we assume Ry1)(9Y;) to have coordinates (6;,1);) as in (2.3.7).

Let us suppose that O(Y2) € {(2,4,4),(3,3,3)}. According to Lemma 3.2.6, Lemma
3.2.7, and Corollary 3.3.13

{0, 7} C P, U Hs,.
Therefore, Py N (P, U Hy) = () if and only if P, = (). By Lemma 3.2.5, the latter occur if and
only if either t; =1 or t; =2 and o1 = 1.

Let us suppose that O(Y3) = (2, ,2,py). If 0 =2 0, then by Lemma 3.2.5 we have
that P, = {0, 7}?. Lemma 3.3.10 and Corollary 3.3.13 implies that Hy contains two points of
{0, 7}2. Thus PiN(P,UH>) # (). Conversely, let us suppose that o; =5 1. Since A(\y, hy) = 0
by hypothesis, according to Corollary 2.1.12,

2k
Al = {¢2 = _} C RU(l)(a}/g>
kG{l,m,OQ}

01

In particular, since 0; =5 1, the line {¢); = 7} has no intersection with A;. Since by definition,

P, C Ay n{0,7}?, we have that

P, C Ay n{0,7}% C {¢p = 0}.
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Lemma 3.2.8 states that if n: m(0Y2) — Z(SU(2)) is such that n(hs) = 1, then 7 is not in
P,. Corollary 3.3.13 and Lemma 3.3.10 imply that H, is disjoint from the line {¢» = 0}.
Therefore,

le(PQUHQ):@

4.2. The intersection between H; and A, and between H; and A4;

Let Y = Y] Uy Y5 be our usual graph manifold rational homology 3-sphere. We use the
coordinates (01,11) for the space Ry 1)(0Y1) with respect to the basis {1, h1} as in (2.3.7).

Choose integers n,m € Z such that
Ay = nhy +muy C Y. (4.2.1)
Then |n| = A(Ag, 1) and |m| = A(Xg, hy). Define a subspace L C Ry1)(0Y1) by
L = {(61,91) | 02n1 + 09mby =9 0} C Ry(1y(0Y1).
Let n: m(0Y1) — SU(2) be a representation such that n € L, then
n(A2) = (n(ha)"n(pa) ™) = eflommertoamil =1,

Therefore, as a result of Corollary 2.1.14, we obtain that the representation 7 is in As. In
fact, L is the set Ag in (61,v1) coordinates. Let us suppose that A(Ay, hy) # 0, then there
are 0oA(Ag, hy) equally spaced intersections between A, and the line {¢; = 0}. Similarly, if
A(Ag, hy) # 0, then there are 0,A(Ag, h1) equally spaced intersection points of Ay with the

line {¢; = 7}.

Lemma 4.2.1. Let Y = Y; Ug Y5 be as above. If Yy has exactly two singular fibres and
5 < 09A(Ag, hy), then Hy N Ay is not empty.

PROOF. If p; = 2, then a(J,(2,p2)) > 7/2 by Corollary 3.3.24. Furthermore, if p; > 3,
then a(Jo(p1,p2)) > 27/3 > 7/2 by Lemma 3.3.17. Thus, according to Lemma 3.3.12, either
H,, or Hy . contains a connected subset of length at least 7/2.

As we said before, if A(Ag, hy) # 0, then A, intersects the line {¢; = 0} (resp. {¢x})
in 03A(A2, hy) equally spaced points. Hence since 09A(Ag, hy) > 5 and either Hyo or Hy .
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contains a connected subset of length 7/2, then A, intersects H; = Hio U H;, at least

once. ]

A consequence of Lemma 4.2.1 is that if H; N Ay is empty, then 0o A(Ag, hy) < 4.

Proposition 4.2.2. Let us suppose that Y1 has exactly two singular fibres. The intersec-

tion Hy N Ay is empty if and only if one of the following holds:

e A(XNy,h1)=0,p1 =2 and 0g =5 1 ;

e A(My,hy) =1 and oy <2

e A(Mg,hy) =1, 00 =3, pr = p2 =3, and A(Ag, A1) =2 0,
e A(Mo,h1) =2, pr=ps=4 and oy =1,

e A(XNy,h1) =3, p1=p2=3,00=1, and A(X\, A1) =2 0,
o A(Ny,hy) =4, p1 =2, py =4, and 0y = 1.

PROOF. We assume that 7 (Y1) and m1(Y2) are presented as in (2.3.3) with all the ¢; odd.
We recall that Lemma 3.3.12 states that the maps

fo: Hio — Jo(p1,p2) and fr: Hip — Jr(p1,p2)

n = Tro(p) n = Trn(p)

are surjective. We recall that, n € Ryau)(0Y1) has coordinates equal to (61,7:), then
Trn(uy) = 2cosby.

As we stated before, if 09A(Ag, hy) > 5, then H; N Ay is nonempty. Hence, we can suppose
that 0oA(Ag, hy) < 4. Thus, 0 < A(Xg, hy) < 4 and if this latter is positive, 0y < m.
Notice that the quantities A(Ag, hy) and A(Ag, p1) are coprime.

If 0oA(Ag, hy) = 3, then either A(Xg, h1) =1 and 0y = 3 or A(Ay, hy) = 3 and 0, = 1. We

divide the proof in five cases:

i) A(Az, hy) =0,
ii) A(Ag,h1) =1 and 09 # 3,
iii) A(Ag, hy) = 2,
iv) A(Ag, hy) =4,
v) 00A(Ag, hy) =3
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Case i) A(Az,hy) = 0. In this case
A2 = {(«91,@1”91 € [O, 271'] and OQA(/\Q,LLl)l/}l =or 0} - RU(1)<8Y1)

In particular Ay N Hy g = Hyp. Thus, Ay N Hy o = 0 if and only if H; g is empty. By Lemma
3.3.9 and Lemma 3.3.12, this happens if and only if p; = 2. If p; = 2, then H; N A, is empty
if and only if H; N Ay is empty as well. Since, by Lemma 3.3.9 and Lemma 3.3.12, the set
H, » is not empty, H; . N Ay is empty if and only if )1 = 7 is not a solution of

02A (A, p11)Y1 =27 0.

Since A(Ag, hy) is zero, A(Ag, p1) is odd. Therefore, Ay N Hy = ) if and only if p; = 2 and
09 =9 1.
Case ii) A(Aq, h1) = 1 and 02 # 3. Thus, 0o < 4. The intersection between {1; = 0}

and A, are

(91,¢1) = <@70) with k € {]_, te 702}.

02
If 0o <2, then HygN Ay = ) as a consequence of Corollary 3.3.1.
If p1 > 3, then Jy(p1,p2) is supported by an angle o« > 27/3 by Lemma 3.3.17. Thus,
0 € Jo(p1,p2). Lemma 3.3.12 implies that the set H; contains at least one of the points
(7/2,0) and (37/2,0). This implies that if oo = 4, then H; N Ay = 0 if and only if Hy o = 0.
This happens if and only if p; = 2.

The intersection between {¢; = 7} and Ay are

O1,00) = (70 ) + 2% ).

If 05 < 2, then Hy, N Ay = ) since H; . does not contain the points (0,7) and (7, 7) by of
Corollary 3.3.1. We conclude that, if 05 < 2, then Ay N H; = (.

As a result of Lemma 3.3.19, if 0o = 4, then H, , is disjoint from A if and only if p; = 4
and ps = 4. Thus, if 05 = 4, then either Hy o N Ay # 0 or Hy N Ay # (). This implies that if
0y = 4, then H; N Ay # ().

Case iii) A(Az, k1) = 2. In this case A(Xg, 1) =2 1 and 0y < 2. The intersection
points of Ay with {¢; = 0} are

(91,’¢1) = (Z—k,O) with & € {1’ .. 7202}.
2
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According to Corollary 3.3.1, if oo = 1 then H; o N Ay is empty.

As we said before, if p; > 3, then at least one of the points (7/2,0) and (37/2,0) is in H; .
Hence, if 0, = 2, then H; ¢ N Ay is empty if and only if p; = 2.

Let us focus on the line {1); = 7}. We see that the points in Ay N {1y = 7} are

(z + k;7r,7r) if 0o =1,
2 k=

(61,91) = (wk

If oo = 1, then Hy, N Ay is empty if only if p; = p; = 4, as a result of Lemma 3.3.12
and Lemma 3.3.19. If 0o = 2, then, since we suppose that p; = 2, we have that H; . N Ay is
nonempty by Lemma 3.3.19. We conclude that A; N H; is empty if and only if p; = py, =4
and oy = 1.

Case iv) A(Ag, h1) = 4. As before, A(Ag, 11) =2 1 and 05 = 1. The intersection points
of Ay with {¢; = 0} are

(91,%):(%1{:,0) with ke {1,--- 4}.

Lemma 3.3.17 implies that if p; > 3, then 0 € Jy(p1, p2). Furthermore, Lemma 3.3.12 implies
that either (7/2,0) or (37/2,0) is in Hyo. Thus, H1oN Ay = 0 if and only if Hyo = (). This
latter happens if and only if p; = 2.

Let us suppose that p; = 2. The intersection points of Ay with {¢y = 7} are

(01, 0) = (f+ mk

1 2,7T) with ke {l,---, 4}

If py = 4, then Jo(p1,p2) = Jx(2,4) = (—v/2,v/2). Lemma 3.3.12 implies that H; . N Ay = (.
Conversely, if ps # 4 Corollary 3.3.24 implies that there exists an € > 0 such that

(—\/5 — e, V2 + ) C J.(2,p2)

Thus, by Lemma 3.3.12 H; . N Ay # (). This leads us to the conclusion that if A(\y, hy) =4,
then Ay N Hy is empty if and only if p; = 2, p, = 4, and 0, = 1.
Case v) 02A(A2, hy) = 3. This case includes the ones for which either A(Xy, hy) = 3

and 0o = 1 or A(Ag,hy) = 1 and 0y = 3. In particular, 0o =5 1. We need to prove that
Hl N A2 if and only if P1 = P2 = 3 and A(}\Q, )\1) =9 0.



94 CHAPTER 4. THE INTERSECTIONS
The intersections between {¢; = 0} and A, are

2k
(61, 01) = (%o) with k& € {1,2,3}.
If p1 = 2, then Hy o = () and this implies that H1o N L = 0. If 3 < p;, then Lemma 3.3.17
and Lemma 3.3.12 imply that H, is disjoint from A, if and only if

Jo(p1. pa) — (2 cos(%”>,2> — u(3,3).

Lemma 3.3.21 implies that Jy(p1, pe) = Jo(3,3) if and only if p; = ps = 3. Thus, H; ¢NAy =0
if and only if either p; = 2 or p; = ps = 3.

The intersection of Ay with {¢; = 7} contains either

(91#/)1):(2%,7?) or (917¢1)=(gaﬂ>,

depending if the integer n is even or odd, where n = £A(Aq, hy). If p; = 2, then Corollary
3.3.24 states that for every p, > 2, the interval J,(2, p;) contains J;(2,4) = (—v/2,v/2). This
implies that 2 cos(27/3) € J.(2,pa) and 2 cos(7/3) € J(2,p2). As a result of Lemma 3.3.12, if
p1 = 2, then Ay N Hy = Ay N H; is nonempty.

Let us now assume that p; = ps = 3. Lemma 3.1.1 implies that 0; =5 1. Since J;(p1, p2) =

(2 008(2—”),2), Lemma 3.3.12 implies that

3
2 4
0, € (0, g) U <§727T>} C RU(l)aYi (422)

P2q1

H .= {(Hl,w)

12122 - Since we supposed that p; = p, = 3, the

Lemma 3.1.1 implies that o, divides i

q1+q2
o1

Let n: m(0Y1) — SU(2) so that n(h;) = —1 and n(p) = 1. Lemma 3.1.1 implies that

atay atay
n(A1) :Mﬁ(hﬂ S = (—1) = 1.

The representation 7 has (6,1 )-coordinates equal to (0,7). The (4.2.2) implies that 7 is

quantity is an integer. Furthermore, ’11+1q2 is even as we suppose that ¢; and ¢, are odd.

o

in m\ H, .. We note that the set E\ H, . consists in three points, see for instance
Figure 2.3.C. Since the intersections between {¢; = w} and A, are three equally spaced
point, H; . N Ay is empty if and only if {¢; = 7} N Ay = H, . \ Hy,. This latter happens
if and only if n € As. As a result of Proposition 2.1.11, n € A, if and only if n(\y)?> = 1.

Since o5 is odd by assumption and 7 is a central representation, this is equivalent to say that
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n(A2) = 1. Let £ be a simple closed curve in 9Y; so that {A\,£} is a basis of m(9Y7), then
/\2 = CLS + b/\1 € 7r1(8Y2),

where |a| = A(A2, A1) and |b] = A(Ag,€). We notice that, since n(hy) = —1, this is not the
trivial representation. Therefore, since n(A\y) = 1, then n(¢) = —1. This brings us to the

following;:

13) = n(%s) = 0(€)"nAT = (~1)30=.
Thus, n(A2)?? = 1if and only if A(Ag, A1) =5 0. Summing up, if 0oA(Ag, hy) = 3, then H1N A,
is empty if and only if p; = ps = 3 and A(Aq, \2) is even. O

The following is the symmetric version of Proposition 4.2.2.

Proposition 4.2.3. Let us suppose that Yy has exactly two singular fibres. The intersec-

tion Hy N Ay if empty if and only if one of the following holds:

o A(A,hy) =0, 7 =2 and 0y =5 1;

e A(N,hy) =1 and o, <2,

o A(MN,he)=1,11=1r9=3, 0, =3, and A(X\, A1) =2 0,
e A(N,hy)=2,11 =19 =4 and 0, =1,

e A(MN,hy)=3,01=1,r1 =ry=23, and A(X\, A1) =2 0,
e A(A,hy)=4,r1 =2, 19=4and oy = 1.

We show now a result as Proposition 4.2.2 but supposing that O(Y3) is either (2,4,4),
(3,3,3),0r (2,-++,2,7).

Lemma 4.2.4. Let us suppose that Ys has at least three singular fibres. The intersection

Ay N Hy is empty if and only if one of the following holds:

o IfO(Y3) =(3,3,3), then A(A1,hs) =1 and o1 = 1 and A(Ay, Ay) =5 0
o IfO(Ys) =(2,4,4), then A(M\,he) =1 and 0 < 2;
o IfO(Y2) =(2,-++,2,7y), then A(A,hy) =0 and 01 =, 1.

PROOF. As is shown in the proof of Corollary 2.2.9, implies if

<O<YQ)7 A(/\1’ hQ)) ¢ {<(27 4’ 4)’ 1)7 ((37 3, 3>’ 1)7 ((27 e ’27Tm)7 0)}7
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then Y5()\;) is not SU(2)-abelian and therefore A; N Hy # (). Thus, we can prove the
conclusion only in the three cases above.

Let us suppose that O(Y3) = (3,3,3) and A(A, he) = 1. We assume that Ay N Hy is
empty and we shall prove that o; = 1 and A(A1, A2) =2 0.

Corollary 3.3.13 implies that

Hag = {thy = 0} \ (0,0) C Ry(y(8Ya) and Hyp = {thy = 7} \ {m, 7} C Ry (0Ya).
(4.2.3)

Thus, if 01 > 2, then A; intersects {¢, = 0} and {¢, = 7} at least twice. This implies that
there exists an intersection between H, and A;. Therefore, if A; N Hy = (), then 0, = 1. We
prove now that A(A1, A\y) =2 0. We follow that we did in the proof of Proposition 4.2.2, case
(v). As we said before,
Hyx \ Hae = {(7,7)} € Rur)(0Y2)

Let n: m1(0Y2) — Z(SU(2)) be the representation with coordinates (m, 7). Since n(hs) = —1,
the representation 7 is nontrivial. In particular, since n € P, by Lemma 3.2.6, we have that
n(A2)?2 = 1. As an application of Lemma 3.1.2, 09 is odd and therefore n(A;) = 1.

If Ay N Hy =), then A} must pass through n = (7, 7) and therefore n € A;. This latter
holds if and only if (A1) = 1 and, since o; = 1, this happens if and only if n(A\;) = 1. Let
¢ C 0Y3 be a slope such that {&, A2} is a basis for m(0Y2). Since n(A2) = 1 and 7 is not the
trivial representation, 1(£) = —1. Let a,b € Z be such that

A1 = a& + by C 0Y5,

with |a| = A(A1, Ay). Therefore

L=n(\) = n(€)"pe) = (-1)".

This implies that n(A;)°* = 1 if and only if |a| = A(\, A2) is even. This concludes that if
Ay N Hy is empty, then 0y = 1 and A(A\, \y) =5 0.

Conversely, let us suppose that o; = 1 and A(\, A2) =5 0 and we prove that A; N Hy
under the hypothesis that A(Aj, hy) = 1. Since 01A(Aq, he) = 1, the set A; intersects both
{1 = 0} and {¢; = 7} only once. As proven above, since A(A1, A\2) =5 0 then A; contains
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(m,m). Therefore, Ay N Hy, = (). Similarly, since (0,0) € A;, the intersection A; N Hypq is
empty. This shows that if o; = 1 and A(A1, \2) =2 0, then A; N Hy = 0.
Let us suppose that O(Y2) = (2,4,4) and A(A, hy) = 1. Corollary 3.3.13 implies that

Hy = {1y = 0} U {¢py = 7} \ {0, 7} C Ry1)(9Y2).

Thus, if o; > 3, then there exists an intersection between A; and H,. Thus, using the
contrapositive implication, if A; N Hy is empty, then o7 < 2.
Conversely, we suppose that o; < 2. Since A(\y, hy) = 1 by hypothesis, there exists an
n € N such that
A1 = o + nhy C 0Ys.

Corollary 2.1.12 states that
Ar = {(02,12) € Ru)(9Y2)|01(62 + niba) =2 0} C Rirry (9Y2).

It is easy to see that
AN ({2 =0} U{epy =7}) ={0,7}* C Ru1)(0Y2).

Therefore, A; N Hy = 0.
Let us suppose that O(Y2) = (2,---,2,7,,) and A(Aq, hy) = 0. By Lemma 3.3.10 and
Corollary 3.3.13, we obtain that

H(Ys) = {2 = 1} C Ry (9Ya).

We recall that
2k
A = {¢2 = —} C RU(l)(GYZ).
k‘G{l;--,Ol}

01
We conclude that A; N Hy = () if and only if A(A1, he) = 0 and it does exists a k € {1,--+ , 01}

for which
21k B

01

.

This latter happens if and only if 0; =5 1. O
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4.3. The intersection between H; and H,

In this section we shall prove that H; N Hy = ) if and only if |5 := A(hy, he) < 2 up to
some exceptions. Lemma 4.1.2 implies that if Y = Y] Uy Y, is SU(2)-abelian, then either Y;
or Y5 have exactly two singular fibres. Without loss of generality, we assume that Y; has two
nontrivial singular.

Let us fix the presentations for 71(Y7) and m1(Y2) as in (2.3.3). We choose {1, hq} and
{12, ho} as bases for the groups m(9Y1) and 7 (0Y2). We recall that, with respect to the
chosen bases for m1(0Y7) and m1(9Y3), the map ¢*: m1(9Y;) — 71 (9Y>) is represented by the

matrix

with ad — fy = —1. (4.3.1)
v 0
In particular |3] = A(hy, hy). For i € {1,2}, we are going to fix the coordinates for the torus
Ru)(9Y;) in the usual way: the point (6;,1;) € [0,27]?/. corresponds to the representation
in Ry1)(9Y;) such that
i 0 eli 0
L ' and h; — ‘
0 e 0 e ™
We recall that, since in Y the boundary 9Y; coincides with 9Y5, the space Ry(1)(9Y1) coincides
with Ry1)(0Y2). Consequently, (61,11) and (62, v2) are two ways of parameterizing the space
Ryay(E), where ¥ is the torus corresponding to 9Y; = 0Ya.
Let us define the the lines Ly and L, of Ry1)(0Y1) as

Lo = {(61,¢1) = (abs, 365) | 65 € [0,271]} C Ry(1)(9Y1) and
Ly = {(61,41) = (aby + 7y, B0 + 7d) | 62 € [0,27]} C Rya)(9Y1). (4.3.2)

Here the quantities «, 5, and § are as in (4.3.1).
Let p: m(Y) — SU(2) be a representation and let p; and ps the restrictions on m(Y;)
and 7 (Y2) respectively. The group presentation (2.3.6) of 7 (Y') gives that

pa(p2)pa(h2)” = pi(m) and  py(p2)’pa(ha)® = pr(ha). (4.3.3)
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Therefore, Ly is the line {1y, = 0} C Ry)(9Y2) in (61,%1) coordinates. Similarly, L is the
line {1, = 7} C Ry1)(0Y2) in (61,11) coordinates. Hence, Ly and L, respectively contain
the sets Hyo and Hj . in the torus Ry 1)(0Y1). Thus,

Hy N Hy € ({th = 0} U {¢y = 7}) N (Lo U Ly).

We define 4P = {0, 7}* C Ry1)(0Y1). Lemma 3.3.1 states that Hy; N 4P = 0.

Corollary 4.3.1. Let Y, be a Seifert space fibred over a disk. If O(Y3) is either (2,4,4),
(3,3,3), or (2,-+-,2,n), then

{1/)1 = W} \ {(077T)7 (ﬂ-?ﬂ-)} - H2,7r‘

PRrROOF. The conclusion holds by Corollary 3.3.13 applied to Lemma 3.3.10 and Lemma
3.3.14. 0

We recall the presentation (2.3.2). Since we supposed that Y] has two nontrivial singular

fibres,

ylz|D2(]£ 12) and yzzu)?(ﬂ... r_m>
Q@) ¢’ "qm )

with m > 2. Throughout this section Y = Y7 U, Y5 and m is the number of nontrivial singular

fibres of Y. Accoring to Corollary 2.2.9, whenever m > 3 we can suppose that
O(Y3) €{(2,4,4),(3,3,3),(2,- -+ ,2,mm) }.

Lemma 4.3.2. Let Y be the manifold Y1 U, Yo as above with m > 2. Let us further
suppose than neither (O(Y1),|5]) nor (O(Ya),|5]) are in the set {((2,4),4),((3,3),3)}. The

intersection Hy N Hy is empty if and only if m = 2 and one of the following condition holds:
o |8l =1,
o |f|=2, m=2 and p; =1 =2,
i ‘6| :27 mz 3: O(YVQ) = <2a 7277am)7 andpl :27
o |Bl=2andp =pr=r1=1r2=4

PRrROOF. The conclusion holds by Lemma 4.3.3, Lemma 4.3.4, Lemma 4.3.5, and Lemma
4.3.6. ([l
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Lemma 4.3.3. Let Y =Y U, Ys be as above with m > 2. If || = 1, then Hy N Hy is
empty.

Proor. We recall that we supposed that Y; has two nontrivial singular fibres. The
intersection of Lo U L, with {¢; = 0} U {¢; = 7} is contained in 4P. Since H; is disjoint
from 4P by Lemma 3.3.1, we get the conclusion. U

Lemma 4.3.4. Let Y =Y, U, Y be as above, with m = 2 and that |f| = 2. The set
H, N Hy is empty if and only if either py =r1 =2 orp1 =ps =11 =719 = 4.

PROOF. We are going to use the lines Ly and L, of Ry1)(0Y:) as in (4.3.2). Since
ged(a, B) = 1 and ged(d, 5) = 1, the integers o and § are odd. We note that {¢; = 0} N Ly
and {¢y = 7} N L, are in 4P. By Lemma 3.3.1, Hy o N Hog = Hy N Hyr = 0.

We recall that the intersection {¢; = 0} N L, contains H; o N Hy,. The {¢p; =0} N L, is
equal, in (01,17) and (6, 19) coordinates, to

(el,wl)e{(g,o),(?’g,o)} and (92,¢2)€{<g,ﬂ>,(3§,w)}.

According to Lemma 3.3.12, the points

{(30)7 (%”o)} C Ry (Y1)

are in Hyp if and only if 0 € Jy(p1,p2). Similarly, Lemma 3.3.12 and Corollary 3.3.13 state

{(; ). (37” W> } C Rum(9Y2)

are in Hy, if and only if 0 € J(r1,72). Thus, HioN Ha, # 0 if and only if 0 € Jo(p1, p2)

that the points

and 0 € J(ry,r2).
As a consequence of Lemma 3.3.17, if Jy(p1,p2) is nonempty, then it contains 0. We
conclude, by Lemma 3.3.19, that H; ¢NHs ; is empty if and only if either py = 2orr; = ry = 4.
Let us focus on H; N Hsp, we recall that it is contained in {¢; = w}NLy. This intersection

is equal, in (0y,11) and (0s, 1)) coordinates, to

(91,¢1)e{(g,w),(3§,w)} and (92,@&2)6{(%,()),(3;,0)}.
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By a similar analysis, we can conclude that H; .NH>( is empty if and only if either p; = p, = 4
or r; = 2. Hence, we have that H,, N Hyp = 0 and HioN Hy, = (0 if and only if either
pr=r1=20rp =py =11 =19 =4. 0

Lemma 4.3.5. Let Y =Y, U, Y5 be as above, with m > 3 and that |B| = 2. The set
Hy N Hy is empty if and only if pr =2 and O(Ys) = (2, ,2,py).

PROOF. The proof is similar to the one of Lemma 4.3.4. Since ged(a, 5) = ged(f,6) = 1,
then o and ¢ are odd. As before, {¢; =0} N Ly and {¢; = 7} N L, are in 4P. By Lemma
3.3.1, we obtain Hyo N Hyg = Hy, N Hyr = 0. The intersection {¢y = m} N Ly is equal, in
(01,11) and (09, 1)9) coordinates, to

(el,wl)e{(g,w),(?’g,w)} and (ez,wg)e{(g,o),(?’g,o)}.

According to Lemma 3.3.12, the points

3 (57 e

are not Hi , if and only if 0 ¢ J:(p1,p2). We recall that by Lemma 3.3.19, this happen if
and only if p; = ps = 4. Similarly, Lemma 3.3.14 and Lemma 3.3.10 state that the points

{(g, o). (37” o) } C Ry (9Y2)

are not in Hy if and only if O(Y2) = (2, ,2,r,,). This implies that Hy N Hs, = 0 if and
only if either p; = ps =4 or O(Y3) = (2, ,2, 7).
Similarly, the intersection {¢, = 0} N L, is equal, in (01,1;) and (02, 12) coordinates, to

(61,41) € {(go)(%ﬂo)} and (ez,wg)e{(g,w),(s’g,w)}.

Corollary 4.3.1 states that the points

) (5-o)f ey

are in Hy ;. This implies that Hy o N H; , = 0 if and only if the points

{(30)7 (37”())} C Ry (1)
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are not in Hy . According to Lemma 3.3.12, this happens if and only if 0 ¢ Jy(p1,p2). As we
saw in Lemma 4.3.4, this happens if and only if p; = 2. This only implies that Hy N Hy , = 0
if and only if O(Y3) = (2,--+,2,7). O

The next lemma uses four claims that are proved in next subsection.

Lemma 4.3.6. Let us suppose that Y1 and Yy have both exactly two singular fibres. If
Bl = 3 and (O(1),|8]), (O(Y2), [8]) € {(2,4,4),(3,3,3)}, then Hy N Hy # 0.
Proor. With an abuse of notation, we will write § for its absolute value. The proof is
divided in 4 cases:
i) p1 >3 and r > 3,
ii) py >3 and 1 =2,
iii) p; =2 and r; > 3,
iv) pp =2 and r; = 2.
Case i) p; > 3 and r; > 3. We will prove that Hy N Ho g # (). We define the sets S; and

S, as follows:

S = {2(:05(%) ‘k e {1, 75}72005(%) € JO(P17p2)} and

S, = {2005(27;1]{7) 'k e{l,--- 75}72008<%) € JO(T1>7"2)}-

The two sets in (4.3.5) are both subsets of

e ()}
2cos| — .
B ke{lv"':ﬁ}

Since the intervals Jy(p1,p2) and Jy(r1,72) do not contain £2, the sets S; and Sy do not

(4.3.4)

contain +2 by Lemma 3.3.12. Hence,

]Sl\gg—l and |82|§§—1.

According to Lemma 3.3.17, §; (resp. Sq) is empty if and only if Jo(p1,p2) = Jo(3,3) (resp.
Jo(r1,m2) = Jo(3,3)) and B = 3. Lemma 3.3.21 implies that S; (resp. Ss) is empty if and
only if p; = py = =3 (resp. r; = ro = = 3). Thus neither S; nor S, is empty.

Claim 3. Let S; and S, be as in (4.3.4). Then Hy N Ha is empty if and only if S; NS,
is empty.
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Claim 4. Let S; and S, be as in (4.3.4). If either 283 < py or 25 < ry, then S NSy # .

Let a; (resp. as) be the angle supporting Jo(p1, p2) (resp. Jo(ri,rs2)), Corollary 3.3.22

4m
P2

holds by Claim 3 and Claim 4. Thus, we assume ps < 2/ and ro < 24. Lemma 3.3.17 implies

implies that a; > 7 — =X and oy > 7 — %. If either 283 < py or 2 < ra, then the conclusion
that oy > 27/3 and g > 27/3. Moreover, Corollary 3.3.22 implies that if o; and ay are both
smaller than 47/5, then p, < 20 and ry < 20. Hence, up to checking by hand the conclusion

for those finitely many cases, we can suppose a; > 27/3 and ap > 47/5. Therefore, we have

|S1| > {gJ -2 and |5 > {%J - 2.

Thus, if S; NSy =0, then |S;| + |Sq| < g — 1. Then we get the following;:

that

2 2 4 2
(5-2)+(Z-1)-1<|5]+| 2] -asisi+isi-lsmsrs -1
(2-2), (2 1) asdoy
3 3 5) 5) 2
5 <19,

Up to checking finitely many cases (i.e. the ones such that p; < p, < 38 and r; < 1y < 38)
we conclude that if p; > 3 and ry > 3, then Hy gN Ha g # (). The author checked these finitely

many cases with Algorithm 1.

Algorithm 1 If 3 < 5 <19, then Hy o N Hop # 0

for 5 <19 do
for o < S Aged(e, f) =1 do
for p; <25 do
if (p1,p2,B) # (3,3,3) A (r1, 72, 8) # (3,3,3) then
Compute Jo(p1,p2) and Jy(ry, r2) using Lemma 3.3.21
Compute S; and S, as in (4.3.4
Check 8; NSy # ()

Case ii) p; > 3 and r; = 2. We shall prove that Hy o N Hs, # 0. We define the sets

S3 and S, as follows:

83 = {2COS<% - WT) ‘k S {1737' v 72/6 - 1}72(:08(%) S Jo(p17p2)} and

Sy = {QCOS(ZW;k — 60%) ‘k e{l,--- 75}72008(% - 51) € Jw(2a7“2)}-

(4.3.5)
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Since (p1, pa, |8]), (11,72, 15]) ¢ {(2,4,4),(3,3,3)}, neither S3 nor S, is empty. The sets Ss
and S, are both subsets of either

e () o ()

depending if Sy =5 0 or Sy =5 1. In particular,

|33|§§—1 and |S4|§§—1.

Claim 5. Let S5 and Sy as in (4.3.5). Then S5 NS, is empty if and only if Hy o N Hsy , is
empty.

Claim 6. Let S3 and Sy be as in (4.3.5). If either ro > 3 or py > 23, then S3 NS, # 0.

Without loss of generality, we can assume that ro < 8 and py < 28. Let a; and as be
the angles supporting Jo(p1, p2) and J(2,r2) respectively, then, according to Lemma 3.3.17
and Corollary 3.3.24, ay > 27/3 and g > 7/2. Lemma 3.3.23 and Corollary 3.3.22 imply that
if ap < 47/5 and ay < 47/5 then, py < 20 and 75 < 10. Up to checking by hand the conclusion

for these finitely many cases, we can suppose that ay > 47/5. Therefore, we have that

Thus, if S3N Sy = 0, then |S3| + |S] Sg—l. As we stated before, if S3N Sy = 0, then
@z B_2\_, | Bl _, - - B8
(5 5>+<3 3> 4_L5J+{3J A< |Si + 8] = ISsASi < 5~ 1

2 4\, (B 2 B
(?_5)+(§_§>_4§§_1

B < 19.

Again, up to checking by hand the remaining cases, namely the ones such that p; < py < 38
and ry < 19, we get the conclusion. The author checked these finitely many cases with
Algorithm 2.

Case iii) p; = 2 and r; > 3. This case is proven as in the previous case with the roles

of H; and Hy switched.
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Algorithm 2 If 3 < 8 <19, then HyoN Haox # 0

for § <19 do
for o« < g Aged(a,f) =1do
for p1,p2 <20 and r, < § do
if (p1,p2, B) # (3,3,3) A (r1, 712, 8) # (2,4,4) then
Compute Jo(p1, pg) and J(2,ry) with Lemma 3.3.21 and Lemma 3.3.23
Compute S; and Sy as in (4.3.5)
Check S3 NSy # 0

Case iv) p; = 2 and r; = 2. We shall prove that H; , N Hy . # 0. We define the sets
S5 and Sg as follows:

Sy = {2 cos(Qﬂ€ + (O‘/; D _ 7T’7) ’k‘ e{l, - ,/B}aQCOS(ng + W(aﬁ—i— 1)) € :]71'(2,p2)} and

{2008(27mk wa((;—l— 1)> ‘k e{L,- - ,5},2605<2gk + W((S; 1)) S Jﬂ(277"2)}.

(4.3.6)

Since (p1,pa, |B]) # (2,4,4) and (ry,72,|5]) # (2,4,4) by hypothesis, neither S5 nor Sg is
empty. The sets S5 and Sg are both subsets of either

e ()

if either a =5 1 and § =5 0 or Sya =5 0 respectively. In particular,

]85\§§—1 and \86|§§—1.

Claim 7. Let S5 and Sg as in (4.3.6). Then S; NS¢ is empty if and only if Hy , N Hy,
is empty.

Claim 8. Let S5 and Sg be as in (4.3.6). If either 7, > 3 or ps > 3, then S3 NSy # 0.

Without loss of generality, we can assume that ro < 8 and p, < 23. Let a; and asy be the
angles supporting J(2, p2) and J(2,72) respectively. According to Corollary 3.3.24, a; > 7
and ay > 7. Corollary 3.3.22 imply that if ap < 47/5 and a; < 47/5 then, po < 10 and 7, < 10.

Up to checking by hand the for these finitely many cases, we can suppose that ay > 47/s.

Thus,
2
|S5| > {gJ —2 and |[Sg| > {EBJ —2.
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Therefore, if Ss N Ss = 0, then |S;| + [So| < 2 — 1. If S5 N Ss = 0, then
g3 26 4 5 23
— — — — — = =4 < | = — | =4 < — <
(4 4)+(5 5) 4_{4J+{5J 4 < 81| + |Ss] — |88 <

5
2

(2-3) (Z-2)-aels
4 4 5 5 2

3 < 30.

-1

Again, up to checking by hand the remaining cases, namely the ones such that p, < 30 and
ry < 30, we get the conclusion. The author checked these finitely many cases with Algorithm
3. O

Algorithm 3 If 3 < 3 < 30, then Hy, N Hox # 0

for 5 < 30 do
for o < S Aged(e, B) =1 do
for p, < B and r, < 3 do
if (p1,p2, B) # (2,4,4) A (r1,72,8) # (2,4,4) then
Compute J,(2,ps) and J(2,ry) Lemma 3.3.23
Compute S5 and Sg as in (4.3.5)
Check S5 N Sg # 0

Corollary 4.3.7. Let Y =Y, U, Y5 be as above, with m > 3. Let us further suppose that
(OM), 181) is ot in {((2,4),4), ((3,3),3)}. If|8] > 3, then Hy 1 Hy £ 0.

PROOF. As we said at the beginning of the section, if Y5 has three or more singular fibres,
then O(Yé) S {<2> 4, 4)? (37 3, 3)? (27 2 Tm)}
As an application of Lemma 3.3.14 and Lemma 3.3.10 imply that

Jo(2,4,4),  Jo(2,4,4), Jo(3,3,3), J:(3,3,3), and J.(2,--,2,7pm)

all contain the interval (—2,2). Therefore, the sets S, Sy, and Sg or Lemma 4.3.6 are never
empty. In particular, if O(Y3) is either (2,4,4) or (3,3,3), then the conclusion holds as in
case (i) and (iii) of Lemma 4.3.6. If O(Ys) = (2,---,2,7), then the conclusion holds as in
case (ii) and (iv). O

4.3.1. Proof of the claims. In this section we prove the claims we used in Lemma

4.3.6.
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Proor or CLAIM 3. Let us suppose that §; N Sy is nonempty. Then, there exist two
integers ki, ko € {1,---, 3} such that

otk 2k 2mh 2rak
2005( 7;1> € Jo(p1,p2), 2cos< WBQ) € Jo(ry,m2), and 2COS( 7;1) _2C08< W;é 2)'

(4.3.7)

By Lemma 3.3.12, there exist two irreducible representations p; € R(Y]) and py € R(Y3)
such that pi(h1) = pa(he) =1,

2k 2k
Tr p1(a1by) :2005( 7;1)’ and TI'pg(CLgbg)ZQCOS( 7;2)

The third condition in (4.3.7) implies that pi(a1b) = pa(agbe)® up to conjugation. Thus,
the representations p; and p, satisfy the conditions in (4.3.3). This guarantees the existence
of an irreducible representation p: m(Y') — SU(2) such that p|, ;) = p1 and p| y,) = p2.
This implies that the intersection Hy oM Ha contains a representation of m;(9Y;) = m1(0Ys)
that extends to m(Y"). This implies that Hy o N Hy o is nonempty.

Conversely, if Hy o N Hyp is nonempty, then there exists and irreducible representation
p: mi(Y) = SU(2) such that pl_ v, (resp. p|,,(y,)) is irreducible and p(h1) = p(hs) = 1. The
(4.3.7) implies that py(ashy)? = 1. Moreover, the (4.3.7) implies that Tr p(a1b;) = Tr p(agbs)®.
In particular, we have that p(a;b;)? = 1. Hence, there exists two integers ky, ko € {1,--- 3}
such that

2k
) € Jo(p1,p2), Trplagbe) = 2c0s( 3 2) € Jo(ry,m2),

2’/T]€1) (271'@]{2)
and 2cos = 2cos .
( B 5

We conclude that & NS, is not empty. O

7T:I€1

B

2
Trp(arby) =2 cos(

PROOF OF CLAIM 4. If 20 < py, meaning that = —47/p, > 7 —27/3, then 2 cos(27%/3) € S;
if and only if k ¢ 5Z. Let &' € {1,--, 8} be such that 2cos(27¥'a/s) € S,. Such k' exists as
S, is nonempty, in particular k&’ ¢ gZ. Since v and [ are coprime, we have that k'« ¢ gZ.
This means that 2 cos(27¥'e/g) € S;. Hence, S NSy # 0. If 25 < 1y, then S NSy # () by an
identical strategy. O

PROOF OF CLAIM 5. Let ¥ be the torus 9dY; = 9Y, C M. Let us suppose that there
exists a representation p € R(Y') so that p|, vy € Hi,0NHar, then p(h1) = 1 and p(hy) = —1.
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The relations in (4.3.3) imply that
P2(a2b2)’8(_1)6 =1, and pi(a1hy)’ = p(aghy)*(=1)"7 = (_1)_a6+w =-L

In particular, ps(asbs)? = (—1)°. This implies that there exists two integers 1 < k; < 28 — 1
and 1 < ko < 8 with k; odd, such that

27/;k2 - %j) S J7r(27p2)’

Furthermore, the (4.3.3) implies that Tr((—1)Ypy(a1b1)) = Tr pa(agbs)® and this implies that

2(3os<7T—k1 — 7r) = 2cos(27mtk2 — 5_04)
g ") 5 B)

Conversely, let us suppose that S3 N Sy # (. Following a strategy similar to Claim 3, we

Tr p1(a1by) = 2 cos (%]ﬁ) € Jo(p1,p2), and Trpy(ashy) = 2005(

construct the irreducible representations p; and ps of 71(Y7) and m;(Y2) respectively, such

that
pi(h) =1, pa(he) = =1, and pif (5 = P2lry(n)-
This implies that Hy o N Hox # 0. O
PRrROOF OF CLAIM 6. The proof follows from the same strategy of Claim 4. OJ

PRrROOF OF CLAIM 7. Let us suppose that n € Hy N Hy .. Then, there exists a represen-
tation p: m1(Y) — SU(2) such that p|,_ ;) (resp. pl, y,)) is irreducible and p(h1) = p(hs) =
—1. The relations (4.3.3) become

palashy)” = (=1)°*" and  pi(a1br) = pa(ashs)* (1),

Hence, p;(aib;)? = (=1)2*!. According to Remark 3.3.11 we obtain that there exist two

integers k1 and ks so that

2005(27;]{:1 i 7'('(045‘{’ 1)

The condition p1(a1by) = pa(azby)®*(—1)" implies that

21k | m(a+1) ) _ (27Tak2 ma(d+1)
3 + E ™y 2 cos 3 + 3

2nky w0+ 1)
5 T8

) € J:(2,py) and 2COS( ) € Jr(2,r9).

Tr p1(a1by) = 2005( ) = Tr p(azby)”.

Therefore S5 N Sg # 0.
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Conversely, let us suppose that S5 N Sg # (. Let ¥ be the torus corresponding to
dY; = Y, C M As in Claim 3, this implies the existence of the irreducible representations
p1 and py of m1(Y7) and 7 (Y5) respectively, such that

pi(h1) = pa(ho) = =1 and  pil 5y = p2lry(z)-

This implies that Hy » N Hy . # . O

PrOOF OF CLAIM 8. The proof follows from the same strategy of Claim 4. 0



Chapter 5

The Classification

5.1. The main theorem

In this chapter we will provide the promised complete classification of SU(2)-abelian
graph manifold rational homology 3-sphere with a single JSJ torus Y = Y] Uy Y. We will
do that by applying results of the previous chapter. Before that, we need to prove Corollary
5.1.5, which states that if A(hy, hy) > 2, then Y is not SU(2)-abelian.

We recall that by Corollary 2.2.9 we can suppose that Y; and Y5 both admit a fibration

with disk base space. Furthermore, we recall that we use the matrix

with «ad — py=—1 (5.1.1)
v o0
to represent the map ¢, : m(9Y;) — m(0Ys) with respect to the bases {uq,h1} C m(0Y))
and {pe, ho} C m1(0Ys). In particular |B| = A(hy, ha).

Lemma 5.1.1. Let us suppose that Y1 and Yy both have exactly two singular fibres. If
A(hi,hy) =2 and py =11 = 2, then Y = Y] Uy Ys is not SU(2)-abelian.

PROOF. Let us choose two presentations so that Y; = D?(2/1,r2/q,) and Yy = D?(2/1,72/s,).
Notice that t; and t, are both either 1 or 2. We suppose that t; < t5. We use the same

notation as in Section 4.3. Lemma 3.1.1 implies that

2 2
A(Ag, h1) = ——[r20 — 285 — 15| and  A(A1, he) = ——|paa + 22 + pa.
0ot9 01tq

Since t; <ty < 2, we divide the proof in three cases:

110
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D)t =ty =1,
11) tlzland t2:2,
iii) ¢, =ty = 2.

Case i) t; =ty = 1. According to Lemma 3.1.1, 0; = 05 = 1. In particular A(\y, hy) is
even (or zero). Proposition 4.2.3 implies that Hy N A is empty if and only if A(Ay, hy) = 0.
However, since t; = 1, the distance A(\y, hy) = 0 if and only if py divides ¢o. This cannot
happen since ged(ps, ¢2) = 1 and ps > 2. We conclude that H; N A, is nonempty.

Case ii) t; = 1 and t2 = 2. Again, A(\, hy) is even and cannot be zero, Proposition
4.2.3 states that A; and H, are disjoint if and only if A(\y, hy) =4, r1 =2 and ro = 4. This
implies that 0o = 1. Thus, A(\g, hy) = 2|20 — s — 2| is even. According to Proposition 4.2.2,
Ay N Hy = () if and only if A(Xg, hy) = 0. Since |25 — s — 2| is an odd number, we conclude
that A(Ag, h1) # 0 and that Ay N Hy # 0.

Case iii) t; = ta = 2. We study the cases 0; = 1 and 0; = 2 separately.

If 0, = 1, then A(Ay, he) = [paac+2g2 + po| is even. Proposition 4.2.3 implies that Hy N Ay
is empty if and only if A(\;, hs) is either 0 or 4.

If A(Aj, he) =0, then p, divides 2¢2 and then p, = 2. This is a contradiction because if
p1 = po = 2 then the order of its rational longitude is 2 according to Lemma 3.1.1.

If A(A1,hg) =4 then r; = 2 and ro = 4. Moreover, A(Ag, hy) = 2|20 — s9 — 2| is even.
Proposition 4.2.2 implies that A(Ag, hy) has to be either 0 or 4. Both cases are are not
possible since |25 — sy — 2| is an odd number. We conclude that if t; = t5 = 2 and 0; =5 1,
then Y is not SU(2)-abelian.

If oy = 2, Lemma 3.1.1 implies that p, = 2. Proposition 4.2.2 implies that A(Ag, hy) is
either 0 or 1. If A(Ag,hy) = 0, then ry divides 2, hence ro = 2. If A(Xg,hq) = 1, since
(rod — 2s9 — 13) is an even number, we have that o, = 2 and again ro = 2. Hence, if

ty =ty = 01 = 2, then p; = py = 1r; = r9 = 2. The conclusion holds by Example 4.1.4. O

Lemma 5.1.2. Let us suppose that O(Ys) = (2, ,2,7m). If A(hy, ha) =2 and p; = 2,
then Y =Y) Uy Ys is not SU(2)-abelian.

PROOF. Lemma 4.2.4 implies A; N Hy is empty if and only if A(Ay, hy) =0 and 0; =5 1.
Without loss of generality, we can suppose that o; =5 1. As an application of Lemma 3.1.1,

the order o; divides ¢; = ged(2,p2) € {1,2}. Thus, o; € {1,2}. Therefore, 0, =5 1 if and
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only if 0 = 1. Lemma 3.1.1 also implies that

2 2q1 +
p2’u+ q1 T P2

M\ =
' ty 1

h.

We recall that ¢: 9Y; — 0Ys can be represented by the matrix (5.1.1). In particular |5] =
A(hy, hy) = 2. Thus, f = +2. The condition A(Ay, hy) = 0 implies that

o +2 2p2 2;02 + 22q1+p2 0
p(M) = 2 t-1+ ~ .2 2 Jlr - = ha.
~ 5 (11t1 P2 v tplz + 5% 1
In particular, we obtain that
2 2
a2 — Lot TP
131 131

We recall that ged(2r2/i,,2a1+p2/t;) = 1. Since ged(a, ) = ged(a,2) = 1, we obtain that
22/, = +2. Therefore, p, = 2 and 0; = 2. Lemma 4.2.4 implies that H; N Az is not empty,
thus Theorem 2.1.8 implies that that Y is not SU(2)-abelian. O

Lemma 5.1.3. Let us suppose that Y has extracly two singular fibres. If either (O(Y1), |8])
r (O(Y2),|B]) is in the set {((2,4),4),((3,3),3)}, then Y =Y Us Y is not SU(2)-abelian.

PRrROOF. In this proof use the same notation we used in Lemma 4.3.2. We divide the

proof in four cases:

i) (p1,p2,[8]) = (3,3,3),
ii) (p1p2s |B]) = (2,4,4),
i) (11,72, [6]) = (2,4,4),
iv) (r1,r, |8]) = (3,3,3).

Case i) (p1,p2,|8|) = (3,3,3). Since py = p2 = 3, t; = 3. Proposition 4.1.3 and
Theorem 2.1.8 implies that Y is not SU(2)-abelian.
Case ii) (p1, P2, |8]) = (2,4,4). Since 3 is even, 7 and 0 are odd. The intersection

points between {¢; = 7} and L, have coordinates

(01, 4,) = (gka+m,w) and (0, ) = <gk7r)

with k£ € {0,1,2,3}. Lemma 3.3.12 implies that the points (%ka + v, 7T) are contained in
H, . Thus, the set Hy N Hy , is empty if and only if r; = 7, = 4 as a consequence of Lemma

3.3.12 and Lemma 3.3.19. If r; = r9 = 4, then Proposition 4.2.3 implies that A; N Hy is
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empty if and only if A(Ay, hy) =2 and 0y = 1. Since p; = 2 and py = 4, we obtain that
A(A1, he) = 4dla+ g2 + 2¢1] # 2.

Thus, A; N Hy # (). The conclusion follows from Theorem 2.1.8.

Case iii) (71,72, |3|) = (2,4,4). This case is proven as in the previous one by switching
the roles of (p1,p2) and (r1,73).

Case iv) (71,72, |3|) = (3,3,3). The intersection points in {¢); = 7} N Ly have coor-

T 2mwoak T 27k
(917w1) - (?—i_ 3 77T) and (927¢2) - <§+T70>7

with k € {0,1,2}. Since Jy(r1,72) = Jo(3,3) = (—1,2), Lemma 3.3.12 implies that the point
(02,19) = (7/3,0) is in Hyy. Lemma 3.3.20 implies that, Hy, N Hap is empty if and only if

dinates

p1 = p2 = 3 and a = 2. As we stated before, this would imply that 3 = t; < t5 and, as
a consequence of Proposition 4.1.3, the existence of an irreducible SU(2)-representation of

7T1(M). O

Lemma 5.1.4. Let us suppose that O(Y3) € {(2,4,4),(3,3,3),(2,---,2,7m,)}. If (O(Y1),|5])
is either ((2,4),4) or ((3,3),3), then Y1 Us Yy is not SU(2)-abelian.

PRrOOF. The proof uses the same notation as Lemma 5.1.3. By Corollary 4.3.1,

{1/)2 = W} \ {(07 7-‘-)7 (7T77T)} - H2,7r'

We split the proof in two: we first show the conclusion assuming that (p1,ps, |5]) = (3,3, 3)
and then that (p1,pe, |B]) = (2,4,4). We recall that in both cases ¢, is the matrix in (2.3.4),
therefore ad — y = —1 and ged(a, f) = ged(v,9) = 1.

Let us suppose that (p1,pa, |5]) = (3,3,3). In particular, § = £3. We remind the reader
that Hy o C {¢1 = 0} and that L, C Ry1)(0Y1) is the set {¢p, = w} in (01,41 )-coordinates.
Thus, Hy, C Lr. Therefore the intersection {¢; = 0} N L, equals, in (0,;) and (6, 1)s)

coordinates, to
2rk 0  2mk
(61,11) € {f+i,o} and (0, 4) € {—1+i,w} (5.1.2)
3 3 ke{1,2,3} 3 3 k,re{1,2,3}

A direct computation shows that Jy(3,3) = (—1,2). Therefore, as an application of Lemma

3.3.12, there exists a k € {2, 3} for which the corresponding point in (5.1.2) is simultaneously



114 CHAPTER 5. THE CLASSIFICATION

in Hy o and Hs . This implies that H; N Hy # () and that Y is not SU(2)-abelian by Theorem
2.1.8.

Let us suppose that (p1,pa, |3]) = (2,4,4). We recall that J,(2,4) = (—v/2,v/2). Since
f = +4 and ged(a, B) = ged(6, 5) = 1, both v and § are odd. The intersection {¢; = 7} N L,
equals, in (01,17) and (0s,19) coordinates, to

7T7r_k T 7wk

(01,¢1) € {Z +5 ,w} and  (0y,1,) € {Z + 7,7r} : (5.1.3)
ke{1,2,3,4} k,re{1,2,3,4}

We notice that for all k£ € {1,2,3,4}, the point in (5.1.3) is Hy, by Corollary 4.3.1. Let
(61,91) € Ryy(Y1) be a point in the intersection {1y = 7} N L, and n: m(9Y1) — SU(2)

the corresponding intersection. We notice that

Teo(u) = 2(:08(% + %k) /2 = 9J,(2,4)

Corollary 3.3.4 implies that n € A;. We conclude that
(01,%¢1) € A1 N Ho,

this implies that A; N Hy # () and that Y is not SU(2)-abelian by Theorem 2.1.8. O
Corollary 5.1.5. If Y = Y] Uy Y5 is SU(2)-abelian, then A(hy, he) = 1.

PROOF. The conclusion is a consequence of the former chapter. We will explain how by
showing the contrapositive implication.

If |8] = 2, then Lemma 4.3.4 and Lemma 4.3.5 state that Y is not SU(2)-abelian, except
in some cases. These cases are studied in Lemma 5.1.1 and Lemma 5.1.2.

If |3| > 3, then Lemma 4.3.6 and Corollary 4.3.7 imply that Y is not SU(2)-abelian,
except in some cases. Thess cases are studied in Lemma 5.1.3 and Lemma 5.1.4.

This implies that if |5] # 1, then Y is not SU(2)-abelian. O

Theorem 5.1.6. Let Y =Y, Uy Y5 be a graph manifold rational homology 3-sphere such
that X C 'Y s the only JSJ torus of Y. If Y is SU(2)-abelian, then all the following hold:

e both Y| and Yy admit a Seifert fibration with disk base space;
e up to swapping the two JSJ pieces, Y1 has exactly two singular fibres;
e if hy,hy C X = 9Y) = 0Ys are regular fibres of Yy and Y, then A(hy, hy) = 1.
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Proor. The JSJ pieces Y; and Y; admit a fibration with disk base space as an application
of Corollary 2.2.9. Either Y; or Y5 has exactly two singular fibres by Lemma 4.1.2. The
distance A(hy, he) equals 1 by Corollary 5.1.5. O

Henceforth Y] is always considered to have exactly two singular fibres.

Remark 5.1.7. Let Y = Y;Ug Y5 be a graph manifold as in Thereom 5.1.6. If A(hy, hy) =
1 and A(Aq, he) = 0, then apips £ (p1g2 + p2q1) = 0. This implies that p; = p,. Similarly, if
Y, has exactly two singular fibres, A(hy, hy) =1 and A(Ag, hy) = 0, then r; = .

We now report a classification theorem that is less clean than Theorem 5.1.14, but is
more algorithmic: we shall give sufficient conditions for the manifold ¥ = Y; Ug Y5 to be

SU (2)-abelian. These conditions are the following.

Condition A. This condition holds if A(hy, hy) =1 and up to swapping the two mani-
folds,
Yl - [D2(p1/QI7p2/qQ) (I,nd }/2 - [D2(T1/517"' 77'7n/5m)’

where m > 2. If m > 3, then this condition holds if O(Y3) is either (2,4,4), (3,3,3), or
(27 727Tm)'

If Condition A holds and m = 2, then, without loss of generality, we further suppose that
t1 < io.

Condition B. One of the following holds:
o [f m = 2, then one of the following holds:

oty =1;
oty =2and o =1;
oty =2 and oy = 1;
o t1 =2, 00 =51, and A(Ag, hy) =5 0.
o IfO(Ys) € {(2,4,4),(3,3,3)}, then of the following holds:
ot =1
o t1 =2 and op = 1.

o I[fO(Y2)=(2,-++,2,py), then 01 =5 1.

Condition C. One of the following holds:
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,pL =2, and 0 =5 1;

0
=2, pr=p2=4,00=1and OY3) = (2,--+ ,2,7);
1

Ao, hi)or =3, p1 =p2 =3, A(A, A2) =20, and O(Ys) = (2, ,2,7p);
=4, p1=2,pyo=4, and 0oy = 1.

o If m =|Ys| =2, then one of the following holds:
o A(A1,he) =1 and 0 < 2;
o A(M1,he) =2, ps=ps =4, and 0; = 1;
o A(A1,he) =3, ps=ps =3, 01 =1, and A(\, A\2) =2 0;
o A(A1,he) =4, ps=2,py=4, and o, = 1.
o IfO(Ys) = (2,4,4), then A(\, hy) = 1;

(Y2) = (
o IfO(Ys) =(3,3,3), then A(A, he) =1 and A(A, Ag) =5 0;
o I[fO(Y2) =(2,-+,2,pn), then A(A1,he) = 0.

Let us now give a short summary that exposes where the conditions above come from. If
the readers wants a short answer, we can say that such conditions are the consequences of
the results of previous chapters.

Condition A comes from Proposition 2.2.7, Lemma 4.1.2 and Corollary 2.2.9. In partic-
ular, if Y7 and Y5 are the JSJ pieces of Y, then if one of has Moebius band base space, then
Y = Y] Us Y5 is not SU(2)-abelian as an application of Proposition 2.2.7. Therefore, we can
present Y7 and Y5 as in (2.3.2), namely:

Y1:|D?(]£ &) )/2:@2(2... T_m)
(h, 7(]71 ’ 81’ 77qm

Since neither Y7 nor Y5 is a solid torus, n > 2 and m > 2. Lemma 4.1.2 implies that if
both Y7 and Y5 have at least three singular fibres, then Y is not SU(2)-abelian. Thus, up
to swapping the two JSJ pieces, we suppose that n = 2 and m > 2 and if n = m = 2, we
suppose that t; < t5. We recall that ¢; is the order of the torsion subgroup of H;(Y;;Z). If
m > 3, then this condition is a consequence of Corollary 2.2.9.

Condition B holds if and only the hypotheses of Proposition 4.1.3 and of Proposition 4.1.5

are satisfied.
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Let us suppose that Y5 has two nontrivial singular fibres. Since t; < t5 by Condition A,
we can assume that ¢; < 2 by Condition B. Condition C holds if and only if hypotheses of
Proposition 4.2.2 are satisfied with the additional requirement that ¢; = ged(py, p2) < 2. If Vs
has at least three nontrivial singular fibres, then by Condition A, we have that O(Y5) is either
(2,4,4), (3,3,3), or (2,--+,2,r,). Thus, Condition C holds if and only if the hypotheses of
Lemma 4.2.4 are respected.

Remark 5.1.7 states that if A(hy, he) =1 and A(Ay, he) = 0, then p; = ps. In particular,
if t; <2, then p; = p, = 2. The order of the rational longitude of the manifold D?(%/q:,2/g,)
is 2. Hence, Condition D holds if and only if hypoteses of Proposition 4.2.3 are satisfies with
the additional requirements that ¢; < 2 and A(hq, hy) = 1.

Theorem 5.1.8. Let Y =Y; Uy Y; be a graph manifold rational homology 3-sphere such
that 3 C Y is the only JSJ torus of Y. Then'Y is SU(2)-abelian if and only if Condition A,
Condition B, Condition C, and Condition D all hold.

PROOF. Let us suppose that Condition A, Condition B, Condition C, and Condition D
all hold. Condition A implies that H; N Hy = () by Lemma 4.3.3. Condition B implies that
Py NP, = ) as an application of Proposition 4.1.3 and Proposition 4.1.5. Condition C implies
that A; N Hy = () by Proposition 4.2.3. Similarly, Condition D implies that Ay N H; = 0 by
Propostion 4.2.2 and Lemma 4.2.4. Therefore,

AANHy=H NAy=H NHy,=P NP =10

and the manifold Y is SU(2)-abelian as a consequence of Theorem 2.1.8.

Conversely, if Y is SU(2)-abelian, then Corollary 5.1.5 implies that A(hy, he) = 1. Theo-
rem 2.1.8 implies the sets PyN Py, HiNHy, HiN Ay, and A; N Hy are empty. By the previously
mentioned results, Condition A, Condition B, Condition C, and Condition D all hold. O

Let us suppose Y = Y] Uy Y5 is an SU(2)-abelian manifold, we want to give a description

of Y} and Y3 in terms of the (non-unique) Seifert coefficients.

Lemma 5.1.9. Let Y| = D?*(r1/qi,P2/q,). Therefore,

ged(p1pa, P1ga + p2q1) < 2

if and only if either ty =1 orty =2 and o, = 1.
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PRroOOF. If either t; = 1 or t; = 2 and o; = 1, then the conclusion holds by Lemma
3.1.1. Conversely, as an application of Lemma 3.1.1, the product t10; divides the quantity
ged(pip2, p1g2 + p2q1) and o; divides ty. Therefore, if ged(pipa, p1ge + p2q1) < 2, then either
ti=1lort; =2and o = 1. OJ

Lemma 5.1.10. Let Yy = D?(P1/q,72/q.) and Yo = D?(1/s1,72/s5) and let ¢ : Y] — 0Ys

be an orientation reversing diffeomorphism. If Y1 U, Ys is SU(2)-abelian, then
o111 A(M1, he) =pip, P1G2 +D2qi and £ 09taA(Ag, hy) =4y 7152 + 7251
PrROOF. Lemma 3.1.1 implies that

a f8 D1P2 0
01t1A(M, he) = A ' ; = |apip2 + B(p1g2 + p2q1)|-

v 0| \pig2 + P2 1

Corollary 5.1.5 implies that § = £1. Hence, £o1t1A(A1, ha) =p,p, P1¢2 + p2qa. The second

half of the conclusion holds similarly. O

Let Y1 = D?(P1/q1,P2/q,) be as in the previous lemma. Let u; C 9Y; be the fibration

meridian as in Definition 1.3.2. Lemma 3.1.1 implies that

+
A hy) = P22 and AQ\, ) = D2 TP0

o1tq o1tq

Therefore, Lemma 5.1.10 implies that if Y7 Uy Y, is SU(2)-abelian, then
AN, ha) =ah) A(A ).

A similar conclusion can be done for Y5 when it has three or more singular fibres, as shown

in the following proposition.

Lemma 5.1.11. Let Yy = D?*(P1/q,72/gs) and Yo = D*("/s1, -+ ,™m/s,,) with m > 3 and
let ¢ : Y] — Y5 be an orientation reversing diffeomorphism. Let ps C 0Ys be the fibration
meridian on the choosen fibration of Ys. If Yy U, Ys is SU(2)-abelian, then

Fo1ti1 AN, he) =pipy 1G2 F 021 and = A(Aa, h) Eaon) DA, p2)-

PROOF. The proof follows the same strategy of Lemma 5.1.10, therefore the details are

left to the reader. O
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Proposition 5.1.12. Let Y, = D?*(r1/q1,P2/q2) and Yo = D*(m1/s1,72/s,). If there exist two

integers n and m such that
010N =pp, P1G2 + D21 and  ogtom =,,,, 7152 + 1251,
then there exists an orientation reversing diffeomorphism ¢: 0Y; — 0Y5 such that
A(p(h1),ha) =1, Alp(M),he) = [n|,  and  A(p(hr), M) = |m].
PRrROOF. By hypothesis there exist two integers k; and ko such that
o1tin = kipipa + p1g2 + p2qi  and  ogtam = korire + 1182 + 1281.

Let us define the matrix A as
—k; -1

kiko — 1 ko

A:

The matrix A has determinant equal to —1. Hence, there exists an orientation reversing
diffeomorphism ¢: 0Y; — 9Y5 such that ¢, = A with respect to the ordered bases {p1, h1}
and {pe, ho}. In particular A(p(hy), he) = 1. By Lemma 3.1.1 we get that

1
A(p(A1), ha) = A()\l, 80_1(h2)) = E|k1p1p2 + (p192 + p2q1)| = |1

Similarly, we have that

1
Ap(h1), A2) = E|k27’1r2 + (r1s2 + r251)| = |m|

Proposition 5.1.13. Let Y; = D?(P1/q1,P2/q:) and Yy = D?("1/sy, -+ ,mm/s,) with m > 2.
For i € {1,2}, let p; C dY; be the fibration meridian of the chosen fibration of Y;. If there

exist two integers n and m such that
N =A(A1,h) A(/\h,ul) and m =A(A2,h2) A(/\27M2)»
then there exists an orientation reversing diffeomorphism ¢: 0Y; — 0Y5 such that

A(p(h1),ha) =1,  A(p(M), ho) = [n], and Ap(hi), M) = |m|.
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PROOF. As we saw in Chapter 2, we can suppose without loss of generality that s; > 0

and ¢; > 0 for every ¢ and j. By hypothesis there exists two integers k; and ky such that
n=kiAA, b))+ A, ) and  mo= kAN, he) + ANz, p2),

Let us define the matrix A as

|
heiky —1 ko |

A:

The matrix A has determinant equal to —1. Hence, there exists an orientation reversing
diffeomorphism ¢: 0Y; — 9Y, such that ¢, = A with respect to the ordered bases {p1,h1}
and {pe, ho}. In particular A(p(hy), he) = 1. Let aq, by, as, bs be integers such that

A = aip + bihy C0Y; and My = Qo fla + bahy C 0Ys.

Thus, |a;| = A(N;, k) and |b;| = A(N;, h;). Since we assumed that ¢; > 0, Lemma 3.1.1
implies that a; and b; are positive. Similarly, it is straightforward to see that since s; > 0,

then as and by are positive as well. Thus,

We notice that
A(p(A1), he) = |arks +b1| = |n]

Similarly, we have that

A(p(hy), X2) = |azky + ba| = |m]

Therefore, the conclusion is given by the diffeomorphism ¢: 0Y; — 9Y; as above. U

IfY =Y, U, Y is SU(2)-abelian, then A(hq, hy) = 1 by Corollary 5.1.5. Thus, the set
of the homotopy classes of the regular fibres h; and hsy forms a basis for 7 (0Y]) = m(0ms).

Therefore, there exist integers ni, mi, ng, ms so that
A1 = nihy +mqhy C 8Y1 and Ay = nohy + mohy C 8}/2
Then |n;| = A(N;, he) and |Y;| = A(N;, hy) for ¢ € {1,2}. Thus,

A()\l, )\2) = |n1m2 — ngml}.
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If Y7 and Y5 are presented as in (2.3.3), then, according to Lemma 3.1.1, A(A1, hy) = f’)i’t’f
and A(Ag, ho) = 222, Therefore,

T ooty "

DP1p2TriTo

A(M, o) =9 AN, ho)A(Ns, B .
(A1, A2) =2 A(A1, he) A( N, 1)+01t102t2

(5.1.4)

We now state one of the main results of this work. For compactness reasons, we will split

1t 1n two.

Theorem 5.1.14. Let Y = Y, Uy Y5 be a graph manifold rational homology 3-sphere such
that ¥ is the unique JSJ torus. The manifold Y is SU(2)-abelian if and only if it is contained

i one of the classes in Table 1 and Table 2.

PrOOF. By Theorem 5.1.6, the manifolds Y; and Y5 both have disk base space. According
to Theorem 5.1.6, we can suppose that the space Y; has two singular fibres. If Y5 has two
singular fibres too, then the conclusion holds by Theorem 5.1.15. If Y5 has at least three

singular fibres, then the conclusion is given by Theorem 5.1.16. 0J

Theorem 5.1.15. Let Y7 and Y, be two Seifert spaces both fibreed on a disk with two
cone points as in (2.3.2). Let us further suppose that Y1 and Ys are presented in such a way
that 0 < q; < pi, 0 < s; <1, and t; < ty. The manifold Y = Y] Us Ys is an SU(2)-abelian
rational homology 3-sphere if and only if A(hy, hy) =1 and it lays in one of the seven classes

in Table 1.

PRroOF. If a manifold Y is homeomorphic to a manifold in one of the seven classes in
Table 1 and A(hy, he) = 1, then conditions A, B, C, and D hold. Hence, Y is SU(2)-abelian
by Theorem 5.1.8.

Conversely, let us suppose that Y is SU(2)-abelian. Corollary 5.1.5 implies that A(hy, hy) =
1. The conditions A, B, C, and D follow by Theorem 5.1.8. In particular, Condition C implies
that A(Ag, hy) is in {0,1,4}. We divide the proof in three cases:

) A(Ag, )
ll) A(/\27h1> =
) A(Ag, hy) =

1

0,
1

111

Case i) A(Az,hy1) = 0. According to Condition B, p; = 2 and 0 =5 1. Remark 5.1.7

implies that r; = ry and in particular oy = ged(ry, $1452). Lemma 5.1.10 implies s1+s3 =, 0
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and hence that o, = ;. Since 05 is odd by assumption, r; is odd as well. Since r; = ry,
Condition D states that A(Aq, he) is either 1, 2 or 3.

If A(Ay, hy) =1, then the manifold Y is in the class (1).

If A(Ai,h2) = 2, then r; = r5 = 4 by Condition D. Thus, according to Lemma 3.1.1,
0o =5 0. This is a contradiction since we supposed that oy =5 1.

If A(\q, he) = 3, then Condition D implies that 1 = ro = 3. Lemma 5.1.10 implies that
3(s1 4 s2) =9 0, and hence s; =3 1 and s9 =3 2. Therefore, the manifold Y is in the class (2).

Case ii) A(Aq, h1) = 4. As a consequence of Condition C, p; = 2, p, =4, and 0y = 1.

Lemma 3.1.1 implies that 0o, = 1 and

1
A(A1, he) = U‘aplﬁh + B(p1g2 + p2qr)| = |4 + £(g2 + 2¢1)| =2 1.
1t1

Hence, by Condition D, A(Aq, hs) is either 1 or 3.
If A(A1,he) =1 then Y lies in the class (3). If A(\y, ko) = 3, then Condition D implies
that r; = ro = 3. Lemma 5.1.10 implies that

3(s1 + s2) =9 £12 =¢ F3.

Therefore, s; + s, =3 +1. This implies that s; =3 s and that Y is in the class (4).

Case iii) A(Az, h1) = 1. Condition B implies that oo < 2. Condition D states that
A(A, hy) € {1,2,3,4}.

If A(\q, hy) =4, then, up to switching Y; and Y5, the manifold YV is in the class (3).

If A(M,he) = 3, then as a consequence of Condition C, 11 = ry = 3, 07 = 1 and
A(A1, Ay) =2 0. Since o0y divides to = 3 by Lemma 3.1.1, 0o = 1 and hence ged(3, 51+ s2) = 1.
Thus, s; =3 se. The identity (5.1.4) shows that

3p1p2
1

A()\l,>\2> =9 + 3.

Thus, A(A1, \2) is even if and only if p1py/t; is odd and hence if and only if p1py; =2 1 and
t; = 1. This implies that the manifold lies in the class (5).

Let us suppose that A(Aj, hy) = 2. As before, Condition C imposes that 1 = 5 = 4 and
01 = 1. In this case the manifold Y is in class (6). Finally, let A(\;, hy) = 1. According to
Lemma 3.2.5 t; < 2. Since 0, divides t; by Lemma 3.1.1, 0; < 2 and the manifold Y is in
class (7). O
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We recall that, as an application of Lemma 5.1.9, we have that

ged(pipa, prga + qup2) < 2,

if and only if either t{ =1 or t; =2 and 0, = 1.

Theorem 5.1.16. Let Yy and Yy be two Seifert spaces both with disk base space as (2.3.2).
Let us suppose that Yy has exactly two singular fibres and Yo has at least three. Let us further
suppose that Yy and Yy are presented in such a way that 0 < ¢; < p; and 0 < s; < 1;.
The manifold Y =Y, Ug Yy is an SU(2)-abelian rational homology 3-sphere if and only if
A(hy,hy) =1 and it lays in one of the classes in Table 2.

PROOF. If Y]UyxY5 is in one of the classes in Table 2 and A(hq, hy) = 1, then the Condition
A, Condition B, Condition C, and Condition D all hold. Therefore Y; Us Y5 is SU(2)-abelian
by Theorem 5.1.8. Therefore, we focus on the converse direction.

Let Y = Y] Uy Y3 be an SU(2)-abelian manifold. Therefore Condition A, Condition B,
Condition C, and Condition D all hold. By Condition A we have that A(hy,hy) = 1 and
that

O(Ya) € {(2,4,4),(3,3,3), (2, -+, 2,rm) }-

Let us suppose that O(Y2) = (2,4,4). Condition B implies that either
t{y=1 or t¢;=2ando; =1.

According to Lemma 3.1.3
09 = ged(4,2 419 +13) = 2.
Thus 0y =5 0. Therefore, Condition C implies that A(Ay, h1) = 1 and 0, = 2. This latter
implies that ro = 1 and r3 = 3. Condition D implies that A(Aj,hy) = 1. Therefore,
Y =Y Us Ys is of class (8).
Let us suppose that O(Y3) = (3,3, 3). Condition B implies that either

ti1=1 or ¢ =2ando; =1.

Condition D implies that A(Aj,hy) = 1 and A(A,Ag) =2 0. Since ¥ = Y Us Vs is a
rational homology 3-sphere, we have that A(A;, A\y) # 0. According to Lemma 3.1.2 the
order 0y € {1,3}. Therefore, Condition C implies that of the following holds:
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e A(Xg,hy) =0 and p; = 2;
o A(Xg,hy) =1 and 0y = 1;
o A(Xy,hy) =4, pp =2, py =4, and 0y = 1.

Let us suppose that A(Ag, hy) = 0 and p; = 2. By Lemma 5.1.11 and Lemma 3.1.2, we

obtain that
(&1 + T2 + T3
02

=3 0.
Is is easy to see that this never happen and therefore A(\q, hy) # 0.

Let us suppose that A(Ag, h1) =1 and 0, = 1. Lemma 3.1.2 states that, up to reindexing,
0o = 1 if and only if r; = ry and r3 # ¢;. Therefore, the manifold Y = Y] Uy Y5 is in class
9).

Let us suppose that A(Ag, hy) = 4 and 0, = 1. As in the previous case, 0o = 1 if and only
if g1 = q2 and g3 # ¢;. Therefore, the manifold Y = Y] Uy Y5 is in class (10).

Let us suppose that O(Ys) = (2,---,2,7,). Condition B implies that o; =5 1. Con-
dition D implies that A(Aj, hy) = 0. According to Remark 5.1.7, we obtain that p; = ps.

Furthermore, the Lemma 5.1.11 implies that

P1@2 + P21 = P1(q2 + 1) =pip, 0.

Therefore, ¢; =,,= —¢2. Lemma 3.1.1 implies that o; = p;. Since 0y =2 1, we obtain that

E—DZ(@ o )
Q17p1—Q1 ’

with p; = 0y > 3. According to Condition C, we obtain that one of the following holds

[ A(}\27h1> = ]_, and 02 S 2,
i A(/\m h1)01 =3, p1 =p2 =3, A<)\17 )\2) =, 0, and O(Y2) = (27 T 727Tm);

If A(Xg,h1) =1 and 0y < 2 then Y; Ug Y5 is in class (11).
If A(Ag,h1) =1 and 0y = 3, then Y] Uy Y5 is in class (12).
Finally, if A(Ag, k1) =3 and 0 = 1, then Y; Uy Y5 is in class (13). O

We conclude this section with an explicit description of the class (4) in Table 1. A
combinatorial calculation gives that if Y is of class (4) in Table 1, then it is one of the

following manifolds:
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) UPE) PG Y G
(5.1.5)
ST I O NV CE)

It can be proven the manifold in the right hand corner of (5.1.5) has positive Betti number.

Furthermore, the remaining manifolds in (5.1.5) are rational homology spheres.

5.2. Some applications

Let p,q,7,s € Z be such that ged(p,q) = ged(r,s) = 1. Let E(1,,) be the exterior of
a open tubular neighborhood of the torus knot T'(p,q) C S* with knot meridian i, ,. It
is known that E(7,,) is a Seifert fibred space, let us denote its regular fibre by h,,. We
denote by Y, ¢).(rs) the graph manifold obtained by gluing F(7,,) and E(T,,) along the
diffeomorphism ¢ : 0E(T,,) — OE(T,s) such that ¢(u,,) = h,s and ©(h,,) = prs. In
[Mot88] Motegi proved that the manifold Y{; 4)rs) is SU(2)-abelian.

Theorem 5.2.1. Let Yy and Y5 be as in Theorem 5.1.14 and let us suppose that t; =
to=1. If Y =Y, Uy Yy is SU(2)-abelian, then Y is diffeomorphic to Yy ¢ r.s), for suitable
p,q,r, s € Z with ged(p, q) = ged(r, s) = 1.

PROOF. As a consequence of Corollary 2.2.9, if Y5 has three or more fibres, then t5 > 2.
Therefore, since to = 1, the Seifert space Y5 has exactly two singular fibres.

Theorem 5.1.14 implies that A(A1, he) = 1 and A(Ag, hy) = 1. Lemma 5.1.10 states that
P1G2 + Poqi =pip, £1 and 118y + 1281 =50y £1

Hence, there exist two torus knots 77 and Ty embedded in S? such that Y; = S*\ v(T}) and
Yy = S3\ v(Ty), where v(K) is small open neighbourhood of the knot K C S%. Let us denote
as pp, (resp. pr,) the meridian of 77 C S? (resp. Ty C S?). Up to changing the presentations

of Y7 and Y5, we can suppose that

p1g2 +p2qi = £1 and 7189 + 1281 = £1. (5.2.1)



126 CHAPTER 5. THE CLASSIFICATION

Let p1 and py be the corresponding fibration meridians of the chosen presentations. Notice
that py = pgy, and po = pp, in m1(Y1) and m1(Y3) respectively. Let ¢* be the matrix in 5.1.1.
Lemma 3.1.1 implies that

A()\l,hg) = |ap1p2 + 1’ =1 and A()\Q,hl) = ’57’17“2 + 1’ =1.

Since |pi1p2| > 6 and |ry73] > 6, we obtain that |a] = A(ur, hs) =0, |6] = A(ur, hi) = 0.
This implies that ¢(hy) = pp, and @(hy) = pr,. In other words, if 79 = T'(p,q) and
Ty = T(r,s), then ¢(ppq) = hrs and p(hy,) = pirs. Thus, Y] Uy Y3 is diffeomorphic to
Yip.a),(rs) D

Corollary 5.2.2. Fori € {1,2}, let E(T;) be the exterior of a open tubular neighborhood
of the torus knot T; C S3. We denote by \; and p; the null-homologous longitude and the
meridian of T;. The manifold E(T\) Uy E(Ty) is SU(2)-abelian if and only if A(Ay, p2) = 0
and A(Ag, 1) = 0.

Proor. If E(T1)Us E(T3) is SU(2)-abelian, then the conclusion holds by Theorem 5.2.1.
Conversely, if A(Aj, p2) = 0 and A(Ag, 1) then the conclusion holds by [Mot88|. O

Given two Seifert fibred spaces Y; and Y, with ¢; = t5 = 1, Theorem 5.2.1 implies that
there exists a unique SU(2)-abelian 3-manifold obtained by gluing Y; and Y5. In general, it
is not true that for a given couple of Seifert fibred manifolds there exists a unique gluing that

produces an SU(2)-abelian manifold, as is shown in the following example.

Example 5.2.3. Let Y} = D?(4/1,5/4) and Y5 = D?(2/1,2/1). Let us choose the usual basis
{p1,h1} and {ua, ho} for m(0Y7) and m1(0Y2). Let 1 and ¢ be the two orientation reversing
diffeomorphisms 0Y; — 0Y5 such that

S -1
L Y I I I
Theorem 5.1.8 implies that Y] U,, Y5 and Y; Uy, Ys are SU(2)-abelian. Theorem 5.1.14
implies that Y7 Uy, Y5 and Y3 U, Y are both in class (7) of Table 1. It can be proven that
A(p1(A1), A2) = 19 and that A(pa(A1), A2) = 21. Thus, Y; U, Y5 is not diffeomorphic to
Y1 Uy, Ya.



Chapter 6

Applications and L-spaces

6.1. L-spaces

Defining Heegaard Floer L-space is beyond the scope of this thesis. Roughly speaking,
Heegaard Floer homology is the infinite dimensional version of the Morse homology of a 3-
manifold and the former, unlike Morse’s version, produces a single Z-module which is called
the Heegaard Floer group. Let Y be a closed 3-manifold, we denote by HF (Y) the (hat)
Heegaard Floer homology group of Y. We say that Y is a Heegaard Floer L-space if and

only if Y is a rational homology sphere and
HF(Y) = rank|H,(Y; Z)|.

When there is not risk of confusion, if Y is a Heegaard Floer L-space we make the notation
a little lighter by dropping the Heegaard Floer part and by saying that Y is an L-space.

In this work we define a lens space to be a prime 3-manifold with finite cyclic fundamental
group. This means that S' x S? is not considered a lens space. A classic argument of 3-
manifold topology states that Y is a lens space (or a copy of S' x S?) if and only if there
exists an embedded torus > C Y that splits Y in two solid tori:

Y\ =8"xD*uUS! x D%

It is well known, for instance see [OS04, Theorem 7.1], that lens spaces are L-spaces, this is

indeed the origin of the name of the latter.

127
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Let p,q,r, and s be integers whose absolute values are not one and such that

ged(p, q) = ged(r, s) = 1.

Let Y(,.9)(rs) be as in Section 5.2. It is proven in [Zen17] that if the number pgrs is even, then
the graph manifold Y{, ¢)(s) is the double branched cover of an alternating knot. By [Grel3,
Corollary 3.6], Y(,.)(rs) is a (strong) L-space. Moreover, in [Zha20] Zhang proved that the
manifold Y, ¢)rs) is an L-space for every couple of two coprime integers as above.

Let Y =Y; U, Y5 be a manifold as in Theorem 5.1.8, we are going to prove that if Y is
an SU(2)-abelian rational homology sphere, then Y is a Heegaard Floer L-space.

Definition 6.1.1. Let Y be a compact oriented 3-manifold with torus boundary. We
denote by .#(0Y") the set of slopes in 9Y. We define the L-space interval of ¥ to be

LY)={y€.LY)]|Y(y) is an L-space}.

We define CFG(Y') as the set of slopes v C Y such that Y () has cyclic fundamental group.

For a more detailed description of £(Y) we give [Rasl7] as a reference.

Let Y be a 3-manifold with torus boundary. Let P be a property of a 3-manifold, we say
that the slope v C 9Y is a P slope if Y () has the property P. For example, we say that
~v C 9Y is an L-space slope (resp. lens space slope) if Y'(y) is an L-space (resp. a lens space).

This implies that if Y is a 3-manifold with torus boundary and v C 9Y is a lens space

slope, then 7 is an L-space slope. In our notation we can write that
vyeCFGY)NL(Y).

Since the only closed manifold with cyclic and infinite fundamental group is S x S2, a slope
v € CFG(Y) is an L-space slope if and only if Y'(7) is not S* x S

Let Y be a 3-manifold with torus boundary. The set . (9Y") can be identified as the pro-
jectivization of the first homology P(H,(0Y;Z)). Thus, there exists a canonical embedding

F(0Y) — P(H(Y;R)) =2 S' = RU {0}

We identify the compactification R U {co} with S'. With an abuse of notation, when we
say that the L-space interval £(Y') contains (equals) an interval I C S' we mean that £(Y)
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contains (resp. equals) the set I N . (9Y). Using the same logic, we will say that £(Y") is
connected if there exists a connected set A C S* such that L(Y) = AN .#(9Y). Let A be a
subset of S and let us suppose that L(Y) = AN . (9Y). We define the interior of L(Y) as

LY) = A°N.7(Y).

The following is, with a slightly different notation, [Ras17, Proposition 1.5] or more in general
a consequence of [HRW23, Theorem 1.14]. The author understands that the latter quoted
result is a consequence of the combination of several projects of Hanselman, S.D. Rasmussen,
J. Rasmussen, and Watson. The author hopes that none has been excluded by citing these

two former articles.

Theorem 6.1.2. If Y] and Yy are non-solid-torus graph manifolds with torus boundary,

then the union Yy U, Ya, with gluing map ¢: 0Y1 — —0Ys, is an L-space if and only if

. (L°(V1)) U L2(Y2) = P(H1(0Y2; Q) = .7 (0Y2).

Let Y = D?(P1/qi, - - - Pn/g,) with p; > 2 and n > 2. Let u C 9Y be the fibration meridian of
Y asin Definition 1.3.2 and let b C JY be a regular fibre of Y. Let the fraction /g € QU{%/0}
correspond to the slope ph + qu C 9Y. Let y_,y, € QU {1/o} be defined as

_1?35——<1+;{ J) and y+—m1n——< 1+12[ D (6.1.1)

Here k£ > 0 in an integer.

Theorem 6.1.3 ([RR17, Proposition 3.9]). Let Y = D*(r1/q, -+ ,Pn/q.) be a Seifert
space fibred over a disk, let h and p be the regular fibre and the fibration meridian as above.
Let us use the convention according to which the fraction »/q € QU {10} corresponds to the
slope ph+ qu. Then L(Y) = [y_,y], with the interval [y_,y.] is as in Definition 6.1.4 and
y+ as in (6.1.1).
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Definition 6.1.4 ([Rasl7, Definition 3.7]). If y_,y, € QU {!/0}, then we define the
interval [y_,y,] C QU {oc}, as follows:

(
(—00, +00) O=yY_ , Yy =00

(y_,+oo]U[~00,y4) Q3y =y; €Q

[y_, +oo]U[—o0,y4] Q3y->ys; €Q

ly—,ys] = :
-, y4] Q3y-<yr€qQ
[—OO, y+] O=yY- , Yy € Q
[y—7 +OO] Q 2UY- , Y=

\
In other words, Jy_,y.] is the unique interval in R U {oo} with left-hand endpoint y_ and
right-hand endpoint y, which is closed if y_ # y, and open otherwise.

The author thinks that the following is already proven in the literature but, as they

cannot find an explicit proof of this, they report theirs.

Theorem 6.1.5. Let Y be a Seifert fibred space. If Y is an SU(2)-abelian rational
homology 3-sphere, then Y is an L-space.

PROOF. If Y is a either lens space or a copy of RP3*#RP?, then, as we mentioned before,

Y is an L-space.
Let us assume that Y is SU(2)-abelian. According to Theorem 2.2.8, if Y is neither a
lens space nor RP3*#RP?, then it fibres over either

S%(2,4,4) or S*=(3,3,3).
Let us suppose that Y fibres over S?(2,4,4). The manifold Y can be split in
Y =Y, US'x D* where Yy = D*(2/1,%g),

and ¢o € {1,3}. We shall compute the L-space interval of Y; using the convention for which
the fraction »/g € QU {1/o} corresponds to the slope

ph+ qu C 9Yy,
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where h C 0Yj is a regular fibre and p C 0Y is the fibration meridian of Yj as in Definition
1.3.2. Remark 2.2.2 implies that Y is obtained as a filling along the slope n/4, for an integer

n € Z coprime with 4. Therefore, Y is an L-space if and only if
n
— € L(Y).
1 € L(Yo)

Using the algorithm in Theorem 6.1.3, we obtain that

E([DQ(E,£>) _Jreehlutlred e =1 (6.1.2)

(00, JU [#/3,+00] g2 = 3;

Lemma 3.1.1 implies that the rational longitude of Yy = D?(2/1,4/4,) is equal, with the notation
used here, to (24 ¢2)/4. Let n € Z with ged(n,4) = 1, Figure 6.1 and Figure 6.2 show that

% € L°(Y)) = % is not the rational longitude of Yj.

Thus, as Y is a rational homology 3-sphere, it is is a an L-space.
Let us suppose now that Y fibres over S%(3,3,3). Thus, Y = S%(3/¢:,3/g, 3/qs). We notice

that, up to reindexing, we can suppose that ¢; =3 ¢o. The manifold Y can be split in
Y =YoUS! xD* where Yy = D*(3/q,3%/q),

and ¢; = g2 € {1,2}. As before, Y is obtained as a filling along the slope ¢3/3. Thus, Y is
an L-space if and only if

S1
3 € L(Y).

Using the algorithm in Theorem 6.1.3, we obtain that
3 3 [—OO, 1/2] U [1’ +OO] q1 = 17
,c(uﬁ (—, —)) = (6.1.3)
@ [—00, 1] U [3/2, +00] ¢ = 2;
Lemma 3.1.1 implies that the rational longitude of Yy = D?(3/q1,3/a:) is 2a1/3. Let n € Z with

ged(n, 3) = 1, Figure 6.3 and Figure 6.4 show that

g € L°(Y)) = g is not the rational longitude of Yj.

Since Y is a rational homology 3-sphere by hypotesis, Y is an L-space.
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FIGURE 6.1. In red £(Yp) with Yy = D?*(2/1,4/1), in blue the slopes 7/4 with
ged(n,4) = 1.
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FIGURE 6.2. In red £(Yp) with Yy = D?(2/1,4/3), in blue the slope 7/4 with
ged(n,4) = 1.
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FIGURE 6.3. In red L£(Y;) with Yy = D?(3/1,3/1), in blue the slopes 7/3 with
ged(n, 3) = 1.
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FIGURE 6.4. In red L£(Y)) with Yy = D?(3/2,3/2), in blue the slope "/3 with
ged(n, 3) = 1.
This concludes the proof that if Y is an SU(2)-abelian Seifert fibred space rational ho-
mology 3-sphere, then Y is an L-space. O

It is worth emphasizing that in Theorem 6.1.5 we proved that if Y is a Seifert rational
homology 3-sphere fibred S?(3, 3, 3), then Y is an L-space. In general, such a manifold is not
necessarily SU(2)-abelian: Theorem 2.2.8 states this latter is SU(2)-abelian if and only if it
has first homology group H;(Y;Z) of even order.

Corollary 6.1.6. Let Y be a Seifert fibred manifold with torus boundary. If v C Y is a
slope such that Y (7y) is an SU(2)-abelian rational homology sphere, then Y () is an L-space.

PROOF. According to Lemma 2.2.1, since Y() is a rational homology sphere, then Y is
a Seifert fibres space with base space either a M6bius band or a disk.

Let us suppose that Y has a Mdbius band as base space, we denote by h C 9Y its regular
fibre. By Lemma 1.3.4, the slope h C 9Y is the rational longitude of Y. Since Y (v) is a
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rational homology 3-sphere, A(v,h) # 0. According to Remark 2.2.2; the filling Y'(v) is a
Seifert fibred space whose base space is a projective plane RP?. As an application of [SZ21,
Proposition 3.5], the manifold Y () is SU(2)-abelian if and only if it is a lens space or a copy
of RP3#RP?. Since both are an L-spaces, we get the conclusion.

Let us suppose that Y has a disk as base space. If Y has exactly one singular fibre, then
Y = S! x D? and the conclusion is trivial. Let us suppose that Y has at least two singular
fibres, we denote by h C 9Y its regular fibre. If A(v,h) # 0, then Y(y) is a Seifert fibred
manifold and the conclusion is given by Theorem 6.1.5.

If A(y,h) =0, then Y () is a connected sum of lens spaces, and therefore it is an L-space.

Thus, if Y () is SU(2)-abelian, then Y () is an L-space. O

Proposition 6.1.7. Let Y; be a Seifert fibred space fibred over a disk with two cone points.
There exists a slope v C Yy so that Yi(y) = S' x S? if and only if Y is diffeomorphic to
D*(21/a1,71/~a1).

PROOF. If V; is diffeomorphic to D?(P1/q,?1/—q:), then the fibration meridian defined in
Definition 1.3.2 is an S x S2-filling.

Conversely, let v C 9Y; be a slope such that Y () = S* x S%. Let us present 71(Y}) as in
(2.3.3). Let us consider m;(0Y7) generated by the usual basis {1, by}, with p the fibration
meridian as in Definition 1.3.2. As a result of Remark 2.2.2, we obtain that v € CFG(Y;) if
and only if A(v, hy) = 1. Thus, there exists an n € Z so that

v = puy + nhy C 0Y;.

The fundamental group of Yi(7), that is abelian by hypothesis, equals to

P1 0 1
=coker [0 py 1

@1 g2 n
Since Y; () = S x S2, the determinant of the above matrix is zero. Hence,
npi1p2 = p1qz2 + p2qi.

This means that p; = py and g2 = —¢; + np;. The conclusion holds by the classification of
Seifert fibred manifold with boundary, see Section 1.3. OJ
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Corollary 6.1.8. Let Y, be a Seifert fibred space fibred over a disk with two cone points.
Then CFG(Yy) C L(Y7) if and only if Y1 is not diffeomorphic to D*(r1/qi,P1/—q,).

PROOF. It is known that Y](A;) has positive first Betti number. In particular, Y;(\;) is
not a rational homology sphere and, therefore, it is not an L-space. If Y| & D?(r1/qy,P1/—q,),
then \y € CFG(Y1) and A\; ¢ L(Y1). Thus, CFG(Y}) is not contained in £(Y7). This implies
that if CGF(Y;) C L(Y1), then Y} # D?(P1/gy,P1/—q1).

Conversely, if Y} # D?(P1/q,P1/—q,) then Proposition 6.1.7 implies that Y} has no S x S?
filling. Therefore, every cyclic Dehn filling of Y; is an lens space. Since lens spaces are

L-spaces, every cyclic fundamental group filling of Y] is an L-space filling. O

Lemma 6.1.9. If Y} = D*(P/q, P /pi—a:), then
L(Y1) = (Y1) \ {M}

PRrROOF. The manifold Y; admits an S* x S? filling by Proposition 6.1.7. Every slope
a C 0Y1, with A(a, hy) = 1 and o # Ay is a lens space filling of Y;. This implies that Y] is a
complement of a knot in S* x S? and it admits an L-space filling. The conclusion holds by

[RR17, Corollary 7.8]. O
We can now prove that the first step of Theorem 6.1.19.

Proposition 6.1.10. If Y = Y; U, Y5 is of class (1) or (2) in Table 1 then Y is an

L-space.

PROOF. If Y is of class (1) or (2), then Y5 & D?(r1/sy,71/ri—s;) with 0 < s; < 7. Moreover,
Y) = D?(2/1,r2/q,) with py > 2 and 0 < ¢ < py. By Lemma 6.1.9, we obtain that £(Y5) =
< (Y2) \ {A2}. According to Theorem 6.1.2 we have that Y = Y; U, Y5 is an L-space if
and only if ¢71(A\2) € L(Y1)°. We observe that if Y is of class (1) or (2), then p; = 2 and
¢ ' (N2) = hy. Hence, Y =Y, U, Ys is an L-space if and only if hy € L(Y7)°.

If p, = 2, then Y; is diffeomorphic to D?*(2/1,2/1). Again, Lemma 6.1.9 implies that

LV) =)\ {}

We note that hy # A;. Thus hy € £(Y7)° and therefore we get the conclusion.
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Let us suppose now that ps > 3. As a consequence of Proposition 6.1.7 and Corollary

6.1.8, we have that
CFG(Y1) C L(Y), (6.1.4)

and A\; ¢ CFG(Y7). Let suppose that 7 (9Y7) is generated by the basis {1, h1}, where p is
the fibration meridian of the chosen presentation of m1(Y;) as in Definition 1.3.2. We use the
convention that the fraction r/q € QU {1/o} corresponds to the slope pu; + ghy. Let v be a
slope in 0Y;. Remark 2.2.2 implies that v € CFG(Y)) if and only if A(v, hy) = 1. Equation
(6.1.4) implies that

CFG) = -+ = {1} <)

As a result of Theorem 6.1.3, the L-space interval £(Y}) is connected. Consequently, there

exists m € Z such that

rotn) < [-oe. ][ e 200

In particular h; =0 € L(Y7)°. O

According to Theorem 5.1.8, if Y = Y; U, Y5 is SU(2)-abelian, then A(hy, he) = 1. Let
us call ¥ the embedded torus in Y = Y; U, Y5 corresponding to 9Y; = 0Y>. We recall that,
for the 2-torus ¥, we indicate by .#(X) the set of slopes in . Let us fix the convention
according to which the fraction »/¢ € Q U {1/o} corresponds to the slope phy + qhy C X. If
we compute £(Y7) and L(Y>) using this convention, then Theorem 6.1.2 is equivalent to say

that the manifold Y = Y7 U, Y5 is an L-space if and only if
L(Y1)°UL(Y2)? = .7 (%)

The manifolds in classes (3), (4), (5) and (6) in Table 1 are such that either Y; or Y3 is

diffeomorphic to one of the following manifolds with boundary:

2 4 3 3 4 4
D*( =, — ), D*—, =), or D*(—,—). (6.1.5)
1 g S1 S1 S1° 8

Proposition 6.1.12 computes the L-space interval for these manifolds in terms of the slopes

{h1, ha} and the fraction convention above.
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Before moving on, we point out a technique that we will use often for the rest of the

section.

Remark 6.1.11. Let X be a 2-torus. Let 73 and 7, be two slopes of ¥ with A(vyy,72) = 1.
Then, the fundamental group m(X) is generated by {7v1,72}. Let 3 be a third slope of ¥
such that A(vy1,73) = 1. Then {71,793} is a second basis of m1(2). Let

fimX) =2 =27°

be an isomorphism that transforms the first basis into the second one. In particular f is a

matrix of SLs(Z) and, since f(7y1) = 71, there exists an integer m € Z such that

1 m

0 1

This also implies that
Y3 = [(72) = mye +m.

Proposition 6.1.12. Let Y =Y, U, Y, be of class either (3), (5) or (6) in Table 1. If
Y =Y, U, Ys is of class (3), then either
L(Y1) = [—o0, 71/3]U[0,+00] or L(Y1)=[—00,0]U[+/3,+00].
If Y =Y, U, Ys is of class (5), then either
L(Ys) =[-00,2] or L(Ys)=[-2,+].
If Y =Y, U, Ys is of class (6), then either
L(Ys) = [=00,3/2] or L(Y3) =[5/, +oc].

In all three we use convention according to which the fraction p/qg € QU {1/0} corresponds to

the slope phy + qhy C X = 9Y; = 9Y5.

PRrROOF. According to Corollary 5.1.5, A(hy, ho) = 1. Hence, if Y is SU(2)-abelian, then
{h1, ha} is a basis for 71 (2), where X is the torus embedded in Y corresponding to 9Y; = 0Y5.
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Let Y be of class (3). Thus, Y7 = D?*(2/1,%/¢:) and ¢ € {1,3} and A(\;, hy) = 1. Using
the algorithm in Theorem 6.1.3, we obtain that

ﬁ(ﬂ)?(z,i)) _Jreeblutlred e =1 (6.1.6)

[_007 1] U [4/37 +OO] 72 = 3;

In (6.1.6) we used the convention for which the fraction »/q corresponds to the slope ph; + qpq
with g the fibration meridian of Y; = D?(2/1,4/¢.) as in Definition 1.3.2. Since A(hy, hy) =1
and A(p, hy) = 1, there exists an Ny € Z such that

w1 = ho + N1hy C 2.

Lemma 3.1.1 implies that

AL =4pn + (24 @2)ht = ha(2+ g2 + ANy) + 4ho.
The condition A(Aq, hy) = 1 implies that

124+ g + 4N, | =1,

and, as ¢ € {1, 3}, that N; = —1. We obtain that

phi + g1 = phy + qha — qghy = (p — q)hu + qho.
The change of basis {hq, 1} — {hq, ho} induces the bijection

EHE—L
q

f:QuU{Yo} - QU {Yo}, with

The conclusion holds by applying to (6.1.6) the change of basis 7/q — 2/q — 1.
Let Y be of class (5). Thus, Yy = D?(3/s1,3/s,) with s; € {1,2} and A()\y, hy) = 1. Using
the algorithm in Theorem 6.1.3, we obtain that

[—00, /2] U[L, +o0] 51 =1,
£(D2<q3—1,%)): [_0071]UU[3/1:00] 51:; (6.1.7)

In (6.1.7) we used the convention that the fraction »/q corresponds to the slope phs 4 quo with
p2 the fibration meridian of Y5 as in Definition 1.3.2. Since A(hy, hy) = 1 and A(us, hy) =1,
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there exists an Ny € Z such that
fa = hy 4+ Nohs.

Lemma 3.1.1 implies that
Ao = 3z + 2s1he = 3hy + (251 + 3Ns)hs.
The condition A(Ag, hy) = 1 implies that
1251 + 3Ny| =1,
and hence that N, = —1. We obtain that
pha + qua = phy + qh1 — gha = phi + (p — q)ha.

The change of basis {ha, 2} — {h1, ho} induces the bijection
—1
n . p q p
f:QuU{to} - QU{Yo}, with =— —— = <——1> .
{1/} {1/0} o\
The conclusion holds by applying to (6.1.7) the map f
Let Y be of class (6). Thus, Y5 = D?*(4/s1,4/s1) and s; € {1,3}. Using the algorithm in
Theorem 6.1.3, we obtain that

L‘(IDQ(i,é)) D L (6.1.8)

[—00, JU /1, +o0] 51 = 3;

In (6.1.8) we used the convention that the fraction »/q corresponds to the slope phs + qua
with po the fibration meridian of Y5 as in 1.3.2. The details are left to the reader since the

proof strategy is the similar to the previous case. 0

Proposition 6.1.13. Let Y =Y; U, Y5 be of class either (3), (4), (5) or (6) in Table 1.
If Y is a rational homology sphere, then Y 1is an L-space.

PROOF. Let Y be in class (4), then it is one of the eight manifolds in (5.1.5). The
conclusion is obtain by applying Proposition 6.1.12 and Theorem 6.1.2 to these manifolds.
Details are left to the reader.

In what follows we will use the convention that the fraction /g € Q U {oo} is the slope

phi + qho.
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Let us suppose that Y = Y; U, Y3 is of class (3). In particular, ¥; = D?(2/1,4/s). The

L-space interval £(Y]) is computed in Proposition 6.1.12. As a result of Corollary 6.1.8, we
have that

CFG(Ya) = {hy + nhybnes — % C L(Y)). (6.1.9)

Since Ay ¢ CFG(Ys) by Proposition 6.1.7, there exists an m € Z so that Ay € (Y/m+1,1/m).

Since L£(Y3) is connected by Theorem 6.1.3, we obtain the following inclusion:

oroti < [-oe. ][ ved] 200

Since A(hy,hy) = 1 and A(ug, hy) = 1, there exists an Ny € Z such that pus = hy + Noho.
Lemma 3.1.1 implies that

rr 7189 + 1395 T 7189 + 1981 + r17r9N:
/\2:12H2+12 21h2:12h1+12 251 172 2h2,
tz tg t2 t2

where t5 = ged(r1, 7). The condition A(Ag, hy) = 4 implies that [=*2572%| = 4 and therefore

riTe rire
A= —=hy +4hy = +—=.
2 t 1 2 it

Since 0o = 1 and ro > 71, we have that ro > 3 by Lemma 3.1.1. Because of that, we get that

179 r1re T2 3 1
Xo| = [ 2 =12 > 2525 O
el ‘4151 A, T4 747 2
This implies that g is in either [1/2,1], [1,+o0], [-1, —1/2], or [—00, —1]. Hence, according

to (6.1.9), we obtain that one of the following inclusion holds:
(00, /2] U[L, +00] € L(Y2), [-00,1] € L(Y2),
(6.1.10)
(00, ~1] U2, +o0] € L(¥), [~1,00] € L(Va).

Figure 6.5 shows the possibilities of £(Y;) form Proposition 6.1.12 and the possibilities of
L(Y>3) form (6.1.10). Therefore, we see that

LU ULY) = Z(5).

Thus, Y =Y U, Y of class (3) is an L-space as a result of Theorem 6.1.2.
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FIGURE 6.5. Let Y =Y U, Y, be in class (3) of Table 1. The two possibilities
of L(Y1) are in red, the four possibilities of £(Y2) are in blue.

Let us suppose that Y = Y; U, Y3 is of class (5). In particular, Y5 = D?(3/s1,3/s:) with
s1 € {1,2}. As a result of Proposition 6.1.12 we obtain that

CFG(Y:) = {nhy + hotnez = Z C L(Y2).

Since A\ ¢ CFG(Y1), there exists an m € Z so that A; € (m,m + 1). Theorem 6.1.3 implies
that
[—o0,m| U [m+1,4+00] C L(Y)).

As we saw before, there exists a N; € Z so that p; = hy + N1hy. Lemma 3.1.1 implies that

P1G2 + p2qi + Nipip2
DP1p2 '

A = p1p2 + hi(p1g2 + p2qi) = hi(p1ge + p2qi + Nipip2) + hopips =

The conditions A(\y, he) = 3 implies that [piga + pog1 + Nipip2| = 3. Furthermore, the
conditions p1py =5 1 and ¢; = ged(py, p2) = 1 give that

3 3 1
|Aa| = 'i— =— < -.
pip2|  pip2 5
This latter implies that either
[—o0, —1] U [0,400] € L(Y;) or [—o0,0]U[l,4+00] C L(Y7). (6.1.11)

Figure 6.6 shows the two possibilities of £(Y;) as in (6.1.11) and L£(Y3) as in Proposition
6.1.12. Therefore,
L\M)ULY,) =7 (5),

the conclusion holds by Theorem 6.1.2.
The computation for the class (6) holds essentially by the computation we have just shown

for class (5) and therefore the details are left to the reader. O
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FIGURE 6.6. Let Y =Y;U, Y, be in class (5) of Table 1. The two possibilities
of L(Y7) are in 6.1.11 in red, the two possibilities of L(Y5) are in blue.

Lemma 6.1.14. Let Y = D?(r1/q,72/q,) with 2 < p; < po. If t; = ged(pr, p2) < 2 and
(p1,p2) # (2,2), then pipa/oity = 3.

ProoF. If t; = 1, then o;t; = 1 by Lemma 3.1.1 and p1ps/o1t; = pi1p2 > 6.

Let us suppose that ¢; = 2, this implies that o < 2. We write p; = 2n; and py, = 2ns,
with ged(ny,ne) = 1. If ny = 1 and ny = 2, hence (p1,p2) = (2,4), then 0, = 1. Thus,
pip2/o1t; = 4 > 3. Without loss of generality, we can suppose that nijny > 3. We conclude

that
P1p2 > 4dning
01t1 - 4

= nNing Z 3.

OJ

In the next lemma we use the following notation: for a given manifold Y with torus
boundary, two slopes 71, v2 forming a basis for 71 (0Y") and an interval I C .#(9Y"), we denote
by I,,/., the interval I computed with the convention that the fraction 2/q € I corresponds

to the slope py1 4+ g72. More explicitly,

g € I,,,, implies that py + gy € 1.

For instance, the L-space interval of Theorem 6.1.3 is written as [y—, y4]ny /., -

Lemma 6.1.15. Let Y =Y, U, Ys be a manifold in class (7). Let us further suppose that
neither Y, not Yy is diffeomorphic to D*(P/q,?/p—q) for some p > 2, then Y is an L-space.

PROOF. According to Proposition 6.1.7 and Corollary 6.1.8, we have that A\; ¢ L(Y}),
A2 ¢ E(YQ)u
1
CFG(Y1) ={nhi + ha}nez = Z C L(Y1), and CFG(Y2) = {h1 + nhotnez = Vi C L(Y2).
Since L£(Y7) is connected by Theorem 6.1.3, there exists n € Z so that

([-oo,n] U [n+1,+00]),,, € L(V1), (6.1.12)
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and hence A\; € (n,n + 1)ny/s,. Similarly, there exists an m € Z so that Ay € (Y/m+1,1/m)n, s,
and

([—OO, 1/m+1] U [I/m’ +Oo])h1/h2 C E(Y2)

The condition A(Ay, hy) =1 implies that there exists an n’ € Z4, so that
A1 = hy +n'hy  and hence A\ = /n. (6.1.13)

The (6.1.12) and (6.1.13) imply that n € {0, —1}. Similarly, condition A(Ag, hy) = 1 implies
that Ay = m’ for some m' € Z, and therefore, m € {0, —1}. In a nutshell, we have just

proven that
either ([—oc0, —1] U [0,+00]), ,, € L(Y1) or ([—00,0]U[L,+0o0]),, . < L(Y1),

and

either [—1,400]n/m, € L(Y2) or [—00,1]nm, € L(Y2).

If (o0, =1JU [0, +0])s, ), € L(Y1) and [—00, un, C L(Y2), then the conclusion holds
by Theorem 6.1.2. Similarly, if ([—oc, 0] U [1,4+00]),,, € L£(¥1) and [—1, +00]um, € L(Y2),
then the conclusion holds by the same.

Up to inverting the orientation of ¥ = Y; U, Y5, we suppose that
([—00, =1J U [0, +00]),,/, € £(Y1) and  [=1,+00]uym, € L(Y2).
This implies that
A€ (=1,0)nm, C (Y1) and Ay € (—00, =1)ny, C 7 (Y2).
Claim 9. There exists an € € (0,1) such that
([=00, =1 +¢) U (0, 4+00]),,,, € L(¥1)°.
Proor. We prove the claim by contradiction. Since we have proven that
(=00, 1) U (0,400}, € L)
we suppose by contradiction that there exists an ¢ € [0, 1] such that

([—OO, _1> U (_57 +OO])h1/h2 = E(Yl)o,
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Lemma 5.1.10 states that
D1G2 + P2qi =pp, TO1t1.

Let us choose ¢; and ¢ such that

P1G2 + paqi = do1ty.

where § € {£1}. Hence,

+
_ plpzlu i P192 — P2g1 hy = pﬂt?zlul ¥ 6hy,

1
01t1 o1tq o1tq

A

where p; is the fibration meridian of the chosen presentation. The identity A(Ay, hy) = 1

states that
p1p2a ) B"

01t1
where a = £A(uq, ho) and § = £A(hq, he). Lemma 6.1.14 implies that A(uq, he) = 0. Thus,

1=

either py = hy or g = —hs.
Case p1 = ho. This implies that

D1P2 P1q2 + P2qa D1P2
= —m+ hy =
o1ty o1ty o1ty

A ho + dhy,

since we supposed that A\; € (—1,0)n,/,,, we obtain that 6 = —1. Hence

o1t
P1q2 + p2q1 = —o1ty, or equivalently & + 2 _ _9h
pr P2 D1p2

Since hy = pq, the identity Q U {10} — Q U {!/o} represents the basis change m/n, — m1/y,.

Therefore, since we supposed that
L(Y1)° = (o0, —1) U (—¢, +OO])h1/h2 = ([—o00, —1) U (—¢, +OO])h1/u1'

Theorem 6.1.3 implies that
—l=y; <y <0

We remind the reader that for a fraction ¢/p € Q the following hold:

[gw < T4 P70 and therefore — 42—~ < — [gw
p p D P
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We recall that (6.1.1) defines y+ and k > 0 is considered to be an integer. We obtain that
o= (-5
—1l=y,=min—-(1—|——| — | ———
k>0 k P1 P2
1 — —
w (- () - () -
k>0 k D1 D1 D2 D2

v

1 k -1 k -1

mm_<1+%__pl_+fh__m ) _
k>0 P1 y4i P2 P2

1 ( gk pi—1 @k o1k ps— 1) B
mn—|(14-——-——F — — — — =
k>0 D1 p1 D1 P1D2 P2

) 1< p—1 otk p2—1>
min—|(1— =
k>0 D1 P1D2 D2

o1t1 1( p1—1 pz—l)
— —— 4+ min—(1— — =

pip2 k>0 k p1 P2
oty 1_]91—1 p2—1

P1p2 4 P2

Claim 10. The last line of the above is strictly bigger than —1.

PrOOF. The following inequalities are equivalent.

o1t -1 -1
101 _h P2 >

—— 41 -1
P1p2 4 b2
o1t -1 -1
101 1 b1 4 D2 <9
P1p2 b1 D2

oty + (pr — 1)p2 + (p2 — 1)p1 < 2pips
o1ty — pa —p1 < 0.
We prove the claim by showing that o1t; — po — p; < 0. As Y is of class (7) in Table 1,

t1 = ged(pr, p2) < 2. Since oy divides ¢, 01t; < 4 and p; + pe > 4. Since (p1,p2) # (2,2) by

hypothesis, we get the conclusion. 0

Claim 10 implies that y, > —1, this contradicts the assumption that y, = —1.
Case ;1 = —hgy. This implies that

_ p1p2M1 | e +p2Q1h1 _ PPy sk
o1t o1t 011

At
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since we supposed that Ay € (—=1,0)x,/,,, we obtain that 6 = 1. Hence

o1t
P12 + P2g1 = 01t1, or equivalently kil + KE. 4

pPr D2 DiP2
Since hy = —uq, the map

QU {0} — QU {0}, with s N —’g

represents the basis change h1/h, — h1/u,. Therefore, the L-space interval
L(Y1)? = ([-00, —=1) U (=&, +00]),,/,,
becomes
L(Y1)? = ([-o0,e) U (1,409,

Theorem 6.1.3 implies that
0<y; <y =1

We remind the reader that for a fraction ¢/p € Q the following hold:

-1 —1
Y < FJ and therefore — FJ < _1 + p_.

p p p

=y —maxs( 1o | Bk ek

k>0 k P1 P2

1 k -1 k -1
(- (B 52) (222
k>0 k D1 D1 P2 D2

1 k -1 k -1
max_<_1+%__m_+&_p2 ):
k>0 k P1 P1 P2 P2

1 k -1 k tk -1
max—(—1+Q1——l—pl —Q1—+Oll _ B ):
k>0 k p1 p1 p1 D1D2 D2

1 k -1 k thk -1
max—<—1+q1—+191——Q1—+011 +p2 >=
k>0 k D1 P1 P1 P1D2 P2

1 —1 ti1k —1
max—(—1+p1 +011 +p2 ):
k>0 k P1 P1DP2 P2

t 1 —1 —1
—Oll—i—max—(—l—l—pl +p2 >=
P1p2 k>0 k D1 D2
01ty p1—1 " p2—1

—— + -1+
P1ip2 b1 P2

145
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Claim 11. Last line of the above is strictly smaller than 1.

ProOOF. The following inequalities are equivalent.

t -1 -1
011_1+p1 +p2 <1

P1P2 D1 D2
o1ty + (p1 — 1)p2 + (p2 — 1)p1 < 2p1p2

o1t —p1 —p2 <0
The conclusion holds as in Claim 10. O

Claim 11 implies that y_ < 1, which contradicts the assumption that y_ = 1. O

As a consequence of Claim 9 we obtain that
([-o0, =1 =] U0, +00]), ), € L(Y1) and [—1, 400w, C L(Y2).
The conclusion is given by Theorem 6.1.2. O

Lemma 6.1.16. Let Y =Y U, Y5 be a manifold in class (7) then Y is an L-space.

PROOF. If neither ¥; not Y; is diffeomorphic to D?(?/q, —P/4), then the conclusion holds

by Lemma 6.1.15.

Let us suppose that either Y; or Y5 is diffeomorphic to D?(p/q,?/—¢). According to Condi-
tion B and Theorem 5.1.8 it is not possible that both Y; and Y5 are of this kind. Without
loss of generality, we can suppose that Y5 = D?(r2/g,, P2/—g,). By Lemma 6.1.9

L(Y2) = 8"\ {a}-

Theorem 6.1.2 implies that Y; Uy, Y5 is an L-space if and only if Ay € £(Y})°.

Let us be the meridian of the chosen presentation for Y;, Lemma 3.1.1 states that Ay = ps.
Since {pg, ho} and {hq, ho} are both bases for 7 (9Y2), we obtain that there exists an n € Z
so that

Ao = g = hy +nhy.
The condition A(Ag, hy) =1 implies that n € {£1}. Hence Ay is either

1 -1
h1+h2:I:1 or _hl+h2:T:_1
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We proved in Lemma 6.1.15, and in particular in Claim 9, that there exists an € € (0, 1)

such that either
((—OO, -1+ 6) U (07 +OO))h1/h2 C ‘C(}/l)o or ((_007 0) U (]- -5 +OO))h1/h2 C E(Yi)

The conclusion holds by Theorem 6.1.2. U

Lemma 6.1.17. Let Y = Y] Uy Y, be a manifold either of class (8), (9), or (10). The

manifold Y is an L-space

PROOF. Since A(hy, hy) =1, then {hy, ho} is a basis for m(X). We are going to use the

notation, as in Lemma 6.1.16, such that the fraction #/¢ € QU {1/0} corresponds to the slope
ph1 + th C 2.

According to Theorem 2.2.8 and Theorem 6.1.19, if v C 0Y; is a slope such that A(v, h;) =
1, then v € L(Y;) for i € {1,2}. This implies that, if A(A,hy) # 1, then there exists an
n € Z such that
[—oo,n] U n+1,4+00] C L(Y)).

Similarly, either

[—00,1] € L(Y3), [-1,400] C L(Y;), or

there exists an m € Z such that

oo

We define aq, as, 81, B2 € Z be four integers such that

A1 =arhy + Bihy and Ay = ashy + Bahe

in X. This 1mp11es that |O[Z| = A<)\17 hQ) and ‘Bz| = A(/\Z, hl)
Let us suppose that Y =Y Uy Y5 is of class (8). This and Lemma 3.1.3 imply that

a1 = A(A, ho) = [Bo] = A(Xg, i) =1 and || = A(As, ho) = 4.
Therefore Ay = +4 in the h1/h, coordinates. Therefore, either

[_007 1] - /,,1(}/2), or [_17 +OO] - ‘C(Y2)
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Since either o, =t; =1 or t; = 2 and 0, = 1, then

A(/\hhl) - |51| = M > 4.

o1ty —

This implies that A\; = /s, and either
[—00,0] U [1,4+00] C L(Y}) or [—oo,—1]U]0,+o00] C L(Y}).
As we proven in Lemma 6.1.15, we can suppose without loss of generality that
[—o0, —1] U [0,400] C L(Y;) and [—1,+o0] C L(Y3).

As we proved in Lemma 6.1.15 and in particular in Claim 9, there exists an € € (0,1) such
that
[—00, =14 ¢) U (0,400] C L2(Y)).

The conclusion holds by Theorem 6.1.2.

Case (9) holds similarly and the proof is left to the reader.

Let Y bein class (10). Therefore Y; = D?(2/1,4/s,), with ¢» € 1,3 and Y5 = D?(3/a1,3/a1, 3/2),
with (g1, ¢2) € {(1,2),(2,1)}.

For a given manifold in class (10), Proposition 5.1.13 gives the matrix representing the

gluing ¢: dY; — 0Y5. In particular, this shows that Y; Us Y5 is one of the following manifolds

2 4 333 2 4 333
2( = = 21 < < < 2( = = 21 < <2 <
D <1’1) U o (1’1’2)’ b <1’1> U <1’2’2)’

i—ll] :i:_ll]

[10 -2 3

(6.1.14)
2 4 33 3 2 4 33 3
[D2 PRIY U |D2 PRI K [D2 PRIY U [D2 PR EPSER I
13 112 13 122
[ [—1 1]
10 -23

The conclusion is given by Theorem 6.1.3 and Theorem 6.1.2; the explicit computation is left

to the reader. O

Lemma 6.1.18. Let Y = Y] Uy Yy be a manifold either of class (11), (12), or (13). The

manifold Y is an L-space.

PRrROOF. If Y is either of class (11), (12), or (13), then by Lemma 6.1.9 we have that

L) = L5(V1) = (Y1) \ { M}
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As an application of Theorem 6.1.2, the manifold Y = Y; Uy, Y5 is an L-space if and only if
AL € ,CO(}/Q)
We recall that if Y is either of class (12), (13), or (14), then

O(}/Q) = (27 T 7277nm)

and A(Aq, he) = 0. This means that A\; = hy as slopes of Y. According to Corollary 2.1.14,
the filling Y5(\1) is SU(2)-abelian. Therefore, Corollary 6.1.6 implies that hy = A\ € L(Y3).
Using the notation of Theorem 6.1.3, the slope hy corresponds to the fraction /o = +oc.
Theorem 6.1.2 implies that Y; Uy Y5 is an L-space if and only if hy € £(Y3)°. Since hy € L(Y3),
therefore hy € L°(Y3) if and only if neither y_ nor y, equals co = 1/o. And indeed we prove
the latter below.
We remind the reader that for x € R with x # 0 the followings hold:

r<|z]<z+1 and z—1<|z] <z

and therefore

—r—1<—[z| < —x and —z<—|z|]<-x+1.

We recall that by (6.1.1) the quantities y_ and y, are

y_ = Iilggc—%<l +(m—1) {—%J + {—ki—:D and
v =g (w5 [2)

Here k£ > 0 is an integer. We obtain that

—1 m i —1 m 1
m s <m +S_+%>§y+ and
Tm

< mi 1_'_m—1_|_sm <m—1+5m
min{ — + —— + — —
y+_k>0 k 2 rm/) 2 Tm

This implies that y, = m74 + $= # co. Similarly,

m—1 s, 1 m-—-1 s,
—— + —<max——+ ——+ — <y_ and

2 Tm k>0 k 2 Tm

(m—l Sm m—l) m—1 s,
y— < max +— - < + —
k>0 2




150 CHAPTER 6. APPLICATIONS AND L-SPACES

This implies that y_ = mT_l + j—: # oo. Therefore, A\; = hy € L°(Y3) and Y =Y; Uy Y5 is an
L-space by Theorem 6.1.2. O

Theorem 6.1.19. Let Y = Y] Ug Y5 be a 3-manifold as in Theorem 5.1.14. IfY is an
SU(2)-abelian rational sphere, then Y is an L-space.

PrROOF. The conclusion holds by Proposition 6.1.10, Proposition 6.1.13 and Lemma
6.1.16. 0

Corollary 6.1.20. Conjecture 2 holds for graph manifolds with at most one JSJ torus.

ProoF. The conclusion holds by Theorem 6.1.5 and Theorem 6.1.19. 0

6.2. Instantons

We define the diagonal and parabolic subgroups of SLy(C) as:

a O +1 b

D = ,a€C\0p <SLy(C) and P := ,be Cp < SLy(C).
0 at 0 =1

Every matrix in SLy(C) is conjugate to an element in either D or in P. In particular, the

subgroups D and P are abelian.

Lemma 6.2.1. Let X be a matriz in either D or P. Let Y € SLy(C)\ ZSLy(C). If X
is not central in SLy(C) and YXY 1X 1 =1, thenY is in D or P respectively.

PROOF. Let us suppose that X; € D and X3 € P. There exist « € C\0, § € C, ¢ € {1}
and a, b, c,d € C such that

a 0 1 p a b
X, = , Xo=¢ , and Y = .
0 ot 0 1 c d

We suppose that X; and X, are non-central. Thus, o # £1 and S # 0. We compute

a 0 d —b| 1|ada®—bc ab(—a®+1)

YX Y=
c d|l|0 al|l|—c a @ led(a® —1) —bea® + ad

If YX;Y! = Xj, then cd(a? — 1) = 0 and ab(a? — 1) = 0. Thus, ¢d = 0 and ab = 0. We
recall that ab —cd = 1. If ¢ = 0, then b = 0. Therefore X; € D. If d = 0, then a = 0. This
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implies that bc = —1. Therefore
Q 0 .
YXY = =X,

therefore Y X;Y !X, ! # 1. This contradicts the assumption we made before. This implies
that Y € D.
Similarly,

a bl |1 d —b ad — c(af + b a?
YXoY = 5 p =c (af +) g :
c dl |0 1||—c a —c2B —bc+ a(cf + d)
If YXo, V! = X,, then 28 = 0. Since we supposed that 3 # 0, we obtain that ¢ = 0.

Therefore X, € P. O

Definition 6.2.2. [BN90] A finitely generated group G is cyclically finite if each normal
subgroup with finite cyclic quotient, other than the ones of maximal even index (on which

there is no condition), has finite abelianization.

Theorem 6.2.3. [BN90, Theorem A] Let G be a finitely generated group with finite

abelianization. Then it is cyclically finite if and only if
A(G;SLy(C)) == {p € Hom(G; SLy(C))|p has abelian image}
is a union of irreducible components of the algebraic variety Hom(G; SLy(C)).

Theorem 6.2.4. [BS18, Theorem 4.6] Let us suppose that Y is a rational homology sphere
with m (YY) cyclically finite. If Y is not an instanton L-space, then there is an irreducible

representation m (Y) — SU(2).

Theorem 6.2.4 states that SU(2)-abelian rational homology 3-sphere with cyclically finite
fundamental group are instanton L-spaces.

Let Ty C S% and Ty C S® be two nontrivial torus knots. For i € {1,2}, let Y; = S®\ v(T;)
be the knot exterior of T;. We denote by u;, A\; C 9Y; the knot meridian and the null-
homologous longitude of T;. We say that Y = Y; Uy Y5 is the splicing of T7 and T5 if

A(Al, ,LLQ) =0 and A(Ml, /\2) =0.
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If T} and T5, are torus knots of types (p,q) and (r, s) respectively, then Y = Y] Uy Y5 is the
manifold Y{, ) rs) of [Mot88] and of Theorem 5.2.1.

Proposition 6.2.5. Let Y =Y, Us Y5 be splicing of the two nontrivial torus knot Ty C
S3 and Ty C S3. Then every representation p: m(Y) — SLy(C) has abelian image. In
particular, m(Y) is cyclically finite.

PRroOOF. For i € {1,2}, let h; C 9Y; be a regular fibre of Y;. Is it known that h; is in the
center of m(Y;).

The knot group 7(Y;) is normally generated by the meridian p; € m1(Y;). This means
that for every x € m(Y;), there exists a y € m,(Y;) such that yu;y~! = x. This implies that
p(m1(Y;)) is central if and only if p(u;) = £1. We recall that {+1} = ZS5Ly(C).

Up to conjugation, p(hy) € S where S is either D or P. Let us suppose that p(h;) # +1.
Since hy € m(Y7) is central, p(hq) commutes with p(x) for all z € m;(Y7). Lemma 6.2.1 implies
that p(x) € S for all z € m(Y7). Thus, p(m(Y1)) € S. In particular, p(hy) = p(p1) € S.
Since p(hy) # £1, then p(u1) # £1. This implies that p(hg) is not central as well. Thus,
again by Lemma 6.2.1, the images p(m(Y1)) and p(m(Y2)) are both in S € {D, P}. Since
the groups D and P are abelian, the representation p has abelian image.

If p(hy) = £1, then p(ue) = £1. This implies that p(m(Y2)) is in the center. In particular
p(hy) = £1. Then, p(u1) = p(he) = £1. Therefore p(m(Y1)) is in the center too and p has
image in the center. Hence, p has abelian image.

We have just proven that, using the notation of Theorem 6.2.3,
A(m(Y); SLyC) = Hom(m(Y); SLyC).
This implies that A(m1(Y"); SLyC) is the union of irreducible components of Hom(7(Y'); SLyC).
According to Theorem 6.2.3, the group m;(Y') is cyclically finite. O
Corollary 6.2.6. LetY be as in Proposition 6.2.5, then it is an instanton Floer L-space.

PROOF. Proposition 6.2.5 implies that 71(Y") is cyclically finite. According to Theorem
5.2.1, the manifold Y is SU(2)-abelian. As an application of Theorem 6.2.4, the manifold Y

is an instanton L-space. [

Let Y be the splicing of torus knots as in Proposition 6.2.5. Theorem 5.2.1 and Corollary
6.2.6 imply that all the conjectures of Figure 0.1 hold for Y.
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Unfortunately, the technique we used in Corollary 6.2.6 to prove that Y is an instanton
L-space is not extendable to all SU(2)-abelian manifolds we classified. In fact, it is not true
that all SU(2)-abelian manifold of Table 1 have a cyclically finite fundamental group, as

shown in the following example.

Example 6.2.7. Let Y; = D?(2/1,4/1) and Y, = D*(2/1,2/1). Let m;(9Y;) be generated by
the usual basis {p;, h;} and let ¢: Y7 — 0Y, be the orientation reversing diffeomorphism

represented, using this choice of bases, by the matrix

-1 1

Px = :
0 1

The manifold ¥ = Y3 U, Y is of Class (7) in Table 1. Therefore, Y is SU(2)-abelian.
According to (2.3.3), we have that

(Y1) = (x1, T2, hi|2?hy = 25hy = 1, by central) and
(Y1) = (y1, Y2, ho|yi ha = ysha = 1, hy central).
For i € {1,2}, we define the surjective homomorphism w;: m1(Y;) — Z/2z as
wi (1) = wi(xe) = wa(yh) =wal(y2) =1 and wy(hy) = wa(he) =0.

We notice that

wi(pn) = wi(r122) =0 and  we(p2) = wa(y1y2) = 0.
Therefore, the restriction of w; to m1(9Y;) is the trivial homomorphism. Therefore,

kerwi|, oy = m(0Y1) and  kerwsl| sy, = mi(9Y2). (6.2.1)

Moreover, we define
7 wi(z) ifzem(V)

wo(z) if z € m(Ya).
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Let p: Z — Y be the connected cover space corresponding to ker w. We recall that m(Z) =

ker w. It is easy to see that degp = 2. For ¢ € {1,2}, the restriction
p|p—1(yl.)3 p (Y =Y

is a cover of ¥; and corresponds to kerw;. Since w; is surjective, p~*(Y;) is connected. We

call ¥ C Y the torus corresponding to dY; = 0Y5. As an application of (6.2.1),
pi(E)=XUY =X
is the trivial disconnected cover of order two. This implies that
Z =p (1) Uprsy ' (Y2)
has positive first Betti number. Therefore the normal subgroup
m(Z) =kerw < m(Y)

has cyclic finite quotient and does not have a finite abelianization. It can be proven that
H,(Y; Z) has order equal to 24, therefore the commutator subgroup of 71(Y") has even index
equal to 24. Thus, ker w is not of maximal even index. By Definition 6.2.2, the group m(Y")

is not cyclically finite.

Let Y be a closed 3-manifold. We say that p,; : Yo — Y is the universal abelian cover if

Y, is the cover corresponding to the commutator subgroup
[m(Y) :m(Y)] < m(Y).

Clearly, the universal abelian cover is unique. Details can be found in [Rol03, Appendix A].
It is straightforward to see that if the universal abelian cover Y,; of a closed 3-manifold is
a rational homology 3-sphere, then (Y is cyclically finite. So if Y is SU(2)-abelian and
admits a universal abelian cover which is a rational homology sphere, then Y is an instanton
Floer L-space by Theorem 6.2.4.

Obviously there is no hope that all the SU(2)-abelian 3-manifolds we have classified in
this work have an universal abelian cover that is a rational homology 3-sphere. For instance,

the manifold of Example 6.2.7 does not have the universal abelian cover that is a rational
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homology 3-sphere. In [Ped14] it can be found a way to algorithmatically determine if a
graph manifold has an universal abelian cover that is a rational homology sphere.
Corollary 5.2.2 has an interesting implication. Let us suppose that Y is an SU(2)-abelian

toroidal rational homology 3-sphere. If
H\(Y;Z) =5,

then, as a consequence of [BS18, Corollary 4.10] and [Coh73], the manifold Y is an instanton
L-space. According to [KM10, Conjecture 7.24], we expect Y to be an Heegaard Floer L-
space. As an application of [HRW23, Theorem 7.20], if Y is a prime toroidal Heegaard Floer
L-space with |H;(Y;Z)| = 5, then Y is a graph manifolds obtained by gluing two copies of
a trefoil exterior. That is, Y = Y Uy, Y5, where Y] and Y5 are trefoil exteriors. Therefore, as

an application of Corollary 5.2.2,
Y = Yi UE }/2, with A([Ll, hg) = A(hl, ,ug) = 0.

Therefore, Y = Y, U, Y5, where ¢: Y7 — 0Y5 is an orientation revering diffeomorphism such

that

01
Px = .
10
Here we are using the usual basis {u;, h;} for m(0Y;). It is known that, up to reversing

orientation, Y; = D?(2/1,3/-1), therefore \; = +6 by Lemma 3.1.1. This implies that

0 1 6 6 +1 6
10 +1 1 6 1
Therefore, H,(Y'; Z) has order either 35 or 37, this contradicts the assumption that Hy(Y'; Z)
has order 5. Consequently, we expect that every toroidal 3-manifold with first homology of
order 5 is not SU(2)-abelian.
By [HRW23, Theorem 7.20], if Y is a toroidal manifold with |H;(Y;Z)| € {1,2,3,4,6},
then Y is not an L-space. Conjecture 2 predicts that such a manifold is not SU(2)-abelian.

Therefore, as the conclusion of this work, we propose the following conjecture that is a

refinement of [BS22, Conjecture 1.5]:

Conjecture 4. FEvery toroidal manifold such that |Hy(Y;Z)| < 6 is not SU(2)-abelian.
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