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RESUME

Dans cette thése, on établit plusieurs nouveaux résultats en géométrie algébrique complexe. La thése est

divisée en cinq chapitres.

Dans le Chapitre 1, nous présentons une revue de la littérature sur les travaux de Xiao concernant la géo-
graphie des surfaces fibrées, I'application canonique des surfaces de type général, la théorie de I'annulation
générique, les problemes de génération globale, ainsi que quelques notions liées au programme minimal

de Mori.

Le Chapitre 2 explore en détail la méthode de la pente pour les surfaces fibrées. Elle est introduite par Xiao
(108) pour démontrer sa célébre inégalité pour une surface fibrée relativement minimale f : S — C, avec
g(F)>2:
2 g—1
K§o = 47 deg fiwsg/c-

Plus précisément, soit f : S — C un morphisme surjectif a fibres connexes d'une surface projective
lisse complexe S vers une courbe projective lisse ', avec fibre générale F'. Dans notre article (9), nous
développons une version plus générale de I'inégalité de la pente pour des données (D, F), ou D est un
diviseur relativement effectif arbitraire sur S, et F est un sous-faisceau localement libre de f,Og(D). Nous
analysons comment la spécialité de D, restreinte a la fibre générale, influence les résultats. De plus, nous

calculons des exemples naturels et proposons des applications.

Le Chapitre 3 porte sur la conjecture de Xiao concernant les surfaces canoniquement fibrées (Conjecture
1.2.5). L'auteur résout cette conjecture lorsque la base est une courbe elliptique (Théoréme 3.1.2). Plus
précisément, nous prouvons qu'il n'existe pas de surfaces de type général canoniquement fibrées f : S —
C, avecfibre générale F' de genre g(F') = 5 et g(C) = 1. Dans la section 3.2, nous proposons une méthode
pour résoudre la conjecture et formulons une nouvelle conjecture (Conjecture 3.2.5) pour surmonter une
difficulté technique. Cette derniére a récemment été résolue dans un article en collaboration (10) avec Chen

et Grieve.

Dans le Chapitre 4, nous utilisons des techniques issues de la théorie de I'annulation pour obtenir des résul-
tats de génération globale. Nous montrons comment prouver la génération globale des systémes linéaires

adjoints sur des variétés irrégulieres de maniére inductive. Par exemple, nous prouvons que la conjecture

Vi



de Fujita 1.3.1 est valide pour les variétés irréguliéres de dimension n avec un fibré anticanonique nef, en
supposant qu'elle est vraie pour les variétés de dimension inférieure et sous des hypothéses modérées. Ces

résultats proviennent d’un article (pré-publication) de I'auteur (7).

Enfin, dans le dernier chapitre, nous établissons certains résultats de positivité. Plus précisément, en ap-
pliquant la décomposition de Chen-Jiang, nous démontrons que la Conjecture 5.1.1 de non-annulation est
vraie pour une paire lc (X, A), ou X est une variété irréguliére, a condition qu'elle soit valide pour des
variétés de dimension inférieure. De plus, nous étendons la décomposition de Catanese-Fujita-Kawamata
au cas kit (X, A), ce qui conduit a I'existence de sections de K x + A dans certaines situations. Ce travail

est effectué dans notre pré-publication (8).
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ABSTRACT

In this thesis, we prove several new results in complex algebraic geometry. The thesis is divided into five
chapters.

In Chapter 1, we provide a literature review of Xiao’s work on the geography of fibered surfaces, the canon-
ical map of surfaces of general type, generic vanishing theory, global generation problems, and some ter-
minology related to Mori’s minimal model program.

Chapter 2 explores in detail the slope method for fibered surfaces introduced by Xiao (108), where he proved
his celebrated inequality for a relatively minimal fibered surface f : S — C, with g(F') > 2:

g—1
K?@/C > 47 deg fiws/c-

More precisely, let f : S — C be a surjective morphism with connected fibers from a smooth complex
projective surface S to a smooth complex projective curve C', with general fiber F'. In our article (9), we
develop a more general version of the slope inequality for datum (D, F), where D is an arbitrary relatively
effective divisor on S, and F is a locally free subsheaf of f,Og(D). We see how the speciality of D, re-
stricted to the general fiber, plays a role in the results. Furthermore, we compute natural examples and
provide applications.

Chapter 3 is about Xiao’s Conjecture on canonically fibered surfaces (Conjecture 1.2.5). The author settles
the conjecture when the base is an elliptic curve (Theorem 3.1.2). More precisely, we prove that there are
no canonically fibered surfaces of general type f : S — C with general fiber F of g(F') = 5and g(C) = 1.
In Section 3.2, we provide an approach to settle the conjecture and present a new conjecture (Conjecture
3.2.5) to address a technical difficulty. This conjecture has recently been resolved in a joint work (10) with
Chen and Grieve.

In Chapter 4, we use the techniques from vanishing theory to obtain some global generations results. We
show how to prove the global generation of adjoint linear systems on irregular varieties inductively. For
instance, we prove that Fujita’s conjecture 1.3.1 holds for irregular varieties of dimension n with nef anti-
canonical bundle, assuming it holds for lower-dimensional varieties and under mild conditions, the results
are from the author’s preprint article (7).

In the last chapter, we prove certain positivity results. more precisely, by applying the Chen-Jiang decompo-
sition, we prove that the non-vanishing Conjecture 5.1.1 holds for an Ic pair (X, A), where X is an irregular
variety, provided it holds for lower-dimensional varieties. Furthermore, we extend the Catanese-Fujita-
Kawamata decomposition to the kit case (X, A), which leads to the existence of sections of Kx + A in
certain situations. This work is done in our preprint (8).
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INTRODUCTION

Throughout this thesis, we work over the field of complex numbers C.

The first chapter gives a detailed review of the literature, explaining the main ideas, summarizing earlier
results, and pointing out open problems to prepare for the following chapters. Chapters 2, 3, 4, and 5 are
written to be independent of one another, allowing each to be read and understood separately. While the
overarching theme of the thesis ties these chapters together, each one addresses a distinct problem or topic
and develops its own framework, results, and conclusions. Consequently, readers can engage with any of

these chapters without requiring prior knowledge of the others.

In the second chapter, we explore slope inequalities for an arbitrary relatively effective divisor D on a
surface S. Let f : S — (' be a surjective morphism from a smooth complex projective surface S to a
smooth complex projective curve C with connected fibers. We call the morphism f a fibration or a fibered
surface. We consider the sheaf £ = f.Og(D), which is torsion free because C' is a curve. Since a torsion
free sheaf on curve is always a locally free sheaf, £ is locally free and its rank is hO(F, D|F), where F'is a

general fiber of f of genus g(F') = g.

The fibration f is called smooth if all its fibers are smooth, isotrivial if all its smooth fibers are isomorphic to
one another, and locally trivial if it is both smooth and isotrivial. Let wg (respectively Kg) be the canonical
sheaf (respectively a canonical divisor) of S and wg/c = ws ® f*wg (respectively Kg/c = Kg — f*Ke)
be the relative canonical sheaf (respectively a relative canonical divisor), where w¢ (respectively K ) is the
canonical sheaf of C (respectively a canonical divisor). In particular, if D = KS/C, then £ is a nef vector

bundle of rank g (41, Theorem 0.6) and degree:
deg(€) = deg(fiws/c) = x(Os) — x(Or).x(Oc)

=x(0s) = (g -1)(b-1),

for b := g(C'). By the Leray spectral sequence, we note that
h(C, (fawsyc)’) = hO(C, R f.05) = q(S) — b,

where ¢(S) := h1(S, Og) is the irregularity of the surface S.



In (108), Xiao wrote a fundamental paper on fibered surfaces over curves. He discussed the geometry of
fibrations where f is relatively minimal and g(F’) > 2. He proved that if f is relatively minimal and not

locally trivial, that is deg f.wg/c # 0, then
2 g—1

The last result is a key ingredient in Pardini’s proof (87) of the Severi conjecture (36), (95).

We call such an inequality a slope inequality for the relative canonical divisor. Recall that KS/C is a nef

divisor (86, Theorem 1.4).

Independently, Cornalba and Harris (31) proved the above inequality for semi-stable fibrations (that is, fi-
brations where all the fibers are semi-stable curves in the sense of Deligne and Mumford). Later Stoppino
(101) showed that a generalization of the Cornalba-Harris approach gives a full proof of the slope inequality
in which all fibrations are treated by the same method. Also, we recall that Yuan and Zhang (115) gave a new
approach to prove the slope inequality by giving a sense to the relative Noether inequality using Frobe-
nius iteration techniques. Moreover, there has been interest in giving a bound related to other geometric
invariants such as the relative irregularity and the unitary rank of the fibered surface f : S — C. These
points have been discussed in several papers, for instance in (79) and (97). Konno, in (70), described ng/c
as a sum of two parts under some conditions on the fibration f. More precisely, the first part is related to

deg f«wg/c and the second one is described by the Horikawa index (57).
Since we apply Fujita’s decompositions in this chapter (see Example 2.4.4) we recall them.

Theorem 0.0.1 (First Fujita decomposition for fibered surfaces (41, Theorem 3.1)) Let f : S — C bea fi-

bration from a smooth complex projective surface S to a smooth projective curve C. Then
S)—b
fuwsic = 0L o N,

where N is a nef vector sub-bundle and h°(C,N"V) = 0.

We remark that in the conclusion of Theorem 0.0.1, the trivial part comes from the nonzero global sections

of the dual of f.wg/c. In other words, it comes from H(C, R! f,Os).



Theorem 0.0.2 (Second Fujita decomposition for fibered surface (21), (22), (23, Theorem 1.1), (42)) Let f :
S — C be a fibration as above. Then

f*ws/c =AU,

where A is an ample vector sub-bundle and U is a unitary flat vector sub-bundle.

In the situation of Theorem 0.0.2, we denote by u the rank of I/, and call it the unitary rank of the fibered
surface f : S — C. A proof of the second Fujita decomposition is given by Catanese and Dettweiler, (21),
(22), (23). In Theorem 2.4.11 and Theorem 2.4.12, we discuss the first and the second Fujita decompositions

for the adjoint cases.

Let f : S — C be afibered surface, and let D be a relatively effective divisor on S with a general fiber F'.
Consider the datum (D, F) where F C f.Og(D). The goal is to give a lower bound for D? in terms of
deg F, even if D is not positive, for instance not nef. We explain how the negative part of D appears in the

lower bound of D?2. The method used is due to Xiao (108).

Now, we describe briefly the process of the main results. We start by defining the Miyaoka divisors (IV;)1<i<k
of a datum (D, F), where k is the length of the Harder-Narasimhan filtration (F;)1<;<x of F (Definition

2.2.4). We realize that this sequence of divisors can be divided into two sub-sequences.

The first is a sequence of special Miyaoka divisors, and the second is a sequence of nonspecial Miyaoka
divisors. We thus define an important number, 7o p 7y, which tells us the index of the last divisor in the first

sequence (Proposition 2.2.10). It is natural to study the sequence of rational numbers

(o)
hO(NZ|F) -1 1§i§k’

where d; = N;.F'. In Theorem 2.2.17, we give a uniform lower bound for this sequence.

Clearly, by Clifford’s Theorem, the number 2 is a lower bound of the sub-sequence

()
hO(NZ|F) -1 1<i<fp, ) ’

and we prove that the number
g(F)

=14
B + hO(F,D),.) -1



is a lower bound of the sub-sequence

(1)
hO(N'L‘F) - 1 ’fL(D’}‘)‘f‘lgiSk ,

for a fixed D, and any F C f.Og(D). Moreover, we will see that this sub-sequence decreases. Following
the Modified Xiao Lemma (Lemma 2.3.1), we observe that we need to find a constant (D, F) for the datum
(D, F) such that

di > op 7y (h°(F, Nij,.) = 1) > ap 7 (ri — 1)

(here r; := rk F;) with the aim that deg F appears. Thus, naturally Definition 2.3.6 follows. The main result

of Chapter 2 is the following theorem.

Theorem 0.0.3 (= Theorem 2.3.9) Let f : S — C be a fibered surface. Consider the datum (D, F), where
D is a relatively effective divisor and F C f.Og(D) is a locally free sub-sheaf on C. Assume that F is not

semi-stable. Here, we set:
max{i],ui Z 0} if M1 Z 0

tp,F) = _
—00 otherwise.

(1). lft(DJ_-) =1, then

2d 2d
D?*>Ldeg Fy +26*D.2y — 72 > L deg F + 26*D. 2y — Z2.
1 1

(2) Ifl < t(D,]:) < ]{?, then

D2 > QQ(D’IWD,JT))dt(D’f)
Ao 5 T UDFyp, 5)

deg Ft p, 5, + 2¢*D.Zt ), 5, — Zf(w)

D,F)

2a(D’]:t(D,]-'))dt(va)

> deg F +2¢*D.Z;, . — Z2 .
dt(D,]-‘) + a(D,ft(DJ_—)) - 7

(3) ’f t(D,]:) = —00, set:

20D, F)dk
—op,F)T20p,F)rk—dk

o I.fOz(D,]:) - QQ(D,F)TIC +2d; <0
(D.F) "=
304(D,_7:) + 2d, — 2a(D7]:)’I“}€ otherwise.

Then
D* > C(p 7). deg F + 2¢*D. 2y — Zj.



In addition, if di, = o (p F) (ri — 1), then we have the following inequality which is independent of t(p,F):

2d
D? > 2t Qeg F + 2¢*D.2), — Z3.
Tk

We make some remarks about the notations introduced in the previous theorem.

Themap e : S — Sis an iterated blow-up constructed in Proposition 2.2.3. By definition, the divisor Z; on
S'is a fixed part of F;,Vi; 1 < ¢ < k (Definition 2.2.4). The number p; := u(F;/F;—1) is the slope of the
quotient F; /F;_1 (Proposition 2.2.1) of the Harder-Narasimhan filtration of F.

We interpret the result of Theorem 0.0.3 (= Theorem 2.3.9) as follows. If we consider the datum (D, F),
we estimate the lower bound of D? by a sum of two parts. The first one is related to the degree of the sub-
bundle ]:t(D,]-') C F and the geometry of the Miyaoka divisors (Ni)lgigt(D,]:)- The second part captures
the negativity of D when D is not positive. The case where F is semi-stable is discussed in Remark 2.3.8.
As an application, we apply the previous theorem to the datum (D, f.Og(D)) when D is relatively nef to
obtain Corollary 2.3.12.

This new result pertains to the way in which the constant o« p r, 04 (p)), defined in Definition 2.3.6, arises in
lower bounds for D?. Moreover, the last paragraph in Corollary 2.3.12 extends the result in (102, Theorem
5), see Example 2.3.14 and Theorem 2.3.15. The form of Corollary 2.3.17 can be compared to (97, Theorem
3.20).

Among other results, our contribution is to give an explicit description of the constant « that arises there.

This is achieved by the constant o p ) (which is defined in Definition 2.3.6).

Recently, in (30, Theorem E), the authors proved a slope inequality for the datum (D, f.Ox (D)) where D
is a relatively effective divisor on a variety X of dimension n > 2 equipped with a fibration f : X — C
over a curve, under the assumption that D and f.Ox (D) are both nef. If we apply their result to fibered
surfaces, we can see that our result is sharper. More precisely, in (30, Theorem E), they proved that if D,
is nef, big, and nonspecial, then

D.F

D* > QW deg f.Os(D).

However, if we apply Corollary 2.3.17 for the datum (D, f.Og(D)) where D and f.Og(D) are both nef,



and D|F is nonspecial, then we have

2c D,f.© (D))DF
p? > SoDJ:0s deg f,05(D).
D.F+ap oy )

D, 0g (D) D-F
D.Ftap,r,04(D))

Since a(p,,04(p)) > 1 for g(F) # 0, we see that the constant is strictly bigger than

D.F
D.F+1

in general.

In the third chapter, we study the following conjecture by Xiao.

Conjecture 0.0.4 (= Conjecture 1.2.5 (111, Problem 6)) There exists a positive integer N such that if DKl
S --» C'is a canonically fibered surface of general type with general fiber of genus g(F') = 5, then P, < N.

The conjecture has been solved in some cases, we refer to Section 1.2 for a literature review. We resolve

the conjecture in the following case:

Theorem 0.0.5 (= Theorem 3.1.2) There is no canonically fibered general type surface f : S — C with

general fiber F' of genus g(F') = 5and g(C) = 1.

For the remaining case, we conjecture the following statement, which automatically implies Xiao’s conjec-

ture.

Conjecture 0.0.6 (= Conjecture 3.2.5) Let f : S — C be a canonically fibered surface with nonhyperelliptic

general fiber F of genus g(F') = 5, and
Kg=8T"+V + f*D,

where 81" + V' is the fixed part of K (T is a section, V is the vertical part), and f* D is the moving part of
Kg withdeg D := P, + g(C) — 1. Then

1. If h%(Op(4p)) = 1, then the map ¢ : S --» Pc(f.(5T)) defined by the linear system |5T + f* Al for

a sufficiently ample divisor A is regular.

2. If h°(Op(4p)) = 2, thenthemap ¢ : S —-+ Po(f.(4T")) defined by the linear system |41 + f*A| is

regular.



Remark 0.0.7 In the joint work (10) with Chen and Grieve, we recently settle Conjecture 0.0.6 above. The

following theorem then follows.

Theorem 0.0.8 (= Theorem 3.2.9) There is no canonically fibered general type surface f : S --» C such

that the general fiber F' is a nonhyperelleptic genus 5 curve with
Ksg=8T+V + f*D

if g(C) =1or Py > 56.

Remark 0.0.9 Applying the log Miyaoka-Yau (82) for (Ks,I"), we can improve the lower bound of P,. In
other words, we can prove that there is no such canonically fibered surface if P, > 50. This is a joint work

with Chen and Grieve (10).

In the fourth chapter, we present some results on Fujita's Conjecture 0.0.10 below. Let D be a positive
divisor on a smooth complex projective irregular variety X of dimension n. We shall use the Albanese map
to prove that the global generation problem for the adjoint linear system |Kx + c¢D|, where ¢ € N*, can

be reduced to lower-dimensional cases.

For motivation, let us recall Fujita’s conjecture (44) on the global generation of adjoint linear systems.

Conjecture 0.0.10 (= Conjecture 1.3.1 (44, page 167)) Let X be a smooth projective variety of dimension n

and D an ample divisor on X. Then the linear system, | K x + mD)| is basepoint-free Vm > n + 1.

This conjecture is trivial in dimension 1 and was proved by Reider (96, Theorem 1) in dimension 2. For
dim X = 3 or 4, it was proved by Ein-Lazarsfeld (37, Corollary 2*) and Kawamata (65, Theorem 4.1), re-
spectively. Recently, the conjecture was settled in dimension 5 by Ye and Zhu, see (114, Page 3). In higher
dimensions, there exist some partial results. For instance, Demailly in (32, Page 324) and (33, Theorem

0.2) established certain results using analytic techniques and Monge-Ampére equations, he showed that

3n+1
n

2Kx +mD isvery ampleifm > 2 + ( ) for every ample divisor D on X. In (1, Corollary 0.2), Angehrn
and Siu achieved an important result by utilizing multiplier ideal sheaves, Nadel’s vanishing theorem, and

the Ohsawa-Takegoshi extension theorem. Specifically, they proved that | K x +m D] is basepoint-free if D



isample and m > w Later, Heier (54, Theorem 1.4) improved this bound to O(ng) Some logarithmic
bounds were obtained by Ghidelli and Lacini (45, Theorem 1.1). Notably, Helmke (55) and (56, Page 3) proved

Conjecture 0.0.10 under stronger numerical conditions on D.

Recall that by the classical Castelnuovo-Mumford regularity theorem, if D is ample and globally generated,

then Conjecture 0.0.10 holds.

In Chapter 4, we mainly study Fujita’s Conjecture for irregular varieties. We first mention that, in (88, Section
5), Pareschi and Popa, for instance, obtained some basepoint-freeness results on varieties whose Albanese
morphism is finite. We present new inductive results on Fujita’s Conjecture for irregular varieties. The main

results are as follows:

Theorem 0.0.11 (= Theorem 4.1.5) Let X be an irregular variety of dimension n > 2 with Albanese dimen-
sionl < a(X) < n.letX Lz alb(X) C Alb(X) be the Stein factorization of the Albanese morphism

alb, and let F' be a general fiber of the morphism f. Let D be an ample divisor on X.

If Conjecture 0.0.10 holds in dimension < n, then |Kx + mD + alb* p| has no basepoint supported on F’
forallm > n — a(X) + 1 and for a general p € Pic(Alb(X)).

Additionally, if the following condition is satisfied:

%) There exists an integer r with 1 < r < «(X) such that |rD, | is basepoint-free and rD — K x is nef
|7

and big.
Then | K x + mD| has no basepoint supported on F' for all m > n + 1.

We can include the case of X of maximal Albanese dimension in the theorem above. However, we decided
to separate this case from the inductive case (in other words, from the case in which the image of the
Albanese map of X is of smaller dimension than X). Theorem 4.3.1 covers the case of maximal Albanese

dimension.

In some special situations, such as in the case of varieties with — K x nef, we can prove Fujita’s Conjecture



by induction under mild conditions. Recall that projective varieties with — K x nef are a larger class than
Fano varieties. One of the methods to study these varieties is to analyze their Albanese map if they are
irregular. In (18, Theorem 1.2), Cao proved that for an irregular variety X with — K x nef, the Albanese map
alb : X — Alb(X) is a locally trivial fibration. This result was conjectured in (35, Page 221), many authors

contributed to solving the problem and proved partial results, for instance, in (77) and (116).

Further, Cao and Horing (19, Theorem 1.4) proved a decomposition structure theorem for varieties with

— K x nef. They showed that the universal cover X of X decomposes as the following product:
X' x J[y < [[ S x 2.

where Y are irreducible projective Calabi-Yau varieties, Sy, are irreducible projective hyperkahler varieties,
and Z is a projective rationally connected variety with — K 7 nef. Now, we state the following theorem for

these type of varieties under extra conditions.

Theorem 0.0.12 (= Theorem 4.1.10) Let X be an irregular variety of dimension n > 2 with —K x nef. Let
alb : X — Alb(X) be the Albanese map, and let D be an ample divisor on X. If Conjecture 0.0.10 holds
in dimension < n and there exists an integer r with 1 < r < a(X) such that |r D), | is basepoint-free for

every fiber F of alb, then Conjecture 0.0.10 holds for X.

In the fifth chapter, we study the non-vanishing conjecture for irregular varieties, and the structure of the
direct image sheaf of a log relative pluricanonical bundle. In (12, Theorem 1.2), the authors proved that if
(X, B)isakltpairand f : X — Y isamap onto a normal variety Y such that K x + B is f-big, then (X, B)
has a relatively good minimal model. In other words, there exists a kit birational pair (X, B) of (X, B) such
that K + Bis f-nef, and moreover, K + Bis f-semi-ample. In another significant higher-dimensional
result, Fujino (39, Theorem 1.1) proved that if (X, B) is a kIt pair and X has maximal Albanese dimension,
then (X, B) has a good minimal model. In this result, it is noteworthy that the existence of a minimal model
is trivial. In (13, Theorem 1.3), Birkar and Chen generalized the results in (12) and (39). They proved that if
(X, B)isakltpairand f : X — Y is a surjective morphism such that Y is of maximal Albanese dimension
and Kx + B is f-big, then (X, B) has a good minimal model. Later, in (59), the author generalized the
work in (13) to the log canonical case by applying the canonical bundle formula (40) and its generalization
(51, Theorem 2.1). Furthermore, the condition that Kx + B be f-big was relaxed to the condition that

Kx 4+ B have a good minimal model over Y, and more generally to Kx + B being f-abundant. In the



same article (59), the author also proved certain forms of semi-ampleness in the context of generalized
polarized pairs, which were introduced in (15). In this chapter, we initiate a program for studying irregular
varieties to advance Mori’s minimal model theory in this context. We prove several theorems, some of

which we state below.

Conjecture 0.0.13 (= Conjecture 5.1.1) Let (X, A) be a lc pair. If D ~g m(Kx + A) is Cartier pseudo-
effective with m € N, then k(D) > 0.

Theorem 0.0.14 (= Theorem 5.1.2) Let (X, A) be a kit pair such that ¢(X) > 0, and let D ~g m(Kx +A)
be a Cartier pseudo-effective divisor. If Conjecture 0.0.13 holds for lower-dimensional kit pairs, then it also

holds for (X, A).

Corollary 0.0.15 (= Corollary 5.1.3) Let (X, A) beanlcpairsuchthat D ~q m(Kx+A) isa Cartier pseudo-
effective divisor, with g(X') > 0. If Conjecture 0.0.13 holds for lower-dimensional varieties, then it also holds

for (X, A).

As another notable result, we generalize Fujita’s decomposition to the kit case.

Theorem 0.0.16 (= Theorem 5.1.5) Let f : X — Y be a surjective morphism, and let (X, A) be a kit pair
such that D ~q m(Kx )y + A) is Cartier. Then, for every positive integer N that is sufficiently large and
divisible such that f.Ox(ND) # 0, the sheaf f.Ox(ND) is torsion-free, it has a singular metric with
semi-positive curvature, satisfies the minimal extension property, and admits a Catanese-Fujita-Kawamata
decomposition

[:Ox(ND) = Ay © Uy,

where Ay is a generically ample sheaf and Uy is flat.
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CHAPTER 1
LITERATURE REVIEW

1.1 Xiao’s work on the geography of fibered surfaces

In this section, we review some of Xiao’s work on geography of fibered surfaces. In (108), he addressed

Severi's problem for fibered surfaces and proved the celebrated slope inequality.

Theorem 1.1.1 (108, Theorem 2) Let f : S — C be a relatively minimal fibration, not locally trivial, with

g > 2. Then
K? _
12 > S/ 54971 (1)
deg fiws/c g
Further:

1. Kg e 12 deg f.ws/c if every fiber of f is smooth and reduced.

2. If K%/c = 49’%1 deg f*ws/c, then either f*ws/c is semi-stable, or f is hyperelliptic, and f*ws/c isa

regular ladder: there are an integer m > 0 and a total filtration:
0=FCF1 & ... € Fp1 & Fi = fawgyo

such that rk F; = ¢, and
wi(Fi/ Fio1) — piv1(Fig1/Fi) =m

fori=1,....k—1.

Furthermore, in the same article (108), the author conjectured that if the slope is minimal, then f is hyper-

elliptic. In other words, he proposed the following conjecture.
Conjecture 1.1.2 (108, Conjecture 1) If Kg*/c = 4% deg f*ws/c, then f is hyperelliptic.

This last conjecture was proved in (68, Proposition 2.6). One of the powerful consequences of the slope

inequality is that it provides an upper bound for the relative irregularity:



of a fixed fibered surface f : S — C'. Recall that Xiao, in (108) proved the following (non-sharp) corollary.

Corollary 1.1.3 (108, Corollary 3) If the fibration f : S — C'is not trivial, then

q(f) < 5g; L (1.2)

We note that f is trivial if and only if ¢(f) = g. The previous inequality (1.2) is a direct consequence of the
slope inequality (1.1). It is known that this upper bound in not sharp. Finding a sharp upper bound for the
relative irregularity is currently an active area of research. We expect a bound similar to the one proved by

Xiao in (109) for surfaces with a linear pencil, that is fibered surfaces with C' = CP':

Theorem 1.1.4 (109, Theorem 1) If the fibration f : S — CP! is not trivial, then

ﬂﬂ=ﬂ$§g§L (1.3)

Xiao asked whether the same upper bound (1.3) holds for any fibered surface f : S — C. The answer is no,

as proven in (91, Theorem 2). The modified version of Xiao's conjecture is stated as follows.

Conjecture 1.1.5 (Modified Xiao's conjecture (3, Conjecture 1.1)) If f : S — C is not trivial with general

fiber of genus g. Then:
g+1

o(f) = [

1.
Let us summarize the main known results regarding this conjecture.

(1) First, we note that % differs from (%} only when g is even.

(2) As stated in Theorem 1.1.4, Xiao, in (109, Theorem 1), proved that ¢(f) = ¢(5) < % when the base
C = CP.

(3) Serrano, in (99, Page 63), proved Conjecture 1.1.5 when f is isotrivial but not trivial.

(4) If fis non-isotrivial and the general fiber is either hyperelliptic or bielliptic, the same bound

g+1
Q(f)ﬁ?

holds, as shown by Cai in (17, Theorem 0.1).

12



(5) In (3, Theorem 1.2), the authors tackled the general non-isotrivial case. They proved that if f is non-

isotrivial, then
q(f) < g—c(f), (1.4)

where ¢( f) is the Clifford index of the general fiber F.

(6) In (38, Theorem 1.1), the authors improved upon the result in (3). They proved that if the general fiber

F of the fibered surface f : S — C'is a smooth plane curve of degree d > 5, then
q(f) <g—c(f) -1

(7) In private communication, Martin (80, Corollary 1.3) informed the author that he proved the last open

case for g = 5, namely that ¢(f) < 3 for fibered surfaces by trigonal curves with g = 5.

In general, Konno, in (69), proved the sharpest known upper bound for the relative irregularity. His idea
was to explore how positive the intersection number of Kg,c and the fixed part of f.wg/c is, and then

improve the slope inequality. In other words, we have the following theorem:

Theorem 1.1.6 (69, Proposition 2.8) Let f : S — C is a relatively minimal fibration of genus g > 2 which is

not locally trivial. Then
59 — 2

a(f)<g
Our paper (9) points out that, if we fix any relatively effective divisor D, then understanding the intersec-

tion of D with the fixed part of f.Og(D) is crucial for obtaining a sharp slope inequality for the datum
(D, £+Os(D)).

One natural method to attack Conjecture 1.1.5 is to improve certain forms of the slope inequality. We believe
that a good understanding of the fixed part Z of f.Kg/c (Definition 2.2.4 below) is crucial for making
progress. In particular, we hope to gain a deeper understanding of the positive number KS/C - Z when

K¢ is relatively nef.

1.2 Canonical maps of general type surfaces

We are interested in the linear system |m K g| for a general type varieties and in particular for surfaces of

general type. By the celebrated works of Bombieri (16, Page 449) (Sakai’s article (98) for the log case), we

13



understand the geometry of |mKg| for m > 3. More precisely, for minimal surfaces of general type S,
Bombieri proved that the linear system |m Kg| is birational for m > 3, except for some explicitly described

cases.

For the bicanonical map, we have by the celebrated result of Xiao (106) the following theorem.

Theorem 1.2.1 (106, Theorem 1) Let S be a minimal projective surface of general type. Then the bicanonical

map ¢ a2k | of S is generically finite if and only if py (S) > 2.

We recall that Xiao’s proof relies on the study of genus-2 fibrations over curves and on Horikawa'’s classifica-
tion of possible degenerations. Another interesting proof was provided by Chen and Viehweg (28, Theorem
0.1), who applied the Q-divisor method commonly used for problems in higher-dimensional birational ge-

ometry, particularly in the context of the minimal model program (MMP).

In (4), Beauville first studied the canonical map |Kg| systematically.

Here we are mainly interested in the case when the image of the canonical map is a curve, in which case
we say that .S admits a canonical fibration or S is a canonically fibered surface or |Kg| is composed with a

pencil.

Let us recall the existing results. We recall that we are interested in canonically fibered general type surface.

One interesting boundedness result is the following theorem by Beauville (4).

Theorem 1.2.2 (4, Proposition 2.1) Let ¢ || : S --+ C' be a canonically fibered general type surface with
general fiber F. If the geometric genus Py of S'is very large, that is Py, >> 0, then 2 < g(F) < 5.

Remark 1.2.3 The proof of the previous theorem is based on the celebrated Miyaoka-Yau inequality (83),
(112), (113) (see (75), (76), and (82) for developments). We mention that, in that proof, the understanding of

the positive number Kg - Z, where Z is the fixed part of | Kg| is overlooked.

In general, we recall that it is straightforward to obtain g(£") < 36. In (107), Xiao proved the following:

14



Theorem 1.2.4 (107, Page 251) For such surfaces, There are two possible situations: ¢(S) = g(C) = 1 or
0 < ¢(S) < 2and C is a projective line CP".

In (4, Example 2) Beauville constructs such unbounded families with g(F') = 2,3, and recently in (78,
Theorem 1.3), the author constructed an unbounded family of canonically fibered general type surface with
g(F') = 4, we precise that this last example is for canonically fibered general type surfaces of g(F) = 4

over CP!

One interesting problem is the following boundness conjecture by Xiao (110).

Conjecture 1.2.5 (110, Problem 6) There exists a positive integer N such that if ¢| Ks| S --» C'is a canon-

ically fibered surface of general type with general fiber of genus g(F') = 5, then P, < N.

This last conjecture was proved by Sun (103) if the general fiber is hyperelliptic and by Chen if the general

fiber is nonhyperelliptic and nontrigonal (29). More precisely, they proved the following theorems.

Theorem 1.2.6 (103, Corollary 1) There is no canonically fibered general type surface Plrs) S --» C with
hyperelliptic general fiber of g(F') = 5 if g(C) = 1 or Py > 53 — 15¢(S).

Theorem 1.2.7 (29, Theorem 1.2) There is no canonically fibered general type surface ¢| Kg| S --» C'such

that the general fiber ' is a nontrigonal genus 5 curve if g(C) = 1 or P > 863.

In Chapter 3, we give a full proof of Conjecture 1.2.5 if the base is an elliptic curve. Furthermore, we develop
a method to completely resolve the problem. The crucial part of this method is in a joint article with Chen

and Grieve (10).

1.3 Generic vanishing theory and global generation problems

Independently of Section 1.1 and Section 1.2, we are interested in effective global generation problems, such

as Fujita’s conjecture below.
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Conjecture 1.3.1 (44, Page 167) Let X be a smooth complex projective variety of dimension n, and let D be

an ample divisor on X. Then, the linear system |K x + mD)| is base point free Ym > n + 1.

One natural method to attack Conjecture 1.3.1is to use techniques from generic vanishing theory.

We briefly recall some basic definitions, we refer to (26), (46), (47), (89) and (90) for more details.

Definition 1.3.2 (89, Definition 2.3) A coherent sheaf F on an abelian variety Y with dimY = g satisfies
IT with index O if
HY(Y,F®p) =0, VpecPic"(Y), Vi>0.

Definition 1.3.3 (89, Definition 3.5) Let X be an irregular variety and F be a coherent sheaf on X. We
say that F is continuously globally generated if for any non-empty open subset U C PicO(X), the sum of

evaluation maps:

Pr' (X, Fop op' - F
peU

is surjective.

We recall the Fourier-Mukai setting, we refer to Mukai (84) for more details. We denote by P the Poincaré
line bundle on Y x PicO(Y), and Y is an abelian variety as before. For any coherent sheaf 7 on Y, we
can associate the sheaf p, (piF @ P) on Pic’(Y') where p; and p; are the natural projections on Y and

PicO(Y), respectively. This correspondence gives a functor
S : Coh(Y) — Coh(Pic’(Y)).

If we denote by D(Y") and D(Pic’(Y")) the bounded derived categories of Coh(Y") and Coh(Pic®(Y)),
then the derived functor

RS : D(Y) — D(Pic’(Y))

is defined and called the Fourier-Mukai functor. Similarly, we consider

RS : D(Pic’(Y)) — D(Y)
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in a similar way. According to the celebrated result of Mukai (84), the Fourier-Mukai functor induces an
equivalence of categories between the two derived categories D(Y) and D(Pic’(Y")). More precisely, we
have

RS oRS ~ (—1y)*[—g]

and

RS 0 RS = (—1pieo(y)*[—]

where [—g] is a shift operation for a complex g places to the right.

Now, we define the cohomology support locus (46).

Definition 1.3.4 (46, Page 389) Let F be a coherent sheaf on an abelian variety Y. The set Vi(]: ) is the

cohomology support locus and defined as the following:

Vi(F) = {p € Pic®(YV)|H'(Y, F @ p) # 0}.

The cohomology support locus are studied very carefully in (46) and (100). There the authors proved a

foundational generic vanishing theorem.

Remark 1.3.5 By base change, there is always the following inclusion Supp(R'S(F)) C V(F).

Definition 1.3.6 (89, Definition 3.1) A coherent sheaf F on Y is called M-regular if
codimpico(y)(Supp(R@(]—'))) >4, Vi> 1.

A coherent sheaf F on'Y is called a generic vanishing sheaf or a GV-sheaf if its cohomology support locus

V(F) satisfies the following inequality

codimpico(y)(Vi(]:)) >4, Vi>1.

We remark that M -regularity is achieved if in particular
codimpico(y)(Vi(]:)) >4, Vi>1.

17



Remark 1.3.7 If F is an M-regular sheaf on an abelian variety Y, then F is a GV -sheaf. Furthermore, if
F satisfies I'T" with index 0, then it is clearly M-regular. In the following proposition, we recall that the

M -regular property is stronger than the notion of being continuously globally generated.

Proposition 1.3.8 (88, Proposition 2.13) Every M -regular coherent sheaf F on an abelian variety Y is con-

tinuously globally generated sheaf.

Definition 1.3.9 (26, Definition 2.2) A coherent sheaf F on an irregular variety X is said to have an essential
base point at x if there exist a surjective map F — C(z) such that Vp € Pic’(X), the induced map

HY(X,F®p) — HY(X,C(x))is zero.
In (26), the authors proved the next proposition.

Proposition 1.3.10 (26, Proposition 2.3) If F is a coherent sheaf on an abelian variety Y satisfying IT with

index 0 condition, then F has no essential base points.
We are interested in comparing Definition 1.3.3 and Definition 1.3.9, these are new observations.

Proposition 1.3.11 Let F be a coherent sheaf on an irregular variety X. If F is continuously globally gener-

ated, then F has no essential base points.

Proof. If F is continuously globally generated, then for any non-empty open subset U C PicO(X ), the
following sum of evaluation maps is surjective:

PHE (X, Fop ap’ - F.

peU
Now, fix a point = € X and suppose we are given a surjective map F — C(x). Thus, we have the following

commutative diagram:

Pr' X Fopop’ —— F

peU ¢\) l

C(z).
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However, the induced map ¢ defined by composition is surjective and hence not zero. In particular, there

exist p € U such that the map
H(X,Fep) @p’ — H°(X,C(z)) ~ C(x)

is not zero, and hence the map

HY(X,F®p) — C(x)

is not zero. Thus F has no essential base points as claimed. O

Example 1.3.12 It is clear that every ample line bundle L on an abelian variety Y satisfies I'T with index 0
condition, and thus is continuously globally generated. Furthermore, by Proposition 1.3.10 we also see that
L has no essential base points. On the other hand, the converse of Proposition 1.3.11is not true. Indeed, for
anirregular variety X, Ox € PicO(X ) has no essential base points, however, it is not continuously globally

generated.

In the next proposition, we provide a sufficient condition for Definition 1.3.3 and Definition 1.3.9 to be equiv-

alent in the case of line bundles.

Proposition 1.3.13 Let X be an irregular variety, and let D be a divisor on X such that h°(X, Ox (D) ®p) is
constant for all p € Pic®(X). Then, Ox (D) has no essential basepoints if and only if Ox (D) is continuously

globally generated.

Proof. Assume that Ox (D) has no essential basepoints, then for all = € X and for any surjective map
¢ Ox(D) = C(x),
we can find p,, € PicO(X) (Definition 1.3.9) such that the induced map
H°(X,0x(D) @ p;) = H(X,C())

is surjective. Thus

h (X, Kery @ p,) = h°(X, Ox(D) ® p;) — 1.

By the upper semi-continuity of h®(X, Ker ¢ ® p) as p varies in Pic’(X), we deduce that
h(X,Ker ) @ p,) = h*(X, Ker ¢ @ p)
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for general p € Pic®(X). By assumption, h°(X, Ox (D) ® p) is constant for all p € Pic®(X). Therefore,

we conclude that the map
H(X,0x(D)®p) — H°(X,C(z)) ~ C(x) (1.6)

is surjective for a general p € Pic®(X).

Now, using the surjectivity of the map (1.6) for a general p € Pic®(X ), we will prove that D is continuously
globally generated. In other words, we will prove for t € X and for all U C PicO(X ) nonempty open
subset, the sum of evaluation maps

P H(X,0x(D) @ p) @p* — Ox(D)|, ~ C(x) (1.7)
peU

is surjective. Indeed, the map (1.6) is surjective for a general p € Pic®(X), in particular for some py; € U.

Thus, twisting the map (1.6) by p; and then the following map

H°(X,0x(D) @ pv) @ pi; — C(z)

is surjective. Finally, we conclude that the sum of evaluation maps (1.7) is surjective as desired. The converse

is proved in Proposition 1.3.11. O

Example 1.3.14 As in Example 1.3.12, if L is an ample line bundle on an abelian variety Y, then h°(Y, L®p)
is constant for all p € Pic®(Y") since x (Y, L&p) is constant for all p € Pic®(Y"). Moreover, it has no essential

basepoints and is continuously globally generated. Hence, Proposition 1.3.13 is not empty.

However, for an irregular variety X, it can happen that there exists a divisor D such that h°(X, Ox (D) ®p)
is constant for all p € Pic®(X), but Ox (D) is not continuously globally generated. Indeed, for instance,
take X = CP' x C with C an elliptic curve, and let po be the second projection. Let D = Kx + B,
where B is a section of ps. Thus, B is ps-ample and hence, by the relative Kodaira vanishing theorem,

R (p2)«(Ox (D)) = 0. Also, (p2)«(Ox (D)) = 0 because

h(CP',0x(D),,,) = h°(CP', O¢pi (1)) = 0.

Pl

It follows that h'(X,Ox (D) ® p) = 0, for all i with 0 < i < 2 and for all p € Pic’(X). In particular,

Ox (D) is not continuously globally generated.
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We recall the definition of Albanese dimension.

Definition 1.3.15 We define the Albanese dimension (X)) of an irregular variety X by
a(X) := dimalb(X).

Here, alb(X) is the image of the Albanese map alb : X — alb(X) C Alb(X), where Alb(X) is the

Albanese variety.

In Chapter 4, we denote the Stein factorization X i> zZ5 alb(X) of alb, where f is a surjective morphism

f with connected fibers. We denote a general fiber of f by F'. Thus, we have the following diagram:

X—>Z

\ l (1.8)
alb(X

where u : Z — alb(X) is a finite morphism.

1.4 Terminology on the Mori minimal model program

We refer to (12) and (67) for the notation and terminology introduced below.

Fix f : X — Y a proper morphism of normal projective varieties. We say that X is Q-factorial if every
Weil divisor is (Q-Cartier. We say that a Q-divisor D is Q-Cartier if some integral multiple is Cartier. We say
that two Q-divisors D1, Dy on X are Q-linearly equivalent (over Y), that is D ~g D (D1 ~q,; D) if
their difference is an Q-linear combination of principal divisors (and an QQ-Cartier divisor pulled back from
Y). Dy and D, are numerically equivalent (over Y'), denoted D1 = D5 (D1 =; D»), if their difference is
an Q-Cartier divisor such that (D; — D3).C' = 0 for any curve C' (contracted by f). A Q-Cartier divisor D is
semi-ample over Y, or f-semi-ample, if D is a Q-linearly equivalent to the pullback of an ample Q-divisor
over Y. Equivalently, f*f,.Ox(mD) — Ox(mD) is surjective for m > 0. We say that Q-divisor D is big

over Y, or f-big, if
hO(F, Op(LmD.J))
mdim F

lim sup,,, 0o >0

for the fibre I’ over any generic point of Y. Equivalently D is f-bigif D ~q s M + E , where M is ample
and F effective. We define the Kodaira dimension of a Q-divisor Q-Cartier by

k(D) := k(mD)
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for some natural number m such that m D is Cartier.

By a pair (X, A), we mean a normal variety X associated with Q-divisor A := " a;A;, which is a formal

sum of distinct prime divisors A; with a; € [0, 1] such that K x + A is Q-cartier.

By a kit polarized pair (X, A + L), we mean a kit pair (X, A) and L is a nef Q-divisor (see (14, Paragraph
2.2)).

We recall the definition of singularities of pairs, we refer to (67) for more details.

Definition 1.4.1 (67, Definition 2.3.4) Let (X, A) be a pair, we say that:

(X, A) is terminal if a(E, X, A) > 0 for every exceptional divisor E.

(X, A) is canonical if a(E, X, A) > 0 for every exceptional divisor E.

(X, A) is Kawamata log terminal (or. kit) if a(E, X, A) > —1 for every divisor E.

(X, A) is purely log terminal (or. plt) if a(E, X, A) > —1 for every exceptional divisor E.

(X, A) is divisorial log terminal (or. dit) if a(E, X, A) > —1 if centerx (E) C non-snc(X, A).

(X, A) is log canonical (or. Ic) if a(E, X, A) > —1 for every divisor E.

Here by a(E, X, A), we mean a log discrepancy of E.

Definition 1.4.2 (13, Page 210) Let f : X — Y be a proper morphism of normal projective varieties and D

be a Q-cartier divisor on X. A normal variety Z with the following commutative diagram:

is called a minimal model of D over Y if:

e The inverse of ¢ does not contract any divisor.
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o Dy .= ¢,D is g-nef.

e There exist a common resolutionp : W — X and h : W — Z such that E := p*D — h*Dy is

effective and Supp p. E contains all the exceptional divisors of ¢.

Further, we say that Z is a relatively good minimal model if D 5 is g-semi-ample.

We recall certain forms of the canonical bundle formula, originally introduced by Fujino and Mori ((40)).

Theorem 1.4.3 [(51, Theorem 2.1), (59, Theorem 3.1)] Let f : (X, A) — Y be a projective morphism from
an Ic pair to a normal variety Y, such that N(Kx + A) is Cartier and f,Ox (N (Kx + A)) # 0 for some

integer N > 0. Then, there exists a commutative diagram:

with the following properties:

(1) 2 is a birational morphism, X is smooth and fis an algebraic fiber space.

(2) There exist a Q-divisor A such that (X, A) is a Q-factorial dlt pair, and
0Og(N(Kg +A)) = N(Ex +A).
(3) There exist a Q-factorial dlt polarized pair (37, Ag + Ly ) pair such that Ky + Ay + Ly is big /Y.
(4) There exist an effective Q- divisor R on X such that f,O <(mR) = O forallm >0,
Kg+An~g f{(Kg+A; +Lg) + R,

and

FO%(N(Kz +A)) = N(Ky + Ag + Lg).

(5) each component of | Ay | is dominated by a vertical component of Al
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CHAPTER 2
SLOPE INEQUALITY FOR AN ARBITRARY DIVISOR

In this Chapter, f : S — C'is a fibered surface from a smooth complex projective surface S to a smooth
complex projective curve C, and D is arelatively effective divisor on S. Also, throughout this chapter, unless

stated otherwise, all locally free sheaves are assumed to be nonzero.

2.1 Rational map to a projective bundle

Let f : S — C be a fibered surface and D be a relatively effective divisor on S. Let F C f,.Og(D) be a

locally free sub-sheaf of rank r =. There exist always the following commutative diagrams:

C
and
S -7 Po(F)
f l”
C.

In the above, Pc(f.Og(D)) (respectively Po(F)) is the projective bundle of one dimensional quotients
(Grothendieck’s notations) of f.Og(D) (respectively of F) and 7 (respectively 7x) is the projective mor-
phism from Pc(f.Og(D)) to C (respectively from P (F) to C). The maps ¢ and i £ are rational and

defined by the following evaluation maps:
[ £:0s(D) — Os(D),

(respectively)

f*./—" — Os(D).

Remark 2.1.1 e If we assume D is f-globally generated in the sense that
f*f:O0s(D) — Os(D)
is surjective, then 1 is a morphism by (53, Proposition 11.7.12).
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e [fthe map
f*F — Og(D)

is surjective, then v = is also a morphism by (53, Proposition 11.7.12).

Take a sufficiently very ample divisor A on C' such that f.Og(D) ® O(A) is a very ample vector bundle.
Then the rank of f,Og(D) ® O(A) is
r=H(F,D,),

and

deg(f+O0s(D) @ O(A)) = deg f.Os(D) + r deg(A).

Now, Pc(f.Os(D) ® O(A)) and P (f.Os(D)) are isomorphic by an isomorphism s, ((53, Lemma 7.9)).

The rational map

¢: S --+»Po(fOs(D) @ O(A)),

defined by
[ (f:05(D) ® O(A)) — Os(D) @ fFO(A)

is the rational map given by the linear system | D + f*A|, and restricted to the general fiber F' of f, ¢|F is
the map defined by | D). |.

The line bundle Op,, (1,04 (D)z0(4)) (1) onPo(fiOs(D)®O(A)) is very ample. Then it gives an embedding
of this last projective bundle to a projective space CPV for some N > 0. We thus have the following

commutative diagram:
S - » Po(f+Os(D) ® O(A)) € CPY

\ [

C
where 7 4 is the projection map, again we have ¢ = s o ¢, the rational map ¢ is defined by the complete

linear system | D + f*A|. If it has no nontrivial fixed part, then its image is contained in any hyperplane.

We assume that there is a fixed part Z of | D + f*A|. Thus, the linear system | D — Z + f* A| factorizes the
map ¢ defined by |D + f*A| and the following properties are satisfied:
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(1). The fixed part Z of |D + f*A]|, restricted to F, is just the fixed part of the complete linear system
|D|F |-

(2). The system |D — Z + f*A| has no fixed part, so it has only a finite number of base points.
(3). The fixed part Z is a divisor such that the morphism:
[ (f:05(D) © O(A)) — Os(D — Z) ® fFO(A),
is surjective in codimension 1.

(4). We can assume that Z has no horizontal components because A is sufficiently ample.

Theorem 2.1.2 There exist a series of blow ups ¢ : S — Sanda morphism
A1 S — Pe(f.0s(D) ® O(A))

such that the following diagram is commutative:

S zo--- » Po(f.0s(D) ® O(A)) € CPY

\ lm

C
¢poe= Agand

(A1) Op (5. 05(D)00(A) (1) = €(O(D - Z) @ f*O(A)) ® O(-E),

where E is the exceptional divisor of e.
Remark 2.1.3 ¢*(O(D — Z) ® f*O(A)) ® O(—E) is globally generated.

Proof of Theorem 2.1.2. The linear system |D — Z + f* A| has at worst finitely many base points. If there are
none, ¢ isa morphism and there is nothing to prove. We suppose that there is a base point x in|D—Z+ f* A|.
We take the blow-up in = defined by €', so |(¢')*(D — Z + f* A)| has a fixed part k1 By withky € Z,ky > 1
and |D1| = |(eV)*(D — Z + f*A) — k1 E1| has no fixed part. Hence, it defines a rational map, \! : S --»
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Po(f+Os(D) @ O(A)) which is identical to ¢ o €*. If \! is a morphism, then we are done; if not, we repeat
the process. Thus, we get by induction a sequence €' : S; — S;_1 of blow-ups and a linear system | D;|

with no fixed part, where D; = (¢!)*D;_1 — k;E; fori > 1.

In other words, we arrive at a system D,, with no base points, which defines a morphism:

e=¢€co..0": S —8S.

We conclude that |e*(D — Z + f*A) — E| defines a morphism

§ 2% Po(£.05(D) ® O(A))
such that
€ (O(D - 2)® ffO(A)) ® O(=E) = (Aa)*Op (1,05 (D)00(4)) (1)
where E = sz’f k; E; is the exceptional divisor. O

The last proof is inspired by the proof of (5, Theorem 2.7).

Corollary 2.1.4 There exists a morphism \ : S — Pc(f.Og(D)) such that the following diagram is com-

mutative:

Moreover, we have

N (Ope(1.05(0) (1) = €(O(D = Z)) ® O(=E).

Proof. By Theorem 2.1.2, there exists a morphism
Aa: S — Po(f.0s(D) ® O(A))
which has the following property:
(A1) Op (.05 (D)s0(a)) (1) = €(O(D = Z2) ® f*O(A)) © O(-E).
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But there exists an isomorphism
s : Po(fiOs(D) ® O(A)) — Po(f+0s(D))

such that
Op(£.05(D)20(A) (1) = 5" Opy,(1.04(D)) (1) @ T4 O(A).
Therefore,
(8024)"Ope(1,05(0))(1) @ (Ta0Aa) " O(A) = € (O(D - Z)) @ (f o €)"O(A) ® O(-E)
implies
(8024)"Opq(1,05(0)) (1) = € (O(D = Z)) ® O(-E).

We take
A= S0 Ag.

Remark 2.1.5 More generally, for F C f,Og(D) a locally free sub-sheaf, we take a sufficiently very ample
divisor A on C such that F ® O(A) is very ample. Let Lz be the linear sub-system of |D + f*A| which
corresponds to the sections of H*(F ® O(A)). Let Zr be the fixed part of Lz, so Lx — Zz has no fixed
part and it corresponds to a rational map from S to a projective sub-variety of P (F @ O(A)). By the same

arguments as above, 3 g]-‘ <%, S which is a chain of blow ups and I\ r : 51: — P (F) such that the

Sr A
- N
S

following diagram is commutative:

T Po(F)

f lﬂf
C

and
(A7) (Op(7) (1)) = €x(O(D — ZF)) @ O(=EF),

where Er is the exceptional divisor of € r.

28



2.2 Harder-Narasimhan filtration

In this section, we study the Harder-Narasimhan filtration within the context of fibered surfaces.

Proposition 2.2.1 (52) Let F be a vector bundle over a smooth projective curve C. There exists a unique

sequence of vector sub-bundles of F:
0=FoCF1C ... C Fpu1 C Fr=F,

that satisfies the following conditions:

(1). Fori=1,....k, F;/F;—1 is a semi-stable vector bundle.
(2). Foranyi =1, ..., k, setting p; :== p(F;/Fi—1) = %, we have:

M1 > 2 > .o > .

In the context of Proposition 2.2.1 above, the filtration is called the Harder-Narasimhan filtration of F. We

set piyp = g, and call it the final slope of F. The following elementary lemma is important in what follows.

Lemma 2.2.2 Let r; be the rank of F;. Then

k-1
deg F =Y ri(pi — pis1) + itk
i=1

Proof. Indeed, we consider the exact sequence:
0 — Fr—1 — Fr — Fi/Fr—1 — 0.
From the additivity of degree, we have
deg Fi, = deg F—1 + deg Fr/ Fr—1-
Similarly, we have

deg Fi—1 = deg F_o + deg Fr_1/Fk—_o.

29



And so, by induction, we can conclude that

k

deg Fi, = ) deg Fi/ Fi1.
i=1

From the definition of slope, for every i = 1, .., k we have:

deg Fi/ Fi—1 = pi(ri — rie1).
Thus, we obtain the desired formula. O
Consider now a fibered surface f : S — C. Let I be its general fiber, let D be a relatively effective divisor on

S, and let (F;)o<i<k be the Harder-Narasimhan filtration of F C £ = f,Ogs (D). By a repeated application

of Remark 2.1.5 to each of the F;’s, we have the following proposition.

Proposition 2.2.3 There exists a suitable smooth projective surface S and a birational morphism e : S8

such that the following diagram is commutative Vi; 1 < i < k:

i

| Sx
Ar,
kﬁ\

where €x, is a blow-up morphism along a finite number of points {x;, , . . ., Li,, }, 1 < i <k, asdefined in

the proof of Theorem 2.1.2 and Remark 2.1.5.

Proof. Set Uy <;<j{Tirs- -+ Tip, } = {q1,--.,qm} and let S = BLy,.... g (S) be the blowing up of S at
q1,---,qm- Then there exists a blowing up morphism ¢; along {q1, ..., gm }\{xi;, - - -, xzm} which fits into
the diagram above and € = ¢; o €, : S S. As before, we fix a sufficiently ample divisor A on C. Define
the map

Xi i S = Po(Fi)

by the linear system |e*(D — Zr,) — E|, and furthermore we have
/\i = )\]:i O €;.
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Moreover, for any F; in the filtration, we have
N (Opg(ry (1) = (0D ~ Z7,)) ® O(~E).

Where Zx, is the fixed part of Lx. C |D + f*A| which correspond to sections of H°(F; ® O(A)). Here E

is the exceptional divisor of e. O

In what follows, we study the fibered surface j” = foe: S — C and we denote by F' its general fiber.

Definition 2.2.4 (Compare with (97, Definition 3.11)) In the setting above, we define the following divisors

onS:

o 7;:=€"ZF, + I, the fixed part of the vector sub-bundle F;,Vi;1 < i < k.
o M; := X{(Op,(,)(1)), the moving part of the vector sub-bundle F;,Vi;1 < i < k.

o Set N; := M; — pu; ', Vi; 1 <1 < k. We call this the it" Miyaoka divisor.

Applying, (83), (85) and (71, Proposition 6.4.11), we prove the following Lemma 2.2.6 using the language of

Q-twisted vector bundles. First, we recall the definition of a Q-twisted vector bundle.

Definition 2.2.5 (See (71, Definition 6.2.1)). A Q-twisted vector bundle £(d) on a projective variety X con-
sists of a vector bundle £ defined up to isomorphism, and a Q-numerical equivalence class § € N(é(X ).
If D is a Q-divisor, we write £(D) for the twist £ by the numerical equivalence class of D. We define Q-
isomorphism of Q-twisted bundles to be the equivalence relation generated by saying that E(A + D) is
equivalent to (€ @ O(A))(D) for all integral divisors A and Q-divisors D.

Lemma 2.2.6 (Compare with (85, Corollary IV.3.8)) Vi:1 < i < k, N; are nef divisors on S.
(Fi/Fi-1)

Proof. Fix i; 1 < i < k, let us see that the Q-twisted vector bundle F;{(— iz(ﬁ_/Fk_1)> is nef.

We define the following quotient bundles and Q-divisors:

Gi = Fi/Fi1
(i)
0 = rﬁ(gi)'
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However, G;(—d;) is a nef vector bundle by (71, Proposition 6.4.11). Furthermore, deg 6; = ;. Thus
—degd; < —degda < ... < —degdy.
Using the following exact sequence of vector bundles:
0—F_1—F —G —0,

we next prove that F;(—d;) is nef by induction, Vi; 1 < i < k. Fori = 1, F1(—=d1) = G1(—d1) which is
nef. Now, assume that F;_1(—d;_1) is a nef bundle. Then F;_1(—0;) is Q-ample. Using the above exact

sequence and since F;_1(—0d;) and G;(—4;) are nef, we see that F;(—d;) is a nef bundle.

Thus, Op,,(7,(—s,))(1) is a nef line bundle. So Op,,(7,)(1)) ® w7 O(—d;) is nef, then by the remarks that

— Uz

AN Opg (7, (1) = M and X} (77 O(—=0;)) = O(—p; F'), we conclude that N; is nef, Vi; 1 < i < k. O

Remark 2.2.7 It is noted that the above lemma can be proven by the original Xiao’s argument, leveraging
the Miyaoka-Nakayama result (85, Corollary IV.3.8). The argument presented in the lemma above serves as

an alternative proof using the language of Q-twisted vector bundles.

Lemma 2.2.8 Vi;1 <i <k, r; =tk F; < h°(F,N),,).

Proof. Let ; be the projection from P (F;) to C. Then,
(i 0 Ai)x(M;) = (i) (i) M;)

= (11)4(Opo(7) (1) ® (Mi)+0g) 2 (mi)+(Ope 7, (1) = Fie
Thus,
T S hO(F, MZ'|F),

which implies

r; < hO(Fa NZ‘F)

Proposition 2.2.9 Let d; = deg(N;|,,) = N;.F such that 1 <i < k. Then,



Proof. Since F ' is a fiber, F2 = 0. Then,
=\ Oy (1)-F = ((D — Z5,) — E).F

=" (D - Zg).F = (D — Z5,).F > 0.

But
ZF, 2 LF; -
Thus,
D—Zr.,=D—Zr, +(ZFr, — ZF,,)-
Therefore,

dig1 > d;.

Proposition 2.2.10 Continuing with the setting as above, we define the following constant for the datum
(D, F):
. max{i| N;|,is special}
(D.F) =
—o0 otherwise.
If ip,F) # —oc, then Nj|F is special for 1 < j < i p F) and Nj|F is nonspecial for np 7y +1 < j < k.

Otherwise, NjIF is nonspecial, Vj;1 < j < k.

Proof. Recall that
ZF > .2 ZF,.

Also, we identified the general fiber of S with the general fiber of S. Let fz(D’f) +1<j5<k-—1,thus

leF =¢e(D— Z;j)

= (D-2x),, < (D= Z5,,),, = N+,

|F

Consider the following short exact sequence:
0— Nj, — Njp1, — Nj+1‘F/NjIF —0
which induces a long exact sequence in cohomology:
wo = HY(F,Njs1,, /Nj|,) — H'(E,Nj) ) — H'(F,Njs1 ) — 0.
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So, lfhl(F,N]‘F):O, thenhl(F’Nj+1|F):0' -

To illustrate the above proposition, we consider the following examples.

Example 2.2.11 Let D = Kg/c,9 > 1,and F = f.wg/c. Then we have Ny, ~ K, thus HYF,Kp) = 1.

Hence, Ny, is special. Furthermore, it follows that N;|,. is special Vi; 1 < i < k and k.

|F Kgio,frwgic) =

Conversely, for an arbitrary relatively effective divisor D, ifﬁ(DJ_-) = k, then deg D|F <2g-—2.

Example 2.2.12 Now, let D = KS/C +Ag>1,F= f*OS(KS/C + A), and A is an effective divisor on
S with A.F' > 0. Then Ny, ~ Kr + A|,, thus HY(F,Kp + A|,) = Osince the degree of K + A\, is

strictly greater than 2g — 2. So we conclude that ﬁ(KS/C+A:f*OS(KS/C+A)) < k.

Example 2.2.13 As in Example 2.2.12, let D = Kg/c + A and A is an effective divisor on S with A.F' > 0.

Assume that f,Og(D) is semi-stable. Then k = 1 and ﬁ(KS/C+A7f*OS(KS/C+A)) = —o0.

Example 2.2.14 We give another example such that 7 p r) = —oco. Let £ = Ocpr @ Ogpr (1) and S =
Pepi(€). Then we define a natural fibration f : S — CP. S has only one negative curve E ~ CP!
such that E*> = —1 and E = Og(1) — F in Pic(S). By construction, the trivial part Ogp: corresponds
to a 0-dimensional linear sub-system L of |Og(1)| generated by the effective divisor E + F', and the bun-
dle O¢p1(1) to the 1-dimensional linear sub-system L, generated by the two effective divisor of |Og(1)|
different from E + F'. Moreover,

0& Ocpr(1) &€

is the Harder-Narasimhan filtration of £. Since L1 has no fixed part, then N = Og(1)—F and No = Og(1).

Thus, Ny |, and Ny|,. are nonspecial divisors and 1o, (s),e) = —o©.

Example 2.2.15 More generally than Example 2.2.14, every fibered surface f : S — C with g(F') = 0 has
n(p,F) = —oc for every relatively effective divisor D and F C f, Os(D), since there are no special divisors

on CP!,

Now, it is natural to ask for some information about the sequence ( ie{1,..k}- For instance, is it

d; )
hO(F,N”F)fl

an increasing finite sequence? Is it decreasing? Is it bounded from below by a strictly positive number?

34



Lemma 2.2.16 Vi; 2 < i < k, we have h°(F, N;,.) > 1.

Proof. We have h°(F, Ny|,.) > tk(F;). So if h®(F, Nj|,.) = 1, then the only possibility is i = 1. In this case,
the degree is dy = g(F') — h'(F, N1 |,.). O

In the following theorem, we assume that rk F > 2.

Theorem 2.2.17 Let f : S — C be a fibered surface with general fiber F', and D a relatively effective divisor

on S. Consider the Harder-Narasimhan filtration (F;) of F C f.Og(D) such that rk F > 2. Define:

. 1 if hO(F, Nyj,) > 1
S(p,rF) =
2 otherwise
and
g(F)
=14
fp + hO(F,Dy,.) —1

Then, the following result hold:

(1). If ﬁ(Df) = —o0, then N, is nonspecial Vi;1 < i < k, and

|F

dy, diy1
<— < . < —
fp < RO(Nkjp) =1 7 7 hO(Nigq),) —1 7
d; < < d§<D,f>
Ny ) =17 S WO(Na ) =1
7’|F S(D’]:)‘F
(2). Otherwise:
8 di dit1
- hO(Nk‘F)—l h (Ni-i-l\F)_l -
d’i d’ﬁ<D’}—)—|—1
h (NZ‘F) — 1~ ) (Nﬁ(D,f)+1|F) —1
- Vz7§(D7;) S 1 S TAL(DJ:).'
d;
> 2.
hO(Nij) — 1
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Proof. For (1), if i p,r) = —oo, then by definition of n(p r), Ny, is nonspecial Vi; 1 < i < k. Thus, by

applying the Riemann-Roch formula:
hO(Nijp) = di + 1 — g(F).
Since
hO(Ni—',-l‘F) = hO(NuF) +diy1 — d;,
it follows that Vi, §(D7;) <i<k-1:

di-i—l di + di+1 - di di
g = 0 S 0 *
WO(Nigrp,) =1 hO(Nij,) +digr —di =1 = hO(Njj,) — 1

Moreover, D|  Is nonspecial, and then by the Riemann-Roch formula we have
h'(F,Dy,) = D.F +1— g(F).

Thus,
K(F,Dy,.) = h°(F,N;.) + D.F — d;, Vi;1 <i <k

Then, we deduce the desired lower bound:

d; g(F) A .
_ > 1 _— : <1< k.
WNy,) 17w D,y 1 e SR

This proves (1).

~

For (2), if i(p,F)+1 < i < k, thenargueasin (1). Suppose now that N;,. is special, thatis S p ry < i < 7.

lr

Then by Clifford Theorem (2), we have
d; > 2(h°(Nyj,) — 1)

which implies

A
hO(NNF) -1 =7

Remark 2.2.18 If we compare Proposition 2.2.9 and Theorem 2.2.17, then we deduce that Vi; §( pr) <1<
k:

d, > dj—1 > ... > dg > 1.
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2.3 Slope inequalities

Now, we are ready to present the technical lemma in the method, we called it the Modified Xiao Lemma.

Note that it is a more general form of Xiao (108, Lemma 2).

Lemma 2.3.1 (Modified Xiao Lemma) Let f . S — C be a fibered surface with F its general fiber, Dbea

divisor on § and suppose that there exist a sequence of effective divisors:

2122y > .2 2,

and a sequence of rational numbers:
H1 2 2 2 e 2 Ay

such that for every i € {1, ..., j}, we have

Ni=D 2 — uiF

are nef Q-divisors. Then,

j—1
~ 2 ~

D™ > (di + dig1) (i — pigr) + 2D.Z5 — 22 + 2p5d;,
1

i

where d; = N;.F.

Proof. First, observe that Nf > 0 by nefness. However,
NE = Ni(Nic1 + (Zim1 — 2) + (i1 — i) F)

> Ni(Nie1 + (pi—1 — ) F)
= Nic1 4+ (Zic1 = Zi) + (i1 — pa) F)Niz1 + (pim1 — ) F)
> NPy A+ (i1 — i) 2N F + (Zi1 — 2)F)
= N2+ (i1 — ) (di1 + ).

So, by induction we have
-1

NZ > ) (di + dign) (i — pisr)-
1

<.

%
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Hence,

j—1
(D= Zj — piF)* > ) (di + dig1) (i — pis1)-
1

7

But,
(D — 2 — wiF)* = (D - 2)* = 2u5(D — Z;)F
— D’ —2D.2; + 22 — 2u;d;.
Thus,
~ 9 i1 N
D™ > (di + di) (i — pis1) +2D. 25 — Z7 + 2p5d;.
=1

Remark 2.3.2 The term 215.Zj - ZJ2 + 2u;d; describes the negativity of D.

Example 2.3.3 In the setting of Lemma 2.3.1, suppose that j = k, D is nef, and pi > 0. Set Z, 1 = 0and

tr+1 = 0. Then apply Lemma 2.3.1to the sequence of effective divisors:
212202 .2 241 =0,

and a sequence of rational numbers:

So, we conclude the original result of Xiao (108, Lemma 2):

k
Z (di + di1) (i — pis1)-

Prior to stating the main results, we apply Lemma 2.3.1 to the datum (D, F) where F C f.Og(D). Let
(Fi)o<i<k be the Harder-Narasimhan filtration of F, and (Z;, M;, N;)1<i<k be the triple of fixed parts,
moving parts, and the Miyaoka divisors respectively (Definition 2.2.4). Then, we deduce the following in-

equalities.

Theorem 2.3.4 Let f : S — C be a fibered surface with general fiber F'. Consider the datum (D, F) where
D is a relatively effective divisor on S and F C f.Og(D) is a locally free sub-sheaf on C' with rk F > 2.

Then we have the following three cases:
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(1) lfTAL(DVJ:) = —0Q, then

D? > 2Bpdeg F — Bpu1 + (Bp — 2Bpry + 2dy )y + 2¢*D.Zy, — Z7.

(2) IfTAL(DVJ:) = k, then

D? > 4deg F — 21 + 2(1 — 2y + dp) g + 2¢*D.Z), — Z3.

(3). If1 < ﬁ(D,]—') < k, then

Ap.ry—1 k-1
D* >4 Z ri(ps — piy1) +268p Z (s — fiv1)
i=1 i=A(p, ) +1

_2(/-1'1 - ﬂmD,;)-H) - /BD(Mﬁ(D7I>+1 - :uk) + (BD + 2)7471(1)7]:) (Mﬁ(D7f) - MTAL(D_,]:)JF]-)
+2¢*D.Z}, — Z]% + 2updp.

Here € is constructed as in Proposition 2.2.3 and Sp is as in Theorem 2.2.17.

Proof. Recall that }’ = foe: S — C'isa fibered surface with F its general fiber and D := €*D is a relatively
effective divisor on S. Consider (Fi)o<i<k the Harder-Narasimhan filtration of F, let (p11,. .., py) be the
sequence of slopes and (Z;, M;, N;)1<i<y, the triple of fixed parts, moving parts, and the Miyaoka divisors

respectively, recall also that D=2+ M;,Vi;1 <1<k, and
W2 Zy > 2 2y 20,

H1 > e > > .

Therefore, N; are Q-nef divisors on § where d; = N;.F. Now, by Lemma 2.3.1, we have the following

inequality:

e

-1

.2 .

D > (di + div1) (i — piv1) +2D.Zy — Zg + 2updp. (2.1)
1

<.
Il

~ . 2
Recall that € : S — S is a proper birational morphism, hence D~ = D?. By Theorem 2.2.17, we have the

following natural three cases:

(1). If i(p,F) = —0o0, then Ni‘F is nonspecial Vi; 1 < i < k, and

di > Bp(h°(Ni,) — 1) > Bp(ri — 1).
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The right hand side inequality follows from Lemma 2.2.8, where r; = rk(F;),Vi; 1 < i < k, we also

recall thatr;y1 > r; —1,Vi; 1 < < k — 1, hence

di+1 > Bpri.

We substitule all these information into (2.1):

k-1
D* >28p Y ri(ui — p1) — Bo(p1 — k) + 267 D2, — Z + 2updy.
i=1

By Lemma 2.2.2, we deduce the desired inequality:

D? > 28pdeg F — Bpui + (Bp — 2Bpry + 2dy )y + 26" D. 2y, — Z2.

(2). Ifﬁ(Df) =k, then Ni|F is special Vi;1 < i < k and
di > 2(h°(Nij,) — 1) > 2(r; — 1),

however

dig1 > 2m;.

This implies

D? > 4deg F — 2y + 2(1 — 2y + dp) i + 26*D.Z), — Z2.
(3) If1 < fL(D”]:) < k, then
Visigpr +1<i<k, di>Bp(h°(Ny,)—1) = Bp(ri — 1),

and

Vis1 <i<dpr), di>2h"(Nyj,)—1)>2(r; —1).

So, we decompose the right hand side of (2.1) into three parts:

p,F)—1 k—1
D> Y (di+div) (s — i)+ Y, (di+din) (i — piga)
=1 i:ﬁ(D,}‘)"Fl

+(dTAL(D,]:) + dﬁ(D,]_—)+1)(ﬂfL(D7]__) - /’Lﬁ,(D’]:)#»l)

+2D.Z), — Z% + 2up.dy..

Which implies
(p,F)—1 k—1
D*>4 Y rilpi—pin)+260 Y il — pir)
i=1 i=ip,F)+1
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—Q(Ml - /jJﬁ(D,]:)) - BD(M’?L(D,]:)-FI - Mkﬁ) + (ﬁD + 2)Tﬁ(D,]:) (,Lbﬁ(D’]_j - :U’ﬁ(D,]:)-i-l)
+2E.Zk — Zl? + 2updy,
since

divipry = 2Tipry — 1) and dp o, 211 = Bp(Tagy #+1 — 1) = Bo(rag, 5)-

Remark 2.3.5 The lower bound that we obtain for D? in Theorem 2.3.4 for 1 < ﬁ( D,F) < k is given by a

sum of three parts. The first part,

4y il — piv)
i=1

describes the effect of special Miyaoka divisors. The second part,
k—1

28p Y ri(pi— pir1)

explains the impact of the nonspecial Miyaoka divisors in the sequence (N;)1<;<r. The third part is a tran-

sition from special to nonspecial Miyaoka divisors. In general, we could give a lower bound for D? by

ddeg Fp p, ), 2Bpdeg F/Fp

(D,F)
and other terms, but to formulate the slope inequality for the datum (D, F), it turns out that we should
first start by taking min(2, 3p) and write, for instance,
d; > min(2, Bp)(r; — 1).
Following this set-up, we will obtain in the next corollary a lower bound for D? by
2min(2, Bp) deg F

and other terms that we will explore in the upcoming paragraphs.

Definition 2.3.6 Let f : S — C be a fibered surface, F' its general fiber. Consider the datum (D, F) as
before, where D is a relatively effective divisor on S and F C f.Og(D) withrk F > 2. Then we define the
following number:
Bp if pF)=—0o0
apF) =4 2 if vpF) =k

Hlin(Q,ﬁD) If 1 S ﬁ(D,]—') < k‘
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Corollary 2.3.7 Let f : S — C be a fibered surface with general fiber F'. Consider the datum (D, F) where

D is a relatively effective divisor on S and F C f,Og(D) is a locally free sub-sheaf on C.

(1). Iftk F > 2, then
D? > 20‘(D,]—') deg F — o(p.FyH1 + (Oé(D,]:) — 204(D7}')7“k + 2dy ) g + 26" D.Zy, — Zl%'
Again, here ¢ is constructed as in Proposition 2.2.3.

(2). Else, if tk F = 1, then
D? > 2dy deg F + 2¢*D.Zy — Z3.

Proof. First, assuming that rk 7 > 2, for the cases ﬁ( D,F) = —09, k, the inequality is proved in Theorem

2.3.4.

We only need to prove the case 1 < ﬁ( D,F) < k. By Theorem 2.2.17 and Lemma 2.2.8, we have
di > ap r)(hO(Nij,) — 1) Vis1 <i <k

Putting this last inequality into inequality (2.1), we obtain:

N

-1

D? > 2a(p ) Y rilpi — piv1) — oo Fy(pa — i) + 26 D.Zy, — ZF + 2updy.
=1

By Lemma 2.2.2, we deduce the desired inequality:
D? > 20p Fy deg F — a(p ryi + (p,F) — 20¢p FyTk + 2di) i + 26 D.Zy — Zj.
Now, if tk F = 1, then F is a locally free sheaf of rank 1, k = 1, and p = .. Therefore,
RO(Nyp) =r1 =1, dp =dy = g(F) — h'(Ny),.).

By the inequality (2.1), which is a consequence of Lemma 2.3.1 and does not require the assumption that F
has rank at least 2, we have

D? > 2dy deg F + 2¢*D.Zy — Z3.
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Remark 2.3.8 If F is a semi-stable locally free sheaf, then by Corollary 2.3.7, we have the following inequal-
ity:

d
D?>2"  deg F + 2¢*D. 2, — 73
1

Now, the goal is to discuss the first point in Corollary 2.3.7 with respect to p1 and u. Without loss of

generality, we assume that F is not a semi-stable locally free sheaf in the next theorem.

Theorem 2.3.9 Let f : S — C be a fibered surface. Consider the datum (D, F), where D is a relatively
effective divisor and F C f,Og(D) is a locally free sub-sheaf on C. Assume that F is not semi-stable. Here,

we set:
max{i],ui Z 0} if M1 Z 0

{p.F) = ,
—00 otherwise.

(1) lft(D,]:) =1, then

2d 2d
D?> ZLdeg Fy +26°D. 7y — 72 > “L deg F + 2¢*D. 2y — Z2.
1 1

(2) Ifl< t(D,]—‘) < k, then

D> 29D Fup, ) i0.7)
ip, )+ UDFi )

deg Fi p, -, +26*D.Zs ), 5, — Zf(

D,F)

2a(D"7:t(D,]-'))dt(Dv]:)

> deg F +2¢*D.Z;, . — Z2 .
dip 5 + D Fip ) o e

(3) If t(D,]:) = —00, set:

22,7k
—a(p,F) 20D, F)rk—dk

C ) l.fOé(DJ:) - 204(D7]:)Tk’ + Qdk <0
(D,F) -—
3a(p,F) + 2dy — 2a(p 1y otherwise.

Then
D? > C(p,r).deg F + 26" D.Z), — Zj.

In addition, if d;, = a(p,F) (ri — 1), then we have the following inequality which is independent oft(Df):

2d
D? > 2k Qeg F 4+ 2¢*D.2), — Z2.
Tk
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Proof. We recall that (F;)1<;<y is the sequence of Harder-Narasimhan filtration of F. If we take an integer

m such that 1 < m < k, then (F;)i1<i<m is the sequence of Harder-Narasimhan filtration of F,,. By

Corollary 2.3.7, we have the following inequality for the datum (D, F,,,) such that rk(F,,) > 2:

D2

(1).

(2).

(3).

> 204(D’]:m) deg F,, — QD Fp) M1 + (a(D,]—'m) — 20‘(D,]—'m)rm + 2dm)ﬂm +2¢*D.Z,, — Z?%z' (2.2)

If tp,F) =1, we have 1 > 0 and starting from ¢ = 2, u; < 0. Thus, we apply Remark 2.3.8 for Fi:

2d 2d
D*> Zldeg Fy +26°D. 7y — 72 > L deg F + 2¢*D. 2y — Z2.
1 1
Ift(p,F) > 1, wehave uy, ... sHtp 7 2 0. Therefore, by considering that

a(D:}—t(D,]:)) B 2a(D7]:t(D’]:))Tt(D7}-) + 2dt(DvF) Z _a(D’}—t(D,}_))’

and using inequality (2.2), we deduce the following inequality for m = t(p r):

2 * 2
D* > QQ(D,}}(D’}-)) deg ‘Ft(D,]-‘) — a(D,]'—QD’}-))(Ml + ,u,t(D’]__)) + 2e D-Zt(D,]:) - Zt(D,]-‘)' (2.3)
Now, we apply Lemma 2.3.1 to the sequences { Z1, thﬂ} and {p1, It 7 }. Thus,

D? > dy 5 (11 + bt 7)) + (i1 = piap ) + 26D 2y, 5 = Z, (2.4)

YD, 7"

Since dy (1 — Nt(D,f)) > 0, and by Remark 2.2.18, we have d; ,, .., > 1. Then we can divide by dy ,, .,
thus the following inequality follows:
YD Fep ) YD, Fip 7)) ®(D,F

* (Dyf)) 2
€D.Zyy ) —— 77

D?42 )
) dt(D - t(p,F)

dt(D,f) dt(Df)

7OZ(D7]:i(D7]:))('U/1+'th(D,.7:)) 2

Combining this last inequality and the inequality (2.3), we deduce the desired result:

D2 > 2a(D’ft<Df>)dt<va>
diip 7y + YD, Fep 7))

deg Fi pp 5, + 26D Zyp, 4 — 7?7

D,F) t(p,7)

2a(D’}—t(D,]-'))dt(Dv]:)

> deg F +2¢*D.Z;, . — Z2 .
dip 7y + AD.Fip 1) (D,F) (D.F)

If t(p,F) = —00, SO both pi1, py, < 0. By the fact that
a(DJ—') — 20&(D7]:)7"k + Qdk Z _a(D,]-')’

we conclude that

(a(D,]-—) — 20((D7]:)Tk + Qdk)ul < —a(D,}-),ul.
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We replace this last inequality in (2.2) for the datum (D, F), thus
D? > 204(137;) deg F + (CK(DJ:) — QO‘(D,}')rk + 2di) (g + ) +2€°D. 2y, — le.

We set

A= ap,F) — 20p,F)rk + 2dy.

To obtain the desired result, we discuss the above inequality depending on whether A < 0or A > 0.
(a). If A <0, then we apply Lemma 2.3.1to the sequences {Z, Z.} and {1, i }:
D? > dp(p1 + px) + 26" D. 2y, — Z2. (2.5)

Combining the two last inequalities above, we deduce

20, F) dx
—a(p,F) + 20p,F) Tk — di

DQ

v

deg F +2¢*D.Z), — Z7.
(b). If A > 0, we note that
deg F' < py + g

Then,
D? > (3ap,r) + 2di — 20p, yri) deg F + 2¢*D. 2y — Zj.

Now, we prove the last point of the theorem. If d;, = (D, F) (ri — 1), we apply inequality (2.2) for m = k:

D? > 204(D,]:) deg F — oD, F) (1 + p) + 26" D.Zy, — Z;%.

Combining this last inequality and inequality (2.5), we deduce the desired result:

2d
D? > 2t Qeg F 4+ 2¢*D.2), — Z2.
Tk

Proposition 2.3.10 Let f : S — C be a fibered surface, and let D be a relatively effective and relatively nef

divisor on S. Consider the datum (D, f.Og(D)). Then the following number is nonnegative:

e€D.Z;, > 0.
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Proof. We recall that Z, = €*Zr,_+ E, where Z, is the fixed part of |D + f*A| and A is a sufficiently very
ample divisor on C'. Thus, Zr, is an effective divisor supported on fibers. By assumption, D is relatively nef,

then we conclude the desired nonnegativity:

€D.Zy =€e¢'D("Zr, + E)=¢"D.€Zy, = D.Zr,_ > 0.

Proposition 2.3.11 Let f : S — C be a fibered surface and D be a relatively effective divisor. Consider the

datum (D, f.Og(D)). Then Z% < 0.

Proof. Our aim is to prove that Z% < (. By contradiction, we assume that Z2 > 0. Then by the Hodge
T Tk

index theorem, either

lim h'(nZz,) = +oo or lim h’(Kg —nZz,) = +oc.
n—,oo

n—oo

However, the divisor Kg — nZr, is never effective if Z z, is not zero and n > 0. Thus, the only possibility is

lim h°(nZr,) = +oo.

n—oo

This contradicts the fact that Zz, is not movable. Therefore, we deduce Z%k < 0. Consequently, by the
definition of Z:
Zy=€ZF, + E,

we conclude the nonpositivity of Z2; in other words, Z,% <0. O

Corollary 2.3.12 Let f : S — C' be a fibered surface and D be a relatively effective and relatively nef divisor

on S. Consider the datum (D, f.Og(D)).

(1). If f.Os(D) is semi-stable, then:

D.F
D* > 2}10(}771?‘) deg f+Os(D).
» Ml

(2). If f.Os(D) is not semi-stable, we have the following cases:
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(a). Ift(p,f.05(D)) = k: D is nef and

9 D.F
p? > 20wrosonPE e oy,
D.F + op,1.05(D))

(b Ift(p s.05(p)) = L:
2
D? > % deg f.O05(D) + 2¢*D.Z, — Z3.
1
(c). If1 < t(D,f*OS(D)) < k:

2
D2 > a(Dy}—t(Daf*(’)S(D»)dt<D’f*OS<D))
Utp so050) T UDFip, g.05(0))

deg f+Os(D) + 26*D'Zt(D,f*OS(D)) — th(D,f*(’)S(D))'
(d) lft(D,f*Os(D)) = —OQ:
D2 Z C(D,f*OS(D))' deg f*Os(D)

In addition, if D.I" = a(D,f*OS(D))(hO(F, Dy,.) — 1), then independently of tp t.04(p)) we have:

D.F

2————deg f.Og(D).

D2
RO(F, Dy,.)

Y

Proof. First, if f.Og(D) is semi-stable, then by Remark 2.3.8 we have:
d
D? > 21 deg f.05(D) + 26*D. 7, — Z2.
1
Since 2¢* D.Z1—Z3? > 0 by Proposition 2.3.10 and Proposition 2.3.11, where d; = D.F andry = rk(f,Og(D)) =
h°(F, D,,.), we deduce the desired inequality:

p2>o DL

= 210(F, D) deg f.Og(D).

Now, if f.Og (D) is not semi-stable, then we apply Theorem 2.3.9 and we have the following cases:

(a). Ift(p,s.0s(p)) = k:

D’ 20¢p, 1.04(D))dk
dr + (D, 1,04(D))

deg f.O5(D) + 2¢*D.Z), — Z2.

(b). Ift(p,1.05(5) = 1

2d
D? > “Ldeg £,05(D) + 26*D. 2, — Z2.
T
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(c). If1 < t(D,f*(’)S(D)) < k:

D2 > QOZ(D’ft(D,f*Os(D»)dt(D’-f*Os(D))
dp poogmpy T UDFp,j.045(0))

deg f,Os(D) + QG*D'ZRDJ*OS(D)) - Z;

YD, f+0g(D))"

(d) ’ft(D7f*(95(D)) = —0OQ!

D?* > C(p..05(p))-deg fsOs(D) + 26*D.Zy, — Zj.

By Proposition 2.3.10 and Proposition 2.3.11, we have that 2¢*D.Z;, — Zl% > 0. Furthermore, d;, = D.F. So

we deduce the desired result:

* Ift(p,t.05(p)) = k., equivalently . > 0, then we have

QOéD @) (D))DF
D? > (D.}+Os deg f+Og(D).
D.F+ ap,1.05(D)) (

* Ift(p,1.05(p)) = —00, itis equivalent to p; < 0. Then

D? > C(p 1,04(p))- deg f.Os(D).

Also, if ux > 0, then f,Og (D) is nef on C, so My, is nef on S. Since
D= Zy + My,

Z 7, is supported in the fibers, and by assumption D is relatively nef, thus we deduce that D is nef. O

Remark 2.3.13 In general, if D is nef, we do not necessarily have i, > 0.

Example 2.3.14 In (102, Theorem 5), the authors proved that if D is a relatively nef divisor on S such that

D| » is generated by global sections on a general fiber F' of f, D‘ » Is a special divisor on F', and

2h°(F,D,,) — D.F —1 >0, (P)
then
D.F
D? > 2-————deg f.Os(D).
= 2550F. D)) eg f+O0s(D)
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First, we remark that the condition (P) is equivalent to
2h°(F,D|,) — D.F — 1 =1,
since by Clifford’s Theorem:
D.F > 2(h°(F,Dy,) — 1).

Thus, we can assume D| » has a section and is not necessarily generated by global sections since we can
always eliminate the horizontal fixed part of D. By Corollary 2.3.12, we see that whether D) is special or

nonspecial, we proved the same inequality:

D.F
D?>2 " deg £,05(D),
W(F, D))

if the following more general condition holds:

D.F = a(D,f*OS(D))(h()(FvD\F) — 1) (Q)

Theorem 2.3.15 let f : S — C be a fibered surface and F' its general fiber. If D is a relatively effective and

relatively nef divisor, D). is nonspecial with h°(F, D,,.) > g, then

D?>2

2 m deg f.Os(D).

Proof. By assumption, D),. is nonspecial and hO(F, Dy,.) > g. Thus, we have Bp < 2and a(p 5,04(D)) =

Bp. Then the condition (Q) is satisfied:
D.F = op 1,040y (h°(F, D},) = 1).

Finally, the desired inequality follows from Example 2.3.14. O

Proposition 2.3.16 Let f : S — C be a fibered surface and D be a nef divisor on S. Consider the datum
(D,.F) Then, lft(D’]:) 2 1:
2¢*D.Z; — Z7 > 0, Vis1<i < tp 7).

Proof. Recall that e*D = M; + Z;, thus 2¢*D.Z; — ZZ-2 = (e*D + M;)Z;. However, M; and €* D are nef,

Vi;1 <1< t(p,F)- So, we deduce the nonnegativity of 2¢*D.Z; — Zf. O
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Corollary 2.3.17 (Compare with (97, Theorem 3.20)) Let f : S — C be a fibered surface and D be a nef
divisor on S. Consider the datum (D, F) where F C f,Og(D). Then

(1). If F is semi-stable or tp,F) =1, then

d d
D? > 21 deg F1 > 2—1deg}".
1 T1

(2) Ifl< t(D,]:) < k, then

D2 > 2O[(D’]:t(D,f))dt(llf) deg F, > 2a(D’ft(D,f))dt(D,f) deg F
dt<D,f) + D Fip 7)) o dt(D,F> + D Fi(p 7))
Proof. Apply Proposition 2.3.16 and Theorem 2.3.9. O

2.4 Examples and applications

Example 2.4.1 Let D = K/ be the relative canonical divisor of a fibered surface f: S — C with g(F) >

2. Thus, by (41), f.wsg/c is a nef vector bundle on C. Also, = ksince D|,. = K is a special

Kg/o,frws/c)

divisor on F'. This implies o ) = 2. We also have t( )y = k, where k is the length of

Ks/of+ws/c Kg/co,f[+ws/c

the Harder-Narasimhan filtration of f.wg,c, and d, = 2g — 2 where g = g(F'). Then, by Remark 2.3.8 and

Theorem 2.3.9, we have:
2 g—1 * 2

Recall that
26" Kg)0. 2, — Zj = 2Kg)0. 25, — 27, — E2,

where I is the exceptional divisor of ¢ (Proposition 2.2.3). Here Fj, = F = f*ws/c. In (?, Example 2.1), the

authors considered the case where f is a relatively minimal nodal fibration. They calculate the term
2Kg/c. 25, — 2%, — E°,
and prove that if n > 1 is the total number of disconnecting nodes contained in the fibres, we have
2Kg/c. 25, — 25, — E*> > n.

Therefore,

-1
Kg‘/C > 497 deg f*ws/c + n.
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This implies if f is relatively minimal and

Ko = 47 deg fawgsc

then f is never a relatively minimal nodal fibration with at least 1 disconnected node.

Furthermore, we remark that if f is relatively minimal, then by Corollary 2.3.12, K 4 /C is nef and therefore
2Kg)c.ZF, — 2%, — E* > 0.
Moreover, to have

Ko = A deg fawsyc,

it must be that
2Kg)c.Z5, — 2%, — E* = 0.

Then |Kg o+ f *O(A)| has no fixed part and is base point free for a sufficiently ample divisor on C.

In general, if f is relatively minimal, we always have the original Xiao’s result (108):

g —
KS/C > 45— deg f*wg/c

Example 2.4.2 Let D = mKg,c be the relative pluricanonical divisor of a fibered surface f: S — C, with
g=g(F)>2,and m > 2. Itis well known that few® S/C is a nef vector bundle on C, see (105, Theorem 1.3)

for instance. If K s,c is relatively nef, then by Corollary 2.3.12, we have the following cases:

o If fLw® S/C is semi-stable:
m*Kc > o1 m T deg fwge,
since
tk(fuwd) = (2m—1)(g - 1).
Therefore,
K3o > m(%i_l) deg f.wg) -
o If f*w 5/ is not semi-stable, then using the fact that m K r is a nonspecial divisor, we see that

~

n m
(mKS/Cvf*w?/c

)<k,
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and

=1+ g
YmKs/oofaw§E) hO(F,mKp) —1’
since
RO (F,mKp) >
Moreover,
bmksjotewn) =P
because f,w&™ S/ is a nef vector bundle on C. Then,
2a d
(mKS/Cvf*ws/c) k @m
m°Kgc > dr + o deg f*wS/C.

mKS/C:f*wS/c)
Recall that dj, = 2m(g — 1) and h°(F, mKf) = (2m — 1)(g — 1), thus

2 dk

4
m(2m — 1)

(mKS/c:f*w?/%)
m2(di + «

(K sy, fw2m)
Therefore,

4
2
Ksjo 2 i —) doB Fssie:

In this computations, we see that whether f,w% wg /C is semi-stable or not, we have the same lower bound.
The reason is that

dk = rk‘ - 1)v

YKo fawZm) -
as explained in the last item of Corollary 2.3.12. However, in general, for datum (D, F) where F C f.Og(D),

the constant m%)k is different from Qd’“ because the inequality d;. > Q(p,F) (rg — 1) can well happen.

Example 2.4.3 Now, let f : S — C be a fibered surface and F its general fiber with g(F') > 2. We take
D = Kg/c + L such that L is nef and relatively big with L.F' > 1. We know that f.Os(D) is a nef vector
bundle on C with

rk(£.05(D)) =g — 1+ L.F #0.

If D is a relatively nef divisor, then by Corollary 2.3.12, we have the following lower bound for (K g /c+ L)Q:

-1
(Ks/o+L)* >2 (1 + g—glJrLF> deg f«(ws/c ® O(L)),
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because we know the following information for the datum (D, f.Og(D)):

i g
di = (p..0s(p) Tk = 1)s A r05) < kv Ap.p0s0) =1+ 5 T

also the quantity ¢ p r, 04 (py) is maximal, this means t(p r, o4 (p)) = k-

Example 2.4.4 We give a trivial example in which we can see that t(D,f.05(D)) = —00 can happen. Let
f 8 — C bea fibered surface and F its general fiber with g(F') = 2. Assume that K¢ is a nef divisor
and the second Fujita decomposition (Theorem 0.0.2) of f*ws/c is not trivial. Then there exists an ample

line bundle A on C and a flat line bundle U such that
f*wS/C =AdU.

Now, let D = Kg/c + f*M for a sufficiently negative divisor M on C' such that deg(A @ O(M)) < 0. In
this case, D is a relatively nef divisor on S such that D, =Kp and the bundle f,Og(D) decomposes into

two parts:

f+O0s(D) =A@ MU M.

The Harder-Narasimhan filtration of f.Og (D) is the following:
0C A®M C f.0s5(D).

We consider the datum (D, f.Og(D)). Since D|,, = K, we see that D), is special, i p r,04(D)) = 2,
and a(p 5,04(p)) = 2- Since g(F) = 2, then we have dy = 2. Also, clearly, we have t (p r,04(p)) = —©.

Applying Corollary 2.3.12, we deduce the following inequality:
D? > C(p,1.04(p)) deg fOs(D).
We know that C'(p t,04(D)) = 2, so we replace C(p r,04(p)) by 2 in the above inequality:
D? > 2deg f,0s(D).

Additionally, we remark that d;, = (D, 1,05(D)) (rg — 1). Thus, again by Corollary 2.3.12 or Example 2.3.14,

we deduce the same lower bound.

Proposition 2.4.5 Let f : S — C be a fibered surface and F its general fiber with g(F') > 2. Then
2 2 om
K§)c = mm —1) (deg frwg e —deg f*ws/c> , Vm > 2.
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Remark 2.4.6 In the setting of Proposition 2.4.5, in particular:

K?‘?/C = deg f*wg/zc — deg fiwg/c-

Proof. Recall that if S — C'is a fibered surface, then for any line bundle L = Og(L) on S, we have the
following Grothendieck-Riemann-Roch formula (2, page 333):

L(L - Kg/c)

deg L = deg f.L — degR' f. L = 5

+ deg fiwsg /C+
In particular, we apply the above formula to the relative pluricanonical bundle w?/%, thus we obtain

®@m 1 ®@m m(m B 1)K§/C
deg f*ws/c —degR f*ws/c = 5 + deg fiwg/c-

But R! f*w?/’g = 0 because R' f*wg?/’g is known to be torsion free and

kR fuwfr = W (F,w§™) = BO(F,wi" ™) =0,

since g(F") > 2 by assumption. Thus, we obtain the desired formula:

2
2 _ Q@m
K510 = =) (1085457 — dog fassyc) , om 22

Remark 2.4.7 Using Noether’s Formula, Xiao (108, Theorem 2) remarked that

K30 < 12deg fuwsc-

Proposition 2.4.8 Let f : S — C be a fibered surface and F its general fiber with g(F') > 2. Then

12
2 m
KS/C < —Gm(m 11 degf*ws/c, VYm > 2.

Proof. We recall that in Proposition 2.4.5, we proved that

2
2 ®
K30 = =1y (8 fise — des frssyo) . ¥m =2

which implies
m(m — 1)

2 Kg*/c = deg f*wg/né« —deg fiwg/c, Ym > 2.
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Thus,
m(m — 1)

5 Ko, Ym > 2. (2.6)

deg fuwg/c = deg f*w?/"é —
Now, by Remark 2.4.7, we have
Kg/(] < 12deg fuws/c-
Combining this inequality with equality (2.6), it follows that

m(m —1)

5 Kg/c> , Ym > 2,

Kg/c <12 (deg f*wg/% -
which implies
K2 < 12deg fawle — 6m(m — DKo, ¥m > 2.
Therefore,
(6m(m —1) + 1)K5c < 12deg fuwld, ¥m > 2,

which further simplifies to the desired inequality:

12
KQ @m
s/c = 6m(m —1)+1 deg f*ws/c’ vm 2 2.

Remark 2.4.9 If KZ ., > 0and g(F) > 2, then deg fuwg 5, > 0,Ym > 2.

Lemma 2.4.10 Let f : S — C be a fibered surface, I its general fiber with g(F') > 2, and F C f*w?%
with deg 7 > 0, m > 2. Then

6m
(6m(m —1)+1)(g —1)

deg f*w?/"é,

Proof. We consider the datum (mKg 105 F )and let F " be the maximal destabilizing vector sub-bundle of F.

We apply Lemma 2.3.1to the sequences { Z(F ),0} and (u(F),0). Then, we have

/

2
Ko > —(g=Du(F).

7

Here, Z(F') is the fixed part of the sub-bundle F and ji(F') = iig; . Since Fis the maximal destabilizing

vector sub-bundle of F, we have



Combining the last two inequalities and Proposition 2.4.8, we deduce the desired inequality:

6m

M) S G =1y + (g = 1) B s

Now, we state the First Fujita decomposition for the relative pluricanonical bundle and adjoint canonical

bundle in the case of a fibered surface.

Theorem 2.4.11 Let f : S — C be a fibered surface and F its general fiber, let L be a semi-ample line
bundle on S. Then

fuwgies = Nin ® OFF™, Ym > 2, and f,(wsjc ® L) = Np @ OF".

Here, H(C,N,Y) = 0and H°(C,N}) =

®(1—m)

Proof. Note p,, := h°(C (f*ws/c) ) = ho(C, le*w?/(c ™)y, since (f*ws/c) ~ R fow W) - We
take {s1, ..., sp,, } asa basis of H°(C, le*w?/%fm)) ~ Hom(Og¢, le*w?/% ™). Then s1 @ - -+ @ sp,,

defines a map:

51 @D sp,, : ngm — le*w?/%_m)
which yields the following short exact sequence:

0— OFF™ — le*ws/% m Q=0

where Q,,, is the quotient bundle. By duality, we have

0— QY — fuw fg;g—>0@pm—>o

We deduce from (49, Theorem 26.4) that the last exact sequence splits since the bundle f* ate M admits a
singular hermitian metric with semi-positive curvature and verifies the minimal extension property, see (49)

for more details. Hence, the first Fujita decomposition follows:

Here, N;,, = Q). and h°(C, Q,,) = 0.
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For the adjoint case, we note p;, := h°(C, (f.(ws/c ® L))"), the proof is the same as in the relative
pluricanonical case, since L admits a smooth hermitian metric h with semi-positive curvature and a trivial
multiplier ideal sheaf. Thus, f.(ws/c ® L) admits a singular hermitian metric with semi-positive curvature

and verifies the minimal extension property. O

In (73), the authors proved that the vector bundles f* w0 . and f, (ws/c ® L), where L is a semi-ample line
bundle on S, admit a Catanese-Fujita-Kawamata decomposition, Ym > 2. We state the result in the case

of fibered surfaces.

Theorem 2.4.12 (73, Theorem 2) Let f : S — C be a fibered surface and F its general fiber. Let L be a

semi-ample line bundle on S. Then,

few§ts = Am @ Un, Ym > 2, and fi(wg/c © L) = A, ® Ur.

Here, A,, and A, are ample vector sub-bundles of f* W0 ™ and f, (wS/C ® L) respectively, U, and Uy, are

hermitian flat vector sub-bundles of f,w® et & and f.(wg/c ® L) respectively.

In the following paragraphs, we derive some explicit consequences for the direct image of relative pluri-

canonical bundles.

Example 2.4.13 If f is not isotrivial, it is known that f*ws I is ample if not zero Ym > 2. This implies that
the trivial part in the First Fujita decomposition is zero, and the flat part in the Catanese-Fujita-Kawamata

decomposition is zero.

Example 2.4.14 If L is an ample line bundle on S, it is well known that f, (wS/C ® L) is an ample vector
bundle on C'. Equivalently, the trivial part in the First Fujita decomposition is zero, and the flat part in the

Catanese-Fujita-Kawamata decomposition is zero.

Recall an important result on the direct image of pluricanonical sheaf over a curve due to Viehweg (105,

Theorem 1.3) and (105, Proposition 4.6). We restrict ourselves to a fibered surface case.
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Proposition 2.4.15 Let f : S — C be a fibered surface and F be its general fiber. The following conditions

are equivalent:

(1). For all m > 2, the vector bundle f* S/C is ample if not zero.
(2). There exist some m > 1 such that f*ws e contains an ample sub-sheaf.

(3). There exist some m > 1 such that deg f,w ?/% > 0.

Moreover, if f is semi-stable, then the conditions (1), (2), and (3) are equivalent to

(4). fis not isotrivial.

Corollary 2.4.16 (Compare with (73, Corollary 5.2)) Let f : S — C be a fibered surface. Then, either

f*WS/c is ample, Vm > 2 when f*wS/C’ # 0, 0r f*ws/c is hermitian flat Ym > 2.

Proof. Apply Proposition 2.4.15 and Theorem 2.4.12. O

Remark 2.4.17 If f is semi-stable, then f,w® We/c " being hermitian flat Vm > 2 is equivalent to f being isotriv-

ial.

Remark 2.4.18 By Corollary 2.4.16, we observe that f*ws/c is ample Vm > 2 when f*wS/C # 0or f*wS/C
is hermitian flat Ym > 2. According to Proposition 2.4.15, if f.w? S/C is flat Vm > 2, then f.wg,c is flat.
Conversely, if f.w? S/C is ample Vm > 2, g(F) > 2, and Kg,c is nef, then f.wg,c is not flat by Example
2.4.2.

In this last paragraph, we will explore the relationship between deg f.wg,c and deg faw® wg /C in the case

where f,w? S/C is ample Ym > 2.

Corollary 2.4.19 Let f : S — C be a fibered surface and F' its general fiber with g(F') > 2. Then:

6mg
6m(m—1)+1)(g—1)

deg f*ws/c < ( deg f*wgfé, Vm > 2.
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In particular, if g > 6m(m — 1) + 1, then:

deg fiw Sm VYm > 2.

1
deg fiwg/c < p—— /C

Proof. Apply Lemma 2.4.10.

Example 2.4.20 If m = 2 and g > 13, then ; ( < 1, and

12¢g @2
If m = 3, then
18¢g
deg f*WS/C > W deg f* S/C

189

In particular, if g > 37, we deduce that 37 (g-1)

< §and

1
deg fuwg/c < 3 deg f*w?fc.

If m = 4, then

24g 4
deg f*WS/C < m deg f*wS/C'

Furthermore, if g > 73, then ( 1) <3 L and

1
deg fuwg/c < 3 deg f*w?;‘c.
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CHAPTER 3
XIAO’S CONJECTURE ON CANONICALLY FIBERED SURFACES

3.1 Proof of the conjecture if the base is an elliptic curve

To prove Conjecture 1.2.5, we may assume that such fibrations exist, and we will find contradictions.

Let f : S --» C be a canonically fibered general type surface of geometric genus P, and with general
fiber F' of g(F') = 5, by resolving the indeterminacy locus we can assume that f is regular and also Ky is

relatively nef since we can replace the surface S by one of its birational models.

By assumption the canonical bundle K g is composed with pencil, thus it decomposes as a sum of fixed part

N and a moving part M coming from the base, that is:
Ks=N+M=N+ f*D

such that
deg D = P;+¢g(C) — 1.

To prove the conjecture, it is enough to assume that
Kg=8'+V + f*D

with I is a section, V' is the vertical part of N, and deg D := P, + g(C) — 1 (see (29, Theorem 2.3)). We

know the following decomposition of f.wg:
fsws = Oc(D) @ F,
here F is a rank 4 vector bundle on C with h°(C, F) = 0. It implies that

@ +V)=0c®F®Oc(—D).

Remark 3.1.1 In case of C'is an elliptic curve, the sheaf F is a flat bundle of rank 4.

As mentioned in Section 1.2, for any nontrivial fibered surface f : S — C with general fiber I’ of genus

g := g(F), Xiao predicted a sharp upper bound for the relative irregularity



Specifically, he conjectured that q(f) < %1. However, this conjecture was disproved by Pirola (91) through

a series of counterexamples for g(F') = 4. The modified conjecture states that q(f) < % + 1 (Conjecture
1.1.5). This conjecture has been proven for g(F') < 5 (see (3)), except when the general fiber is trigonal with
g(F') = 5. Fortunately, this case was recently settled by Martin (80). In other words, it is now known that

for any nontrivial fibered surface f : S — C with general fiber F of genus g(F') = 5, we have ¢(f) < 3.

Theorem 3.1.2 There is no canonically fibered general type surface f : S — C with general fiber F' of

g(F)=5and g(C) = 1.

Proof. By contradiction, assume that there exists a canonically fibered surface f : S — C with general fiber

F of genus g(F') = 5and g(C) = 1. We know that
f*WS = OC(D) @fv

where D is ample on C with deg D = P,, and F is a unitary flat vector bundle of rank 4. We know that
f«wg is semi-ample. The flat part is decomposed as F = @ L;, where L; are torsion line bundles with finite
orders. This follows from the so-called Chen-Jiang decomposition (27), (72). Take an isogeny o : C - C
such that after this base change, the pullback of F becomes trivial; in other words, Fi=0*F = (’)24. This

base change is described by the following commutative diagram:

The pullback nontrivial fibered surface f: S — C with general fiber F of g(ﬁ) = b satisfies the following
= .

Here L is an ample line bundle on C and q(f) = 4. This is clearly a contradiction. g

3.2 Xiao’s conjecture if the base is CP!

In this section, we explain the method for addressing the open case of Conjecture 1.2.5. Note that this is a

joint work with Chen and Grieve. First, we announce the following Proposition.
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Proposition 3.2.1 Let C' be a smooth projective curve of genus 5, If there exists a point p € C' such that

Oc(8p) = K¢, then h°(O¢(3p)) = 1 and h°(O¢(5p)) = 2.

Proof. If C' is nontrigonal, then by definition h°(O¢(3p)) = 1. So without loss of generality, we can assume
that C'is trigonal. If h%(Oc(3p)) > 1, then |Oc(3p)| is the unique g3 on C. Since C'is not hyperelliptic, C

can be canonically embedded into P* as C — P* with a hyperplane A C P* satisfying A.C' = 8p.

The base locus of | I¢(2)| is a rational normal scroll R C P4, We know that C C R = TFy is a smooth curve
in|3A + 5F|, where A and F are the effective generators of Pic(R) with A2 = —1, F?2 = 0 and AF = 1.
AndANR=D e |A+2F|

Since O¢(3p) is the unique g3, Oc(3p) = Oc(F). So there exists a curve in | F|, which we still denote by
F, such that F.C' = 3p on R. On the other hand, D.C = 8pon R.

Suppose that D = Dy + Dy, where Dy € |A + mF)| is irreducible for some 0 < m < 2. Then

F.C = 3p.

D1 and F' meet transversely at p, and

C'is smooth at p.

This is clearly impossible. So h®(O¢(3p)) = 1.

It follows by an easy application of Riemann-Roch Theorem on curves that h°(O¢(5p)) = 2. O

Remark 3.2.2 We inform the reader that the proof of Proposition 3.2.1is due to Xi Chen in a private com-

munication.

Recall thatfor f : S — C acanonically fibered general type surface of geometric genus P, and with general
fiber I of g(F') = 5, we have
Kg=8I'+V + f*D
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Theorem 3.2.3 Let f : S — C' be a canonically fibered surface with nonhyperelliptic general fiber F' of
g(F) =5, and
Kg=8T'+V + f*D.

Then

1. If h°(OFr(4p)) = 1, then we have the following commutative diagram:

S - > ]PC(f*(5F>)
[ (31)
C

¢ is a rational map regular on the general fiber F' and Pc( f.(5I")) is a ruled surface.

2. If h%(Op(4p)) = 2, then we have the following commutative diagram:

S -2 Po(f.(4D))
lp,« (3.2)

C

in this case ¢ also is a rational map regular on the general fiber F' and Pc( f«(41)) is a ruled surface.

Herep :=T.F

Proof. The proof easily follows by Proposition 3.2.1. O

Remark 3.2.4 We guess that in Proposition 3.2.3, the map ¢ should be regular. So, we state the following

conjecture.

Conjecture 3.2.5 Let f : S — C be a canonically fibered surface with nonhyperelliptic general fiber F' of
g(F) =5, and
Kg=8'+V + f*D.

Then
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1. If h%(Op(4p)) = 1, then the map ¢ : S --» Pc(f.(5T)) defined by the linear system |5T + f* A| for

a sufficiently ample divisor A is regular.

2. If h°(Or(4p)) = 2, thenthe map ¢ : S --» Po(f.(4T")) defined by the linear system |AT" + f* A| for

a sufficiently ample divisor A is regular.

As we mentioned in the introduction, we settle Conjecture 3.2.5 in the joint paper with Chen and Grieve
(10). Thus, we present the method to completely prove Xiao’s Conjecture 1.2.5. This provides another proof

of Chen’s result (29).

Theorem 3.2.6 Let f : S — C be a canonically fibered surface with geometric genus Py, and nonhyperel-

liptic general fiber F with g(F") = 5, and

Kg=8T+V + f*D.

1. If h%(Op(4p)) = 1, then

2. If h°(Or(4p)) = 2, then

Proof. It is sufficient to prove the first case, as the proof of the second follows exactly the same steps. Let us

assume that h°(Or(4p)) = 1. Thus, we have the following diagram:

S —2 Po(f.(51))
| (3.3)
C

f

with ¢ is a generically finite morphism of degree 5. We define the section T' := ¢(I"). Then 5" = ¢*(T')

(because p = T, is the total ramification point of ¢, ..), and of course
|F |F

1
2= gT2. (3.4)

We define the divisor R := T + pr* D (recall that deg D := Oc (P, + g(C) — 1)). Then T is the fixed part
of |[R| and
RO (Pc(f.(5T)), R) = h%(Pc(f.(5T)),pr* D) = h°(C, D) = P,. (3.5)
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By the Riemann-Roch theorem, we have:
X(Po(fu(51)), R) = h’(Po(f«(5T)), R) — h' (P (f.(5T)), R) + h*(Pc(£.(5)), R)
= X(Opc(£.(51))) + %(RQ — R.Kpq(1.(51)))- (3.6)
By Serre’s duality, we have:
W2 (Pc(f:(51)), R) = h°(Pe(f«(51)), Keg(s. (1)) — B)-

However, we write the class of Kp,,y, (51 as the following:

Kp(1.5m)) = —20p (1, (51)) (1) + (29(C) — 2 + deg f.(51))Q,

here Q) is a fiber of pr. Thus clearly :
W2 (Po(fu(51)), R) = h®(Pc(f.(5T)), Kpe(, (1)) — R) = 0. (37)

Now, by (3.6) and (3.7) we deduce that

1
KO (Pe(f(51)), R) = x(Ope (1. 51))) + 5(32 — R.Kp (. (51)))-

But it is clear that
X(Opg (1. 1)) =1 —9(C)
(since h! (Po(f+(51)), Opy(s.5my)) = h'(C,Oc) = g(C)). Then we bound the dimension of the set of
sections of R by:
WO(B(f(5T)), B) 2 1~ (C) + 5(R® — Reoqy. o) (38)
By the equality (3.5) and the inequality (3.8) above, we deduce that
1

Pg >1-— g(C) + §(R2 — R.Kpc(f*(51"))). (3.9)
We develop the number R* — R.Kp (1. (5r)) :
R2 - R.Kpc(f*(5r)) = T2 + Q(Pg + g(C) - 1) - KIP’c(f*(5F))'T - KIP’Q(f*(5F))'pT*D' (310)

We apply the adjunction formula to explore the equality above:
29(C) — 2 =29(T) — 2 = Kp(f,57))- T + T°. (3.1)
By (3.10) and (3.11), we deduce that
R* — R Kp,(f.57)) = 2T% + 4(Py + g(C) — 1) = 2(g(C) — 1) = 2(T* + 2P, + g(C) — 1).  (312)
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By (3.9) and (3.12), we have that
P, >T?+2P, (3.13)

and thus
T? < —P, (3.14)

Finally, by (3.4) and (3.14) we deduce the desired result:

2
2 <--p,

Remark 3.2.7 This last geometric Theorem 3.2.6 is important for completing the proof of the conjecture.
We interpret it as follows: If there exist such canonically fibered surface f : S — C, then I'? is too negative

when the geometric genus Py is too large.
The next Corollary explain the contribution of K s.I" if such S exist.

Corollary 3.2.8 Let f : S — C be a canonically fibered surface with geometric genus P,, and nonhyper-

elleptic general fiber F of g(F') = 5, and

Kg=8T+V + f*D.

1. If h%(Op(4p)) = 1, then
1
K. = 2Py +2(g(C) ~ 1).

2. If h%(Op(4p)) = 2, then
1
KsT'> 1Py +2(9(C) — 1),

Proof. It is sufficient to prove the first case. In Theorem 5.1.4, we proved the following inequality:
1
r?< —=Py

By adjunction, we have:

KgI' =2g(C) —2 -T2
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Thus
1
KqI' > ng +2(g9(C)—1)

as desired. O

Theorem 3.2.9 There is no canonically fibered general type surface f : S --+ C' such that the general fiber

F'is a nonhyperelleptic genus 5 curve with
Kg=8T'+V + f*D

if g(C) = 1or Py > 56.

Proof. We have

K% = Ks.(8ST +V + f*D)
>8Kg.I'+ Kg.f*D
=8Kg.I' + 8(P; +g(C) —1). (3.15)
Furthermore, in Corollary 3.2.8, we proved a lower bound for the positive intersection Kg.I'. In other words:
Kg.I' > éPg +2(g(C) —1). (3.16)
By (3.15) and (3.16) we deduce:
K3 > SR, +16(9(C) — 1) +8(F, + 9(C) ~ 1)

Therefore

4
K> gpg +24(g(C) — 1) (3.17)

However, by the Miyaoka-Yau inequality, we have:
9P, +1—q(S)) = 9x(0s) > K2 (3.18)
Combining the inequality (3.17) and inequality (3.18), and then
48
9P, +1-a(5)) = £ Py + 24(9(C) — 1),

We deduce
P, <15(1 —¢q(S)) —40(g(C) —1). (3.19)

Finally, we conclude that
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1. If g(C) = q(S) = 1, then by the inequality (3.19) we have

P, <0 (Contradiction).

2. Ifg(C)=0and 0 < ¢q(5) < 2, then
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CHAPTER 4
GLOBAL GENERATION PROBLEMS AND FUJITA’S CONJECTURE

41 Fujita’s freeness conjecture on irregular varieties

In this section we present some results in the direction of Conjecture 1.3.1, all of these results can be found
in our article preprint (7). In what follows, unless otherwise specified, X is a smooth complex projective
irregular variety of dimension n > 2, 'Y is an abelian variety of dimension g, and F is a nonzero coherent

sheaf.

We first establish some auxiliary lemmas that will be used in the subsequent proofs. These preliminary

results serve as key technical ingredients and help clarify the arguments that follow.

Lemma 4.1.1 Let X be an irregular variety of dimension n > 2 with h : X — Y be a morphism to an
Abelian variety Y. Let X i> Z % Y be the Stein factorization of h, and let F' be a general fiber of f.
Let N be a divisor on X. If | N, ‘ F| is basepoint-free and f.Ox (N) is continuously globally generated, then
|N 4+ h*p| has no basepoints supported on F for a general p € Pic’(Y).

Proof. Indeed, take a point = € F such that z = f(x). By assumption, f.Ox () is continuously globally
generated, that is for every nonempty open subset U C PicO(Z ), the following direct sum of evaluation
maps

P H"(Z, . 0x(N)@p) @ p” — f.Ox(N),, (4.1)
peU

is surjective. Since Pic’(Y") < Pic’(Z), we have in particular that for every nonempty open subset U C
Pic’(Y), the direct sum of evaluation maps
P E(Z, £.0x(N) @ u'p) @ u*p’ — f.Ox(N),, (4.2)
peU

is surjective. Furthermore,

and

HY(Z, f.Ox(N) @ u*p) ~ H(X,Ox(N) @ h*p). (4.4)
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Combining (4.4) with (4.3) and (4.2), we obtain that the following sum of maps

P H(X,0x(N) ® h*p) @ h*p¥ — H(F,Op(N)) (4.5)
peU

is surjective. By hypothesis, | N I | is basepoint-free. Together with (4.5), this implies that for every nonempty

open subset U C PicO(Y), the following direct sum of evaluation maps

P HO(X, 0x(N) ® h*p) ® h*p" — Ox(N), (4.6)
peU

is surjective. In particular, for some py € U, the map
H(X,0x(N)® h*py) @ h*pjy = Ox(N), (4.7)
is surjective. Thus, twisting (4.7) by h*py, we deduce that
H(X,0x(N) ® h*py) = Ox(N),, (4.8)

is surjective. Hence, the linear system

IN + h*py|

has no basepoints supported on F'. Now, we define the following subset S C PicO(Y) by
S :={p € Pic"(Y) | |N + h*p| has no basepoints supported on I} .

We claim that S is dense. Indeed, for any nonempty open subset U C PicO(Y), one can find an element
pu € U such that |N + h*py| has no basepoints supported on F, as proved. Therefore, S N U # () for

every nonempty open subset U C PicO(Y). Hence, S is dense. Finally, we conclude that
[N + h7pl

has no basepoints supported on F’ for general p € PicO(Y). O

Lemma 4.1.2 Let Y and Z be irregular varieties and v : Z — Y be a finite morphism. Let F be a coherent

sheaf on Z.

1) If HY(Y,u.F @ p) = 0forall p € Pic’(Y) and u.F has no essential basepoints, then F has no

essential basepoints.
2) If uF is continuously globally generated, then F is continuously globally generated.
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Proof. Assuming that H' (Y, u,F ® p) = 0 for all p € Pic®(Y) and that u.F has no essential basepoints,
we will prove that F has no essential basepoints. Indeed, we fix z € Z, y = u(z) € Y, and assume that

there exists the following exact sequence:
0->K—>F—-C(z)—0. (4.9)
By applying u. to this exact sequence, we obtain:
0 = uC — ue F — u,C(2) = R — - - (4.10)

Since the map w is finite, we have R'u.X = 0. Moreover, it is clear that u,.C(z) = C(y), so the previous

sequence reduces to a short exact sequence of sheaves:
0 = u L — u F — C(y) — 0. (4.11)
Since u.F has no essential basepoints, there exists p, € Pic(Y') such that the map
H(Y, u.F @ py) — C(y) (4.12)

is surjective. Twisting the sequence (4.11) by p, and passing to the associated long exact sequence in coho-
mology, we obtain:

0— H(Y, u.K ® p,) = H°(Y,u.F ©p,) = C(y)
= H'(Y,u,K @ py) = H' (Y, u.F @ py) — 0.

From the assumption that

Hl(Y,u*]:®py) =0

and the surjectivity of the map in (4.12), it follows that
Hl(Y, uC @ py) =0,

which in turn implies

HY(Z,K ® u*p,) = 0.

We now twist the sequence (4.9) by w*p, and pass to the associated long exact sequence in cohomology,
obtaining:

0— H%(Z,K®@u*p,) — H(Z,F @ u*p,) — C(2) — 0.

It follows that the map
HO(Z,]:® u*py) = C(z)
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is surjective. We conclude that F has no essential basepoints.

Now, assume that u.F is continuously globally generated. That is, for every y € Y and for every nonempty

open subset U C PicO(Y), the following direct sum of evaluation maps

P Y, u.Fop) @p’ = wF, (4.13)
pelU
is surjective. Our goal is to prove that F is continuously globally generated. Indeed, consider a nonzero
elementv € F| =~ u*(}'|z)|y where the isomorphism holds because w is finite. This implies that v € u,F),,.
Then, by the surjectivity of the map in (4.13), we can find elements (p;)1<i<¢ in Pic’(Y") and section (s;) 1<i<t

in HO(Y, u.F ® p;) such that s;(y) # 0 for all i with 1 < i < t. By the isomorphism
H (Y, u.F @p;) ~ H'(Z, F @ u*p;)

which holds for all i with 1 < i < t, we can find nonzero sections (u;)1<i<+ of H°(Z, F ® u*p;) such that

v has a preimage under the following sum of evaluation map defined by (u;)1<i<¢:

@H%Z,]—"@u*p) Qu'pY — F.- (4.14)
peU
Thus, we conclude that F is continuously globally generated. Il

Lemma 4.1.3 Let X be an irregular variety, and h : X — Y be a morphism to an Abelian variety Y. Let D

be a nef and big divisor on X. If h,Ox (Kx + D) # 0, then h.Ox (K x + D) satisfies IT with index 0.

Proof. Applying Kawamata-Viehweg's vanishing theorem (63, Theorem 1), we have
HY(X,0x(Kx + D) ®h*p) =0 foralli > 1 and forall p € Pic’(Y).
Furthermore, by the relative Kawamata-Viehweg’s vanishing theorem (6, Theorem 2.2.1):
Rh(Ox(Kx + D) ® h*p) =0 foralli > 1 and forall p € Pic®(Y).
Thus, it follows from Leray'’s spectral sequence argument that
HY(Y,h.Ox(Kx + D)®p) =0 foralli > 1 and forall p € Pic’(Y).
Consequently, h.Ox (K x + D) satisfies IT with index 0. O

72



Proposition 4.1.4 Let X be an irregular variety, and h : X — Y be a morphism to an Abelian variety Y .
Let N and M be divisors on X. If a point = € X is not a basepoint of | N + h*p| for a general p € Pic’(Y),
and x is not a basepoint of | M + h*p| for a general p € Pic®(Y"), then x is not a base point of | N + M]|.

Proof. By assumption, z € X is not a base point of |M + h*p| for a general p € Pic’(Y). Since the map
p — p" is an automorphism of PicO(Y), the image of a general point under this map is again a general
point. Therefore, x is not a base point of | M + h*p"| for all general p € Pic’(Y). Hence, x is not a base

point of |[N + M|. O

Theorem 4.1.5 Let X be an irregular variety of dimension n > 2 with Albanese dimension 1 < a(X) < n.
letx Lz alb(X) C Alb(X) be the Stein factorization of the Albanese morphism alb, and let F' be a

general fiber of the morphism f. Let D be an ample divisor on X.

If Conjecture 1.3.1 holds in dimension < n, then |K x + mD -+ alb* p| has no basepoint supported on F' for
allm > n — a(X) + 1 and for all general p € Pic®(Alb(X)).

Additionally, if the following condition is satisfied:

(*) There exists an integer r with 1 < r < a(X) such that |rD,, | is basepoint-free and r D — K x is nef

and big,

then | K x + mD)| has no basepoint supported on F for allm > n + 1.

Proof. From the hypothesis, Conjecture 1.3.1 holds for lower-dimensional varieties, meaning that |Kp +

mD,,| is basepoint-free for allm > n — a(X) + 1. In particular,
h(F,wp ® Op(mD)) #0 forallm > n — a(X) + 1,

since (Kx + mD)|. = Kr + mD,,. Thus, f+Ox(Kx + mD) is a nonzero coherent sheaf on Z for all

|F
m > n—a(X)+ 1. Therefore, alb, Ox (K x +mD) is a nonzero coherent sheaf forallm > n—a(X)+1,

as the map u is finite.
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Applying Lemma 4.1.3, it follows that alb, Ox (K x + mD) satisfies IT with index 0. By Remark 1.3.7 and
Proposition 1.3.8, we deduce that alb, Ox (K x + mD) is continuously globally generated.

Applying Lemma 4.1.2, we conclude that f.Ox(Kx + mD) is continuously globally generated. Again, by
assumption, we know that | K+ mD,, | is basepoint-free for allm > n—«a(X)+ 1. Then, applying Lemma
4.1.1, we deduce that | K x +m.D + alb* p| has no basepoint supported on F for allm > n—a(X)+ 1 and

for all general p € Pic®(Alb(X)). This proves the first statement.

Now, suppose that condition (x) is satisfied. In particular, |r D), | is basepoint-free, and
RO(F, Op(rD)) # 0.
Therefore, f.Ox (rD) is a nonzero sheaf on Z, and so is alb, Ox (r D). We observe that
rD=Kx+rD— Kx.

Thus, applying Lemma 4.1.3, we obtain that alb, O x (r D) satisfies IT with index 0, and therefore, alb, Ox (rD)
is continuously globally generated. Applying Lemma 4.1.2, we deduce that f.Ox (D) is continuously glob-
ally generated.

Again, by assumption, we know that \rD| | is basepoint-free. Then, applying Lemma 4.1.1, we conclude that
|rD + alb™ p

has no basepoint supported on a general fiber F for all general p € Pic’(Alb(X)).

Finally, applying Proposition 4.1.4 to | K x + mD + alb* p| and |rD + alb* p|, we deduce that

|Kx +m' D|

has no basepoints supported on F’ for all m >n+r— a(X) 4 1, and in particular, for all m >n+1.0

Remark 4.1.6 In Theorem 4.1.5, the condition that rD — K x is nef and big for some r with 1 < r < a(X)

is always satisfied if X is an irregular variety with a nef anticanonical bundle.

The following basic example in dimension 2 illustrates that Condition (x) in Theorem 4.1.5 can be weaker

than requiring D to be globally generated.
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Example 4.1.7 Let & be a rank 2-vector bundle on elliptic curve C' given by the following non-split short exact
sequence:

0—0Oc—&—= Oc—0. (4.15)

We take the ruled surface X = P(E) i> C, where F' is a fiber. We know that the canonical line bundle
wx = Ox(—2), which means w¥, = Ox (2) is nef. Additionally, as another feature of this example, it turns
out that the tangent bundle T is nef. Furthermore, the irregularity ¢(X) = a(X) = 1since h' (X, 0x) =
hY(C,O¢) = 1. Let D be a divisor such that Ox (D) := Ox(1) ® Ox(F), and we observe that D is

ample. However, we claim that it is not basepoint-free. Proof. [Proof of the claim] Since HY(X, Ox (D)) =

HO(C, £.0x(D)) = H*(C,E®O¢(z)) (where x is a point on C), and by twisting the short exact sequence

(4.15) by Oc (), we obtain the following long exact sequence of cohomology:
0— HO(C, Oc(z)) — HO(C,S ® Oc(x)) — HO(C, Oc(x)) — Hl(C’, Oc(x)) — ...

But since H'(C, O¢(x)) = 0, we conclude that h°(C, € @ O¢(z)) = 2. Now, let B be a divisor such that

Ox(B) = Ox(1). Then, we have the following short exact sequence:
0— Ox(F) — Ox(D) = Op(D) — 0,
which induces the following long exact sequence on cohomology groups:
0— H(X,0x(F)) = HY(X,0x(D)) = H*(B,Op(D)) —» HY(X,Ox(F)) — ... (4.16)
By the Kodaira vanishing theorem, we see that
Y X, 0x(F)) = h'(X,0x(Kx +2B+ F)) =0

since 2B + F'is ample. Also, we have

h(X,0x(F)) = h%(B,0p(D)) = 1.
The previous sequence (4.16) becomes a short exact sequence:

0— H%X,0x(F)) - HY(X,0x (D)) = H(B,Op(D)) — 0

Finally, we fix two linearly independent sections of H°(X, Ox (D)) and restrict them to B. These sections

induce a nonzero section s, which vanishes on D| - Therefore, D is not basepoint-free. O
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We remark that D satisfies the condition (x) in Theorem 4.1.5. Indeed, O (ca(X)D) = O¢p1 (1), which is

ample and globally generated. Also,
Ox(a(X)D — Kx) = Ox(3B + F)

is ample on X. This example shows that there exists a divisor D satisfying condition (x) in Theorem 4.1.5

and not necessarily globally generated. Furthermore,
Kx +mD = (m—2)B+mF

is globally generated, for all m > 3.

Corollary 4.1.8 Let X be an irregular variety of dimension n > 3 with Albanese dimension 1 < a(X) < n
and Kx is ample. Let X ENGAN alb(X) C Alb(X) be the Stein factorization of the Albanese morphism
alb, and let F' be a general fiber of the morphism f. If both |m K| and |r K| are basepoint-free for all
m > n+ 2 — «(X) and for some r with 1 < r < a(X), then |mK x| has no basepoints supported on F’

forallm > n + 2.

Proof. Apply Theorem 4.1.5for D = K x. O

Remark 4.1.9 If r > n+ 2 — «(X) in Corollary 4.1.8, then it suffices to assume the basepoint-freeness of

mKp|forallm >n+2— a(X).

An interesting situation arises when the Albanese map is a locally trivial fibration. In this case, we can
simplify the setting of Theorem 4.1.5. For instance, the Stein factorization is trivial, and under the assumption
of condition (x) in Theorem 4.1.5, we conclude that the linear system | K x + mD)| is basepoint-free for all

m > n + 1. As an example of this situation, we state the following theorem.

Theorem 4.1.10 Let X be an irregular variety of dimension n > 2 with — K x nef. Let alb : X — Alb(X)
be the Albanese map, and let D be an ample divisor on X. If Conjecture 1.3.1 holds in dimension < n and
there exists an integer r with 1 < r < o(X) such that |r D), | is basepoint-free for every fiber I of alb, then

Conjecture 1.3.1 holds for X.
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Proof. If — K x is nef, then, by (18, Theorem 1.2), the Albanese map alb is a locally trivial fibration. Hence, all

the fibers are isomorphic.

Note that we may assume the fibers of alb have positive dimension, that is, «(X) < n. Indeed, if —Kx
is nef and (X)) = n for a variety X, then X is an abelian variety. In that case, Kx = 0 and [2D| is

basepoint-free.

By assumption, Conjecture 1.3.1 holds in low-dimensions. Then, the linear system
|Kr+mD),|
is basepoint-free for all m > n — a(X) + 1 and for every fiber F'. In particular,
hY(F,wp ® Op(mD)) #0 forallm > n — a(X) + 1.

Thus, alb, Ox (K x + mD) is a nonzero coherent sheaf for allm > n — a(X) + 1.
Furthermore, alb, Ox(Kx + mD) satisfies I'T with index 0, by Lemma 4.1.3. Consequently, by Remark
1.3.7 and Proposition 1.3.8, it is continuously globally generated. Applying Lemma 4.1.1, we deduce that

|Kx +mD + alb® p|

is basepoint-free for all general p € Pic®(Alb(X)) and for all m > n — a(X) + 1.

Since —K x is nef by assumption, the divisor rD — K x is ample. Moreover, by assumption, ]rD‘ F\ is
basepoint-free for some r with 1 < r < «(X). By the base change theorem, this implies that alb, O x (rD)
is a nonzero locally free sheaf. Furthermore, it satisfies I'T" with index 0, by Lemma 4.1.3.

Therefore, by Remark 1.3.7 and Proposition 1.3.8, alb,. O x (r D) is continuously globally generated. Applying
Lemma 4.1.1 again, we deduce that

|rD + alb® p

is basepoint-free for all general p € PicO(Alb(X )). Thus, applying Proposition 4.1.4 to | K x +mD +alb* p|
and |rD + alb* p|, we conclude that Conjecture 1.3.1 holds for X . O

Example 4.1.11 Since Fujita’s Freeness Conjecture 1.3.1 holds for varieties of dimension 5 by (114), then by
applying Theorem 4.1.10, it follows that the conjecture holds for irregular varieties of dimension 6 with
— K x nef, provided that |r D), | is basepoint-free for some r satisfying 1 < r < a(X). Here, F' denotes a

fiber of alb.
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Example 4.1.12 More generally than in Example 4.1.11, if X is an irregular variety of dimension n with — K x
nef, «(X) > n — 5, and if [r D, .| is basepoint-free for some r such that 1 < r < a(X), then Conjecture
1.3.1 holds for X.

Example 4.1.13 Example 4.1.7 is also an instance of Theorem 4.1.10.

Remark 4.1.14 In Theorem 4.1.10, the condition that \rD| F\ is basepoint-free for some r satisfying 1 < r <
(X)) is equivalent to the induction hypothesis if o(X) > 2L and the fiber F of alb : X — Alb(X)isa
K-trivial variety (Kr = 0). Indeed, take r := n — a(X) + 1, and note that

(n—a(X)+1)D), = Kp + (n— a(X) +1)(D},).

4.2 Basepoint-freeness of adjoint series for varieties fibered over Abelian varieties

In the following proposition, we consider the base to be an abelian variety, not necessarily the Albanese
variety. We are interested in studying the linear system defined by the canonical sheaf twisted by an ample
line bundle from the base, under the assumption that the morphism is an algebraic fiber space and that a

general fiber has a basepoint-free canonical bundle.

Proposition 4.2.1 Llet h : X — Y be a surjective morphism with connected fibers onto an abelian variety
Y of dimension g, and let F' be a general fiber of h. If | K| is basepoint-free and © is an ample divisor on

Y, then | K x + 2h*O| has no basepoints supported on F.

Proof. From the hypothesis,

K| is basepoint-free. In particular,
hO(F,wrg) # 0.

Thus, h.Ox (K x) is a nonzero coherent shedf.

By Kolldr’s vanishing theorem (66, Theorem 2.1), we have

H{(Y,h.Ox(Kx)® Oy(0)®p) =0 foralli > 1 and forall p € Pic’(Y).
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Thus, h.Ox(Kx) ® Oy (O) is a nonzero coherent sheaf satisfies I'T" with index 0. Therefore, it is contin-

uously globally generated. By assumption,

K| is basepoint-free. Thus, applying Lemma 4.1.1, we deduce
that
[Kx + h*© + h*p|

has no basepoint supported on F for all general p € PicO(Y).

Moreover, since © is an ample divisor on Y, it satisfies I'I" with index 0. Furthermore, h*© is trivial when

restricted to any fiber. Thus, applying Lemma 4.1.1 again, we deduce that
|h*(© + p)|

is basepoint-free for all general p € Pic’(Y).

Finally, applying Proposition 4.1.4 to | Kx + h*© + h*p| and |h*(© + p)|, we conclude that
|Kx +2h"0)|

has no basepoints supported on F'. Il

In the next theorem, we consider the Albanese map and remove condition (x) from Theorem 4.1.5. We
observe that if we assume the adjoint linear system of a general fiber is basepoint-free, then the linear
system defined by the adjoint canonical bundle twisted with an ample line bundle from the base has no

basepoints supported on a general fiber.

Theorem 4.2.2 Assume that the Albanese map alb : X — Alb(X) is a surjective morphism with connected
fibers, and let F' be a general fiber. Let D be a nef and big divisor on X, and © an ample divisor on Alb(X).
If there exists an integer ¢ > 0 such that |Kr + mD,, | is basepoint-free on F for all m > c, then |[Kx +

mD + alb* ©| has no basepoints supported on a general fiber F for all m > c.

Proof. From the hypothesis,

Kp +mD, F] is basepoint-free for all m > c. In particular,
hO(F,wp @ Op(mD)) # 0 forallm > c.
Thus, alb, Ox (K x 4+ mD) is a nonzero coherent sheaf for all m > c.
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Applying Lemma 4.1.3, it follows that alb, Ox (K x + mD) satisfies IT with index 0. By Remark 1.3.7 and
Proposition 1.3.8, we deduce that alb, Ox (K x + mD) is continuously globally generated. Thus, applying
Lemma 4.1.1, we conclude that

|Kx + mD + alb® p|

has no basepoint supported on F for all m > ¢ and for all general p € Pic’(Alb(X)).
Applying Lemma 4.1.1to alb*(©), we obtain that

|alb*(© + p)|

is basepoint-free for all general p € Pic®(Alb(X)).

Finally, applying Proposition 4.1.4, we conclude that
|Kx +mD + alb* 0|

has no basepoints supported on F’ for all m > c. O

4.3 Basepoint-freeness of adjoint series for varieties of maximal Albanese dimension

In what follows, we present some results on the basepoint-freeness of linear series, assuming that X is an
irregular variety of dimension n. with maximal Albanese dimension, that is, «(X) = n. Related results
on basepoint-freeness, in the setting of varieties whose Albanese morphism is finite, were obtained in (88,

Theorem 5.1).

Theorem 4.3.1 Let X be an irregular variety of maximal Albanese dimension, that is o(X) = n, and let D
be a nef and big divisor on X such that nD — K x is nef and big, or n.D is continuously globally generated.

Then | K x + mD| is basepoint-free outside the exceptional set of alb for all m > n + 1.

Proof. Since X is a variety of maximal Albanese dimension, the Albanese map is generically finite. We
take the Stein factorization X ER/AEN alb(X) C Alb(X) of alb, where f is a birational map. Thus,
f+Ox(Kx + D) is nonzero, and consequently, so is alb, Ox(Kx + D). Thus, alb, Ox(Kx + D) isa

nonzero coherent sheaf that satisfies I'T with index 0, by Lemma 4.1.3. Therefore, it is continuously globally
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generated. By Lemma 4.1.2, this implies that
|Kx + D + alb™ p|
has no basepoints outside the exceptional set of alb for all general p € Pic’(Alb(X)).
By assumption nD — Kx is nef and big. Then, applying Lemma 4.1.3, we deduce that alb, Ox(mD) is
a nonzero coherent sheaf that satisfies I'T with index O for all m > n. Hence, it is continuously globally

generated. Thus,

|mD + alb* p|

is basepoint-free outside the exceptional set of alb for all p € Pic?(Alb(X)) and for all m > n, by Lemma

4.1.2.

Finally, applying Proposition 4.1.4, we conclude that | K x + m’D\ is basepoint-free outside the exceptional

setofalbforallm' >n+ 1. O

Remark 4.3.2 If we assume that the Albanese map is finite in Theorem 4.3.1, under the same conditions on

D and nD — Kx, then | K x + mD| is basepoint-free on X for allm > n + 1.

Corollary 4.3.3 Let X be a minimal variety of general type with maximal Albanese dimension, a(X) = n.

Then, |4K x| is basepoint-free outside the exceptional set of alb.

Proof. We take the Stein factorization X ENAN alb(X) C Alb(X) of alb, where f is a birational map.

Thus, f.Ox(2Kx) is nonzero, and consequently, so is alb, Ox (2K x).

Since K x is nef and big, we apply Lemma 4.1.3 to obtain that alb, O x (2K x) is a nonzero coherent sheaf

that satisfies IT with index 0. Consequently, it is continuously globally generated. Thus,
|2K x + alb® p|
is basepoint-free outside the exceptional set of alb for all p € Pic®(Alb(X)). Using this fact twice, we

conclude that |4K x | is basepoint-free outside the exceptional set of alb by Proposition 4.1.4. O
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Remark 4.3.4 This last corollary is not sharp. Indeed, in (61), the authors proved that |3K x| is birational

under the assumption that X is an irregular variety of general type and of maximal Albanese dimension.

The next proposition is an analogue of Proposition 4.2.1 for varieties admitting a finite morphism to an

abelian variety.

Proposition 4.3.5 Let h : X — Y be a surjective finite morphism from X to an abelian variety Y. Let © be

an ample divisoron Y. Then | K x + 2h*(0)| is basepoint-free on X.

Proof. By Kolldr’s vanishing theorem (66, Theorem 2.1), we have
HY(Y, hOx(Kx)® Oy(©)®p) =0 foralli > 1 and forall p € Pic’(Y).

Thus, h.Ox(Kx) ® Oy(0©) is a nonzero coherent shedf that satisfies I'T with index 0. Therefore, it is

continuously globally generated. By Lemma 4.1.2, it follows that
|[Kx + h*© + h*p|

is basepoint-free for all general p € Pic’(Y).

Since © is an ample divisor on Y, it satisfies IT with index 0. Thus,
[h*(© + p)|
is basepoint-free for all general p € PicO(Y), by Lemma 4.1.2. Applying Proposition 4.1.4, we conclude that
|Kx +2h"0)|

is basepoint-free. O
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CHAPTER 5
THE DIRECT IMAGE SHEAF OF LOGARITHMIC PLURICANONICAL BUNDLES AND THE NON-VANISHING
CONJECTURE

The results on this section are contained in the preprint (8).

5.1 Main results

One crucial step in Mori’s MMP program is to prove the Non-Vanishing Conjecture. Indeed, it is the first step

towards proving the abundance conjecture.

Conjecture 5.1.1 Let (X, A) be a lc pair. If D ~g m(Kx + A) is Cartier pseudo-effective, then k(D) > 0.

Thanks to recent advances in techniques for Generic Vanishing Theory, developed by many authors (50),
(88), (89), (90) and originally introduced in (46) and (100), we have gained significant insights into irregular
varieties. These advances have also deepened our understanding of the structure of the pushforward of

logarithmic pluricanonical bundles under a map from an irregular variety to an abelian variety.

The following theorem and corollary could be deduced using the results and methods from (12), (13), (50),

(59). In this note, a simple and short proof is provided.

Theorem 5.1.2 Let (X, A) be aklt pair such that ¢(X) > 0, and let D ~g m(K x + A) be a Cartier pseudo-

effective divisor. If Conjecture 5.1.1 holds for lower-dimensional kit pairs, then it also holds for (X, A).

By an easy application of certain forms of the canonical bundle formula (51) due to (40), we obtain the

following corollary.

Corollary 5.1.3 Let (X, A) beanIc pair such that ¢(X) > 0, and let D ~g m(Kx +A) be a Cartier pseudo-

effective divisor. If Conjecture 5.1.1 holds for lower-dimensional varieties, then it also holds for (X, A).
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A crucial step in proving the results announced above is the application of the so-called Chen-Jiang decom-
position. More precisely, given a morphism f : X — A, where A is an abelian variety, the following
decomposition is provided by (27) and (72):

Frod™ = Plai @ p; F).

el

The morphisms p; : A — A; are algebraic fiber spaces, where A; are abelian varieties, F; are nonzero
M-regular coherent sheaves on A;, and «; € PicO(A) are torsion line bundles. Later, in (60) and (81), a
Chen-Jiang decomposition is generalized to a kit pair (X, A). In these articles, the authors proved that if
D ~g m(Kx + A) is Cartier, then for every positive integer N such that f.Ox (N D) # 0, we have
f.0x(ND) = @ (c; @ p; Fi).
icl
In the same articles (60) and (81), the authors asked whether the previous decomposition is still satisfied for
an Ic pair. Here, we remark that using a canonical bundle formula from (51), we can find a subsheaf that

admits a Chen-Jiang decomposition. More precisely, we have the following theorem.

Theorem 5.1.4 Let (X, A) be an Ic pair such that D ~qg m(Kx + A) is Cartier, and let f : X — A
be a morphism to an abelian variety. If /-;(D| F) > 0, where F is the general fiber of f, then for every
positive integer N that is sufficiently large and divisible such that f.Ox (N D) # 0, there exists a torsion-
free subsheaf F of f.Ox (N D) such that F admits a Chen-Jiang decomposition.

From the above, we observe that MMP problems are more manageable for irregular varieties due to the
extensive development of techniques in this setting. The most challenging aspect, however, lies in working
with varieties that have no irregularity, as we cannot use morphisms to abelian varieties. In such cases, it is
necessary to explore alternatives, using the so-called Catanese-Fujita-Kawamata decomposition particularly

relevant from our perspective.

We know by (24), (25), (43), (48), (74) that if f : X — Y is a surjective morphism with X and Y are smooth
varieties, then f.Ox(mKx/y) is a torsion free shedf, it has a singular metric with semi-positive curva-
ture, satisfies the minimal extention property (74, Definition 2.1), and admits a Catanese-Fujita-Kawamata
decomposition, that is

f*OX(mKX/Y) = Am @ Um,

84



where A,, is a generically ample sheaf and U,, is flat. This decomposition holds in the singular case, that

is, it holds provided that (X, A) is kit.

Theorem 5.1.5 Let f : X — Y be a surjective morphism, and let (X, A) be a kit pair such that D ~q
m(Kx Y+ A) is Cartier. Then, for every positive integer N that is sufficiently large and divisible such that
f+Ox(ND) # 0, the sheaf f.Ox (N D) is torsion-free, it has a singular metric with semi-positive curvature,

satisfies the minimal extension property, and admits a Catanese-Fujita-Kawamata decomposition

£.Ox(ND) = Ay & Uy.

Klt polarized pairs are important for the minimal model program, and thus we have the following easy

corollary.

Corollary 5.1.6 Let f : X — Y be a surjective morphism, and let (X, A + L) be a kit polarized pair such
that D ~g m(Kx 7y +A+ L) is Cartier and f-big. Then for every positive integer N which is sufficiently big
and divisible such that f.Ox (N D) # 0, the shedf f.Ox (N D) is torsion free, it has a singular metric with
semi-positive curvature, satisfies the minimal extention property, and admits a Catanese-Fujita-Kawamata
decomposition.

£.Ox(ND) = Ay & Uy.

Theorem 5.1.7 Let f : X — Y be a flat algebraic fiber space of relative dimension p, and let (X, A) be a
klt pair such that D ~q m(K x Y + A) is Cartier. Let N be a positive integer that is sufficiently large and
divisible such that f.Ox (N D) # 0, and assume that h?(F, (1 — Nm)Kr — NmApr) # 0 is constant for
every fiber F, with Py := h®(RP f.((1 — Nm)K x;y — NmA)) > 0. Then O?PN is a direct summand of
f+Ox(ND).

This last theorem shows that we can produce sections for K x /Yy + A. Moreover, under an additional posi-

tivity condition for Y, we can produce a section for K x + A. This leads to the following corollary.

Corollary 5.1.8 Assume the same assumptions of Theorem 5.1.7, and x(Y') > 0. Then k(Kx + A) > 0.
Furthermore, if Py > 1, then k(Kx + A) > 1.
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Recall thatif f : X — Aisamorphism to an Abelian variety, then for a kit pair (X, A), we have a Chen-Jiang
decomposition of f,Ox(Nm(Kx+A)) where Nm(Kx+A) ~ ND. Itis natural to ask the same question
for a Catanese-Fujita-Kawamata decomposition under any surjective morphism f : X — Y. Of course, we
cannot make such a base change since it is known that f.Ox(Nm(Kx/y + A)) is not necessarily semi-

ample, and the flat part depends on the monodromy group. However, we still have the following proposition.

Proposition 5.1.9 Let f : X — Y be a surjective morphism with q(Y') > 1, and let (X, A) be a kit pair such
that D ~g m(Kx + A) is Cartier. Then, for every positive integer N that is sufficiently large and divisible
such that f,Ox (N D) # 0, there exist finite mapsp : X — X, q:Y — Y,and ¢ : A — Alb(Y) with
a Cartier divisor D = p* D, and a surjective morphism f : X — Y such that (g o f)*OX(NIN)) is globally

generated, where g : Y — A

In Section 5.5, we revisit some ideas introduced by Viehweg and explore how they can be used to alge-
braically derive the existence of a Catanese-Fujita-Kawamata decomposition for a kit pair, assuming we al-
ready know the result for the smooth case. For instance, we have Theorem 5.4.1 and Theorem 5.4.3, which

are key observations in this context.

52 Non-vanishing and the Chen-Jiang decomposition

In the last section, we highlighted that the Albanese map and certain generic vanishing techniques can
be used to produce sections of log pluricanonical bundles for irregular varieties. The key element is the

application of a Chen-Jiang decomposition.

Proof of Theorem 5.1.2. We consider the Albanese morphism alb : X — Alb(X). If a(X) = n, then the
morphism alb is generically finite, and thus alb,(D) # 0. If a(X) < n, we take the Stein factorization
f + X — Y of alb and denote its general fiber by . Clearly, the lower-dimensional pair (F,A|,) is
kit, and Nm(Kr + A|r) has a section for every positive integer N which is sufficiently big and divisible
by hypothesis. Thus, f.Ox(Nm(Kx + A)) # 0, which implies alb, Ox(Nm(Kx + A)) # 0. By the
decomposition results of (60) and (81), we have
alb, Ox(ND) = @(ai ® p; Fi)
i€l
The morphisms p; : Alb(X) — A, are algebraic fiber spaces, where A; are abelian varieties, F; are nonzero

M-regular coherent sheaves on A;, and o; € Pic?(Alb(X)) are torsion line bundles of finite orders. Choose
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any o in the decomposition, then
-1 _ % —1 *
alb, Ox(ND) @ o " = p;F; @ (o @ o @ p;Fi).
iel—{j}
It is clear that any M -regular sheaf has a nonzero section. Indeed, by (88), we know that any M -regular
sheaf is continuously globally generated, which implies h°(A;, F; @ a) # 0 for general o € Pic?(Alb(X)).
By semi-continuity, we then have h'(A;, F;) # 0.

Now, since p; is an algebraic fiber space, it follows from the projection formula that h°(Alb(X), p}F;) # 0.
Thus,
h(Alb(X), alb, Ox(ND) ® ;') # 0,

which implies h°(X, ND @ pja; ') # 0.

Assume that the order of ozj_l is k. Then, h°(X, kN D) # 0, which completes the proof of the theorem. [

Remark 5.2.1 If A = 0, then by (20), we know that the C,, ,,, conjecture is true for an algebraic fiber space
over a variety with maximal Albanese dimension, and of course, we can deduce Theorem 5.1.2. Also, for
a kit pair (X, A), the C,, ,,, conjecture for the same algebraic fiber space is satisfied by the work of Birkar
and Chen (13), but the proof involves many reduction steps, and we should use some technical extension

theorems as given in (34).

Proof of Corollary 5.1.3. We apply Theorem 1.4.3 to obtain the following commutative diagram

X —Y 5 x

lf lf:alb

Y 25 v = Ab(X)
such that the properties (1), ..., (5) are satisfied. Denote by P the vertical component of | A|. Since each
component of | Ay | is dominated by P, it is clear that we can find a kit polarized pair (17, A+ L') and a
Q-Cartier divisor R’ such that Ky + A +Lis big /Y and for some sufficiently small e

/
’

Ki+A—ePr~g f(Kg+A +L)+R

and

FO(Nm(Kg + A - eP)) = Op(Nm(Ky + A"+ L)).
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(Without loss of generality, assume Nm(K 5 + A — €P) and Nm(Ky + A" + L) are Cartier). Since
Ky + A"+ L' isbig /Y, we have

Ky +A +L ~g¢p M+ E,

where M is an ample Q-divisor on Y, and E is effective. Then, for some § > 0, we can find As such that

(Y, Ag) is kit and
Ko+ A5 ~gg Ky + A + L +0E+0M ~qy (1+0)(Kg + A +L). (5.1)

Here Ky + Ag is big /Y, and for some N which is sufficiently big and divisible, Nm(Ky + As) is Cartier.
By Theorem 5.1.2, k(Ky + As) > 0, hence k(K¢ + A+ L") > 0. Thus f*(’))?(Nm(KX + A —€P))
has a nonzero section, which implies that Nm (K  + A — ¢P) has a section. Finally Nm(Kg + A) and
Nm(Kx + A) have a section. O

Remark 5.2.2 We do not know if a Chen-Jiang decomposition holds for a Ic pair (X, A) since we miss a
semi-positivity result for the pushforward of the log pluricanonical bundle. Otherwise, Corollary 5.1.3 would
follow automatically without the use of any form of the canonical bundle formula. As we mentioned in the
introduction, in (60) and (81), the authors asked if a Chen-Jiang decomposition is satisfied for the pushfoward
of a lc pairs. We remark that, by using the canonical bundle formula, we can see that f,Ox(Nm(Kx +A))
contains a subsheaf that admits a Chen-Jiang decomposition for every positive integer N that is sufficiently

large and divisible such that f,Ox (N D) # 0.

Proof of Theorem 5.1.4. By assumption, k(Kr + A|r) > 0. Thus, we apply Theorem 1.4.3 to the pair
(X, A), obtaining the following diagram:

XY x

lf lf

Yy s v=4
such that the properties (1), ..., (5) are satisfied. By following the same steps as in the proof of Corollary
5.1.3, we find that for some 6 > 0, there exists As such that (37, Ay) is kIt. Without loss of generality, we
assume that the divisors Nm (K + As), Nm(1+0)(Ky + A"+ L"), and Nm(K i + A — ¢P) are Cartier.

It is clear that the following torsion free sheaf is nonzero and admits a Chen-Jiang decomposition:
(p0 FeOz(Nm(Kz + A — eP)) = $.05 (Nm(Ky + As)) # 0,
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We know that the diagram above is commutative, thus
Fi=(fo)Ox(Nm(Kgz + A —eP)) #£0,

and admits a Chen-Jiang decomposition. Note that the sheaf F is a torsion-free subsheaf of f.Ox (Nm(Kx+

A)). O

5.3 Catanese-Fujita-Kawamata decomposition

As mentioned in Section 5.1, it is not clear how to produce sections of K x +/\, even when there exist sections
for K +A| £ Inthe case where the morphism is to an abelian variety, this follows from the discussion above
and is also well known to experts. However, if the base variety is not an abelian variety, it becomes difficult to
ensure the existence of sections for K x + A. Exploring a Catanese-Fujita-Kawamata-type decomposition

is therefore relevant to our purpose.

Definition 5.3.1 (74, Definition 1.1) A torsion-free coherent sheaf F admits a Catanese-

Fujita-Kawamata decomposition if it decomposes in the following form
F=UGA,

where U is a Hermitian flat bundle, and A is either a generically ample sheaf or the zero shedf.
Recall the following theorem proven in (74).

Theorem 5.3.2 (74, Theorem 1.3) Let F be a torsion-free coherent sheaf on a smooth projective variety Y,
endowed with a singular Hermitian metric with semi-positive curvature and satisfying the minimal extension

property. Then F admits a Catanese-Fujita-Kawamata decomposition.

As an example for the previous theorem, in (74) the authors deduced the decomposition theorem (Definition
5.3.1) for f.Ox(m(Kx/y)) where f : X — Y is a surjective morphism between smooth varieties. We

remark that the decomposition is satisfied for the kit case.

Proof of Theorem 5.1.5. The proof is classical, we refer to (94) for details. Indeed, NmA is Cartier, and by

assumption we have f.Ox(Nm(Kx/y + A)) # 0. Then define the divisor

Dy = (Nm —1)Kx/y + NmA.
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By (94), the divisor above admits a singular hermitian metric with semi-positive curvature, and the following

inclusion is generically an isomorphism
f(Ox(Kx/y + Dn) @ Z(hn)) = [:Ox(Kx/y + Dn) = fLOx(Nm(Kxy + A)).

Here hy is the metric associated to Dy and Z(hy) is the multiplier ideal sheaf associated to hy. We
know by the famous result of (94) (see also (11), (48), (58), (93)) that f.(Ox(Kx/y + Dn) ® Z(hy))
admits a singular hermitian metric with semi-positive curvature and satisfies the minimal extention prop-
erty. The inclusion above is generically an isomorphism. Thus, by (74, Proposition 2.2), the torsion free
shedf f.Ox(Kx/y + Dn) = f«Ox(Nm(Kx/y + A)) is endowed with a singular hermitian metric with
semi-positive curvature and satisfies the minimal extention property. Then we can apply Theorem 5.3.2 to

conclude. O

Proof of Corollary 5.1.6. By assumption K x;y + A + L is big /Y. Then we have
KX/Y+A+LNQ7]0 M+E,

where M is an ample Q-divisor on Y, and E is effective. Then, for some § > 0, we can find A such that

(X, As) is kIt and
Kxy + A5 ~qf Kx;y + A+ L+6E+0M ~qy (1+0)(Kx/y +A+1L). (5.2)

Then we apply Theorem 5.1.5 to deduce the decomposition. O

It is natural to ask whether the flat part or the generically ample part have a section. The author believes
that a deeper understanding of a Catanese-Fujita-Kawamata decomposition is crucial for making progress

on positivity problems.

Proof of Theorem 5.1.7. By assumption, h?(F,(1 — Nm)Kr — NmAp) # 0 is constant for every fiber
F', and the algebraic fiber space is flat. Then, by Grauert’s theorem, we deduce that the coherent sheaf

RPf.Ox((1 = Nm)Kx;y — NmA) is locally free. Note
Py = h'(Y,RP f,Ox((1 = Nm)Kx,y — NmA)) = h°(Y, f.Ox(Nm(Kxy + A))Y),

since
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Consider a basis {s1, ..., spy } of
HY(Y,RP£.0x((1 = Nm)Kx/y — NmA)) ~ Hom(Oy,R? f.Ox((1 = Nm)Kx/y — NmA)).
Then sy @ - - - @ sp, defines a map
51D D spy - O;‘?PN — RPfOx((1 = Nm)Kx/y — NmA),
which yields the following short exact sequence
0 — O — RPF,Ox((1 — Nm)Kx)y — NmA) — Qn — 0,
where Q is the quotient sheaf. By duality, we have
0 — Q% — HOx(Nm(Kx/y +A)) — 0P — 0.

We deduce from (48, Theorem 26.4) that the last exact sequence splits since the bundle f.Ox (Nm(K x v+
A)) admits a singular hermitian metric with semi-positive curvature and satisfies the minimal extension

property O

Proof of Corollary 5.1.8. By assumption x(Y) > 0, then for some positive integer N which is sufficiently

SPN
Y

big and divisible, we have Nm Ky is effective. By Theorem 5.1.7, we know that O is a sub-sheaf of

f+Ox(Nm(Kx/y + A)). Now, by the following multplication map
H(Y, f.Ox(Nm(Kxy + A))) x H'(Y, NmKy) = H°(Y, f.Ox(Nm(Kx + A))),

we produce sections for the torsion free sheaf f.Ox (Nm(Kx+A)), and of course for the divisor Nm (K x+

A)). Thus, we deduce that k(K x + A) > 0. The second assertion is clear. O

Proof of Corollary 5.1.9. By hypothesis q(Y') > 1, thus (albof).Ox(Nm(Kx + A)) has a Chen-Jiang de-
composition if it is not zero. Furthermore, we can find anisogeny ¢ : A — Alb(Y') such that ¢*((alb o f),Ox (m(K x+
A))) is globally generated, and we have the following diagram

Themapsp: X — X,q:Y - Yand¢ : A — Alb(Y') are finites. The morphism f: X > Yisa
surjective morphism. Clearly, the pair (X, A) is kit such that Ks + A := p*(Kx + A). Hence we deduce

the result from the commutativity of the diagram above. O
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5.4 Viehweg's trick machinery

In this section, we review some techniques introduced by Viehweg, commonly referred to as Viehweg’s trick
machinery (104) (see also (64)). He developed these techniques to make significant progress in studying the
positivity of the direct image sheaf of the pluricanonical bundle, which has direct applications to the C,, ,,,
conjecture. For instance, this conjecture was resolved by Cao and Paun (20) in the important case where the
variety is fibered over an Abelian variety. They reduced the problem, a la Kawamata (62), to the case where
the variety has trivial Kodaira dimension over an Abelian variety. In this setting, they established a crucial

positivity result for f.Ox (mKx) ((20)).

We are inspired from (72), (81), (92), (104) to prove the followings.

Theorem 5.4.1 Let f : X — Y be a surjective morphism, and let (X, A) be a kit pair such that D ~q
(Kx/y + A) is Cartier. Then there exist a smooth variety Z with a generically finite map h : Z — X such

that f.Ox (D) is a direct summand of g.wz/y = (f o h)wwz/y-

Proof. It is enough to assume that (X, A) is a kIt log smooth pair. Indeed, take a log resolution of (X, A),
[T X — X such that
Kg)y + 85 ~o ' (Kx)y +A) + E,

where A £ and E are effective SNC and have no common components, E is the exceptional divisor. There-
fore, we have

Kgyy +Ag +[E] - E~o p(Kxyy +4)+ [E].

We put A}( = Ag + [E| — E, then the pair (X, A}() is kIt log smooth.

Furthermore
(fomOg(Kg )y +A%) = (fop)Ox(u*D + [E]) = f.Ox(D).

Thus, we can work with the log smooth kit pair (X , A;{), and therefore assume that (X, A) is kit log smooth.

Now, we take N such that
N(D — KX/Y) ~ NA.
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Hence, we see that the Cartier divisor N (D — K x /y) is divisible. Then, we can take a finitemap h' : 7/ — X
ramified along NA. By resolving the singularities of Z', we obtain a generically finite map h : Z — X,

with Z smooth, such that
hawyz = Ox(Kx + (N = 1)(D — Kxy)) ® Ox (= [(N = 1A EP ...

= Ox((D — Kxjy + Kx)) ©® Ox((N = 2)(D — Kxv)) © Ox(=L(N = DA} ...

But
Ox((N =2)(D - Kx;y)) ® Ox(=[(N = 1)A]) = Ox.
Thus
hawz = Ox((D — Kx)y + Kx) P -
Hence

h*wZ/y == OX(D) @ e
Finally, we have
9xWz)y = (fo h)*wZ/Y = [.0x(D) @ e

as required. O

Corollary 5.4.2 Let f : X — Y be a surjective morphism, and let (X, A) be a kit pair such that D ~q

(Kx/y + A) is Cartier. Then f.Ox (D) admits a Catanese-Fujita-Kawamata decomposition.

Theorem 5.4.3 Let f : X — Y be a surjective morphism, and let (X, A) be a kit pair such that D ~q
m(Kx,y + A) is Cartier for some m > 1. If f.Ox(D) is globally generated, then there exist a smooth

variety Z with a generically finite map h : Z — X such that f.Ox (D) is a direct summand of g.wz/y =

(fo h)*wz/y-

Proof. We have the following evaluation map

f*f:0x(D) = Ox(D),

and the image is D ® Z, where T is the relative base ideal of D. We take a log resolution of (X, A) and I,
W X — X such that
Kgyy +Ag ~ou' (Kxyy +A)+E,
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where A % and E are effective SNC and have no common components, E is the exceptional divisor. We put

Dg :=p*D,and k := f o . Then the image of the following evaluation map
k*k*O;((D)}) — OX(D)})

is of the form O (D ¢ — F') for some effective SNC divisor F'. Hence, we define the new boundary divisor

, B
A~::AX+L” | _ g,
m

and clearly the pair (X , AI)?) is kIt log smooth. Therefore
m(Kf{/Y + A/f() ~o W (m(Kx/y +A)) + [mE] ~q "D + [mE].

Put G := p*D + [mE]. Then kO 5(G) = f.Ox (D), and k.O ¢(G) is globally generated. By above, the

image of the following evaluation map
k*k*O;((G) — O;((G)

is Ox(G — F — [mE]). We define the divisor G = F + [mE), and as it pointed in (81), we have
k(O5(G — G)) = k«(O5(Q)), for any effective divisor G <d@.

Since k.O 5 (G) is globally generated, then O (G — G') is globally generated, and by Bertini’s theorem
we can take an effective divisor H ~q G — G', H and A;? + G’ have no comments components, with

H+ A;% + G is SNC.

Now, the goal is to reduce to the structure as in Theorem 5.4.1, we can find a new divisor T' < G’ and a kit
pair (X, M) such that
G—-T~q K)?/Y+M,

T and M are given by

! m—1
T:= A+ ——G,

and
m—1 / m-—1
M = 7H+A)~(—|—7G -T
m m
as proven in (81). The last step is to find a smooth variety Z and a generically finite map h : Z — X such
that f.Ox (D) is a direct summand of g.wy/y := (f o h).«wyz/y. The details are the same as in the proof

of Theorem 5.4.1, so we will leave them to the reader. O
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Remark 5.4.4 In Theorem 5.4.3, if f.Ox (D) is not globally generated, we can twist the bundle with a
sufficiently ample line bundle L on'Y to ensure that f.Ox (D) ® L is globally generated on Y . In this case,
we can prove a similar statement to Theorem 5.4.3; that is, we can find a smooth variety Z and a generically
finite map Z — X such that f.Ox (D) ® L is a direct summand of g.wy/y := (f o h).wz/y. All of these

observations provide a way to obtain a Catanese-Fujita-Kawamata decomposition in the logarithmic case.
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CONCLUSION

The author developed some intuition following the work done in this thesis across all these independent
subjects. First, looking at Chapter 2 and Chapter 3 of the thesis (or our articles (9) and (10)), we ask the
question of sharpness of the slope inequality we obtained. This is always a good question and an active
area of research, as it can provide better boundedness results for families of curves. We know that a good
slope inequality gives good control over the relative irregularity of a family of curves f : S — C, yet this
remains an open problem. We also notice that to obtain some results on Xiao’s canonically fibered surfaces,

we should first establish an interesting lower bound for K g (in some sense, a strong slope inequality).

In Chapter 4, we study Fujita’s Conjecture. The author found some interesting results for irregular varieties by
induction on dimension, assuming certain conditions. Following this, a natural next step is to try to remove
these conditions and extend the results beyond the general fibers, incorporating an analysis of singular

fibers.

In the last chapter, the author begins a program to study minimal model theory for irregular varieties. We
can easily see that the nonvanishing conjecture can be derived inductively using the Chen-Jiang decomposi-
tion and the canonical bundle formula. When the variety is regular but still fibered over some other variety,
we have an alternative approach using the Catanese-Fujita-Kawamata decomposition. The first question
is: can we produce sections downstairs? In other words, in which cases can the flat or ample part admit a
section? An answer to this question could lead to a general proof of the nonvanishing conjecture. The au-
thor plans to explore the geometry of this decomposition further. We will continue to develop this program,
investigating questions such as: does a minimal model exist for an irregular variety? Is there termination of

flips? What about the abundance conjecture?
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