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RÉSUMÉ

Dans cette thèse, nous montrons une correspondance du type Yau–Tian–
Donaldson sur une large classe de fibrations toriques, introduites par Apostolov–
Calderbank–Gauduchon–Tonnesen-Friedman et appelées fibrés principaux toriques
semisimples. Nous démontrons l’équivalence entre l’existence d’une métrique käh-
lérienne extrémale sur l’espace total et une notion d’uniforme K-stabilité pondérée
du polytope de Delzant correspondant à la fibre torique. Pour cela, nous util-
isons qu’une métrique kählérienne extrémale sur l’espace total compatible avec
la structure de fibré, correspond à une métrique avec courbure scalaire constante
pondérée (au sens de Lahdili) sur la fibre torique associée. Comme application,
nous démontrons que le fibré en plans projectifs P(L1 ⊕L2 ⊕L3) au dessus d’une
courbe elliptique admet une métrique kählérienne extrémale dans chaque classe
de Kähler.

Dans une seconde partie, en travail commun avec Delcroix, nous obtenons
plusieurs conditions assurant l’uniforme K-stabilité pondérée d’un polytope com-
pact convexe simple. Nos critères peuvent être vérifiées en pratique. En vertu de
la correspondance de Yau–Tian–Donaldson mentionnée ci-dessus, nous obtenons
l’existence d’une métrique kählérienne extrémale sur l’espace total d’un fibré
semisimple principal torique dès qu’une des conditions suffisantes sur la fibre
est satisfaite. Nous montrons en particulier qu’une de classe fibrés principaux
semisimples toriques Y dont la première classe de Chern c1(Y ) est positive ad-
met une métrique kählérienne extrémale dans c1(Y ) si sa fonction affine extrémale
est majorée par 2(dim(Y ) + 1). Nous appliquons ensuite la condition suffisante
pour exhiber de nouveaux exemples de basse dimension de métriques kählériennes
extrémales.

Finalement, dans un travail en collaboration avec Apostolov et Lahdili, nous
introduisons une généralisation des fibrés principaux toriques semisimples où la
fibre n’est pas nécessairement torique. Nous supposons à la place que la fibre est
une variété kählérienne munie d’une action isométrique hamiltonienne d’un tore.
Pour de tels fibrés, appelés fibrés principaux semisimples, nous démontrons que
l’existence d’une métrique kählérienne extrémale sur l’espace total est équivalente
à l’existence d’une métrique à courbure scalaire constante pondérée sur la fibre
ainsi qu’à une notion de propreté de l’énergie de Mabuchi pondérée de la fibre.



ABSTRACT

In this thesis, we establish a Yau–Tian–Donaldson type correspondence on a
large class of toric fibrations, introduced by Apostolov–Calderbank–Gauduchon–
Tonnesen-Friedman and called semisimple principal toric fibrations. We establish
the equivalence between the existence of an extremal Kähler metric on the total
space of such fibration and a suitable notion of weighted uniform K-stability of the
Delzant polytope of the toric fiber. To this end, we use that an extremal Kähler
metric on the total space compatible with the bundle structure corresponds to
a weighted constant scalar curvature Kähler metric (in the sense of Lahdili) on
the toric fiber. As an application, we show that the projective plane bundle
P(L1⊕L2⊕L3) over an elliptic curve, admits an extremal metric in every Kähler
class.

In a second part of the thesis, which is a joint work with Delcroix, we prove
various sufficient conditions for a simple compact convex polytope to be weighted
uniform K-stable. Our conditions can be checked effectively. By virtue of the
Yau–Tian–Donaldson correspondence mentioned above, we obtain the existence
of an extremal Kähler metric on the total space of a semisimple principal toric
fibration as soon as one of the sufficient conditions on the fiber is satisfied. We
show in particular that a certain class of a semisimple principal toric fibrations
with positive first Chern class c1(Y ) admits an extremal Kähler metric in c1(Y )
as soon as their affine extremal function is bounded above by 2(dim(Y ) + 1). We
apply this to exhibit new low dimensional examples of extremal Kähler metrics.

Finally, in a collaboration with Apostolov and Lahdili, we introduce a general-
ization of semisimple principal toric fibrations, in which the fiber is not necessarily
a toric variety. Instead, we assume that the fiber is a Kähler manifold with an iso-
metric hamiltonian action of a torus. For such fibrations, referred to as semisimple
principal fibrations, we show that the existence of an extremal Kähler metric on
the total space is equivalent to the existence of a weighted cscK metric on the
fiber and also to a properness condition of the weighted Mabuchi energy of the
fiber.



INTRODUCTION

0.1 Motivations

Un problème central en géométrie kählérienne, proposé par Calabi [20] dans les

années 1980, est de trouver un représentant canonique, appelé métrique kähléri-

enne extrémale, dans une classe de Kähler donnée. Les métriques kählériennes ex-

trémales incluent en particulier les métriques kählériennes à courbure scalaire con-

stante (cscK) et donc les métriques Kähler–Einstein. Par définition, une métrique

kählérienne extrémale est une métrique kählérienne telle que le champ de vecteurs

hamiltonien défini par la courbure scalaire est un champ de vecteurs (réel) holo-

morphe, c.-à-d. son flot préserve la structure complexe. Dans son article fondateur

[20], Calabi a démontré que les surfaces complexes de Hirzebruch n’admettent pas

de métriques à cscK, mais admettent des métriques kählériennes extrémales.

Bien que le problème de Calabi soit encore ouvert en général, certains cas

particuliers sont établis. C’est le cas des surfaces de Riemann pour lesquelles le

théorème d’uniformisation [52, 70] implique qu’elles admettent une métrique à

cscK dans chaque classe de Kähler. Le théorème de Yau, conjecturé par Calabi

dans les années 1950 et démontré par Yau [80] à la fin des années 1970, affirme

que, dans le cas où c1(X) = {0}, chaque classe de Kähler sur X admet une

métrique cscK (qui est aussi Ricci plate). Si la classe de Chern de la variété est

négative, Aubin et Yau ont montré [13, 14, 80] qu’il existe une unique métrique

Kähler–Einstein dans −c1(X).

Pour une variété complexe X, Matsushima et Lichnerowicz ont montré [64, 67]

que le groupe d’automorphismes complexes Aut(X) doit etre réductif pour qu’il
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existe une métrique cscK. L’existence d’une métrique kählérienne extrémale est

également obstruée en termes de Aut(X). En effet, Calabi a prouvé [21] qu’un

certain sous-groupe de Aut(X) doit être réductif pour qu’il existe une métrique

kählérienne extrémale sur X. Cette obstruction est non triviale comme l’a ob-

servé Levin [57] en donnant le premier exemple de variété kählérienne compacte

n’admettant aucune métrique kählérienne extrémale. D’autre part, Tian a donné

des exemples [77] de variétés sans automorphisme qui ne possèdent pas de métrique

Kähler–Einstein. Ses travaux (voir par exemple [74, 75, 76, 77, 78]) ont contribué

à une conjecture générale, appelée conjecture de Yau–Tian–Donaldson (YTD),

qui prédit que l’existence d’une métrique kählérienne extrémale dans une classe

de Kähler α est équivalente à une certaine notion de stabilité de (X,α). Cette

conjecture est toujours ouverte mais elle a été confirmée dans plusieurs situa-

tions. C’est le cas des variétés de Fano par le théorème de Chen–Donaldson–Sun

[27, 28, 29] (voir également [17, 63, 78]). Le cas des surfaces toriques a égale-

ment été conclu par le théorème de Donaldson [39] et en dimension quelconque

plus récemment par le théorème de Chen–Cheng [25, 26], suites aux efforts de

nombreux mathématiciens [1, 22, 25, 26, 37, 48, 61, 81]. Dans le contexte des

variétés toriques, la notion de stabilité est exprimée en termes du polytope de

Delzant correspondant [37, 48]. Pour certaines autres classes de variétés admet-

tant un large groupe de symétries, telles que les variétés sphériques, la conjecture

de Yau–Tian–Donaldson est également établie (voir [36]).

Dans ce manuscrit, nous nous intéresserons à la conjecture de Yau–Tian–

Donaldson pour certains fibrés principaux toriques, introduits par Apostolov–

Calderbank–Gauduchon–Tonnesen-Friedman [5] et dénommés fibrés principaux

toriques semisimples. Ces fibrés sont obtenus via une généralisation de la con-

struction des P1-fibrés de Calabi [20]. Nous en rappelons briévement les élèments

principaux et donneront plus de détails en section 1.2. Ils sont définis à partir d’un
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fibré principal Q en tores T et d’une variété kählérienne torique (X, JX , ωX ,T).

On suppose que la base B du fibré principal π : Q! B est un produit de variétés

kählériennes (B, JB, ωB) :=
∏k

a=1(Ba, Ja, ωa) à cscK et que la première classe de

Chern de Q satisfait

c1(Q) =
k∑
a=1

pa ⊗ π∗[ωa], (1)

où les pa sont des éléments du réseau Λ ⊂ t du tore T = t/2πΛ (où t désigne

l’algèbre de Lie de T). L’espace total du fibré principal torique semisimple associé

est défini par

Y := Q×T X. (2)

Ensuite, nous munissons Y d’une structure complexe JY construite à partir d’une

connexion θ ∈ Ω1(Q)⊗ t dont le courbure est égale à

dθ =
k∑
a=1

pa ⊗ π∗(ωa),

de la structure complexe JB de B et la structure complexe JX de X. De plus,

on peut montrer que toute métrique kählérienne ωX sur X définie une métrique

kählérienne ωY sur Y tel que son tiré en arrière sur X×Q par l’application quotient

πY : X ×Q! Y est la 2-forme basique

π∗
Y (ωY ) = ωX + ⟨m, θ⟩+

k∑
a=1

(
⟨pa,m⟩+ ca

)
π∗(ωa), (3)

où m désigne l’application moment de l’action de T sur (X,ωX), ⟨·, ·⟩ est la con-
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traction naturelle entre t et t∗ et les constantes réelles ca, choisies de manière que

⟨pa,m⟩+ca > 0, déterminent la classe de Kähler [ωY ]. De telles métriques sont ap-

pelées métriques compatibles et les classes de Kähler correspondantes sont appelées

classes de Kähler compatibles. Ci-dessous, deux examples de fibrés semisimple

princpaux toriques pour lesquels la fibre est l’espace projectif Pk.

1. La projectivisation

Y = P(L0 ⊕ · · · ⊕ Lk) ! Σ,

d’une somme directe de fibrés en droites holomorphes Li ! Σ au-dessus

d’une surface de Riemann Σ.

2. La projectiviation

Y = P(L0 ⊕ · · · ⊕ Lk) ! B1 × · · · × Bk,

où (Bi, Li) sont des variétés polarisées à cscK, sont des exemples de fibrés

principaux toriques semisimples.

Les fibrés principaux toriques semisimples définis ci-dessus correspondent aux

fibrés rigides semisimples dans le sens de [5] lorsque la base est un produit global

de variétés kählériennes à cscK et quand il n’y a pas de blow-down. Dans [7], la

conjecture suivante est énoncée

Conjecture 1. Soit (Y, JY ,T) un fibré rigide semisimple torique muni d’une

métrique compatible ωY . Soit (X, JX , ωX ,T) la fibre torique dont le polytope de

Delzant associé est PX . Alors, les énoncés suivants sont équivalents.

1. Il existe une métrique kählérienne extrémale dans [ωY ].
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2. Il existe une métrique kählérienne extrémale compatible dans [ωY ].

3. Le polytope P respecte une certaine condition de stabilité pondérée.

Dans le 3ème énoncé, la notion de stabilité est une version pondérée de la

notion de K-stabilité torique introduite par Donaldson [37]. En présence de blow-

down, la notion de métrique compatible doit être raffinée par rapport à celle

introduite ci-dessus (3), voir [5, 7].

0.2 Résultats principaux

Nous obtenons la résolution de la conjecture 1 dans un article accepté dans

Annales de l’institut Fourier (voir [50])

Théorème 0.2.1. Pour un fibré principal torique semisimple, la conjecture 1 est

vraie.

Dans le théorème 0.2.1, la notion de K-stabilité uniforme pondérée est définie

à l’aide de fonctions convexes continues sur le polytope et lisses sur l’intérieur, et

par rapport à la norme L1 sur le polytope, voir la définition 1.6.8. Par continuité

et densité C0, cette notion est équivalente à la stabilité uniforme pondérée sur

P définie en termes de fonctions convexes affines par morceaux à coefficients ra-

tionnels (et relativement à la norme L1). De plus, par [68], on peut voir que cette

notion de stabilité est équivalente à celle proposée initialement dans la conjecture

1 (voir [7, Conjecture 2]) pour l’énoncé précis).

On scinde le théorème 0.2.1 en deux énoncés : les théorèmes A et B ci-

dessous. Le théorème A correspond à l’équivalence (1) ⇔ (2) et le théorème B à

l’équivalence (2) ⇔ (3) dans la conjecture 1.
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Théorème A. Soit (Y, JY , ωY ,T) un fibré principal torique semisimple dont la

fibre est la variété torique (X, JX , ωX ,T). Les énoncés suivants sont équivalents.

1. Il existe une métrique kählérienne extrémale dans [ωY ].

2. Il existe une métrique kählérienne extrémale compatible dans [ωY ].

3. Il existe une métrique à courbure scalaire constante pondérée dans [ωX ].

Dans la 3ème assertion, la notion de métrique kählérienne à courbure scalaire

constante pondérée est au sens de Lahdili (voir [53]) et les poids sont définis par les

données topologiques de la fibration, voir (1.15). L’équivalence entre (2) et (3) est

établie dans [5] et rappelée dans le corollaire 1.2.4. L’idée principale pour obtenir

(1) ⇒ (2) est d’utiliser que l’existence d’une métrique kählérienne extrémale im-

plique une certaine notion de propreté de la fonctionnelle de Mabuchi relative

[25, 26, 47] (voir la section 1.4). Nous montrons ensuite que, sous l’hypothèse de

propreté de l’énergie de Mabuchi relative, le chemin de continuité de Chen [24]

peut être résolu dans le sous-espace des métriques compatibles dans [ωY ].

Le théorème B ci-dessous correspond à l’énoncé (1) ⇔ (3) dans la conjecture 1.

Il caractérise l’existence de métriques kählériennes extrémales sur l’espace total

Y par une certaine condition de stabilité du polytope de Delzant PX de la fibre

torique X.

Théorème B. Soit (Y, JY , ωY ,T) un fibré torique principale semisimple dont la

fibre est la variété torique (X, JX , ωX ,T) avec polytope de Delzant PX . Alors,

il existe une métrique kählérienne à courbure scalaire constante pondérée dans

[ωX ] si et seulement si PX est pondérément uniformément K-stable relativement

aux poids définis dans (1.15). En particulier, cette condition est nécessaire et

suffisante pour que [ωY ] admette une métrique kählérienne extrémale.
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La stratégie de la démonstration consiste à exprimer les métriques kählériennes

extrémales compatibles en termes de métriques à courbure scalaire constante

pondérée sur la fibre via le théorème A. On utilise ensuite le formalisme d’Abreu–

Guillemin et une adaptation au cas pondérée de résultats de Chen–Li–Sheng [22],

Donaldson [37] et Zhou–Zhu [81] pour établir l’équivalence sur (X, JX , ωX ,T) entre

l’existence d’une métrique extremal sur Y et la stabilité pondérée uniforme de PX .

Une direction, à savoir que « l’existence d’une métrique extrémale compatible sur

Y implique que le polytope de Delzant est pondérément uniformément K-stable

», découle d’un résultat de [22], démontré par Li–Lian–Sheng [60]. Pour la direc-

tion réciproque, nous adaptons des arguments de Donaldson et Zhou–Zhu [37, 81]

au cas pondéré pour montrer que la stabilité uniforme pondérée du polytope im-

plique une certaine notion de propreté de l’énergie de Mabuchi pondérée sur X,

voir la proposition 1.6.9. On montre alors que la dernière condition correspond

à la propreté de l’énergie de Mabuchi de Y restreinte à l’espace des métriques

compatibles, et on conclut en utilisant [25, 26, 47].

Nous nous intéressons ensuite à une certaine classe de métriques presque käh-

lériennes (c.-a-d. compatible avec une forme symplectique mais dont la structure

presque complexe compatible n’est pas necéssairement intégrable) sur une variété

torique (X,ωX ,T). Elles sont, par définition, des métriques presque kählériennes

telles que la distribution orthogonale aux orbites de T est involutive (voir [56]) et

sont appelées métriques presque kählériennes toriques involutives. L’idée d’étudier

de telles métriques provient de Donaldson [37] (voir [5] pour le cas pondéré), où

il a été conjecturé que l’existence d’une métrique presque kählérienne involutive

torique à courbure scalaire constante est équivalente à l’existence d’une métrique

kählérienne torique à courbure scalaire constante.

Proposition 0.2.1. Soit (X,ωX ,T) une variété torique symplectique associée à

un polytope de Delzant PX . Alors, pour les poids définis en (1.15), les énoncés
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suivants sont équivalents.

1. Il existe une métrique kählérienne torique à courbure scalaire constante

pondérée sur (X,ωX ,T).

2. Il existe une métrique presque kählérienne torique involutive à courbure

scalaire constante pondérée sur (X,ωX ,T).

3. PX est pondérément uniformément K-stable.

Nous appliquons ensuite la proposition 0.2.1 pour démontrer l’existence de métriques

kählériennes extrémales sur la projectivisation Y = P(L0 ⊕ L1 ⊕ L2) ! Σg de la

somme directe des fibrés en droites Li au-dessus d’une courbe complexe Σg de

genre g = 0, 1. En effet, dans [7, Proposition 4], les auteurs ont construit ex-

plicitement des métriques presque kählériennes toriques involutives à courbure

scalaire constante pondérée sur P2, pour des poids correspondant à la variété Y .

En combinant cette construction avec la proposition 0.2.1 on en déduit :

Corollaire 0.2.2. Soit Y = P(L0 ⊕ L1 ⊕ L2) −! Σg un fibré projectif au-dessus

d’une courbe complexe Σg de genre g, g = 0, 1. Alors Y est une variété rêve de

Calabi, c.-a-d. Y admet une métrique kählérienne extrémale dans chaque classe de

Kähler. De plus, les métriques kählériennes extrémales sont compatibles, c.-a-d.

de la fome (3).

Lorsque g = 0, la partie existence du corollaire 0.2.2 a été démontrée dans [55].

Dans ce cas, nous obtenons de plus que les métriques kählériennes extrémales sont

compatibles, i.e. de la forme (3).

Dans un travail en collaboration avec Delcroix [35] accepté pour publication

dans les Annales Henry Lebesgue, nous avons obtenus des conditions suffisantes
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pour qu’un polytope compact convexe simple PX dans Rℓ soit uniformément

pondérément K-stable au sens de Lahdili [53] pour des poids arbitraires, voir

le théorème 2.1.4. La preuve de ce résultat est basée sur une généralisation au cas

pondéré de la méthode de Zhou–Zhu [81]. Nous nous sommes ensuite concentré

sur le cas des poids correspondants à un fibré principal torique semisimple Y . En

vertu du theorème B ci-dessus, nous obtenons l’existence d’une métrique kähléri-

enne extrémale sur Y dès que cette condition est satisfaite. Lorsqu’on suppose que

la fibre X est une variété torique de Fano, la condition s’exprime de la manière

suivante

Théorème C. Soit (Y, JY ) un fibré principal torique semisimple dont la fibre

(X, JX) est une variété torique de Fano. On considère une classe de Kähler [ωY ]

définie à partir de la classe [ωX ] := t2πc1(X) sur (X, JX) via (3). On suppose que

pour tout a, 2 dim(Ba)ca ≥ tsa (voir (3) au-dessus) et que à chaque sommet x du

polytope PX de (X, [ωX ]),

2(dim(Y ) + 1) +
k∑
a=1

tsa − 2 dim(Ba)ca
⟨pa, x⟩+ ca

− tlext(x) ≥ 0, (4)

où lext ∈ Aff(t∗) est la fonction affine extremale associée à [ωY ]. Alors il existe

une métrique kählérienne extrémale dans [ωY ].

Dans l’énoncé ci-dessus, sa désigne la courbure scalaire (constante) de la métrique

ωa sur Ba où B :=
∏k

a=1Ba est la base de la fibration. Pour une variété kählérienne

compacte Y , la fonction affine extrémale est définie sur le dual de l’algèbre de Lie

d’un tore maximal du groupe d’automorphismes réduit Autred(Y ). Pour des fibrés

principaux semisimples toriques Y , le tore T ⊂ Autred(Y ) n’est pas maximal en

général dû à la contribution de la base (B, JB). En revanche, pour ces fibrations,

il est montré que la fonction affine extrémale d’une classe compatible est une
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fonction affine sur le dual de l’algébre de Lie t de T, voir [7, section 3.4] ou la

section 1.2.3. Un des aspects notables du théorème C est que la condition (4) doit

être vérifiée sur un nombre fini de points, les sommets du polytope moment.

Supposons de plus que l’espace total Y est Fano et que la base B est un produit

de variétés Kähler–Einstein à cscK positive
∏k

a=1(Ba, Ja, ωa). Il s’ensuit que X est

également de Fano et que c1(Y ) est une classe de Kähler compatible, voir l’annexe

C. Ainsi la condition suffisante s’écrit simplement :

Corollaire 0.2.3 (du théorème C). Soit Y un fibré principal semisimple de Fano

au dessus d’un produit de variétés Kähler–Einstein
∏k

a=1(Ba, Ja, ωa) à cscK posi-

tive. Alors Y admet une métrique kählérienne extrémale dans la première classe

de Chern 2πc1(Y ) si

lext ≤ 2 (dim(Y ) + 1) ,

où lext ∈ Aff(t∗) est la fonction affine-extremale associée.

Nous appliquons ensuite le théorème C pour démontrer l’existence de nouvelles

métriques kählériennes extrémales. Pour cela, nous avons écrit un programme

Python (voir l’annexe B) permettant de vérifier (4) dans le cas où la base ne

possède qu’un facteur et que la fibre est P1 ou P2. Nous en déduisons

Proposition 0.2.4. Soit B une variété Kähler–Einstein dont le fibré anticanon-

ique vérifie −KB = LInd(B) pour un certain fibré holomorphe L, où Ind(B) est

l’indice de Fano de B. Soit π : P(E) ! B la projectivisation de E := C⊕L−p1 ⊕

L−p2 ! B, où 1 ≤ p1 ≤ p2 sont entiers. Alors, il existe une métrique kählérienne

extrémale dans la classe de Kähler c1(OE(3)) + λπ∗c1(L), pour tout λ ≥ 7p2.

Nous nous sommes ensuite interessés à l’existence de v-solitons. On considère
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une variété complexe X de Fano muni de l’action hamiltonienne d’un tore T et on

fixe le polytope moment PX canoniquement normalisé par rapport à (2πc1(X),T),

voir (3.31). Par définition (voir [18, 62]), un v-soliton est une métrique kählérienne

ω ∈ 2πc1(X) telle que

Ric(ω)− ω =
1

2
ddc log(v(mω)),

où Ric(ω) est la forme de Ricci de ω, v est une fonction lisse strictement positive

sur PX et mω est l’application moment canoniquement normalisée de l’action de

T sur (X,ω). Il est connu [9] qu’un v-soliton sur un fibré principal semisimple

torique Y correspond à une métrique à courbure scalaire constante pondérée sur la

fibre X pour des poids bien choisis. Pour un poids v correspondant à un v-soliton

sur Y , on montre que notre condition suffisante est satisfaite dès que l’invariant

de Futaki pondéré Fv sur X s’annule. Nous obtenons ainsi

Proposition 0.2.5. Soit (Y, JY , ωY ,T) un fibré principal torique semisimple de

Fano comme dans le corollaire 0.2.3 dont la fibre torique est (X, JX , ωX ,T) avec

polytope de Delzant PX . Soit Fv : Aff(PX) ! R l’invariant de Futaki pondéré

pour les poids correspondant à un v-soliton sur Y . Si Fv s’annule, alors PX est

pondérément uniformément K-stable.

Dans l’énoné ci-dessus, Aff(PX) désigne l’ensemble des fonctions afffines sur PX .

De plus, dans la proposition 1.6.9, nous démontrons que la stabilité uniforme

pondérée de PX implique une certaine notion de propreté de l’énergie de Mabuchi

pondérée Mv correspondante. Nous en déduisons

Corollary 0.2.6. Soit (Y, JY , ωY ,T) comme dans la proposition 0.2.5. Si Fv

s’annule, alors l’energie de Mabuchi pondérée Mv de la fibre est propre, c.-a-d.

satisfait (1.64).
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Il est démontré dans [9], en utilisant des arguments de K-stabilité de Han–Li [62],

qu’un fibré principal semisimple torique de Fano Y admet un v-soliton si l’invariant

de Futaki pondérée de la fibre est nul. En combinant [62, Theorem 3.5] avec le

corollaire 0.2.6 nous obtenons une nouvelle preuve complétement analytique de ce

résultat.

Finalement, dans un travail en collaboration avec Apostolov et Lahdili [9]

accepté pour publication dans Géometry & Tppology, nous avons introduit une

généralisation des fibrés principaux toriques semisimples où la fibre X n’est pas

nécessairement torique. Nous supposons à la place que T s’injecte dans le groupe

réduit d’automorphismes Autred(X) de X. On peut ainsi définir un fibré lisse Y ,

appelé fibré principal semisimple, comme dans (2). Similairement au cas où les

fibres sont toriques, on peut définir une structure complexe JY et la notion de

métriques compatibles (3) s’étend à ce contexte. Nous référons à la section 3.1

pour plus de détails. On démontre ainsi

Théorème D. Soit (Y, JY , ωY ,T) un fibré principal semisimple dont la fibre est

une variété kählérienne compacte (X, JX , ωX ,T) telle que T est un tore maximal

dans Autred(X). Alors les énoncés suivants sont équivalents.

1. Il existe une métrique kählérienne extrémale dans [ωY ].

2. Il existe une métrique kählérienne extrémale compatible dans [ωY ].

3. Il existe une métrique à courbure scalaire constante pondérée dans [ωX ].

4. La fonctionnelle de Mabuchi pondérée de la fibre est propre relativement à

TC.

La notion de propreté dans l’affirmation 4 est introduite dans la définition

3.2.1 et s’exprime en termes de la distance d1 de Darvas (voir (1.20)) relativement
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aux orbites de l’action du tore complexifié TC sur l’espace des potentiels kählériens

normalisés de la fibre (X,ωX).

Dans l’énoncé ci dessus, l’équivalence (2) ⇔ (3) découle des lemmes 3.15 et

3.1.10 et consiste à montrer, comme dans le cas où X est torique, que la courbure

scalaire d’une métrique compatible s’exprime en termes de la courbure scalaire

pondérée de la fibre X et que le champ de vecteurs extrémal est tangent aux

fibres. Les preuves des implications (1) ⇒ (3) et (4) ⇒ (3) sont similaires et

reposent sur les résultats de Chen–Cheng et He [25, 26, 47], mais nécessitent

une modification par rapport au cas où X est torique. Pour la fermeture du

chemin de continuité, nous ne pouvons plus utiliser la caractérisation des fibrés

principaux semisimples par le fait que l’action du tore T est rigide et semisimple,

voir [4, 5]. Nous utilisons à la place que toute métrique kählérienne compatible est

invariante par l’action d’un tore maximal KY dans le groupe d’automorphismes

réduit Autred(Y ) contenant T, voir le lemme 3.1.10. Il s’ensuit des propriétés de

KY (voir le lemme 3.1.10) que tout élément γ de KY envoie une fibre Xb au-dessus

de b ∈ B sur une fibre Xγ(b) au-dessus d’un point γ(b) ∈ B. Nous pouvons ensuite

conclure en utilisant que la fonction affine extrémale est une fonction sur le dual de

l’algèbre de Lie t de T, et la convergence lisse d’une suite de métriques compatibles

(obtenue par la fermeture du chemin de continuité) vers une métrique kählérienne

extrémale (par [25, 26, 47]).

Dans le cadre du théorème D, la preuve que l’existence d’une métrique à

courbure scalaire constante pondérée implique une certaine notion de stabilité

pondéree a été obtenue dans [9] pour des poids généraux au sens de [53] (la notion

de stabilité pondérée est une généralisation de celle définie par [33, 48, 61, 73],

voir [9] pour la définition précise). Soulignons que la réciproque, à savoir qu’une

certaine notion de stabilité pondérée implique l’existence d’une métrique à cour-

bure scalaire constante pondérée, a été obtenue dans le théorème B dans le cas où
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X est torique. Dans ce cas, la notion de stabilité pondérée s’exprime en termes du

polytope de la fibre, et cette dernière implique une certaine notion de propreté de

l’énergie de Mabuchi pondéree correspondante (voir la proposition 1.6.9). Dans

le cadre général d’une variété kählérienne compacte, ce type de résultat n’est pas

connu à ce jour, même dans le cas non pondéré.

0.3 Organisation du manuscrit

Dans le chapitre 1, nous démontrons les théorèmes A et B, la proposition 0.2.1

et le corollaire 0.2.2. La section 1.1 est une brève introduction à la notion de

métriques kählériennes à courbure scalaire constante pondérée selon [53]. Dans

la section 1.2, nous rappelons la construction et certains résultats clés établis

dans [5, 7] concernant les fibrés principaux toriques semisimples. Dans la sec-

tion 1.2.5, nous introduisons les distances pondérées, fonctionnelles pondérées et

opérateurs différentiels pondérés. La section 1.4 présente une brève introduction

aux résultats d’existence de métriques kählériennes extrémales [25, 26, 47]. Nous

expliquons pourquoi les arguments fonctionnent identiquement lorsque la notion

de propreté est relative à un tore maximal du groupe d’automorphismes réduit (et

non seulement d’un sous groupe compact connexe maximal). Dans la section 1.5,

le résultat principal du chapitre, le théorème A, est énoncé et démontré. Dans la

section 1.6, nous rapellons certains réultats de géométrie torique kählérienne et

donnons la preuve du théorème B. Nous concluons le chapitre 1 par la section 1.7,

où nous démontrons le corollaire 0.2.2.

Dans le chapitre 2 nous complétons les preuves du théorème C, du corollaire

0.2.3 et des propositions 0.2.4 and 0.2.5. Dans la section 2.1, nous prouvons

le théorème 2.1.4 qui donne une condition suffisante pour qu’un polytope soit

uniformément pondérément K-stable pour des poids quelconques. Dans la section



15

2.2, nous exposons également les preuves du théorème C, du corollaire 0.2.3, de

la proposition 0.2.5 et du corollaire 0.2.6. Nous présentons finalement, dans la

section 2.3, plusieurs applications de la condition suffisante. Nous démontrons en

particulier la proposition 0.2.4.

Le chapitre 3 est dédié à l’introduction des fibrés principaux semisimples et à la

preuve du théorème D. Dans la section 3.1, nous construisons les fibrés principaux

semisimples et nous généralisons les résultats clés établis dans le cas où les fibres

sont toriques. Dans la section 3.2, nous prouvons le théorème D.

En annexe A, nous présentons un programme Python permettant de calculer

la condition suffisante lorsque la base du fibré principal torique semisimple ne

possède qu’un seul facteur et que la fibre est la droite projective P1 ou le plan

projectif P2. L’annexe B est un compléement de preuve de la proposition 0.2.4.

Nous ajoutons en annexe C, la preuve du lemme C.0.1. Il donne un critère pour

qu’une certaine classe de fibrations toriques semisimples soient Fano. Finalement,

nous ajoutant en annexe D une preuve des décompositions en espaces verticaux et

horizontaux des opérateurs différentiels associés au chemin de continuité de Chen

sur un fibré principal semisimple.



INTRODUCTION

0.4 Motivations

A central problem in Kähler geometry, proposed by Calabi in the 1980’s [20],

is to find a canonical representative, called extremal, in a given Kähler class.

Extremal Kähler metrics include, in particular, the much studied constant scalar

curvature Kähler metrics (cscK) and Kähler–Einstein metrics. By definition, an

extremal Kähler metric is a Kähler metric such that the hamiltonian vector field

generated by the scalar curvature is (real) holomorphic, i.e. its flow preserves the

complex structure. Calabi shows in its semind article [20] that the Hirzebruch

complexes surfaces do not admit any cscK metric but do admit extremal Kahler

metrics.

Although the Calabi problem is still open in general, some particular cases

have been established. The Uniformization Theorem [52, 70] implies that any

Riemann surface admits a cscK metric in each Kähler class. Yau’s Theorem [80]

states that, when c1(X) = {0}, each Kähler class admits a cscK metric (which

is also Ricci flat). If the first Chern class of the manifold is negative, Aubin and

Yau proved [13, 14, 80] that −c1(X) has a unique Kähler–Einstein metric.

Matsushima and Lichnerowicz showed [64, 67] that the group of complex au-

tomorphism Aut(X) of a compact complex manifold X must be reductive in

order for X to admit a cscK metric. The existence of an extremal metric is also

obstructed in terms of Aut(X). Indeed, Calabi proved [21] that a certain sub-

group of Aut(X) must be reductive in order for X to admit an extremal metric.
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This obstruction is not trivial, as observed by Levin [57] giving the first example

of compact Kähler manifold that does not admit any extremal Kähler metric.

On the other hand, Tian found examples [77] of Kähler manifolds without auto-

morphism, which do not admit any Kähler–Einstein metric. His work (see e.g.

[74, 75, 76, 77, 78]) contributed to a formulation of a general conjecture, called

the Yau–Tian–Donaldson conjecture (YTD), which predicts that the existence of

an extremal metric in a Kähler class α is equivalent to a certain notion of stability

of (X,α). Even though this conjecture is still open in general, some particular

cases are established. For example, the case of Fano manifolds is proved by Chen–

Donaldson–Sung [27, 28, 29] (see also [17, 63, 78]). The case of toric surface was

resolved by Donaldson [39] and by Chen–Cheng’s [25, 26] for arbitrary dimension,

building on works of many mathematicians [1, 25, 26, 22, 37, 48, 61, 81]. In the

context of toric manifolds, the notion of stability is expressed in terms of the corre-

sponding Delzant polytope [37, 48]. The Yau–Tian–Donaldson conjecture is also

established for other classes of manifolds admitting a large group of symmetry,

such as spherical manifolds, see [36].

In this thesis, we are interested in the Yau–Tian–Donaldson conjecture on a

certain class of toric fibrations, introduced by Apostolov–Calderbank–Gauduchon–

Tonessen-Friedman [5] and called semisimple principal toric fibrations. They are

obtained from a generalization of the construction of extremal Kähler metric on

P1-bundle of Calabi [20]. The semisimple principal toric fibrations are defined

from a principal bundle Q with structure group a torus T and a Kähler com-

pact toric manifold (X, JX , ωX ,T). We assume that the base B of the principal

T-bundle π : Q ! B is a product of cscK compact manifolds (B, JB, ωB) :=∏k
a=1(Ba, Ja, ωa) and that the first Chern class of Q satisfies
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c1(Q) =
k∑
a=1

pa ⊗ π∗[ωa], (5)

where the pa are elements of the lattice Λ ⊂ t of the torus T (where t denotes

the Lie algebra of T). As a smooth manifold, the total space of the semisimple

principal toric fibration is defined by

Y := Q×T X. (6)

Then, we endow Y with complex structure JY defined from a connection θ ∈

Ω1(Q)⊗ t with curvature

dθ =
k∑
a=1

pa ⊗ π∗(ωa), (7)

the lifted complex structure JB of B and the complex structure JX of X. Fur-

thermore, one can show that any Kähler metric ωX on X defines a Kähler metric

ωY on Y such that its pullback to X ×Q by the quotient map πY : X ×Q ! Y

is the basic 2-form

π∗
Y (ωY ) = ωX + ⟨m, θ⟩+

k∑
a=1

(
⟨pa,m⟩+ ca

)
π∗(ωa), (8)

where m denotes the moment map of the T-action on (X, JX , ωX), ⟨·, ·⟩ is the

natural contraction of t∗ and t, and the constant ca defined the Kähler class [ωY ]

in such way that ⟨pa,m⟩ + ca > 0. Such metrics are called compatible Kähler

metrics and the correpsonding Kähler classes [ωY ] are called compatible Kähler

class. We refer to Section 1.2.1 (see also Section 3.1 for the case when X is not
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necessarily toric) for more details on this construction. We give there two examples

of semisimple principal toric fibrations whose fiber is the projective space Pk.

1. The projectivization

Y = P(L0 ⊕ · · · ⊕ Lk) ! Σ,

of the direct sum of holomorphic line bundles Li ! Σ over a Riemann

surface Σ.

2. The projectivization

Y = P(L0 ⊕ · · · ⊕ Lk) ! B1 × · · · × Bk,

where (Bi, Li) are polarized cscK manifolds.

Semisimple principal toric fibrations as defined above correspond to semisimple

rigid toric fibrations in the sense of [5] when the basis is a global product of cscK

Kähler manifolds and when there is no blow-down. In [7], the authors made the

following conjecture:

Conjecture 2. Let (Y, JY , ωY ,T) be a semisimple rigid toric fibration and P its

associated Delzant polytope. Suppose [ωY ] is a compatible Kähler class. Then the

following statements are equivalent:

1. [ωY ] admits an extremal Kähler metric.

2. [ωY ] admits a compatible extremal Kähler metric.

3. The Delzant polytope P satisfies a certain notion of weighted stability.
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In the third assertion, the notion of weighted stability is a weighted version of the

notion of K-stability introduced in [37]. In the presence of blow-down, the notion

of compatble Kähler metric needs to be refined compared to the one introduced

above, see [5, 7].

0.4.1 Main results

We obtain the resolution of Conjecture 2 for semisimple principal toric fibra-

tions in an article published in Annales de l’Institut Fourier, see [50].

Theorem 0.4.1. For Y a semisimple principal toric fibration, Conjecture 2 is

true.

In the above statement, in order to define uniform weighted K-stability (see Def-

inition 1.6.8), we use normalized continuous convex functions which are smooth

in the interior of P and the usual L1-norm of P . By C0 density and continuity,

this is equivalent to the uniform (weighted) K-stability of P , defined in terms of

normalized convex piece-wise linear functions with rational coefficients and the

L1-norm. Moreover, by [68], this stability notion is equivalent to the one use in

Conjecture 2 (see [7, Conjecture 2] for the precise statement).

We split Theorem 0.4.1 in two statements: Theorems A and B below. Theorem

A corresponds to the statement "(1) ⇔ (2)" in Conjecture 2.

Theorem A. Let (Y, JY , ωY ,T) be a semisimple principal toric fibration whose

fiber is the toric Kähler manifold (X, JX , ωX ,T). Then, the following statements

are equivalent.

1. There exists an extremal Kähler metric in [ωY ].

2. There exists a compatible extremal Kähler metric in [ωY ].
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3. There exists a weighted cscK metric in [ωX ] for the weights defined in (1.15)

below.

In the third assertion, the notion of weighted cscK metric is in the sense of [53],

see Section 1.1 for a precise definition. The equivalence (2) ⇔ (3), established in

[5], is recalled in Section 1.2. The main idea behind the proof of (1) ⇒ (2) is to

use that the existence of an extremal Kähler metric implies a certain properness

condition [25, 26, 47] for the corresponding relative Mabuchi functional (see The-

orem 1.4.2 below for a precise statement). Then, under the hypothesis that the

relative Mabuchi is proper, we show that the continuity path of [24] can be solved

in the subspace of compatible Kähler metrics in [ωY ].

Theorem B below corresponds to the statement "(1) ⇔ (3)" in Conjecture 2

and provides a criterion for verifying the equivalent conditions of Theorem A,

expressed in terms of the Delzant polytope P of the fiber and data depending of

the topology of Y and the compatible Kähler class.

Theorem B. Let (Y, JY , ωY ,T) be a semisimple principal toric fibration with fiber

(X, JX , ωX ,T) and denote by PX its associated Delzant polytope. Then, there

exists a weighted cscK metric in [ωX ] if and only if PX is weighted uniformly

K-stable, for the weights defined in (1.15). In particular, the latter condition is

necessary and sufficient for [ωY ] to admit an extremal Kähler metric.

The strategy of the proof consists in considering the compatible extremal Kähler

metrics on the total space (Y, JY ,T) as weighted cscK metrics on the corresponding

toric fiber (X, JX ,T) via Theorem A. We then use the Abreu–Guillemin formal-

ism and a weighted adaptation of the results in Chen–Li–Sheng [22], Donaldson

[37] and Zhou–Zhu [81] to establish the equivalence on (X, JX , ωX ,T). In one

direction, namely showing that the existence of an compatible extremal Kähler
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metric implies that the polytope PX is weighted uniformly K-stable, the argument

follows from a straightforward modifcation of the result of Chen–Li–Sheng [22],

which was proved by Li–Lian–Sheng [60]. To show the other direction, we build

on arguments of Donaldson [37] and Zhou–Zhu [81] to obtain in Proposition 1.6.9

that the uniform weighted K-stability of the polytope implies a certain notion of

properness of the weighted Mabuchi energy on X. We then show that the later

implies the properness of the Mabuchi energy of Y , and we finally conclude by

involing again [25, 26, 47].

Finally, we are interested in a certain class of almost Kähler metrics (i.e.

metrics compatible with a symplectic form whose almost complex structures are

not necessarily integrable) on a toric manifold (X,ωX ,T). They are, by definition,

T-equivariant almost Kähler metrics such that the orthogonal distribution to the

T-orbits is involutive (see [56]) and we will refer to such metrics as involutive toric

almost Kähler metrics. The idea of studying such metrics comes from Donaldson

[37] (see [5] for the weighted case), where it is conjectured that the existence of

a toric involutive constant scalar curvature almost Kähler metric is equivalent to

the existence of a cscK metric.

Proposition 0.4.2. Let (X,ωX ,T) be a toric manifold associated to a Delzant

polytope PX . Then, for the weights defined in (1.15), the following statements are

equivalent.

1. There exists a toric weighted cscK metric on (X,ωX ,T).

2. There exists an involutive toric weighted csc almost Kähler metric on

(X,ωX ,T).

3. P is weighted uniformly K-stable.

As an application of the above result, we study the existence of extremal
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Kähler metrics on the projectivisation P(L0 ⊕ L1 ⊕ L2) of a direct sum of line

bundles Li ! Σg over a compact complex curve Σg of genus g = 0, 1. In [7,

Proposition 4], the authors established the existence of involutive toric weighted

constant scalar curvature almost Kähler metrics on P(L0 ⊕ L1 ⊕ L2). Combining

with Proposition 0.4.2, we deduce the following:

Corollary 0.4.3. Let Y = P(L0⊕L1⊕L2) −! Σg be a projective P2-bundle over

a complex curve Σg of genus g, g = 0, 1. Then Y is a Calabi dream manifold,

i.e. Y admits an extremal Kähler metric in each Kähler class. Furthermore, the

extremal Kähler metrics are compatibles.

When g = 0, the existence part of Corollary 0.2.2 was already obtained in [55].

We prove in addition that these extremal metrics are compatibles, i.e. satsisfy

(8).

In a work in collaboration with Delcroix [35] accepted in Annales Henry

Lebesgue, we obtained a sufficient condition for the weighted uniform K-stability

of a simple convex compact polytope in the sense of Lahdili [53] to hold for arbi-

trary weights, see Theorem 2.1.4. The proof of this result is based on a generaliza-

tion to the weighted case of a method of Zhou–Zhu [81]. Next, we considered the

weights corresponding to a semisimple principal fibration. By virtue of Theorem

B above, we obtain the existence of an extremal Kähler metric on the total space

as soon as our criterion is satisfied. When the fiber X is a Fano manifold, the

condition is expressed as follows

Theorem C. Let (Y, JY ) be a semisimple principal toric fibration whose fiber is

a toric Fano manifold (X, JX). We consider a compatible Kähler class [ωY ] on Y

defined from a Kähler class [ωX ] = t2πc1(X) on X via (8). We suppose that for

all a, 2 dim(Ba)ca ≥ tsa (see (8) above) and that at each vertex x of the polytope

PX of X
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2(dim(Y ) + 1) +
k∑
a=1

tsa − 2 dim(Ba)ca
⟨pa, x⟩+ ca

− tlext(x) ≥ 0, (9)

where lext ∈ Aff(t∗) is the affine extremal function of [ωY ]. Then there exists an

extremal Kähler metric in [ωY ].

The constants sa in the preceding statement are the constant scalar curvatures of

the Kähler metrics ωa. In the general context of a compact Kähler manifold, the

affine extremal function is an affine function on the dual Lie algebra of a maximal

torus in the reduced automorphism group. Because of the contribution of the base

(B, JB), for a semisimple principal toric fibration, the torus T is not, in general,

maximal in the reduced automorphism group. However, it is shown that the affine

extremal function of a compatible Kähler class is in fact affine-linear on the dual

Lie algebra t∗ of T, see [7, Section 3.4] or Section 1.2.3. One of the important

aspects of Theorem C is that the condition (9) needs to be checked only at a finite

number of points, the vertices of PX .

Furthermore, suppose that the total space Y is Fano and that the base B is a

product of positive Kähler–Einstein manifolds
∏k

a=1(Ba, Ja, ωa). Then X is also

Fano and c1(Y ) is a compatibe Kähler class, see Appendix C. Then the condition

(9) is simplies

Corollary 0.4.4 (of Theorem C). Let Y be Fano semisimple principal toric fi-

bration Y over a product of positive Kähler–Einstein manifolds
∏k

a=1(Ba, Ja, ωa).

Then Y admits an extremal Kähler metric in its first Chern class c1(Y ) if its

extremal function lext satisfies:

sup lext ≤ 2(dim(Y ) + 1).
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We apply Theorem C to show the existence of new extremal Kähler metrics.

For that, we wrote a Python programme (see appendix B) allowing us to check

(9) in the case when the base has only one factor and the fibers are P1 of P2. We

deduce

Proposition 0.4.5. Let B be a Kähler-Einstein Fano threefold whose anticanon-

ical line bundle satisfies −KB = LInd(B) for some holomorphic line bundle L,

where Ind(B) is the Fano index of B. Let π : P(E) ! B the projectivisation of

E := C⊕L−p1 ⊕L−p2 ! B, where 1 ≤ p1 ≤ p2 are integers. Then there exists an

extremal metric in the Kähler class c1(OE(3)) + λπ∗c1(L), for every λ ≥ 7p2.

Next, we are interested in the existence of v-solitons. Consider a compact

complex Fano manifold X endowed with a hamiltonian action of a torus T and we

fix the canonically normalized moment polytope PX associated to (2πc1(X),T),

see (3.31). A v-soliton is a Kähler metric ω ∈ c1(X) such that

Ric(ω)− ω =
1

2
ddc log(v(mω)), (10)

where Ric(ω) is the Ricci form of ω, v is a positive smooth function on PX and mω

is the moment map of ω. It is known [9] that a v-soliton on a semisimple principal

fibration Y corresponds to a weighted cscK metric on the fiber X for suitable

weight functions. For a weight v corresponding to v-soliton on Y , we show that

our sufficient condition is strictly satisfied as soon as the weighted Futaki invariant

of the fiber Fv vanishes. We get

Proposition 0.4.6. Let (Y, JY , ωY ,T) be a semisimple principal toric fibration as

in Corollary 0.4.4 whose fiber is (X, JX , ωX ,T) with associated Delzant polytope

PX . We let Fv : Aff(PX) ! R be the weighted Futaki invariant corresponding to a

v-soliton problem on Y . If Fv vanishes, then PX is weighted uniformly K-stable.
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In the above statement, Aff(PX) denote the space of affine functions on PX .

Moreover, we show that the weighted uniform K-stability of PX implies a certain

properness condition of the corresponding weighted Mabuchi energy Mv of the

fiber X, see Proposition 1.6.9.

Corollary 0.4.7. Let (Y, JY , ωY ,T) be as in Proposition 0.4.6. If the weighted

Futaki invariant Fv vanishes, then the weighted Mabuchi energy is proper, i.e.

satisfies (1.64).

It is shown in [9], using the K-stability arguments of Han–Li [62], that a Fano

semisimple principal toric fibration Y admits a v-soliton if the weighted Futaki

invariant of the fiber, for weights corresponding to v-soliton on the total space,

vanishes. Combining [62, Theorem 3.5] with Proposition 0.4.6, we obtain an

analytic proof of this result.

Finlay, in a work in collaboration with Apostolov and Lahdili [9] accepted in

Geometry & Topology, we introduce a generalization of semisimple principal toric

fibrations where the fiber X is not necessarily toric. Instead, we assume that T

is embedded in the reduced automorphism group Autred(X) of X. We can then

define a smooth fibration Y as in (6) with fiber X, called semisimple principal

fibration. Similarly to the case with toric fibers, we define a complex structure JY

on Y and a compatible Kähler metrics via (8). We then show

Theorem D. Let (Y, JY , ωY ,T) be a semisimple principal fibration with fiber

(X, JX , ωX ,T) such that T is maximal in Autred(X). Then, the following con-

ditions are equivalent.

1. There exists an extremal Kähler metric in [ωY ].

2. There exists a compatible extremal Kähler metric in [ωY ].
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3. There exists a weighted cscK metric in [ωX ].

4. The weighted Mabuchi energy Mv,w of the fiber is TC-relatively proper.

In the above statement the weights are defined by the topological data of the

fibration Y . The properness in the fourth statement is introduced in Definition

3.2.1 and is expressed in terms of Darvas d1-distance (see (1.20)) relative to the

orbits of the complexified torus TC on the space of normalized Kähler potentials

of the fiber (X, [ωX ]).

The equivalence (2) ⇔ (3) in Theorem D follows from Lemmas 3.15 and 3.1.10

and consists of proving, as in the case when X is toric, that the scalar curvature

of a compatible Kähler metric on Y is expressed in terms of the weighted scalar

curvature of the fiber X, and that the extremal vector field is tangent to the fibers.

The proofs of the statements (1) ⇒ (3) and (4) ⇒ (3) of Theorem D are similar to

the ones give in the case of toric fibrations and rely on the results of Cheng–Cheng

and He [25, 26, 47], but the convergence arguments need to be modified. More

precisly, we cannot use the characterization of semisimple principal fibrations as

Kähler manifolds endowed with a rigid and semisimple action of a torus T (see

[4, 5]). We use instead that any compatible Kähler metric is invariant under the

action of a maximal torus KY in the reduced automorphism group Autred(Y )

containing T, see Lemma 3.1.10. Using the properties of KY (see Lemma 3.1.10),

any element γ of KY sends a fiber Xb over b ∈ B to a fiber Xγ(b) over a point

γ(b) ∈ B. We can then conclude that Xb admits a weighted cscK metric by using

that the affine extremal function is a function on the dual of the Lie algebra t of

T and the smooth convergence of a sequence of compatible Kähler metrics to an

extremal metric (see [25, 26, 47]).

In the context of Theorem D, the proof that the existence of a weighted cscK

metric implies a weighted K-stability condition is obtained in [9] for arbitrary
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weights (the notion of weighted stability is a generalization of the one defined

by [33, 48, 61, 73], see [9] for a precise definition). We would like to emphasise

that when X is toric, Theorem B gives the converse, namely that the relevant no-

tion of weighted K-stability implies the properness of the corresponding weighted

Mabuchi energy (see Proposition 1.6.9). In the general case of Kähler manifold,

similar result is not known as yet, even in the unweighted case.

0.5 Outline of the manuscript

In Chapter 1, we establish Theorems A and B, Proposition 0.4.2 and Corol-

lary 0.4.3. Section 1.1 is a brief summary of the notion of weighted (v,w)-scalar

curvature introduced by Lahdili [53]. In Section 1.2, we recall the construction

and key results of semisimple principal toric fibrations established in [5, 7]. In

Section 1.3, we introduce weighted distances, weighted functionals, and weighted

differential operators. Section 1.4 gives an account on the existence results for ex-

tremal Kähler metrics obtained by Chen–Cheng and He [25, 26, 47]. We explain

why their argument works equally when the properness is relative to a maximal

torus of the reduced group of automorphism (rather than a connected maximal

compact subgroup). In Section 1.5, our main result, Theorem A, is stated and

proved. In Section 7, after introducing some fundamental notions of toric Kähler

geometry, we prove Theorem B. In Section 1.7, we show Corollary 0.4.3.

In Chapter 2 we give the proofs of Theorem C, Corollary 0.4.4, and of Propo-

sitions 0.4.5 and 0.4.6. In Section 2.1, we establish Theorem 2.1.4, which give a

sufficient condition for the weighted uniform K-stability of a labelled polytope to

hold. In Section 2.2, we give the proofs of Theorem C, of Proposition 0.4.6 and of

Corollaries 0.4.4 and 0.4.7. Finally, we present in Section 2.3 several applications

of Theorem C. In particular, we establish Proposition 0.4.5.
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Chapter 3 is dedicated to the introduction of semisimple principal fibrations

and to the proof of Theorem D. In Section 3.1, we introduce the semisimple

principal fibrations and generalize the main results established when the fiber X

is toric. In Section 3.2, we prove Theorem D.

We include in Appendix A a Python program allowing us to test the suffi-

cient condition when the base B has only one factor and the fiber is P1 or P2. In

Appendix B, we give a complement of proof of Proposition 0.4.5. In Appendix

C, we show Lemma C.0.1 which gives a criterion for a certain class of semimple

principal toric fibrations to be Fano. Finally, in Appendix D we show the decom-

position with respect to the vertical and horizontal distributions of the operators

associated to the continuity path of Chen for a semisimple principal fibration.



CHAPTER I

A YAU–TIAN–DONALDSON CORRESPONDENCE ON SEMISIMPLE

PRINCIPALE TORIC FIBRATIONS (BASED ON [50])

1.1 Lahdili’s v-scalar curvature

In this section, we review briefly the notion of weighted v-scalar curvature in-

troduced by Lahdili in [53]. Consider a smooth compact Kähler manifold (X, J, ω).

We denote by Autred(X) the reduced group of automorphisms whose Lie algebra

hred is given by the ideal of real holomorphic vector fields with zeros, see [42]. Let

T be an ℓ-dimensional real torus in Autred(X) with Lie algebra t. Suppose ω0 is a

T-invariant Kähler form and consider the set of smooth T-invariant Kähler poten-

tials K(X,ω0)
T relative to ω0. For φ ∈ K(X,ω0)

T we denote by ωφ = ω0 + ddcφ

the corresponding Kähler metric. It is well known that the T-action on X is ωφ-

Hamiltonian (see [42]) and we let mφ : X −! t∗ denote a ωφ-moment map of T.

It is also known [12, 45, 53] that Pφ := mφ(X) is a convex polytope in t∗ and we

can normalize mφ by

mφ = m0 + dcφ, (1.1)

in such a way that P = Pφ is φ-independent, see [53, Lemma 1].

Definition 1.1.1. For v ∈ C∞(P,R>0) we define the (weighted) v-scalar curvature
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of the Kähler metric ωφ, φ ∈ K(X,ω0)
T, to be

Scalv(ωφ) := v(mφ)Scal(ωφ) + 2∆ωφ

(
v(mφ)

)
+ Tr

(
Gφ ◦ (Hess(v) ◦mφ)

)
,

where ∆ωφ is the Riemannian Laplacian associated to gφ := ωφ(·, J ·), Hess(v) is

the Hessian of v viewed as bilinear form on t∗ whereas Gφ is the bilinear form

with smooth coefficients on t, given by the restriction of the Riemannian metric

gφ on fundamental vector fields and Scal(ωφ) is the scalar curvature of (X, J, ωφ).

In a basis ξ = (ξi)i=1,··· ,ℓ of t we have

Tr
(
Gφ ◦ (Hess(v) ◦mφ)

)
=
∑

1≤i,j≤ℓ

v,ij(mφ)gφ(ξi, ξj)

where v,ij stands for the partial derivatives of v in the dual basis of ξ.

Definition 1.1.2. Let (X, J, ω0) be a compact Kähler manifold, T ⊂ Autred(X)

a real torus with normalized moment image P ⊂ t∗ associated to [ω0], and v ∈

C∞(P,R>0), w ∈ C∞(P,R). A (v,w)-cscK metric is a T-invariant Kähler metric

satisfying

Scalv(ωφ) = w(mφ). (1.2)

The motivation for studying (1.2) is that many natural geometric problems in

Kähler geometry correspond to (1.2) for suitable choices of v and w. For example,

if T is a maximal torus in Autred(X), v ≡ 1 and l is an affine function on t∗, the

(1, l)-cscK metrics are extremal Kähler metrics in the sense of Calabi. Another

example, which will be of main interest to this thesis, is the existence theory of
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extremal Kähler metrics on a class of fibrations, which can be reduced to the

study of (v,w)-cscK on the fiber for suitable choices of v and w. Weighted Kähler

metrics have been extensively studied and related to a notion of (v,w)-weighted

K-stability, see for example [8, 11, 49, 53].

1.2 A class of toric fibrations

1.2.1 Semisimple principal toric fibrations

Let T be an ℓ-dimensional torus. We denote by t its Lie algebra and by Λ ⊂ t

the lattice of generators of circle subgroups, so that T = t/2πΛ. Consider πB :

Q −! (B, JB) a principal T-bundle over a 2n-dimensional product of cscK Hodge

manifolds (B, JB, ωB) =
∏k

a=1(Ba, Ja, ωa). Let θ ∈ Ω1(Q) ⊗ t be a connection

1-form on Q with curvature

dθ =
k∑
a=1

π∗
Bωa ⊗ pa pa ∈ Λ ⊂ t. (1.3)

The connection 1-form θ gives rise to a horizontal distribution H := ann(θ) and

the tangent space splits as

TQ = H⊕ t,

where, by definition, Hb

(πB)∗∼= TbB. The complex structure JB acts on vector fields

in H via the unique horizontal lift from TB.

Let (X, JX , ω,T) be a 2ℓ-dimensional compact toric Kähler manifold with as-

sociated compact Delzant polytope P [36]. We will consider various actions of T

in this paper. In order to avoid confusion, we specify the space on which T acts
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as a subscript, e.g. TQ acts on Q. The interior P 0 is the set of regular values of

the moment map mω : X −! P ⊂ t∗ of (X,ω,T) and X0 := m−1
ω (P 0) is the open

dense subset of points with regular TX-orbits. Introducing angular coordinates

t : X0 ! t/2πΛ with respect to the Kähler structure (JX , ω) (see e.g. [2]), we

identify

X0 ∼= T× P 0 and TxX
0 ∼= t⊕ t∗. (1.4)

for all x ∈ X0. Notice that the first diffemorphism is T-equivariant.

We consider the 2m = 2(ℓ+ n) dimensional smooth manifold

Y 0 := Q×T X
0,

where the TQ×X0-action is given by

γ · (q, x) = (γ · q, γ−1 · x), q ∈ Q, x ∈ X0, and γ ∈ T.

Using (1.4) we identify

Y 0 ∼= Q× P 0. (1.5)

We will still denote by πB : Y 0 −! B the projection. At the level of tangent

space we get

TY 0 = H⊕ V , (1.6)



19

where, for all b ∈ B, Vb := ker(πB)∗ ∼= t ⊕ t∗ is the vertical space. Since X0

compactifies as X, the smooth manifold Y 0 compactifies as a fiber bundle over B

with fiber Xb
∼= X:

Y := Y 0 = Q×T X.

By construction, Y 0 is an open dense subset of Y consisting of points with regular

TY -orbits.

One can show that the almost complex structure JY := JB ⊕ JX on Y 0 is

integrable and extends to Y (as JX extends to X). In other words, Y is a com-

pactification of the principal (C∗)ℓ-bundle πB : (Y 0, JY ) −! (B, JB).

1.2.2 Compatible Kähler metrics

Following [7], we introduce a family of Kähler metrics compatible with the

bundle structure. In moment-angular coordinates (mω, t), the Kähler form ω of

(X, JX ,T) is writen on X0 as

ω = ⟨dmω ∧ dt⟩, (1.7)

where the angle bracket denotes the pairing between t∗ and t. By (1.5), we can

equivalently define a 1-form θ on Y 0 = Q ×T X
0 which satisfies θ(ξY ) = ξ and

θ(JY ξ
Y ) = 0, where ξY is the fundamental vector field defined by ξ ∈ t. Then,

⟨dmω ∧ θ⟩ is well defined on Y 0 and restricts to ⟨dmω ∧ dt⟩ on each fibers. Thus,

we get a 2-form on Y

ω := ⟨dmω ∧ θ⟩. (1.8)
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We choose the real constants ca, 1 ≤ a ≤ k, such that the affine-linear functions

⟨pa, x⟩+ ca are positive on P , where, we recall the elements pa ∈ Λ are defined by

(1.3). We then define the 2-form on Y 0

ω̃ =
k∑
a=1

(⟨pa,mω⟩+ ca)ωa + ⟨dmω ∧ θ⟩, (1.9)

which extends to a smooth Kähler form on (Y, JY ) since ω does on (X, JX). In

the sequel, we fix the metrics ωa, the 1-form θ and the constants ca, noting that

pa ∈ t are topological constants associed to Y . The Kähler manifold (Y, JY , ω̃,T)

is then a fiber bundle over B obtained from the principal T-bundle Q, with fiber

the Kähler toric manifold (X, JX , ω,T). Following [7], we define:

Definition 1.2.1. The Kähler manifold (Y, JY , ω̃,T) constructed above is referred

to as a semisimple principal toric fibration and the Kähler metric given explicitly

on Y 0 by (1.9) is referred to as a compatible Kähler metric. The corresponding

Kähler classes on (Y, JY ) are called compatible Kähler classes and, in the above

set up, are parametrized by the real constant ca satisfyng ⟨pa, x⟩+ ca > 0.

Remark 1.2.2. Let (Y, JY , g̃, ω̃) be a compact Kähler 2m-manifold endowed with

an effective isometric hamiltonian action of an ℓ-torus T ⊂ Autred(Y ) and moment

map m : Y ! t∗. Following [7], we say the action is rigid if for all x in Y ,

g̃(ξY1 , ξ
Y
2 ) depends only on m(x), where ξi are fundamental vector fields of the T-

action on Y , i = 1, 2. The T-action is said to be semisimple rigid if moreover, for

any regular value x0 of the moment map, the derivative with respect to x of the

family ωB(x) of Kähler forms induced on the complex quotient (B, JB) of (Y, JY )

are parallel and diagonalizable with respect to ωB(x0). By the results of [4, 5, 7],

semisimple principal toric fibrations (Y, JY , ω̃,T) correspond to Kähler manifolds

with a semisimple rigid torus action, such that the Kähler quotient B is a global

product of cscK manifolds, and there are no blow-downs.
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The volume form of a compatible Kähler metric (1.9) satisfies

ω̃[ℓ+n] = ω
[n]
B ∧ v(mω)ω

[ℓ] =
k∧
a=1

ω[na]
a ∧ v(mω)ω

[ℓ] (1.10)

where v(mω) :=
∏k

a=1

(
⟨pa,mω⟩ + ca

)na , na is the complex dimension of Ba and

ω[i] := ωi

i!
for 1 ≤ i ≤ m. It follows from [5] and [53, Sect. 6] that the scalar

curvature of a compatible metric is given by

Scal(ω̃) =
k∑
a=1

sa
⟨pa,mω⟩+ ca

+
1

v(mω)
Scalv(ω), (1.11)

where sa is the constant scalar curvature of (Ba, Ja, ωa) and Scalv(ω) is the v-

weighted scalar curvature of (X, JX , ω,T), see Definition 1.1.1.

1.2.3 The extremal vector field

We now recall the definition of the extremal vector field on a general compact

Kähler manifold Y . To this end, we fix a maximal compact torus K ⊂ Autred(Y )

and a Kähler class [ω̃0]. Given any K-invariant Kähler metric ω̃ ∈ [ω̃0], we consider

the L2
ω̃-orthogonal projection

Πω̃ : L2
ω̃ −! PK

ω̃ , (1.12)

where PK
ω̃ is the space of ω̃-Killing potentials, which is the space of function

f ∈ C∞(Y )K such that the hamiltonian vector field X := ω̃−1(df) is holomorphic.

Futaki and Mabuchi [41] showed that Πω̃

(
Scal(ω̃)

)
does not depend on the chosen

K-invariant Kähler metric ω̃ in [ω̃0]. Therefore, with respect to a normalized

moment map mω̃ : Y −! Lie(K)∗, see (1.1), one can write
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Πω̃

(
Scal(ω̃)

)
= ⟨ξext,mω̃⟩+ cext =: ℓext(mω̃) (1.13)

where ξext ∈ Lie(K), cext ∈ R and ℓext ∈ Aff
(
Lie(K)∗

)
, see [53, Lemma 1] for

more details.

Assume now that (Y, JY , ω̃,T) is a semisimple principal toric fibration. Then

by [7, Proposition 1], the extremal vector field is tangent to the fibers, i.e. ξext ∈ t.

Proposition 1.2.3. Let (Y, JY ) be a semisimple principal toric fibration and KB

be a maximal torus in the isometry group of gB :=
∑k

a=1 ga, where ga is the

Riemannian metric of ωa. Denote by kB the Lie algebra of KB. Any compatible

Kähler metric ω̃ on (Y, JY ) is invariant by the action of a maximal torus KY ⊂

Autred(Y ) whose Lie algebra fits in the exact sequence of Lie algebras

{0} −! t −! kY −! kB ! {0}, (1.14)

where kY the Lie algebra of KY . Moreover, the extremal vector field ξext belongs

in the Lie algebra t of T.

As shown in [7], we get from (1.11) and (1.13):

Corollary 1.2.4. A compatible Kähler metric ω̃ on (Y, JY ) is extremal if and

only if the corresponding toric Kähler metric ω on (X, JX) is (v,w)-cscK in the

sense of Definition 1.2, where the weights are given by

v(x) =
k∏
a=1

(
⟨pa, x⟩+ ca

)na

w(x) = v(x)

(
lext(x)−

k∑
a=1

sa
⟨pa, x⟩+ ca

)
,

(1.15)
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where lext ∈ Aff(P ) is defined in (1.13).

1.2.4 The space of invariant functions

Any TY -invariant smooth function on Y pulls back to a TQ × TX-invariant

function on Q×X, and therefore descends to a TX-invariant smooth function on

B ×X (see Section 1.2.1). This gives rise to an isomorphism of Fréchet spaces

C∞(Y )T ∼= C∞(B ×X)TX , (1.16)

which we shall tacitly use throughout the paper. Moreover, by (1.5) we get

C∞(Y 0)T ∼= C∞(B × P 0)

Given f ∈ C∞(Y )T, for any b ∈ B, we denote by fb ∈ C∞(X)T the induced

smooth function on X with respect to the identification (1.16). Similarly, for any

x ∈ X, we denote by fx ∈ C∞(B) the induced smooth function on B. It follows

that on C∞(Y )T, the differential operator dY splits as dY = dB + dX , where dB

and dX , is the exterior derivative on B and X respectively. We get

C∞(X)T ∼= {f ∈ C∞(Y )T | dBfx = 0 ∀x ∈ X}, (1.17)

showing that C∞(X)T is closed in C∞(Y )T for the Fréchet topology.

1.2.5 The space of compatible Kähler potentials

We fix a reference compatible Kähler metric ω̃0 on (Y, JY ), its corresponding

Kähler metric ω0 on (X, JX) and let (v,w) be the weights given by (1.15). We
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denote by K(X,ω0)
T the space of smooth Kähler potentials on X relative to ω0 and

by ωφ = ω0 + dXd
c
Xφ be the corresponding Kähler metric on (X, JX). Similarly,

K(Y, ω̃0)
T denotes the space of smooth T-invariant Kähler potentials on (Y, JY )

relative to ω̃0 and ω̃φ = ω̃0 + dY d
c
Y φ is the corresponding Kähler metric. The

following Lemma is established in [7, Lemma 7].

Lemma 1.2.5. Let ωφ = ω0 + dXd
c
Xφ be a T-invariant Kähler metric on (X, JX)

and mφ be the moment map which satisfies the normalization (1.1). Then, the

compatible Kähler metric ω̃φ induced by ωφ on Y is given by ω̃φ = ω̃0 + dY d
c
Y φ,

where φ is seen as a smooth function on Y via (1.16).

It follows that K(X,ω0)
T parametrizes the compatible Kähler metric on (Y, J)

given explicitly by (1.9) and will be referred to as the space of compatible Kähler

potentials. Proposition 1.2.3 and Lemma 1.2.5 give

Corollary 1.2.6. Let K be as in Lemma 1.2.3. Then, there is an embedding of

Frechet spaces K(X,ω0)
T ↪! K(Y, ω̃0)

K.

1.3 Weighted distance, functionals and operators

1.3.1 Weighted distance

Thanks to the work of Mabuchi [65, 66], it is known, that K(Y, ω̃0)
T is an

infinite dimensional formal Riemannian manifold with respect to the Mabuchi

Riemann metric:

⟨φ̇0, φ̇1⟩φ =

∫
Y

φ̇0φ̇1ω̃
[n+ℓ]
φ ∀φ̇0, φ̇1 ∈ TφK(Y, ω̃0)

T,

where TφK(Y, ω̃0)
T ∼= C∞(X)T denotes the tangent space of the Fréchet space

K(Y, ω̃0)
T at φ. Furthermore, a path (φt)t∈[0,1] ∈ K(Y, ω̃0)

T connecting two points
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is a smooth geodesic for the Mabuchi metric if and only if (see [66])

φ̈t − |dφ̇t|2φt
= 0. (1.18)

In [43], Guan showed the existence of a smooth geodesic between two Kähler

potentials on a toric manifold. This argument yields the geodesic connectedness

K(X,ω0)
T ⊂ K(Y, ω̃0)

T. The following result is proven in Lemma 3.1.7 in the

more general context of semisimple principal fiber bundles.

Lemma 1.3.1. Let φ ∈ K(X,ω0)
T and f ∈ TφK(X,ω0)

T, also viewed as an

element of TφK(Y, ω̃0)
T. Then

|df |2ω̃φ
= |df |2ωφ

.

In particular, K(X,ω0)
T is a totally geodesic submanifold of K(Y, ω̃0)

T with respect

to the Mabuchi metric.

Remark 1.3.2. On a general compact Kähler manifold (X, J, ω0), Darvas [32]

introduced the distance d1

d1(φ0, φ1) := inf
φt

∫ 1

0

∫
X

|φ̇t|ω[ℓ]
φt
, (1.19)

where ω[ℓ]
φt is the volume form associated to the metric ωφt = ω0 + ddcφt and the

infimum is taken over the space of smooth curves {φt}t∈[0,1] ⊂ K(X,ω0)
T joining

φ0 to φ1. In the above formula, φ̇t is the variation of φt with respect to t. It is

shown in [32] that d1(φ0, φ1) equals to the length of the unique (weak) C1,1̄ geodesic

[23] joining φ0 and φ1.

Lemma 1.3.3. Up to a positive multiplicative constant, the distance d1 restricts

to K(X,ω0)
T ⊂ K(Y, ω̃0)

T as the distance d1,v, defined by
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dX1,v(φ0, φ1) := inf
φt

∫ 1

0

∫
X

|φ̇t|v(mt)ω
[ℓ]
t . (1.20)

Proof. This is a direct consequence of (1.10) and Lemma 1.3.1.

1.3.2 Weighted functionals

We consider the Mabuchi energy on K(Y, ω̃0)
T relative to T, characterized by its

variation

dφMT(φ̇) = −
∫
Y

φ̇
(
Scal(ω̃φ)− Πω̃φ

(
Scal(ω̃φ)

))
ω̃[n+ℓ]
φ , MT(0) = 0, (1.21)

where Πω̃φ is introduced in (1.12). When restricted to K(X,ω0)
T ⊂ K(Y, ω̃0)

T,

this functional reduces to the weighted Mabuchi functional introduced in [53].

Indeed, we have the following Lemma, established in [7], which follows directly

from (1.11) and (1.15).

Lemma 1.3.4. The restriction of the relative Mabuchi energy MT on Y to the

subspace K(X,ω0)
T ⊂ K(Y, ω̃0)

T is equal (up to a positive multiplicative constant)

to the weighted Mabuchi energy on X, defined by

dφMv,w(φ̇) := −
∫
X

(
Scalv(ωφ)− w(mφ)

)
φ̇ω[ℓ]

φ , Mv,w(0) = 0, (1.22)

where weight functions (v,w) are given by (1.15), and φ ∈ K(X,ω0)
T, and φ̇ ∈

TφK(X,ω0)
T. In particular, the compatible extremal Kähler metrics in [ω̃0] are

critical points of Mv,w : K(X,ω)T −! R, i.e. its corresponding Kähler metric ω

on X satisfies Scalv(ω) = w(mω).
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The Aubin–Mabuchi functional I : K(Y, ω̃0)
T −! R is defined by

dφI(φ̇) =
∫
Y

φ̇ω̃[m]
φ , I(0) = 0,

for any φ̇ ∈ TφK(Y, ω̃0)
T. By (1.10), its restriction to K(X,ω0)

T ⊂ K(Y, ω̃0)
T is

equal (up to a positive multiplicative constant) to

dφIv(φ̇) :=

∫
X

φ̇v(mφ)ω
[ℓ]
φ , Iv(0) = 0, φ̇ ∈ TφK(X, ω̃0)

T (1.23)

We define the space of I-normalized relative Kähler potentials as

K̊(Y, ω̃0)
T := I−1(0) ⊂ K(Y, ω̃0)

T. (1.24)

It is well known, see e.g. [42, Chapter 4], that this space is totally geodesic in

K(Y, ω̃0)
T. Similarly, we define

K̊v(X,ω0)
T := I−1

v (0) ⊂ K(X,ω0)
T. (1.25)

It follows from (1.23) that we also have K̊v(X,ω0)
T ⊂ K̊(Y, ω̃0)

T.

1.3.3 Weighted differential operators

Following [7], we introduce the v-Laplacian of (X, JX , ω) acting on smooth

functions by

∆X
ω,vf :=

1

v(mω)
δ
(
v(mω)dXf

)
,
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where δ is the formal adjoint of the differential dX with respect to the Riemann

metric gω. This definition immediately implies that ∆X
ω,v is self-adjoint with re-

spect to v(mω)ω
[ℓ]. Moreover, it follows from the computations in [7, Lemma 8]

that ∆X
ω,v can be alternatively expressed as

∆X
ω,vf = ∆X

ω f −
k∑
a=1

nad
c
Xf(p

X
a )

⟨pa,mω⟩+ ca
(1.26)

for any f ∈ C∞(X)T, where ∆X
ω is the Laplacian with respect to ω and pXa is

the fundamental vector field on X defined by pa ∈ t. As in [53], we introduce

the v-weighted Lichnerowicz operator of (X, JX , ω) defined on smooth functions

f ∈ C∞(X) to be

LXω,vf :=
δδ
(
v(mω)(D

−dXf)
)

v(mω)
, (1.27)

where D is the Levi-Civita connection of ω, D−dX denotes the (2, 0) + (0, 2) part

of DdX and δ : ⊗pT ∗X −! ⊗p−1T ∗X is defined in any local orthogonal frame

{e1, . . . , e2n} by

δψ := −
2n∑
i=1

Dei(ei, ·)ψ

The operator δδ is the formal adjoint of D−dX with respect to ω[ℓ]. Hence, the

v-weighted Lichnerowicz operator is self-adjoint with respect to the volume form

v(mω)ω
[ℓ]. Let ω̃ be the compatible Kähler metric on (Y, JY ) corresponding to ω.

For any x ∈ X, we denote by ωB(x) the Kähler form on (B, JB) induced by ω̃:

ωB(x) :=
k∑
a=1

(
⟨pa,mω(x)⟩+ ca

)
ωa.



29

The following is etablished in the proof of [7, Lemma 8].

Proposition 1.3.5. Let f be a T-invariant smooth function on Y , seen as a

TX-invariant function on X × B via (1.16). We denote by ∆ω̃ the Laplacian of

(Y, JY , ω̃) and by ∆B
x , respectively LBx , the Laplacian, respectively the Lichnerowicz

operator, of (B, JB, ωB(x)). We then have

∆Y
ω̃ f = ∆X

ω,vfb +∆B
x fx

Furthermore, the corresponding Licherowicz’s operators LYω̃ , LXω,v and LBx are re-

lated by

LYω̃ f = LXω,vfs + LBx fx +∆B
x

(
∆X
ω,vfb

)
x
+∆X

ω,v

(
∆B
x fx
)
b
+

k∑
a=1

Qa(x)∆afx (1.28)

where ∆a stands for the Laplacian with respect to (Ba, Ja, ωa) and Qa(x) is a

T-invariant smooth function on X.

We fix a compatible Kähler metric

χ̃ =
k∑
a=1

(⟨pa,mχ⟩+ ca,α)ωa + χ

corresponding to a Kähler metric χ on (X, JX), where mχ is a moment map with

respect to χ and ca,α are constants depending on α := [χ̃] such that ⟨pa,mχ⟩ +

ca,α > 0. Hashimoto introduced in [46] the operator Hχ̃
ω̃ : C∞(Y )T −! C∞(Y )T:

Hχ̃
ω̃f := gω̃

(
χ̃, ddcf

)
+ gω̃

(
dΛω̃χ̃, df

)
. (1.29)
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According to [46, Lemma 1], Hχ̃
ω̃ is a second order self-adjoint elliptic differential

operator with respect to ω̃[n]. Furthermore, the kernel of Hχ̃
ω̃ is the space of con-

stant functions. We define the v-weighted Hashimoto operator Hχ
ω,v : C∞(X)T !

C∞(X)T by

Hχ
ω,vf := gω

(
χ, dXd

c
Xf
)
+gω

(
dXΛωχ, dXf

)
+

1

v(mω)
gω
(
χ, dXv(mω)∧dcXf

)
. (1.30)

Proposition 1.3.6. Let f be a T-invariant smooth function on Y , seen as a

TX-invariant function on X × B via (1.16). The Hashimoto operator admits the

following decomposition

Hχ̃
ω̃f = Hχ

ω,vfb +
k∑
a=1

Ra(x)∆afx,

where Ra(x) are smooth functions on X depending on χ and α.

Proof. For simplicity, we denote by m the moment map of ω and

q(m) :=
k∑
a=1

na
(
⟨pa,mχ⟩+ ca,α

)
⟨pa,m⟩+ ca

.

Let K ∈ C∞(X)T ⊗ t∗ be the generator of the TX-action. By definition,

dcXf(K) is a smooth TX-invariant t∗-valued function on X and induces a smooth

TY -invariant t∗-valued function on Y via (1.16). It is shown in the proof of [7,

Lemma 8] that on Y 0

dY d
c
Y f =⟨dX(dcXfb(K))b ∧ θ⟩+ ⟨dB(dcXfb(K))x ∧ θ⟩

+
k∑
a=1

dcXfb(p
X
a )ωa + dBd

c
Bfx + ⟨dcB(dcXfb(K))x, JY θ⟩.

(1.31)
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First, we recall the general identity

gω̃(dY d
c
Y f, χ̃)ω̃

[n] = −dY dcY f ∧ χ̃ ∧ ω̃[ℓ+n−2] −∆ω̃fΛω̃(χ̃)ω̃
[n+ℓ]. (1.32)

From the expressions of χ̃ and ω̃, we can see that

(
⟨dB(dcXfb(K))x ∧ θ⟩+ ⟨dcB(dcXfb(K))x, Jθ⟩

)
∧ χ̃ ∧ ω̃[n+ℓ−2] = 0.

A straightforward computation gives

Λω̃(χ̃) = Λω(χ) +
k∑
a=1

na
(
⟨pa,mχ⟩+ ca,α

)
⟨pa,m⟩+ ca

. (1.33)

From Proposition 1.3.5, (1.33) and (1.32) we have

gω̃(dY d
c
Y fb, χ̃) = gω(dXd

c
Xfb, χ) +

k∑
a=1

nadXfs(p
X
a )(⟨pa,mχ⟩+ ca,α)

(⟨pa,m⟩+ ca)2
. (1.34)

Using (1.33) we get

gω̃
(
dYΛω̃(χ̃), dfb

)
= gω

(
dXΛω(χ), dXfb

)
+ gω

(
dXq(m), dcXfb

)
. (1.35)

To summarize, we have shown

Hχ̃
ω̃fs =gω(dXd

c
Xfs, χ) + gω

(
dXΛω(χ), dXfs

)
+ gω

(
dXq(m), dcXfs

)
+

k∑
a=1

nadXfs(p
X
a )(⟨pa,mχ⟩+ ca,α)

(⟨pa,m⟩+ ca)2
.

(1.36)
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Using (1.15) we have

1

v(m)
gω
(
χ, dXv(m) ∧ dcXfs

)
=gω

(
dXq(m), dcXfs

)
+

k∑
a=1

nadXfs(p
X
a )(⟨pa,mχ⟩+ ca,α)

(⟨pa,m⟩+ ca)2
.

(1.37)

From (1.36) and (1.37) we get

Hχ̃
ω̃fs = Hχ

ω,vfs.

The term Hχ̃
ω̃fx is obtained via similar computation.

Remark 1.3.7. Proposition 1.3.5 implies in particular that the restriction of Hχ̃
ω̃

to the Frechet subspace C∞(X)T ⊂ C∞(Y )T coincides with Hχ
ω,v. It follows that

Hχ
ω,v is a self-adjoint second order elliptic operator with respect to v(mω)ω

[ℓ].

1.4 An analytic criterion for the existence of extremal Kähler metrics

In this section we recall the general existence results for extremal Kähler met-

rics in a given Kähler class, proved by Chen–Cheng [25, 26] in the constant scalar

curvature case and extended by He [47] to the extremal case.

We fix a compact Kähler manifold (X, J), a maximal compact connected sub-

group G of Autred(X) and a G-invariant Kähler metric ω0. Let ξext ∈ Lie(G)

denotes the corresponding extremal vector field, see Section 1.2.3. Since the ex-

tremal vector field ξext is in the center of the Lie algebra of G, exp(tξ) generates

a torus Text in the center of G. As in [47], we consider the space of Text-invariant
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Kähler potentials K(X,ω0)
Text . The group GC acts on K̊(X,ω0)

Text (as Text is

in the center of GC) via the natural action on Kähler metrics in [ω0] and the

normalization (1.24). We introduce the distance d1,GC relative to GC by

d1,GC(φ1, φ2) := inf
γ∈GC

d1(φ1, γ · φ2), (1.38)

where d1 is defined in (1.19). Let MText be the Mabuchi energy relative to Text,

see (1.21). We recall the following definition from [33]:

Definition 1.4.1. The relative Mabuchi energy MText is said to be proper with

respect to d1,GC if

• MText is bounded from below on K(X,ω0)
Text;

• for any sequence of normalized potentials φi ∈ K̊(X,ω0)
Text,

d1,GC(0, φi) ! ∞ implies that MText(φi) ! ∞.

Theorem 1.4.2. The relative Mabuchi energy MText restricted to K(X,ω0)
G ⊂

K(X,ω0)
Text is d1,GC-proper if and only if there exists an extremal Kähler metric

in (X, J, [ω0]) with extremal vector field ξext. Moreover, the same assertion holds

if we remplace Text and G by a maximal torus K ⊂ Autred(X), and GC by the

complexification KC of K.

Proof. The first assertion is established in [47, Theorem 3.1]. We can directly

modify the argument to obtain the second. Indeed, in the one direction, suppose

that MK is KC-proper, in the sense that MK is bounded from below on K(M,ω0)
K

and for any sequence φi ∈ K̊(X,ω0)
K, d1,KC(0, φi) ! ∞ implies that MK(φi) !

∞. Since K ⊂ G is a maximal torus it must contain the center of G, i.e. Text ⊂

K. Hence, MK|K(X,ω0)G = MText |K(X,ω0)G , where K(X,ω0)
G ⊂ K(X,ω0)

K is the

subspace of G-invariant ω0-relative Kähler potentials. As any KC-orbit of an
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element of K(X,ω0)
G belongs to its GC-orbit, the d1,KC-properness of MK implies

that MText is d1,GC-proper when restricted to the subspace K(X,ω0)
K. By [47,

Theorem 3.1], this implies the existence of a G-invariant (and hence K-invariant)

extremal Kähler metric in [ω0].

Conversely, suppose that [ω0] admits a K-invariant extremal Kähler metric.

Then the proof of [47, Theorem 3.7] yields the KC-properness of MK, should one

have the uniqueness of the K-invariant extremal Kähler metrics modulo KC. Gen-

eralizing the result of Berman-Berndtsson [16] and Chen-Paun-Zeng [30], Lahdili

showed, in the more general context of (v,w)-weighted metrics [54, Theorem 2,

Remark 2], that the K-invariant extremal metrics are unique modulo the action

of KC.

1.5 An analytic criterion in the case of semisimple principal toric fibrations

This section is devoted to prove of the following result (where we use notation of

Section 1.2).

Theorem 1.5.1. Let (Y, JY , ω̃0,T) be a semisimple principal toric fibration with

Kähler toric fiber (X, JX , ω0,T) and let (v,w) be the corresponding weight func-

tions defined in (1.15). Then, the following statements are equivalent.

1. There exists an extremal Kähler metric in (Y, JY , [ω̃0],T).

2. There exists a compatible extremal Kähler metric in (Y, JY , [ω̃0],T).

3. There exists a (v,w)-cscK metric in (X, JX , [ω0],T).

The statement (2) ⇔ (3) is established in Corollary 1.2.4 whereas the state-

ment (2) ⇒ (1) is clear. We focus on (1) ⇒ (2).
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We follow the argument of He [47] by restricting the continuity path of Chen

[24] to compatible Kähler metrics. We consider the continuity path for φ ∈

K(X,ω0)
T ⊂ K(Y, ω̃0)

T given by

t
(
Scalv(ωφ)− w(mφ)

)
= (1− t)

(
Λωφ,v(χ)− n− ℓ

)
, t ∈ [0, 1], (1.39)

for some Kähler metric χ ∈ [ω0] that we will choose below in (1.44). In the above

formula

Λωφ,v(χ) := Λωφ(χ) +
k∑
a=1

na
(
⟨pa,mχ⟩+ ca

)
⟨pa,mφ⟩+ ca

(1.40)

is a smooth function on X equal to Λω̃φ(χ̃). By definition, a solution φt at t = 1

corresponds to a compatible extremal metric on (Y, JY ) or equivalently to a (v,w)-

cscK on (X, JX). For t1 ∈ (0, 1], we define

St1 := {t ∈ (0, t1] | (1.39) has a solution φt ∈ K(X,ω0)
T}. (1.41)

We need to show that S1 is open, closed and non empty.

1.5.1 Openness

Proposition 1.5.2. S1 is open and non empty.

For a compatible Kähler form ω̃ on (Y, JY ) corresponding to a Kähler metric ω

on (X, JX), we denote by C∞(Y, ω̃)T the space of TY -invariant smooth functions

with zero mean value with respect to ω̃[m] and by C∞
v (X,ω)T ⊂ C∞(Y, ω̃)T the



36

space of TX-invariant smooth functions with zero mean with respect to v(mω)ω
[ℓ].

The following is an adaptation of [47, Lemma 3.2].

Lemma 1.5.3. S1 is non empty.

Proof. Let ω be a Kähler metric on (X, JX) and ω̃ its associate compatible Kähler

metric on (Y, JY ) via (1.9). Since ∆X
ω,v is self-adjoint with respect to v(mω)ω

[ℓ], it

follows from the proof of Proposition 1.5.4 below that

∆X
ω,v : C∞

v (X,ω)T −! C∞
v (X,ω)T (1.42)

is an isomorphism. Denote by f ∈ C∞(Y, ω̃)T the unique solution of

∆Y
ω̃ f = Scalv(ω)− w(mω). (1.43)

By (1.42), f ∈ C∞
v (X,ω)T. Now we choose

χ̃ := ω̃ − dY d
c
Y

f

r
. (1.44)

Since f is a TX-invariant smooth function on X by Lemma 1.2.5, χ̃ is both

Kähler and compatible for r sufficiently large. We denote by χ the corresponding

Kähler metric on (X, JX). Then

∆Y
ω̃ f =r∆Y

ω̃ f
1

r
= −rΛω̃dY dcY

f

r

=rΛω̃

(
ω̃ − dY d

c
Y

f

r
− ω̃

)
=r
(
Λω,v(χ)− n− ℓ

)
.
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Now let r := t−1
0 − 1, for t0 ∈ (0, 1) sufficiently small. Then (ω, t0) is a solution of

(1.39).

Now we show that S1 is open. We fix a solution (ωt0 , t0) of (1.39) given by

Lemma 1.5.3. Let ω̃t0 = ω̃0 + dY d
c
Y φt0 be the corresponding compatible Kähler

metric on (Y, JY ), with φt0 ∈ K(X,ω0)
T. Let π : C∞(Y )T −! C∞(Y, ω̃t0)

T be the

projection to the space C∞(Y, ω̃t0)
T of T-invariant smooth function on Y with zero

mean with respect to ω̃t0

π(f) := f − 1∫
Y
ω̃
[n]
t0

∫
Y

fω̃
[n]
t0 .

We consider

R : K̊(Y, ω̃0)
T × [0, 1] −! C∞(Y )T,

defined by

R(φ, t) := t
(
Scal(ω̃φ)− Πω̃φ(Scal(ω̃φ)

))
− (1− t)(Λω̃φ(χ̃)− n− ℓ).

The linearization of π ◦R at (φt0 , t0) is given by

D(π ◦R)(φt0 , t0)[f, s] =

π

(
Lω̃t0

f + s

(
Scal(ω̃t0)− Πω̃t0

(
Scal(ω̃t0)

)
+ Λω̃t0

(χ̃)− n− ℓ

))
,

(1.45)

where
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Lω̃t0
= −2t0LYω̃t0

+ (1− t0)Hχ̃
ω̃t0
.

Above we used the notation

LYω̃t0
f : = δδD−dY f

=
1

2
(∆Y

ω̃t0
)2f + gω̃t0

(
dY d

c
Y f,Ric(φt0)

)
+

1

2
gω̃t0

(
dY f, dY Scal(φt0)

)
,

where D−dY and δ is introduced in (1.27) and Hχ̃
ω̃t0

is introduced in (1.29). Since

Lω̃t0
is a self-adjoint operator with respect to ω̃[n+ℓ]

t0 we get

D(π ◦R)(φt0 , t0)[f, s] = Lω̃t0
f.

By Propositions 1.3.5 and 1.3.6, the restriction of Lω̃t0
to C∞(X)T is equal to

LXωt0 ,v
:= −2tLXωt0 ,v

+ (1− t)Hχ
ωt0 ,v

. (1.46)

By Propositions 1.3.5 and 1.3.6 we obtain

LYω̃t0
f =LXωt0 ,v

fb + t0LBx fx + t0∆
S
x

(
∆X
ωt0 ,v

fb
)
x

+ t0∆
X
ωt0 ,v

(
∆B
x fx
)
b
+

k∑
a=1

Ua(x)∆afx

(1.47)

for all f ∈ C∞(Y )T, where Ua(x) is a smooth function on X. By [47, Lemma 3.1]

the operator LYω̃t0
extends to an isomorphism between the Hölder spaces
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LYω̃t0
: C4,α(Y, ω̃t0)

T −! C0,α(Y, ω̃t0)
T, (1.48)

where C4,α(Y, ω̃t0)
T is the space of TY -invariant functions with regularity (4, α)

with zero mean with respect to ω̃[n]
t0 and similarly for C0,α(Y, ω̃t0)

T. By (1.46), the

restriction of the operator LYω̃t0
to the space C4,α

v (X,ωt0)
T is equal to LXωt0 ,v

, where

C4,α
v (X,ωt0)

T is the space of TX-invariant functions of regularity (4, α) with zero

mean with respect to v(mt0)ω
[ℓ]
t0 .

Proposition 1.5.4. The operator LXωt0 ,v
: C4,α

v (X,ωt0)
T −! C0,α

v (X,ωt0)
T is an

isomorphism.

Proof. Since LXωt0 ,v
is the restriction of an injective operator, it is enough to prove

its surjectivity. We proceed analogously to the proof of [7, Lemma 8].

We denote by L2
0,v(X)T the completion for the L2-norm of C0,α

v (X,ωt0)
T. We

argue by contradiction. Assume that

LXωt0 ,v
: C4,α

v (X,ωt0)
T ! C0,α

v (X,ωt0)
T

is not surjective. Then, there exists ϕ ∈ L2
0,v(X)T satisfying

∫
X

LXωt0 ,v
(f)ϕv(mt0)ω

[ℓ]
t0 = 0 (1.49)

for all f ∈ C4,α
v (X,ωt0)

T. We claim that

∫
Y

LYω̃t0
(f)ϕω̃

[n+ℓ]
t0 = 0 (1.50)
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for all functions f ∈ C4,α(Y, ω̃t0)
T. Now, (1.50) contradicts the surjectivity of

LYω̃t0
: C4,α(Y, ω̃t0)

T −! C0,α(Y, ω̃t0)
T established in [47, Lemma 3.1]. To obtain

(1.50), we argue similarly to the proof of [7, Lemma 8] using that the image

of LXωt0 ,v
is L2-orthogonal to the subspace of constant functions with respect to

v(mt0)ω
[ℓ]
t0 .

By the Implicit Function Theorem applied to the differential operator LXωt0 ,v
:

C4,α
v (X,ωt0)

T −! C0,α
v (X,ωt0)

T, there exists an open interval U ⊂ (0, 1) containing

t0 such that for any t ∈ U , there exists a compatible potential φt of regularity C4,α

such that (t, φt) is a solution of (1.39). By a well-known bootstrapping argument,

any solution of (1.39) of regularity C4,α is smooth. This concludes the proof of

Proposition 1.5.2.

1.5.2 Closedness

Proposition 1.5.5. S1 is closed

Proof. By assumption, there exists an extremal Kähler metric in [ω̃0]. By The-

orem 1.4.2, the relative Mabuchi energy MK is d1,KC-proper. Let {φi}i∈N ⊂

K(X,ω0)
T be a sequence of solutions of (1.39) given by Proposition 1.5.2 with

ti ! t1 < 1. By Corollary 1.2.6, {φi}i∈N ⊂ K(Y, ω̃0)
K. Consequently, the

same argument as in [47, Lemma 3.3] shows the existence of a smooth limit

φt1 ∈ K(Y, ω̃0)
K. Moreover, it follows from (1.14) and (1.16) that K(X,ω0)

T

is closed in K(Y, ω̃0)
K in the Fréchet topology. Then, φt1 belongs to K(X,ω)T. In

particular ω̃φt1
is a compatible Kähler metric.

Let φ̃ti ∈ K̊(X,ω0)
T (see (1.25)) be the solution of (1.39) at ti for ti increasing
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to 1. By Theorem 1.4.2, MK is d1,KC-proper. Then, by Corollary 1.2.6, we get a

upper bound with respect to d1,KC , that is

sup
i∈N

d1,KC(0, φ̃ti) <∞.

By definition of d1,KC , there exists γi ∈ KC such that φti := γi · φ̃ti satisfy

sup
i∈N

d1(0, φti) <∞.

The Kähler metric ω̃φti
is not compatible in general since the connection form

θ and the base Kähler metrics ωa may change after the action of γi. However, by

Proposition 1.2.3, the KC-action commutes with the TY -action. Then, for each ti,

the TY -action is still rigid and semisimple (see Remark 1.2.2). According to [5],

ω̃φti
is then given by the generalized Calabi ansatz with a fixed stable quotient

B =
∏k

a=1Ba with respect to the complexified action TC
Y . Thus, there exists a

connection 1-form θti with curvature

dθti =
k∑
a=1

π∗
B(ωa,ti)⊗ pa,ti pa,ti ∈ Λ

such that ω̃φti
is given by

ω̃φti
=

k∑
a=1

(⟨pa,ti ,mφti
⟩+ ca,ti)π

∗
B(ωa,ti) + ⟨dmφti

, θti⟩.

In the above formula, ωa,ti are cscK metrics on Ba belonging to the Kähler class

[ωa] of the initial cscK metric. Since ω̃φti
∈ [ω̃0], ca,ti = ca and pa,ti = pa. By [47,

Theorem 3.5], ω̃ti converges smoothly to an extremal metric ωφ1 . Furthermore,

by Propositon 1.2.3, the extremal vector field ξext of [ω̃0] relatif to K is in the Lie
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algebra t of TY . Then, by Corollary 1.2.4 and the smooth convergence of ω̃φti
to

ω̃φ1 , we get

⟨mφ1 , ξext⟩+ cext =
k∑
a=1

Scal(ωa,1)

⟨pa,mφ1⟩+ ca
+

1

v(mφ1)
Scalv(ωφ1), (1.51)

where ωφ1 is the Kähler metric on (X, JX) corresponding to ω̃φ1 . Taking the

exterior differential dBa on Ba in (1.16) we get dBaScal(ωa,1) = 0 for all 1 ≤

a ≤ k, i.e. ωa,1 has constant scalar curvature. Yet, [ωa,1] = [ωa], showing that

Scal(ωa,1) = sa. By the definition of w ∈ C∞(P,R), we get

Scalv(ωφ1) = w(mφ1).

Corollary 1.5.6. In a compatible Kähler class, the extremal Kähler metrics are

given by the generalized Calabi ansatz of [5]. Equivalently, in a compatible Kähler

class, the extremal metrics are induced by (v,w)-cscK metrics on (X, JX) via (1.9)

for a suitable connection 1-form θ and suitable Kähler metrics ωa.

Proof. Suppose there exists an extremal metric ω1 in [ω̃]. By a result of Calabi

[21], ω1 is invariant by some maximal torus K ⊂ Autred(Y ). Conjugating if nec-

essary, we can assume that TY ⊂ K. By Theorem 1.5.1, there exists a compatible

extremal metric ω2 in [ω̃]. By Lemma 1.2.6, ω2 is K-invariant. Then, by unique-

ness of the K-invrariant extremal Kähler metrics modulo KC [16, 30, 53], there

exists γ ∈ KC such that ω1 = γ∗ω2. Since TY ⊂ K, the action of TY on (Y, JY , ω1)

is still rigid and semisimple, see Remark 1.2.2. Thus, according to [5], ω1 is given

by the generalized Calabi ansatz.
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1.6 Toric weighted K-stability

1.6.1 Complex and symplectic points of view

We briefly recall the well-known correspondence between symplectic and Käh-

ler potentials of toric Kähler manifolds [4, 5, 37, 44]. We use the notation and the

conventions of [3], which differ in places from those used in [1, 37].

Let (X,ω0,T) be a toric symplectic manifold classified by its labelled integral

Delzant polytope (P,L) [4, 36], where L = (Lj)j=1,...,d is the collection defining

affine-linear functions for

P := {x ∈ t∗ | Lj(x) ≥ 0, ∀j = 1, . . . , d},

with dLj being primitive elements of the lattice Λ of circle subgroups of T. Choose

a T-invariant ω0-compatible Kähler structure (g, J) on (X,ω0,T) and denote m0 :

X −! t∗ the moment map of (X,ω0,T) and by tJ : X0 −! t/2πΛ the angular

coordinates (defined modulo an additive constant) depending on the complex

structure J (see [5, Remark 3]). The coordinates (m0, tJ) are symplectic, i.e. ω0

is given by (1.7). The Kähler structure (g, J) is defined on X0 by a smooth strictly

convex function u on P 0 via

g = ⟨dm0,G, dm0⟩+ ⟨dtJ ,H, dtJ⟩ and Jdm0 = ⟨H, dtJ⟩, (1.52)

where G := Hess(u) is a positive definite S2t-valued function and H := G−1 a is

S2t∗-valued function on P 0 (thus H : t −! t∗ and G : t∗ −! t at each point of

P 0) and ⟨·, ·, ·⟩ denote the point wise contraction t∗ × S2t × t∗ or its dual. It is

shown in [5, Lemma 3] that for two T-invariant Kähler structures on (X,ω0,T),
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given on X0 by (1.52) with the same matrix H, there exists a T-equivariant Kähler

isometry between them.

Conversely, any smooth strictly convex function u on P 0 defines a T-invariant

ω0-compatible Kähler structure on X0 via (1.52). The following Proposition es-

tablished in [5] gives a criterion for the Kähler metric on X0 to extend to X.

Proposition 1.6.1. Let (X,ω0,T) be a compact toric symplectic 2ℓ-manifold with

moment map mω : X ! P and u be a smooth strictly convex function on P 0. Then

the positive definite S2t∗-valued function H := Hess(u)−1 on P 0 comes from a T-

invariant, ω-compatible Kähler metric g via (1.52) if and only if H satisfies the

following conditions:

• [smoothness] H is the restriction to P 0 of a smooth S2t∗-valued function on

P ;

• [boundary values] for any point y on the codimension one face Fj ⊂ P with

inward normal uj, we have

Hy(uj, ·) = 0 and (dH)y(uj, uj) = 2uj, (1.53)

where the differential dH is viewed as a smooth S2t∗ ⊗ t-valued function on

P ;

• [positivity] for any point y in the interior of a face F ⊆ P , Hy(·, ·) is positive

definite when viewed as a smooth function with values in S2(t/tF )
∗, where

tF ⊂ t is the vector subspace spanned by the inward normals uj in t to the

codimension one faces F .

Definition 1.6.2. Let S(P,L) be the space of smooth strictly convex functions on

the interior of P 0 such that H = Hess(u)−1 satisfies the conditions of Proposition

1.6.1.
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Remark 1.6.3. In Proposition 1.6.1 and Definition 1.6.2, one uses as a model

metric the Guillemin Kähler metric (g0, J0) [44], given by (1.52) for the symplectic

potential

u0 :=
1

2

d∑
j=1

Lj logLj,

where Lj, j = 1, . . . , d are the affine-linear functions defining the polytope. This

introduces a discrepancy of a factor 1/2 with respect to the normalization used in

[37], which in turn will result in some obvious modification of the formula for the

(weighted) Futaki invariant in Section 1.6.3.

Thus, there exists a bijection between T-equivariant isometry classes of T-

invariant ω0-compatible Kähler structures and smooth S2t∗-valued functions H =

Hess(u)−1, where u ∈ S(P,L).

We fix the Guillemin Kähler structure J0 on (X,ω0,T). Consider another ω0-

compatible Kähler structure Ju defined by a symplectic potential u ∈ S(P,L)

via (1.52). Donaldson shows [38] that there is a biholomorphism Φu : (X, Ju) ∼=

(X, J0). Let ωu := Φ∗
u(ω0) and ϕu and ϕu0 be the Legendre transforms of u and

u0, respectively. By [44], we have that

ωu = ω0 + ddcJ0φu, φu(y0) := ϕu(y0)− ϕu0(y0), (1.54)

where y0 = ∇u0 are the pluriharmonic coordinates with respect to J0.

Conversely, using the dual Legendre transform, any T-invariant Kähler poten-

tial φ ∈ K(X,ω0)
T gives rise to a symplectic potential u ∈ S(P,L) through (1.54).

A key point of this correspondence is that a path φut ∈ K(X,ω0)
T corresponding

ut ∈ S(P,L) satisfies (see [43])
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d

dt
ut = − d

dt
φt. (1.55)

1.6.2 Generalized Abreu’s equation

Thanks to Abreu [1], the scalar curvature Scal(u) associated to a symplectic

potential u ∈ S(P,L) is expressed by

Scal(u) =
ℓ∑

i,j=1

−(Hu
ij),ij, (1.56)

where the partial derivatives of the inverse Hessian (Hu
ij) = Hess(u)−1 of u are

taken in a fixed basis ξ∗ of t∗.

From [53, Sect. 6] and the computation in [11, Sect. 3], the v-scalar curvature

associated to a symplectic potential u ∈ S(P,L) and a positive weight function v

is given by

Scalv(u) = −
ℓ∑

i,j=1

(vHu
ij),ij. (1.57)

Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R). According to Definition 1.1.2, a Kähler

structure (Ju, gu) on (X,ω0,T) with respective symplectic potential u ∈ S(P,L),

is (v,w)-cscK if and only if

−
ℓ∑

i,j=1

(vHu
ij),ij = w. (1.58)

This formula generalizes the expression (1.56) and is referred to as the general-

ized Abreu equation. This equation has been studied for example in [7, 58, 59, 60].
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1.6.3 Weighted Donaldson–Futaki invariant

Following [37, 53, 58], for v ∈ C∞(P,R>0) and w ∈ C∞(P,R), we introduce the

(v,w)-Donaldson–Futaki invariant

Fv,w(f) := 2

∫
∂P

fvdσ −
∫
P

fwdx, (1.59)

for all continuous functions f on P , where dσ is the induced measure on each face

Fj ⊂ ∂P by letting dLj ∧ dσ = −dx, where dx is the Lesbegue measure on P . We

shall consider on this chapter weight functions which satify the following

Convention 1.6.4. The weights v > 0 and w ∈ C∞(P,R) satisfy

Fv,w(f) = 0, (1.60)

for all f affine-linear on P .

Integration by parts in (1.59) (see e.g. [37]) yields that (1.60) is a necessary

condition for the existence of (v,w)-cscK metric on (X,ω0,T).

Remark 1.6.5. Notice that in the case of semisimple principal toric fibrations,

the weights given by (1.15) satisfy the condition (1.60).

1.6.4 Weighted Mabuchi energy

The volume form ω
[ℓ]
0 on X is pushed forward to the measure (2π)ℓdx via the

moment map m0. Seen as functional on S(P,L) via (1.55), up to multiplication

by (2π)ℓ, the weighted Mabuchi energy Mv,w defined in (1.22) is given by
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duMv,w(u̇) =

∫
P

(
−

ℓ∑
i,j=1

(
vHu

ij

)
,ij

− w

)
u̇dx.

From [11, Lemma 6] (see also Lemma 1.6.6 below) we get

duMv,w(u̇) = Fv,w(u̇)−
∫
P

ℓ∑
i,j=1

vHu
iju̇,ijdx,

where Fv,w is the weighted Donaldson–Futaki invariant defined in (1.59). Using

that d log detH = trH−1dH, we get (up to a positive multiplicative constant)

Mv,w(u) = Fv,w(u)−
∫
P

log detHess(u)Hess(u0)−1vdx.

We denote by CV∞(P ) the set of continuous convex functions on P which are

smooth in the interior P 0. Using the same argument as in [37, Lemma 3.3.5], and

since v is smooth and P is compact, we get:

Lemma 1.6.6. Let H be a smooth S2t∗-valued function on P which satisfies the

boundary conditions (1.53) of Proposition 1.6.1 (but not necessarily the positivity

condition). For any v ∈ C∞(P,R>0) and f ∈ CV∞(P ):

∫
P

ℓ∑
i,j=1

(
vHij

)
f,ijdx =

∫
P

( ℓ∑
i,j=1

(
vHij

)
,ij

)
fdx+ 2

∫
∂P

fvdσ. (1.61)

In particular,
∫
P

∑ℓ
i,j=1

(
vHij

)
f,ijdx <∞.

The following result and proof are generalizations of [37, Proposition 3.3.4].
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Proposition 1.6.7. Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R). The Mabuchi energy

Mv,w extends to the set CV∞(P ) as functional with values in (−∞,+∞]. More-

over, if there exists u ∈ S(P,L) corresponding to a (v,w)-cscK metric, i.e. which

satisfies (1.58), then u realizes the minimum of Mv,w on CV∞(P ).

Proof. The linear term Fv,w is well-defined on CV∞(P ). We then focus on the non-

linear term of Mv,w. Let u ∈ S(P,L) and h ∈ CV∞(P ). Suppose detHess(h) ̸= 0.

By convexity of the functional − log det on the space of positive definite matrices,

we get:

− log detHess(h) + log detHess(u) ≥ −Tr
(
Hess(u)−1Hess(f)

)
,

where f = h− u. Turning this around and multiplying by v, we obtain:

v log detHess(h) ≤ v log detHess(u) + vTr
(
Hess(u)−1Hess(f)

)
.

By linearity of (1.61), the equality still holds when we replace f by a difference of

two functions in CV∞(P ). In particular, this shows that vTr
(
Hess(u)−1Hess(f)

)
is integrable on P and hence, by the previous inequality, v log detHess(h) is inte-

grable too. Now if the determinant of Hess(h) is equal to 0, we define the value

of Mv,w(h) to be +∞. Then Mv,w is well-defined on CV∞(P ). Suppose u satis-

fies (1.58). If detHess(f) = 0, then we trivially get Mv,w(u) ≤ Mv,w(f). Now,

suppose that detHess(f) ̸= 0. The function g(t) := Mv,w(u + tf) is therefore a

convex function which is differentiable at t = 0 with

g′(0) = −

∫
P

(
ℓ∑

i,j=1

(vHu
ij),ij − w

)
fdx = 0,
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by hypothesis on u. Then Mv,w(u) ≤ Mv,w(f) by the convexity of g.

1.6.5 Properness and (v,w)-uniform K-stability

Following [37, 71] (see also [3, Chapter 3.6]), we fix x0 ∈ P 0 and consider the

following normalization

CV∞
∗ (P ) := {f ∈ CV∞(P ) | f(x) ≥ f(x0) = 0, ∀x ∈ P}. (1.62)

Then, any f ∈ CV∞(P ) can be written uniquely as f = f ∗ + f0, where f0 is

affine-linear and f ∗ ∈ CV∞
∗ (P ).

Definition 1.6.8. A Delzant polytope (P,L) is (v,w)-uniformly K-stable if there

exists λ > 0 such that

Fv,w(f) ≥ λ∥f ∗∥1 (1.63)

for all f ∈ CV∞(P ), where ∥ · ∥1 denotes the L1-norm on P .

Proposition 1.6.9. Suppose (P,L) is (v,w)-uniformly K-stable. Then there ex-

ists C > 0 and D ∈ R such that

Mv,w(u) ≥ C∥u∗∥1 +D (1.64)

for all u ∈ S(P,L).
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Proof. This result in the case when v = 1 is due to [37, 81]. The proof is an

adaptation of the proof in [3].

Let u0 ∈ S(P,L) be the Guillemin Kähler potential. We consider Fv,w0 given

by (1.59) where w0 := Scalv(u0). For any f ∈ CV∞
∗ (P ) there exists C > 0 such

that

|Fv,w(f)−Fv,w0(f)| ≤ 2C∥f∥1.

Since (P,L) is (v,w)-uniformly K-stable we get

|Fv,w0(f)−Fv,w(f)| ≤ C1Fv,w(f)− C∥f∥1,

where C1 is a positive constant depending (1.63). We deduce that

Fv,w0(f) ≤ C̃Fv,w(f)− C∥f∥1, (1.65)

where C̃ := C1+1. By Proposition 1.6.7, the Mabuchi energy extends to CV∞
∗ (P ).

Then, by (1.65) and (1.60), for any u ∈ S(P,L),

Mv,w(u) = Fv,w(u
∗)−

∫
P

v log detHess(u∗)Hess(u0)−1dx

≥ C̃Fv,w0(u
∗) + C∥u∗∥1 −

∫
P

v log detHess(u∗)Hess(u0)−1dx

= Mv,w0(C̃u
∗) +

∫
P

v log detHess(C̃u∗)Hess(u∗)−1dx+ C∥u∗∥1

= Mv,w0(C̃u
∗) + n log C̃

∫
P

vdx+ C∥u∗∥1.
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The Mabuchi energy Mv,w0 reaches its minimum at the potential u0 ∈ S(P,L),

as u0 is solution of

Scalv(u0) = w0.

In particular, Mv,w0 is bounded from below on CV∞(P ) according to Proposition

1.6.7. Letting D := infCV∞ Mv,w0 + n log C̃
∫
P
vdx we get the result.

1.6.6 Existence of a (v,w)-cscK metric is equivalent to (v,w)-uniform K-
stability

The following result is established in [60, Theorem 2.1] and in [22] in the case

v = 1. The arguments adapts to the weighted case in a straightforward way.

Proposition 1.6.10. Suppose there exists an (v,w)-cscK metric in (X, [ω0],T),

i.e. (1.58) admits a solution u ∈ S(P,L). Then P is (v,w)-uniformly K-stable.

We now focus on the converse. We consider the space of normalized Kähler

potentials (1.25) and normalized symplectic potentials

S̊v(P,L) := {u ∈ S(P,L) |
∫
P

uvdx =

∫
P

u0vdx}. (1.66)

Lemma 1.6.11. For any symplectic potential ůt ∈ S̊v(P,L), the corresponding

Kähler potential φt = φůt obtained via (1.54) belongs to the space of normalized

Kähler potential K̊v(X,ω0)
T defined in (1.25). Conversely, any path in K̊v(X,ω0)

T

comes from a path ůt in S̊v(P,L).
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Proof. By definition of Iv (1.23), a path φt ∈ Kv(X,ω0)
T starting from 0 belongs

to K̊v(X,ω0)
T if and only if

∫
X

φ̇tv(mφt)ω
[ℓ]
t = 0, (1.67)

for all φ̇t ∈ TφtKv(X,ω0)
T. By pushing-forward the measure ω[ℓ]

t via mωφt
and

using (1.55) we get that (1.67) is equivalent to

∫
P

u̇tvdx = 0,

where ut is the path corresponding to φt via (1.54). The conclusion follows from

the convexity of S(P,L).

Theorem 1.6.12. Let (Y, JY , ω̃0,T) be a semisimple principal toric fibration with

toric Kähler fiber (X, JX , ω0,T). Let (v,w) be the weights defined in (1.15) and

denote by P the Delzant polytope associated to (X,ω0,T). Then there exists a

(v,w)-weighted cscK metric in [ω0] if and only if P is (v,w)-uniformly K-stable.

In particular, the latter condition is necessary and sufficient for [ω̃0] to admit an

extremal Kähler metric.

Proof. Suppose there exists a (v,w)-cscK metric in [ω0]. By Proposition 1.6.10,

P is (v,w)-uniformly K-stable.

Conversely, suppose that P is (v,w)-uniformly K-stable. We are going to show

that there are uniform positive constants Ã and B̃ such that

Mv,w(φ) ≥ Ã inf
γ∈TC

dX1,v(0, γ · φ)− B̃, (1.68)
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where dX1,v is defined in Lemma 1.3.3 and Mv,w is the weighted Mabuchi energy

of the Kähler toric fiber (X, JX , [ω0],T), see (1.22). For all φ ∈ K̊(X,ω0)
T, there

exists γ ∈ TC such that the symplectic potential uγ·φ corresponding to γ ·φ satisfies

dx0uγ·φ = 0. By Lemma 1.6.11 and the inequality in [3, (66)], we have

dX1,TC(0, γ · φ) ≤ A

∫
P

|u∗φ − u∗0|dx ≤ A∥u∗φ∥1 +B, (1.69)

for some uniform constants A > 0 and B > 0, where dX1,TC is the d1 distance

relative to TC (see (1.38)) on K(X,ω0)
T, uφ ∈ S(P,L) is the symplectic potential

corresponding to φ and u∗φ is its normalization in S(P,L) ∩ CV∞
∗ (P ), see (1.62).

Since v > 0 on P , we have for the weighted distance dX1,v ≤ CdX1 . Then (1.68)

follows from (1.69) and Proposition 1.6.9.

Let K be a maximal torus in Autred(Y ) containing TY and satisfying (1.14).

By Lemma 1.3.4 and our choice of normalization (1.25), the Mabuchi energy MK

restricted to K̊v(X,ω0)
T is Mv,w (up to a positive multiplicative constant). We

denote by d1,KC the d1 distance relative to KC on K(Y, ω̃0)
K (see (1.38)). Since

any TC
Y -orbit lies in a KC-orbit, by (1.68) and Lemma 1.3.3, MK is d1,KC-proper

on K̊v(X,ω0)
T in the sense of Definition 1.4.1.

In the proof of (1) ⇒ (2) in Theorem 1.5.1, we have used the d1,KC-properness

of the Mabuchi energy MK only on sequences included in K(X,ω0)
T ⊂ K(Y, ω̃0)

K.

This allows us to obtain the existence of a (v,w)-cscK metric by the same argu-

ment.

The last assertion follows from Theorem 1.5.1.
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1.7 Applications

1.7.1 Almost Kähler metrics

An almost Kähler metric is a Riemannian metric defined by a symplectic form

and a compatible almost complex structure which is not necessarily integrable.

As observed in [37], for fixed angular coordinates dt0 with respect to a reference

Kähler structure J0, one can use (1.52) to define T-invariant almost Kähler met-

rics on X, as soon as H satisfies the smoothness, boundary value and positivity

conditions of Proposition 1.6.1 (even if the inverse matrix G := H−1 is not the

Hessian of a smooth function). We shall refer to such almost Kähler metrics as

involutive. One can further use involutive almost Kähler metrics on X to build a

compatible metric g̃H on Y by the formula

g̃H =
k∑
a=1

(
⟨pa,m⟩+ ca

)
ga + ⟨dm,G, dm⟩+ ⟨θ,H, θ⟩.

It is shown in [7] that g̃H is an extremal almost Kähler on Y in the sense of

[56] (i.e. its hermitian scalar curvature is a Killing potential) if and only if H

satisfies the equation

−
∑
i,j

(
vHij),ij = w, (1.70)

for (v,w) defined in (1.15). We shall more generally consider involutive almost

Kähler metrics on X satisfying the equation (1.70) for weight functions v > 0 and

w. For such almost Kähler metrics we say that (X, JH, , gH, ω,T) is an involutive

(v,w)-csc almost Kähler metric.

The motivation for considering involutive (v,w)-csc almost Kähler metrics
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come from the fact that (1.70) is a linear indeterminate PDE for the smooth

coefficients of H (which would therefore admit infinitely many solutions if we

drop the positivity assumption of H), which in some special cases is easier to solve

explicitly, as demonstrated in [7]. On the other hand, it was observed in [37] (see

[7] for the weighted case) that the existence of a (v,w)-csc almost Kähler metric

implies that Fv,w(f) ≥ 0 with equality iff f ∗ = 0, and it was conjectured that

the existence of a (v,w)-csc almost Kähler metric is equivalent to the existence

of a (v,w)-cscK metric on (X,ω,T). Legendre [55] observed that the existence

of an involutive extremal almost Kähler metric implies the stronger yet uniform

stability of P via the result of [25, 26] and [47], and thus confirmed the conjecture

in the case where v = 1 and w = lext, see Section 1.2.3. Our additional observation

is that arguments similar to the ones in the proof of Proposition 1.6.10 show the

following.

Proposition 1.7.1. Let (X,ω,T) be a toric manifold associated to Delzant poly-

tope P . Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R) be such that (1.60) is satisfied .

Suppose there exists an involutive (v,w)-csc almost Kähler metric on (X,ω,T),

i.e. there exists H satisfying the smoothness, boundary value and positivity con-

ditions of Proposition 1.6.1 and equation (1.70). Then P is (v,w)-uniformly K-

stable.

Combining this result (for the special weights (v, w) associated to a semisimple

principal torus bundle via (1.15)) with Theorem 1.6.12, we deduce:

Proposition 1.7.2. Let (X,ω,T) be a toric manifold associated to Delzant poly-

tope P . Let (v,w) be the weights defined in (1.15). Then the following statements

are equivalent.

1. There exists a (v,w)-cscK metric on (X,ω,T).
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2. There exists an involutive (v,w)-csc almost Kähler metric on (X,ω,T).

3. P is (v,w)-uniformly K-stable in the sense of Definition 1.6.8.

1.7.2 Proof of Corollary 0.2.2

Let Σg be a compact complex curve of genus g and Li −! g a holomorphic

line bundle, i = 0, 1, 2. We consider (Y, JY ) := P(L0 ⊕ L1 ⊕ L2) ! Σg. Since

(Y, JY ) is invariant by tensoring L0 ⊕L1 ⊕L2 with a line bundle, we can suppose

without loss of generality that (Y, JY ) = P(O ⊕ L1 ⊕ L2), where O −! S is the

trivial line bundle and pi := −deg
(
Li
)
≥ 0, i = 1, 2. Suppose p1 = p2 = 0. Then

by a result of Fujiki [40] (see also [7, Remark 2]) (Y, J) admits an extremal metric

in every Kähler class. If p2 = p1 > 0 or p2 > p1 = 0 and g = 0, 1, there exists

an extremal metric in every Kähler class by [6, Theorem 6]. We then suppose

p2 > p1 > 0.

Suppose g = 0, i.e. (B, JB) = CP1. Then Y is a toric variety. Using the

existence of an extremal almost Kähler metric of involutive type compatible with

any Kähler metric on Y (see [7, Proposition 4]) and the Yau–Tian–Donaldson

correspondence on toric manifold, it is shown in [55] that there exists an extremal

Kähler metric in every Kähler class of P(O ⊕ L1 ⊕ L2) −! CP1. Observe that

by applying Proposition 1.7.2 and Theorem 1.5.1 we obtain that these extremal

metrics are compatible, i.e. are of the form of (1.9).

Now suppose that Σg in an elliptic curve, i.e. g = 1. The complex manifold

(Y, J) is not toric. However, it is shown in [7] that (Y, JY ) is a semisimple principal

toric fibration. By the Leray–Hirsch Theorem H2(Y,R) is of dimension 2. In

particular, up to scaling, any Kähler class on (Y, JY ) is compatible. It is shown

in [7, Proposition 4] that Y admits an extremal almost Kähler metric in any

compatible Kähler class. Using Proposition 1.7.2 and Theorem 1.6.12, we conclude
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that there exists an extremal Kähler metric in every Kähler class. Furthermore,

by Theorem 1.5.1, the extremal Kähler metrics are of the form of (1.9), i.e. are

given by the generalized Calabi ansatz.

Remark 1.7.3. If g ≥ 2, it is shown in [7, Theorem 2] that there exists an

extremal Kähler metric in sufficiently small compatible Kähler classes. On the

other hand, by [7, Proposition 2], if g > 2 and p1,p2 satisfying 2(g−1) > p1+p2,

there is no extremal Kähler metric in sufficiently big Kähler classes.



CHAPTER II

AN EFFECTIVE WEIGHTED K-STABILITY CONDITION FOR

POLYTOPES AND SEMISIMPLE PRINCIPAL TORIC FIBRATIONS

(BASED ON [35])

2.1 Weighted K-stability of labelled polytopes: a sufficient condition

2.1.1 Weighted K-stability of labelled polytopes

Let V be an affine space of dimension ℓ, equipped with a fixed Lebesgue

measure dx. A labelled polytope in V is a pair (P,L) where P is a (compact,

convex, simple) polytope in V and L = (Lj)
d
j=1 is a minimal set of defining affine

functions for P , that is,

P = {x ∈ V | ∀j, Lj(x) ≥ 0}

where d is the number of facets (codimension one faces) of P . We denote by

Fj := {x ∈ P | Lj(x) = 0} the facet of P defined by Lj.

Definition 2.1.1. The labelled boundary measure dσ is the measure on ∂P whose

restriction to the facet Fj is defined by dLj ∧ dσ = −dx.

Note that the labelled boundary measure dσ depends on the choice of labelling

L = (Lj). For example, for any tuple (rj) of positive real numbers, the (L′
j) =
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(rjLj) is another labelling of P . The associated labelled boundary measure dσ′

satisfies dσ′ = 1
rj
dσ on Fj.

Following [48, 68], we introduce

∥f∥J = inf
l∈Aff(V )

∫
P

(
f + l − inf

P
(f + l)

)
dx,

for any conitinuous functions f on P , where Aff(V ) denotes the space of affine

functions on V . Recall that a labelled simple compact convex polytope (P,L)

(non-necessarily Delzant) is (v,w)-uniformly K-stable if it satisfies the condition

of Definition 1.6.8. The latter depends on the choice of a point x0 ∈ P 0. We

recall that CV∞(P ) denotes the set of continuous convex functions on P which

are smooth in the interior P 0. Also, for f ∈ C∞(P ), f ∗ denotes the projection of

f to the space of normalized functions in C∞(P ) such that f(x) ≥ f(x0) = 0 for

all x ∈ P .

Lemma 2.1.2. The labelled polytope (P,L) is (v,w)-uniformly K-stable in the

sens of Definition 1.6.8 if and only if there exists λ > 0 such that for all f ∈

CV∞(P ),

Fv,w(f) ≥ λ∥f∥J (2.1)

where Fv,w is introduced in (1.59).

Proof. From [68, Proposition 5.4.1 (3)], there exists a constant C1 > 0 such that

for all continuous convex functions on P ,

∥f∥J ≤ ∥f ∗∥L1 ≤ C1∥f∥J

The conclusion follows immediately.

Remark 2.1.3. The condition of Definition 1.6.8 is the one that we will effec-

tively use in the sequel. Lemma 2.1.2 show that the notion of uniform K-stability
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Figure 2.1 The cone decomposition

•x0

Fj

Pj

introduced in Definition 1.6.8 is independent of the choice of x0. In the more

familiar unweighted case, the equivalence between various notions of K-stability of

polytopes was shown by Nitta and Saito [68].

2.1.2 A sufficient condition

Recall that Fj denotes the facet of P defined by Lj = 0. For each j, let Pj be

the cone with base Fj and vertex x0 as illustrated in Figure 2.1.2. For a function

f ∈ C∞(P,R), we denote by dxf its differential at x ∈ P . The following is the

main technical result of this chapter. It is inspired by the proof by Zhou and

Zhu [81] of a coercivity criterion for the modified Mabuchi functional on toric

manifolds.

Theorem 2.1.4. Let v ∈ C∞(P,R>0) and let w ∈ C∞(P,R). Assume that Fv,w

satisfies (1.60) and that for all j = 1, . . . , d and for all x ∈ Pj,

1

Lj(x0)
(v(x)(ℓ+ 1) + dxv(x− x0))−

w(x)

2
≥ 0. (2.2)

Then (P,L) is (v,w)-uniformly K-stable.

Proof. Since Lj(x) = 0 for x ∈ Fj, we have Lj(x0) = dxLj(x0 − x) for all x ∈ Fj.



62

In particular, ∫
Fj

fvdσ =

∫
Fj

fv
−dxLj(x− x0)

Lj(x0)
dσ.

For each facet F of ∂Pj different from Fj, and x ∈ F , the interior product ιx−x0(dx)

vanishes since it vanishes on the affine space spanned by F . If we further use that

−dLj ∧ dσ = dx on Fj, we obtain∫
Fj

fvdσ =
1

Lj(x0)

∫
∂Pj

fvιx−x0 (dx) .

Hence by Stokes theorem we obtain∫
Fj

fvdσ =
1

Lj(x0)

∫
Pj

(vdxf(x− x0) + ℓfv + fdxv(x− x0)) dx.

Summing the previous identities over j we get

Fv,w(f) =
d∑
j=1

2

Lj(x0)

∫
Pj

(dxf(x− x0)− f) vdx

+
d∑
j=1

∫
Pj

(
2

Lj(x0)
((ℓ+ 1)v + dxv(x− x0))− w

)
fdx.

(2.3)

Assume condition (2.2) is satisfied and (P,L) is not (v,w)-uniformly K-stable.

We will show a stronger condition than condition (1.63). Namely, assume that

condition (2.2) is satisfied and that there exists a sequence of {fk}k∈N in CV∞(P )

such that

lim
k!∞

Fv,w(f
∗
k ) = 0 and

∫
∂P

vf ∗
k dσ = 1, (2.4)

∀k ∈ N. Recall from [37, Lemma 5.1.3] (see [68, Proposition 5.1.2] for a detailed

proof and explicit constant C) that there exists a positive constant C > 0 such

that for all f ∈ CV∞(P ), ∫
∂P

f ∗ dσ ≥ C∥f ∗∥L1 .

As a consequence, since v > 0 on P , there exists a constant C ′ > 0 such that for

all f ∈ CV∞(P ), ∫
∂P

vf ∗ dσ ≥ C ′∥f ∗∥L1 .
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In particular, the sequence {f ∗
k}k∈N has bounded L1 norm. By [37, Corollary

5.2.5], {f ∗
k}k∈N converges (up to a sub-sequence, still denoted by {f ∗

k}k∈N) locally

uniformly in P 0 to a convex function f ∗
∞ which still satisfies inf f ∗

∞ = f ∗
∞(x0) = 0.

Since in addition all f ∗
k are smooth and convex we have dxf ∗

k (x−x0)− f ∗
k (x) ≥ 0.

Then, since condition (2.2) is assumed to hold, all terms of the sum in (2.3)

are non-negative. Evaluating (2.3) at f ∗
k and passing to the limit reveals that

limk!∞ dxf
∗
k (x − x0) − f ∗

k (x) = 0 almost everywhere in P 0, showing that f ∗
∞ is

affine on P 0. Using again inf f ∗
∞ = f ∗

∞(x0) = 0, we conclude that f ∗
∞ is the zero

function on P 0.

The local uniform convergence of {f ∗
k} to the zero function shows that

lim
k!∞

∫
P

f ∗
kw dx = 0

that is,

lim
k!∞

2

∫
∂P

f ∗
kv dσ−Fv,w(f

∗
k ) = 0

which is in contradiction with condition (2.4).

From this contradiction it follows that there exists a constant m > 0 such that

for all f ∈ CV∞(P ),

Fv,w(f) ≥ m

∫
∂P

vf ∗ dσ

≥ mC ′∥f ∗∥L1

which concludes the proof.

Remark 2.1.5. We stress that the property of (v,w)-uniform K-stability is inde-

pendent of the choice of x0 ∈ P 0 by Lemma 2.1.2, but the condition (2.2) depends

on that choice. It is possible and useful in practice to vary x0 according to the

data of the problem.

Remark 2.1.6. Condition (2.2) depends continuously on the labelled polytope,

the weights v and w, and the choice of x0.
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2.1.3 Monotone polytopes

Let us recall the terminology of monotone polytopes, used in [55].

Definition 2.1.7. A labelled polytope (P,L) is monotone if there exists an x0 ∈

P 0 such that L1(x0) = L2(x0) = · · · = Ld(x0).

There is thus a natural choice of x0 in this case and our sufficient condition

indeed becomes much simpler.

Corollary 2.1.8. Let (P,L) be a monotone labelled polytope satisfying L1(x0) =

L2(x0) = · · · = Ld(x0) = t. Let v ∈ C∞(P,R) such that v is positive on P and

let w ∈ C∞(P,R). Assume that Fv,w satisfies the condition (1.60) and that for all

x ∈ P ,
1

t
(v(x)(ℓ+ 1) + dxv(x− x0))−

w(x)

2
≥ 0. (2.5)

Then (P,L) is (v,w)-uniformly K-stable.

The inequalities involved form a finite set of conditions to check, contrary to the

definition of (v,w)-uniform K-stability. It is furthermore easy to implement the

condition in a computer program, via formal or numerical computations depending

on the data (P,L, v,w). The same is true for the more general Theorem 2.1.4,

but the decomposition in cones makes it a bit more tedious.

2.2 Geometric applications

2.2.1 Weighted cscK toric manifolds

The results from Section 2.1 are motivated by the study of existence of weighted

cscK metrics on toric manifolds shown in Theorem 1.6.12.
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We consider a toric Kähler manifold (X,ω,T) with labelled Delzant polytope

(P,L) as introduced in Section 1.6.

Remark 2.2.1. We focus here on smooth manifolds, but let us mention that the

cases of orbifolds would also be natural settings to consider. In these situations,

the labelling could be more general (see [1]), thus justifying our choice to allow

arbitrary labellings in the previous section.

In general, no Yau–Tian–Donaldson correspondence is proved so far for the

existence of weighted cscK metrics on toric manifolds (see (1.58)). However, by

analogy with the unweighted cscK case, there is a known candidate for the cor-

responding K-stability condition, namely the (v,w)-uniform K-stability of (P,L)

introduced in Definition 1.6.8. In fact, the direction showing that existence of

weighted cscK metrics implies weighted K-stability is proved by Li–Lian–Sheng

[60].

Theorem 2.2.2 ([60, Theorem 2.1]). If ω is a (v,w)-cscK metric, then (P,L) is

(v,w)-uniformly K-stable.

The converse direction is in general much harder, but is known for special

choices of weights.

• If v and w are constants, this is the uniform YTD conjecture for cscK

metrics on toric manifolds. If v is constant and w is affine-linear, this is

the uniform YTD conjecture for extremal metrics on toric manifolds. Both

these conjectures were proved recently [22, 37, 48, 61, 68] thanks to the

breakthrough of Chen–Cheng [23, 26], its adaptation by He to the extremal

setting [47], and earlier works, notably [37, 81].

• If only v is constant, the converse of Theorem 2.2.2 is know for all w ∈

C∞(P,R) by [60].
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• For v-solitons on Fano toric manifolds, which correspond to choosing an

arbitrary weight v ∈ C∞(P,R>0) and w(x) = 2(ℓv(x) + dxv(x)) (see [9,

Proposition 1]), it was proved in [15] that the converse of Theorem 2.2.2

holds for general weight v, and much earlier in [79] for the weight corre-

sponding to Kähler-Ricci solitons. We note that [62] established a general

uniform Yau–Tian–Donaldson correspondance for v-solitons on a Fano man-

ifold. We refer to Section 2.2.5 for a discussion of v-solitons on semisimple

principal toric fibrations.

• The converse of Theorem 2.2.2 is established in Theorem 1.6.12 for weights

corresponding to the extremal Kähler problem on semisimple principal toric

fibrations.

2.2.2 The general statement

We use the notations of Section 1.2 for semisimple principal toric fibrations and

the notations of Section 2.1 for the cone decomposition of the polytope P =
⋃
j Pj.

Corollary 2.2.3 (of Theorem 2.1.4). The semisimple principal toric fibration

(Y, ωY ) admits an extremal Kähler metric in [ωY ] if there exists an x0 ∈ P 0 and

corresponding cone decomposition P =
⋃
j Pj such that for all j and for all x ∈ Pj

1

Lj(x0)

(
ℓ+ 1 +

k∑
a=1

napa(x− x0)

pa(x) + ca

)
− 1

2

(
lext(x)−

k∑
a=1

sa
pa(x) + ca

)
≥ 0.

Proof. By Theorem 1.5.1, the sufficient condition of Theorem 2.1.4 translates to a

sufficient condition for the existence of extremal Kähler metrics on Y . To obtain

the statement above, it suffices to note that for the weight v in (1.15), we have

dxv(y) =

(
k∑
a=1

napa(y)

pa(x) + ca

)
v(x).
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so that we can factor by v(x) in the condition in Theorem 2.1.4, which is positive

everywhere.

2.2.3 Fibrations with Fano fiber

We now turn to the semisimple principal toric fibrations with Fano fiber. We

will use Corollary 2.1.8. We assume furthermore that the Kähler class [ωX ] is

a multiple of the anticanonical class 2πc1(X). This implies that the labelled

polytope (P,L) monotone, with a preferred point x0 such that L1(x0) = · · · =

Ld(x0) = t (see [44]). By adding a constant if necessary, we may further assume

that x0 = 0, and we let t = [ω]
2πc1(X)

.

Corollary 2.2.4. The semisimple principal toric fibration (Y, [ωY ]) with Fano

toric fiber admits an extremal Kähler metric in [ωY ] if ∀x ∈ P ,

2(ℓ+
∑
a

na) + 2 +
∑
a

tsa − 2naca
pa(x) + ca

− tlext(x) ≥ 0, ∀x ∈ P, (2.6)

where na := dimC(Ba).

Proof. Since all Lj(0) are equal to t, the condition from Corollary 2.2.3 further

simplifies to

2ℓ+ 2 +
k∑
a=1

2napa(x) + tsa
pa(x) + ca

− tlext(x) ≥ 0 ∀x ∈ P (2.7)

as in Corollary 2.1.8. Writing 2napa(x) = 2na(pa(x) + ca) − 2naca yields the

statement.

While simple enough, and tractable with numerical optimization techniques,

(2.7) is a polynomial inequality in several variables of degree equal to the complex

dimension of the base B plus one. It is this difficult to check in pratice, but there
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is a further ramification that allows us to get a simpler condition which can be

checked by a finite number of evaluations of polynomial functions.

Corollary 2.2.5. In the hypothesis of Corollary 2.2.4, suppose furthermore that

for all a, ca ≥ tsa
2na

. Then the semisimple principal toric fibration (Y, [ωY ]) admits

an extremal Kähler metric in [ωY ] if inequation (2.6) is satisfied at every vertex

of P .

Proof. If f is a positive affine function, 1
f

is also convex. Hence under the condition

in the statement, the function tsa−2naca
pa(x)+ca

is concave on P . Condition (2.6) thus

amounts to check the non-negativity of a concave function on a convex polytope:

it is thus enough to check the non-negativity on vertices.

Remark 2.2.6. We can formulate a similar statement for the general case of toric

fibrations, by working with the cone decomposition (see Figure 2.1.2). In this case

the conditions to impose are: for all j, for all a, Lj(x0)sa − 2na(pa(x0) + ca) ≤ 0

and condition (2.2.3) is satisfied at all vertices of Pj, that is, some vertices of P

and x0.

2.2.4 Extremal metrics in the anticanonical class

An important special case is when the semisimple principal toric fibrations

are themselves Fano. We assume that X is Fano, ω ∈ 2πc1(X) and (Ba, ωa) are

positive Hodge Kähler–Einstein manifolds, see Lemma C.0.1.

Corollary 2.2.7. A Fano semisimple principal toric fibration Y defined as in

Lemma C.0.1 over a product of positive Kähler–Einstein manifolds
∏k

a=1(Ba, ωa)

admits an extremal Kähler metric in 2πc1(Y ) if its extremal function lext satisfies

sup lext ≤ 2(dim(Y ) + 1). (2.8)
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Proof. When [ωX ] = 2πc1(X), by Lemma C.0.1, for all a, sa = 2naca. The

condition from Corollary 2.2.4 becomes

2 dim(Y ) + 2− lext ≥ 0 on P.

Of course, as in Corollary 2.2.5, it is enough to check this condition on the

vertices of the polytope. Furthermore, if lext is constant, it is equal to 2 dim(Y )

since the class is the anticanonical one. As a consequence, the condition is always

satisfied:

2 dim(Y ) + 2− lext = 2 > 0. (2.9)

In particular, we obtain

Proposition 2.2.8. Let (Y, JY , ωY ) be a Fano semisimple principal toric fibration

defined as in Lemma C.0.1 with vanishing Futaki invariant. Then there exists a

Kähler–Einstein metric in 2πc1(Y ).

Proposition 2.2.8 also follows from the fact that any Fano semisimple toric

fibration given by the construction of Lemma C.0.1 admits a Kähler Ricci soliton

[9] (see [34, 69, 79] for related results). This latter result, which is obtained by

different methods in [9], can be in turn derived from our new proof of Corollary

2.2.11 given below.

2.2.5 Weighted solitons on Fano semisimple principal toric fibrations

Recall that a v-soliton is a Kähler metric ω satisfying (10). On a Fano semisim-

ple principal toric fibration Y with fiber X, a Kähler metric ωY ∈ 2πc1(Y )

is a v-soliton if and only if its corresponding metric ωX ∈ 2πc1(X) is (vv0, ṽ)-

cscK (see [9, Lemma 2.2, Lemma 5.11]) for the weights v0 defined in (1.15) and
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ṽ := 2(ℓv0(x)v(x) + dx(v0v)(x)). Since the polytope P is monotone, with x0 = 0

and t = 1, the condition (2.5) becomes v ≥ 0 on the polytope, which is obviously

satisfied. We deduce

Proposition 2.2.9. Let (Y, JY , ωY ,T) be a Fano semisimple principal toric fibra-

tion defined as in Lemma C.0.1 with associate Delzant polytope P . If the weighted

Futaki invariant Fvv0,ṽ of X vanishes, then P is (vv0, ṽ) uniformly K-stable.

By virtue of Proposition 1.6.8, we deduce

Corollary 2.2.10. Let (Y, JY , ωY ,T) be as in Proposition 2.2.9. If Fvv0,ṽ van-

ishes, then the weighted Mabuchi energy Mvv0,ṽ is proper, i.e. satisfies (1.64).

Thanks to [62, Theorem 3.5], there exists a weighted vv0-soliton in 2πc1(X)

as soon as the weighted Mabuchi energy is proper relatively to TC. We thus get

Corollary 2.2.11. Let (Y, JY , ωY ,T) be as in Proposition 2.2.9. If Fvv0,ṽ van-

ishes, there exists a v-soliton in 2πc1(Y ).

Corollary 2.2.11 was obtained in [9, Theorem 3], by applying K-stability arguments

from [62]. The proof proposed above allows to remain fully on the analytical side.

2.3 Examples

2.3.1 Projective bundles as semisimple principal toric fibrations

We now provide an effective way of constructing examples of semisimple prin-

cipal toric fibrations from a direct sum of holomorphic complex line bundles over

a product cscK manifolds.

Let (B, JB, ωB) :=
∏k

a=1(Ba, Ja, ωa) be a product of compact complex mani-

folds (Ba, Ja) endowed with cscK metrics ωa such that the Kähler classes [ωa] are
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primitive elements of H2(Ba,Z). We consider holomorphic line bundles π : Li −!

B, i = 1, . . . , ℓ. Let hi be the hermitian metric on Li whose curvature is

ωhi = −
k∑
a=1

paiπ
∗ωa,

and Si ⊂ Li the principle S1-bundle over B of vectors of unit norm of Li with

respect to hi. Letting ri := || · ||hi be the corresponding fiberwise norm function,

the 1-form dc log ri restricted to Si gives rise to a connection 1-form θi such that

dθi =
k∑
a=1

paiπ
∗ωa.

We then consider the principle T-bundle Q := S1 ×B · · · ×B Sℓ ! B endowed

with the connection 1-form θ =
∑ℓ

i=1 θi satisfying

dθ =
k∑
a=1

π∗ωa ⊗ pa, (2.10)

where pa =
∑ℓ

i=1 paiξi in the basis (ξ1, . . . ξℓ) of the circle subgroups of S1
i ⊂ T.

It is not hard to see that the semisimple principal toric fibration Y build from Q

and the toric fiber Pℓ is biholomorphic to P(O ⊕ L1 ⊕ · · · ⊕ Lℓ) ! B.

Suppose ωPℓ belongs to 2πc1(Pℓ) and denote by P the ℓ-simplex associated to

(Pℓ, 2πc1(Pℓ),Tℓ) via the Delzant correspondence [36]. By (2.10), any compatible

Kähler metric on Y is of the form

ωY =
k∑
a=1

( ℓ∑
i=1

⟨pa, x⟩+ ca

)
π∗(ωa) + ωPℓ , (2.11)

with
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ca > −
ℓ∑
i=1

pai, (2.12)

In the above formula, by abuse of notation, ωPd denotes both the Kähler metric

on Pℓ and its induced 2-form on Y as in (1.8). The tuples (ca) satisfy (2.12) and

parametrize the compatible Kähler classes.

Furthermore, suppose that (B, JB, ωB) is a product of positive Kähler–Einstein

manifolds (B, JB, ωB) :=
∏k

a=1(Ba, Ja, ωa). By Lemma 3.1.13, if we choose ca

equal to the Fano index Ia of Ba, the corresponding compatible Kähler form ωY

defined in (2.11) belongs to the first Chern class 2πc1(Y ). In particular, if

Ia > −
ℓ∑
i=1

pai, (2.13)

Y is a Fano manifold with compatible first Chern class.

2.3.2 Projective line bundles over a negative Kähler–Einstein 3-fold

Consider B a three-dimensional canonically polarized manifold, equipped with

its Kähler–Einstein metric in −2πc1(B), whose scalar curvature is thus equal to

−6. We consider the sufficient condition for existence of extremal Kähler metrics

in admissible Kähler classes on the P1-bundles P(OB ⊕Km
B ). Up to rescaling and

symmetry, this amounts to check the (v,w)-uniform K-stability of the polytope

[−1, 1] ⊂ R with respect to the weights

v(x) = (px+ c)3 and w(x) =

(
lext(x)−

−6

px+ c

)
(px+ c)3

where p ∈ Q, c ∈ R and c > p > 0. Our sufficient condition allows to obtain

the following families of extremal Kähler classes. We only show an example with
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very rough estimates to illustrate the results, but of course one could get more

examples by using more precise estimates in the proof, and further classes by using

the sufficient condition in Theorem 2.1.4 in its full generality.

Proposition 2.3.1. In the above setting, if c ≥ 15p, then [−1, 1] is (v,w)-

uniformly K-stable. The corresponding Kähler classes on the P1-bundles P(O ⊕

Km
B ) admit extremal Kähler metrics.

Proof. Using Program A.1 in the appendix or straightforward but tedious com-

putations, we obtain that the sufficient condition reads as

75c7 − 300c6 − 65c5p2 + 160c4p2 − 15c3p4 − 180c2p4 − 27cp6 + 48p6

> |−75c6p+ 5c4p3 + 80c3p3 − 105c2p5 + 15p7|
(2.14)

Without attempting to give an optimal result, we may as well check that the

RHS of (2.14) > 75c6p+ 5c4p3 + 80c3p3 + 105c2p5 + 15p7

since c and p are positive. Writing c = αp for some α > 1 and simplifying by p6,

we get a linear inequality in p

pA+B ≥ 0 (2.15)

where

A = 75α7 − 75α6 − 65α5 − 5α4 − 15α3 − 105α2 − 27α− 15

B = −300α6 + 160α4 − 80α3 − 180α2 + 48

Since α > 1, the coefficient A is larger than (75α− 307)α6 and in particular, it is

non-negative for α ≥ 307
75

. Using the same lower bound for the leading coefficient,

inequality (2.15) is certainly satisfied at p = 1 if

(75α− 307)α6 − 300α6 − 160α4 − 80α3 − 180α2 − 48 ≥ 0
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Using again α > 1 and very rough estimates, this is implied by the inequality

(75α− 1075)α6 ≥ 0

The latter is satisfied at least for α ≥ 15, and since 15 ≥ 307
75

, we obtain that if

α ≥ 15, the sufficient condition is satisfied for all p ≥ 1.

2.3.3 Projective plane bundles over a positive Kähler–Einstein 3-fold

We consider the 2-dimensional projective space (P2,T2, 2πc1(P2)). Identifying

the lattice Λ of T2 with Z2, its labelled moment polytope (P,L) in R2 is

P = {(x1, x2) =: x ∈ R2 | x1 + 1 ≥ 0, x2 + 1 ≥ 0, − x1 − x2 + 1 ≥ 0}, (2.16)

Let (B,ωB) be a Kähler–Einstein Fano threefold with αB := [ωB] a primitive

element of H2(B,Z). Let Li −! B be an holomorphic line bundle of degree −pi
proportional to the anticanonical line bundle −KB, i.e. −piαB = 2πc1(Li). We

consider a semisimple principal toric fibration π : Y := P(L0 ⊕ L1 ⊕ L2) −! B

with one factor (B,ωB) on the base. Since (Y, JY ) is invariant by tensoring E :=

L0 ⊕ L1 ⊕ L2 with a line bundle, we can suppose without loss of generality that

L0 = O is the trivial line bundle and pi ≥ 0, i = 1, 2. When p1 = p2 > 0 or

p2 > p1 = 0, it is known [6, Proposition 11] that there exists an extremal metric

in every compatible Kähler classes. We then suppose p2 ≥ p1 > 0.

Since αB is primitive, the constant scalar curvature sB of ωB is sB = 6I,

where I is the Fano index of B. By a Theorem of Kobayashi–Ochiai [51], the only

possible Fano indices I are 1, 2, 3 or 4. Consequently, to cover all Kähler–Einstein

Fano 3-fold, we only need to check our sufficient condition for sB = 6, 12, 18, 24.
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The compatible Kähler classes are parametrized by the constants c and are of

the form (see [10])

αc := 2πc1(OE(3)) + cπ∗(αB). (2.17)

In the case when B is the quadric Q3 or the projective space P3 (i.e. if I = 3 or

I = 4 respectively, see [51]), Leray–Hirsch Theorem shows that H2(Y,R) ∼= R2. It

follows that, up to scaling, all Kähler classes are compatible, i.e. are of the form

of (2.17). By [7, Theorem 4] there exists a constant c0 such that for all c ≥ c0

the class αc is extremal. The following Proposition gives a precise value for c,

depending on p1 and p2, such that αc admits an extremal metric.

Proposition 2.3.2. Let π : P(E) ! B be the projectivization of E := C⊕L−p1 ⊕

L−p2 ! B, where 1 ≤ p1 ≤ p2 are integer and LInd(B) = −KB. Then there exists

an extremal metric in αc for c ≥ 7p2.

Proof. Since the arguments are identical for each Fano index I, we give the proof

only for I = 4.

By Corollary 2.2.5, for c ≥ 4, it is sufficient to check (2.6) evaluated at each

vertex v1 := (−1, 2), v2 := (−1,−1), v3 := (2,−1) of the polytope P .

Using Program A.2 in Appendix A, we find that the LHS of (2.6) evaluated

at v1 is a rational fraction in the variables c, p1, p2:

LHS of (2.6) =
P (c, p1, p2)

Q(c, p1, p2)
.

We give the explicit expression of the polynomials P and Q in Appendix B.

Suppose now c ≥ 7p2 and p2 ≥ p1 ≥ 1. Then we can find two polynomials
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R(c) :=12250c10 − 73500c9 − 295470c8 + 1296540c7 − 3657150c6 + 3776220c5

− 6537672c4 + 5624964c3 − 6193584c2 + 85920232c− 1889568

and

S(c) :=6125c10 + 18375c9 + 6615c8 + 19845c7 + 127575c6

+ 382725c5 + 17496c4 + 52488c3 − 288684c2 − 866052c

such that R satisfies 0 < R(c) ≤ P (c, p1, p2) and S satisfies 0 < S(c) and S(c) ≥

Q(c, p1, p2). This implies that

LHS of (2.6) =
P (c, p1, p2)

Q(c, p1, p2)
≥ R(c)

S(c)
≥ 0.

We proceed analogously for the verticies v2 and v3. We conclude the proof by

using Corollary 2.2.5.

Remark 2.3.3. In Proposition 2.3.2, we obtained a lower bound on c depending

only on p1 and p2. For given values of p1 and p2 it is possible to obtain a sharper

result. Indeed, suppose p1 and p2 are fixed. Then, the LHS of (2.6) is a rational

fraction F depending only on the variable c. We then only need to look for constant

c0 such that F is non-negative for c ≥ c0. For example, if B = P3, respectively

B = Q3, p1 = 1 and p2 = 2, (2.6) show the existence of an extremal metric in αc

for c ≥ 7.09, respectively c ≥ 9.08. We refer to Appendix A for further examples

of application of the sufficient condition on simple principal P2-fibrations.



CHAPTER III

THE CALABI PROBLEM ON SEMISIMPLE PRINCIPAL FIBRATIONS

(BASED ON A PART OF [9])

3.1 Semisimple principal fibrations

Let (X,ω) be a compact Kähler 2ℓ-manifold, endowed with a hamiltonian

isometric action of an r-dimensional torus T. We use lower script to denote the

space on which T acts, as in Chapter 1. Let t be the Lie algebra of T and Λ ⊂ t

the lattice of generators of circle groups in T (i.e. T = t/2πΛ). We denote by

mω : X ! P ⊂ t∗ the normalized TX-moment map of ω, i.e. whose image is a

fixed compact convex polytope P ⊂ t∗.

Let B = B1 × · · · × Bk be a 2n-dimensional cscK manifold, where each

(Ba, Ja, ωa), a = 1, . . . , k is a compact cscK Hodge Kähler 2na-manifold (i.e.
1
2π
[ωa] ∈ H2(Ba,Z)), and πB : Q ! B a principal T-bundle endowed with a

connection 1-form θ ∈ Ω1(Q, t) with curvature

dθ =
k∑
a=1

(π∗
Bωa)⊗ pa, pa ∈ Λ. (3.1)

Remark 3.1.1. The principle T-bundle Q can be described in terms of r complex

line bundles over B as follows. Fixing a lattice basis {ξ1, . . . , ξr} of t, and writing

pa =
∑r

i=1 paiξi, , pai ∈ Z, a = 1, . . . k, 3.1 yields that Q is the (fiber-wise) product
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of r principle U(1)-bundles Qi ! B, where each Qi is associated to a complex line

bundle L∗
i on B with Chern class 2πc1(L

∗
i ) = −

∑r
a=1 paiπ

∗
B[ωa], i.e. we have

2πc1(P ) := −2π
r∑
i=1

c1(L
∗
i )⊗ ξi =

k∑
a=1

π∗
B[ωa]⊗ pa.

Fixing a connection 1-form θ on Q as in (3.1) amounts to introducing a hermitian

metric h∗i on each L∗
i , with curvature −

∑r
a=1 paiπ

∗
B(ωBa), and identifying Qi ⊂ L∗

i

with the corresponding unitary S1-bundle.

Let D = ann(θ) ⊂ TQ be the horizontal distribution defined by θ, leading to

a splitting

TQ = D ⊕ tQ,

where tQ denotes the Lie algebra of TQ inside C∞(Q, TQ), corresponding to the

T-action TQ on Q. The lift JB of the complex structure of B gives rise to a smooth

section of TY which preserve D.

We further let Z := X × Q and consider the induced T-action, denoted TZ ,

generated by (−ξXi + ξQi ) for any basis of Λ as above. We thus define

Y := Z/TZ .

It follows that Y is a 2(m + n)-dimensional smooth manifold, and πY : Z =

X × Q ! Y is a principal T-bundle over Y whereas πB : Q ! B defines a

fibration πB : Y ! B with smooth fibres X, as summarized in the diagram

below.

Z = X ×Q

X × B Y

B

/TQ

/TZ

πB

πB
πB
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The TX-action on the factor X in Z = X × Q descends to a T-action on Y ,

denoted TY , which preserves each fibre (and thus coincides with the action of TX).

Notice that the 1-form θ also defines a connection 1-form on Z with horizontal

distribution H:

T (X ×Q) = H⊕ tZ , H = TX ⊕D = ann(θ), (3.2)

giving rise to a section J = JX⊕JB of TZ preserving (H, ), which is clearly invari-

ant under the TZ-action, and therefore defines a TY -invariant complex structure

JY on Y .

We now consider Kähler metrics on Y , compatible with the fibre-bundle con-

struction of the above form. We denote by ω a T-invariant Kähler structure in

the class α on X, and by ω̃ the resulting Kähler structure on Y , which is defined

in terms of a basic 2-form on Z = X × Q, depending on k real constants ca ∈ R

(which will be fixed) such that for each a = 1, . . . , k, the affine linear function

⟨pa, x⟩+ ca on t∗ is strictly positive on the moment image P :

ω̃ := ω +
k∑
a=1

(⟨pa,mω⟩+ ca)π
∗
Bωa + ⟨dmω ∧ θ⟩

= ω +
k∑
a=1

ca(π
∗
Bωa) + d (⟨mω, θ⟩) .

(3.3)

In the above expression, ⟨·, ·⟩ stands for the natural pairing between t and t∗:

thus ⟨pa,mω⟩ is a smooth function, ⟨mω, θ⟩ is a 1-form, and ⟨dmω ∧ θ⟩ is a 2-form

on Z. One can directly check from the above expression that ω̃ is closed, TZ-basic,

and is positive definite on (H, JX ⊕ JB), so it is the pullback of a Kähler form on

Y . We shall tacitly identify in the sequel the Kähler form on Y with its pullback

(3.3) on Z = X × Q. Notice that ω̃ is TY -invariant and mω, seen as a smooth

TZ-invariant function on Z, is the P -normalized moment map.
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Definition 3.1.2. The Kähler manifold (Y,TY ) constructed as above will be called

a semisimple (X,T)-principal fibration associated to the Kähler manifold (X,T)

and the product cscK manifold B = B1 × · · · × Bk. The TY -invariant Kähler

metric ω̃ on Y constructed from a TX-invariant Kähler metric ω on X (and fixed

cscK metrics ωa on Ba) will be called bundle-compatible.

Remark 3.1.3. In the case when (X,T, ω) is a toric Kähler manifold, a semisim-

ple (X,T)-principal fibration endowed with a bundle-compatible Kähler metric is

exactly the semisimple principal toric fibration studied in Chapter 1.

3.1.1 The space of bundle-compatible functions

The above bundle construction gives rise to a natural embedding of the space

C∞(X)T of TX-invariant smooth functions on X to the space C∞(Y )T of TY -

invariant smooth functions on Y : for any φ ∈ C∞(X)T we consider the induced

function on Z = X × Q, which is clearly TZ-invariant, and thus descends to a

smooth TY -invariant function on Y . We shall tacitly identify φ and its image in

C∞(Y )T, i.e. we shall consider

C∞(X)T ⊂ C∞(Y )T.

Notice that the above embedding is closed in the Fréchet topology, as we can

identify a smooth TX-invariant function onX with a smooth TY -invariant function

φ on Y , which has the property

dQ(π
∗
Y φ) = 0

on Z = X ×Q.

More generally, for any TY -invariant smooth function ψ ∈ C∞(Y )T its lift

π∗
Y ψ to Z = X × Q a smooth function which is both TZ and TX-invariant, or
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equivalently TX and TQ invariant. It thus follows that π∗
Y ψ can be equivalently

viewed as a TX-invariant smooth function on X×B, i.e. we have an identification

C∞(Y )T ∼= C∞(X × B)T. (3.4)

In particular, for any fixed point x ∈ X, we shall denote by ψx ∈ C∞(B) the

induced smooth function on B, and for any fixed point b ∈ B by ψb ∈ C∞(X)T

the induced function on X. We thus have the identification

C∞(X)T ∼= {ψ ∈ C∞(Y )T | dBψx = 0 ∀x ∈ X}.

3.1.2 The space of bundle-compatible Kähler metrics

We shall next use the construction of (3.3) in order to identify the space

K(X,ω0)
T of TX-invariant ω0-relative Kähler potentials on X as a subset of the

space K(Y, ω̃0)
T of TY -invariant ω̃0-relative Kähler potentials on Y .

Lemma 3.1.4. Let ωφ = ω0 + dXd
c
Xφ be an TX-invariant Kähler form on X in

the Kähler class α = [ω0], where φ ∈ K(X,ω0)
T is a TX-invariant smooth function

on X. Denote by mφ the moment map of TX with respect to ωφ, satisfying the

normalization mφ(X) = P , and by ω̃φ the induced Kähler metric on Y , via (3.3).

Then,

ω̃φ = ω̃0 + dY d
c
Y φ,

where φ stands for the induced smooth function on Y .

Proof. Recall that mφ = m0 + dcXφ (see (1.1)). By (3.3), the pullback of ω̃φ to
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Z = X ×Q is

ω̃φ = ωφ +
k∑
a=1

ca(π
∗
Bωa) + dZ⟨mφ, θ⟩

= ω0 +
k∑
a=1

ca(π
∗
Bωa) + dXd

c
Xφ+ dZ⟨mφ, θ⟩

= ω̃0 + dZd
c
Xφ+ dZ

(
⟨dcXφ, θ⟩

)
,

so it is enough to check that

dcY φ = dcXφ+ ⟨dcXφ, θ⟩, (3.5)

for any TX-invariant smooth function φ on X. To this end, let us choose a

basis {ξ1, . . . , ξr} of t, with dual basis {ξ1, . . . , ξr} of t∗, and we write dcXφ =∑r
j=1(d

c
Xφ)(ξ

X
j )ξ

j and θ =
∑r

j=1 θjξj for 1-forms θj on Z such that θj is zero on

H and θj(ξQi ) = θj(−ξXi + ξQi ) = δij. Thus, (3.5) is equivalent to

dcY φ = dcXφ+
r∑
j=1

(dcXφ)(ξ
X
j )θj.

Evaluating the RHS of the above equality on the generators (−ξXj + ξQj ) of tZ , we

see that it is a πY -basic 1-form on Z, and thus is the pullback of a 1-form on Y

via πY . The claim follows easily.

Thus, Lemma 3.1.4 defines an embedding K(X,ω0)
T ⊂ K(Y, ω̃0)

T and we have

also identified in Section 3.1.1 a natural embedding of the space of TX-invariant

functions on X into the space of TY -invariant functions on Y , through their pull-

backs to Z = X ×Q.

Letting θ :=
∑r

j=1 θj ⊗ ξQj be the decomposition of the connection 1-form θ on

Q in a basis {ξ1, . . . , ξr} of the lattice Λ ⊂ t, and θ∧r := θ1 ∧ · · · ∧ θr, it follows

from (3.3) and Lemma 3.1.4 that for any φ ∈ K(X,ω0)
T ⊂ K(Y, ω̃0)

T, the measure
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ω̃
[m+n]
φ on Y is the push-forward of the measure on Z:

1

(2π)r
ω̃[m+n]
φ ∧ θ∧r = 1

(2π)r

(
v(mφ)ω

[m]
φ ∧

k∧
a=1

π∗
Bω

[na]
a

)
∧ θ∧r, (3.6)

where

v(x) :=
k∏
a=1

(⟨pa, x⟩+ ca)
na , na = dimC(Ba) (3.7)

is a positive polynomial on P , determined by the semisimple (X,T)-principal

fibration Y and the given bundle-compatible Kähler class on it. It thus follows that

any TX-invariant integrable function f on X defines an integrable TY -invariant

function on Y and, for any φ ∈ K(X,ω0)
T ⊂ K(Y, ω̃0)

T, we have∫
Y

fω̃[n+m]
φ = Vol(B,ωB)

∫
X

v(mφ)fω
[m]
φ . (3.8)

Corollary 3.1.5. There exists an embedding K(X,ω0)
T ⊂ K(Y, ω̃0)

T such that,

for any smooth curve ψt ∈ K(X,ω0)
T ⊂ K(Y, ω̃0)

T, we have

LY1 (ψt) = Vol(B,ωB)L
X
1,v(ψt),

where v(x) is the positive weight function on P defined in (3.7), LX1,v is the v(x)-

weighted length function on K(X,ω0)
T given by

LX1,v(ψt) :=

∫ 1

0

(∫
X

|ψ̇t|v(mψt)ω
[m]
ψt

)
dt,

and LY1 is the length function on K(Y, ω̃0)
T corresponding to the weight v = 1. In

particular, for any compatbile Kähler potentials φ0, φ1 ∈ K(X,ω0)
T ⊂ K(Y, ω̃0)

T,

dY1 (φ0, φ1) = Vol(B,ωB)d
X
1,v(φ0, φ1), where dX1,v is the induced distance via the

length functional LX1,v.

Proof. A direct consequence of (3.8).

Lemma 3.1.6. For any weight v > 0, there exists an uniform constant C =

C(X,ω0, v) > 0 such that

1

C
d1(φ0, φ1) ≤ d1,v(φ0, φ1) ≤ Cd1(φ0, φ1), ∀φ0, φ1 ∈ KT(X,ω0), (3.9)
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where d1 := d1,1 is the distance introduced in [32]. In particular, d1,v is a distance

on KT(X,ω0) which is equivalent to d1.

Proof. The relation (3.9) follows from the fact that v(x) is positive and uniformly

bounded on P . This yields that d1,v is a distance, as d1 is a distance according to

[32].

Lemma 3.1.7. Let φ be a smooth TX-invariant function on X, also considered

as a smooth TY -invariant function on Y , and ω be an TX-invariant Kähler metric

on X with ω̃ the corresponding TY -invariant Kähler metric on Y given by (3.3).

Then

||dXφ||2ω = ||dY φ||2ω̃.

Proof. We use that

||dXφ||2ω =
dXφ ∧ dcXφ ∧ ω[m−1]

ω[m]
=
dXφ ∧ dcXφ ∧ ω[m−1] ∧ v(mω)(π

∗
BωB)

[n] ∧ θ∧r

ω[m] ∧ v(mω)(π∗
BωB)

[n] ∧ θ∧r

||dY φ||2ω̃ =
dY φ ∧ dcY φ ∧ ω̃[m+n−1]

ω̃[m+n]
=
dY φ ∧ dcY φ ∧ ω̃[m+n−1] ∧ θ∧r

ω̃[m+n] ∧ θ∧r

(where the RHS are written on X ×Q) together with dXφ = dY φ and (3.6).

Proposition 3.1.8. The embedding in Corollary 3.1.5 is totally geodesic with

respect to the weak C1,1̄ geodesics.

Proof. Let φ0, φ1 ∈ K(X,ω0)
T. If φ0 and φ1 can be connected with a smooth

geodesic φt, i.e. with a smooth curve in K(X,ω0)
T such that

φ̈ = ||dXφ̇||2ωφ
, (3.10)

then, by Lemma 3.1.7, it follows that φt is also a smooth geodesic in K(Y, ω̃0)
T

connecting φ0, φ1 ∈ K(Y, ω̃0)
T.
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In general, by the results in [23], φ0, φ1 can be connected only with a weak

C1,1̄-geodesic in K1,1̄(X,ω0)
T, where K1,1̄(X,ω0) stand for the space of C1(X)

functions φ on X such that ω0 + ddcφ ≥ 0 and has bounded coefficients as a

(1, 1)-current. More precisely, letting Σ := {1 < z < e} ⊂ C, it is shown in [23]

that there exists a unique weak solution (i.e. a positive (1, 1)-current in the sense

of Bedford–Taylor) of the homogeneous Monge–Ampère equation

(π∗
Xω0 + dXd

c
XΦ)

m+1 = 0, π∗
Xω0 + dXd

c
XΦ ≥ 0, Φ ∈ C1,α(X × Σ),

Φ(x, 1) = φ0(x), Φ(x, e) = φ1(x).
(3.11)

It was later shown in [31] that Φ is actually of regularity C1,1(X ×Σ). Note that,

by the uniqueness, Φ is T-invariant as soon as φ0 and φ1 are. The link with (3.10)

is (see [72]) that if Φ were actually smooth, we can recover the smooth geodesic φt

joining φ0 and φ1 by letting t := log |z| and φt(x) := Φ(x, log |z|). In the general

case, the curve φt of (weak) ω0-relative pluri-subharmonic potentials (of regularity

C1,1(X × [0, 1])) is referred to as the weak C1,1̄-geodesic joining φ0 and φ1.

We are thus going to check that any weak C1,1̄-geodesic on X (invariant under

TX) defines, via Lemma 3.1.4, a C1,1̄-geodesic on Y . To this end, we need to show

that Φ satisfies

(π∗
Y ω̃0 + dY d

c
YΦ)

m+n+1 = 0, π∗
Y ω̃0 + dY d

c
YΦ ≥ 0, (3.12)

the regularity statements being automatically satisfied on Y .

By the results in [23] and [19], Φ can be approximated as ε ! 0, both it the

weak sense of currents and in C1,α(X × Σ) (for a fixed α ∈ (0, 1)), by smooth

functions Ψε(x, z) on X × Σ which solve

(π∗
Xω0 + dXd

c
XΨ

ε)[m+1] = ε
(
(π∗

Xω0)
[m] ∧ (dx ∧ dy)

)
, ε > 0,

π∗
Xω0 + dXd

c
XΨ

ε > 0, Ψε(x, 1) = φ0, Ψε(x, e) = φ1.
(3.13)
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By the uniqueness of the smooth solution of (3.13) (and using that both φ0, φ1

are TX-invariant), we have that Ψε(x, z) is a TX-invariant smooth function on X

for any z ∈ Σ; furthermore, the positivity condition on the second line yields that

Ψε(x, z) ∈ K(X,ω0)
T for any z ∈ Σ. We can then also see Ψε(x, z), via its pull-

back to X×Q×Σ, as a TY -invariant smooth function on Y ×Σ; the arguments in

the proof of Lemma 3.1.4 yield that π∗
Y ω̃0 + dY d

c
YΨ

ε > 0 on Y ×Σ. Furthermore,

by the same proof, we have the following equality of volume forms on X ×Q×Σ:

(π∗
Y ω̃0 + dY d

c
YΨ

ε)[m+n+1] ∧ θ∧r = v(mΨε)(π∗
Xω0 + ddcΨε)[m+1] ∧ (π∗

BωB)
[n] ∧ θ∧r

= εv(mΨε)(π∗
Xω0)

[m+1] ∧ (π∗
BωB)

[n] ∧ θ∧r,

(3.14)

where, we recall, v(x) :=
∏k

a=1(⟨pa, x⟩ + ca)
na , θ∧r := θ1 ∧ · · · ∧ θr (for θ =∑r

i=1 θi ⊗ ξQi with respect to a basis {ξ1, . . . , ξr} of Λ ⊂ t), and, for any fixed

z ∈ Σ, mΨε denotes the normalized TX-moment map (1.1) of ω0 + dXd
c
XΨ

ε.

Notice that, as v is uniformly bounded on P by positive constants, it follows by

(3.14) that

lim
ε!0

(
(π∗

Y ω̃0 + dY d
c
YΨ

ε)[m+n+1] ∧ θ∧r
)
= 0,

weakly (as measures on Z×Σ). The push-forward measure of the measure (π∗
Y ω̃0+

dY d
c
YΨ

ε)[m+n+1] ∧ θ∧r to Y is the measure (π∗
Y ω̃0 + dY d

c
YΨ

ε)[m+n+1], so we obtain

on Y :

lim
ε!0

(
(π∗

Y ω̃0 + dY d
c
YΨ

ε)[m+n+1]
)
= 0.

Furthermore, using the C1,α-convergence of Ψε to Φ, we get the weak convergences

(of positive (1, 1)-currents):

lim
ε!0

(π∗
Y ω̃0 + dY d

c
YΨ

ε) = π∗
Y ω̃0 + dY d

c
YΦ ≥ 0;

0 = lim
ε!0

(π∗
Y ω̃0 + dY d

c
YΨ

ε)[m+n+1] = (π∗
Y ω̃0 + dY d

c
YΦ)

[m+n+1] .

Thus, (3.12) follows.



87

3.1.3 The scalar curvature and the extremal vector field

Lemma 3.1.9. Let ω, ω̃ be T-invariant Kähler metrics respectively on X and Y ,

given by (3.3), and suppose (Ba, ωa) has constant scalar curvature Scal(ωa) = sa.

Then, the scalar curvature Scal(ω̃), considered as smooth function on X × Q, is

given by

Scal(ω̃) =
1

v(mω)
Scalv(ω) +

k∑
a=1

sa
⟨pa,mω⟩+ ca

(3.15)

with v(x) =
∏k

a=1(⟨pa, x⟩+ ca)
na.

Proof. We apply the arguments in the proof [4, Prop. 7] to both (X,TX) and

(Y,TY ) to compute the corresponding scalar curvatures, and compare the results.

On X, we consider the open dense subset X̊ ⊂ X of regular orbits for the

TX-action. Consider the point-wise ω-orthogonal and T-invariant decomposition

TX̊ = H ⊕ tX ⊕ JtX ,

and write the Kähler structure (g, J, ω) on X as

g = gH +
r∑

i,j=1

Hij (ηi ⊗ ηj + Jηi ⊗ Jηj) ,

ω = ωH +
r∑

i,j=1

Hijηi ∧ Jηj,

where, for a fixed basis {ξ1, . . . , ξr} of t, the 1-forms ηj on X̊ are defined by

(ηj)|H = 0, ηj(ξXi ) = δij; ηj(JξXi ) = 0 and Hij = g(ξXi , ξ
X
j ).

The distribution (tX)C := tX ⊕ JtX is integrable and defines a holomorphic

foliation F . We consider an open subset U ⊂ X̊ on which F is trivial. We denote

by S the space of leaves of F in U (then S can be seen as an open subset of Cm−r).

We next fix a volume form V olS on S in some holomorphic coordinates, and write
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point-wisely

ω
[ℓ−r]
H = Fπ∗

S(VolS), (3.16)

for some positive (locally defined) smooth function F on U (where both ω[ℓ−1]
H and

π∗
S(VolS) are seen as sections of

∧ℓ−1H∗). According to [4, Prop. 7], we have that

κ := −1

2
(log(F ) + log det(Hij)) (3.17)

is a (local) Ricci potential of ω, i.e. Ric(ω) = dXd
c
Xκ, and thus

Scal(ω) = −2
dXd

c
Xκ ∧ ω[ℓ−1]

ω[ℓ]
.

By the same argument as above we get that on Z̊ = X̊ × B

ω̃ = ωH +
r∑

i,j=1

Hijηi ∧ Jηj +
k∑
a=1

(⟨µω, pa⟩+ ca)π
∗
Bωa

We now take a local holomorphic volume form on S × UB of the form VolS ∧

VolB1 ∧ · · · ∧VolBk
, where UB ⊂ B is a open subset trivialazing the anticanonical

bundle of B. Using (3.3), we see that a Ricci potential on Y (when pulled back

to X ×Q) is written as

κ̃ =
k∑
a=1

κa −
1

2

(
log(F̃ ) + log det(Hij)

)
,

where κa := −1
2
log
(
ω
[na]
a

VolBa

)
is a Ricci potential of (Ba, ωa) and

F̃ = v(mω)F.

Thus, we obtain

κ̃ =
k∑
a=1

κa + κ− 1

2
log v(mω), (3.18)
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as functions on X ×Q. Introducing a basis (ξi)i of Λ and writing the connection

1-form θ ∈ Ω1(Q, t) as θ =
∑r

j=1 θj ⊗ ξQj (where the 1-forms θj on Q are such that

θj is zero on D and θj(ξQi ) = δij), we compute for the scalar curvature of ω̃

Scal(ω̃) =− dY d
c
Y κ̃ ∧ ω̃[ℓ+n−1]

ω̃[ℓ+n]
(on Y )

=− dY d
c
Y κ̃ ∧ ω̃[ℓ+n−1] ∧ θ∧r

ω̃[ℓ+n] ∧ θ∧r
(on X ×Q).

(3.19)

By (3.5) and (3.18), the pullback of dY dcY κ̃ to X ×Q is given by,

dY d
c
Y κ̃ =dY d

c
Y

(
κ− 1

2
log v(mω)

)
+

k∑
a=1

dY d
c
Y κa

=dXd
c
X

(
κ− 1

2
log v(mω)

)
+

r∑
j=1

dX

(
dcX

(
κ− 1

2
log v(mω)

)
(ξXj )

)
∧ θj

+
r∑
j=1

dcX

(
κ− 1

2
log v(mω)

)
(ξj)dQθj +

k∑
a=1

dBad
c
Ba
κa

=dXd
c
Xκ− 1

2
dXd

c
X (log v(mω))

+
r∑
j=1

dX

(
dcX

(
κ− 1

2
log v(mω)

)
(ξXj )

)
∧ θj

+
k∑
a=1

dcX

(
κ− 1

2
log v(mω)

)
(pa)(π

∗
Bωa) +

k∑
a=1

dBad
c
Ba
κa,

(3.20)

where in the last equality we used (3.1) and we have denoted by pa the induced

vector field on X by the element pa ∈ t. We shall compute the term dcXκ(pa) on

S : using (3.17) we get

dcXκ(pa) =
1

2

(
LJpaF
F

+ Tr
(
H−1
ij (LJpaHij

))
. (3.21)

Taking the wedge product of both sides of (3.16) with(
r∑

i,j=1

Hijηi ∧ Jηj

)[r]

= det(Hij)
r∧
j=1

(ηj ∧ Jηj),
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gives

ω[ℓ] = Fπ∗
SVolS ∧ det(Hij)

r∧
j=1

(ηj ∧ Jηj).

Applying the Lie derivative LJpa to the above equality yields

(∆ωm
pa
ω )ω[ℓ] = (LJξaF )π∗

SVolS ∧ det(Hij)
r∧
j=1

(ηj ∧ Jηj)

+ Fπ∗
SVolS ∧ LJpa

(
det(Hij)

r∧
j=1

ηj ∧ Jηj

)

Fπ∗
SVolS ∧ LJpa

(
det(Hij)

r∧
j=1

(ηj ∧ Jηj)

)

=
(
Tr
(
H−1
ij (LJpaHij)

) )
Fπ∗

SVolS ∧ (det(Hij))
r∧
j=1

ηj ∧ Jηj,

where we used that LJpaηj is a basic form (since (LJpaηj)(ξi) = −ηj([Jpa, ξi]) = 0).

We thus get ∆ωm
pa
ω =

LJpaF

F
+ Tr

(
H−1
ij (LJpaHij)

)
, or equivalently, in terms of

(3.21)

dcXκ(pa) =
1

2
(∆ωm

pa
ω ) . (3.22)

Using the above equation in (3.20), we continue the computation

dY d
c
Y κ̃ =dXd

c
Xκ− 1

2
ddcX (log v(mω)) +

r∑
j=1

dX

(
dcX

(
κ− 1

2
log v(mω)

)
(ξXj )

)
∧ θj

+
1

2

k∑
a=1

(
∆ωm

pa
ω +

(LJpa(v(mω))

v(mω)

)
(π∗

Bωa) +
k∑
a=1

dBad
c
Ba
κa.

(3.23)

Recall that (3.6) on Z we have ω̃[ℓ+n] ∧ θ∧r = v(mω)ω
[ℓ] ∧

∧k
a=1 π

∗
Bω

[na]
a ∧ θ∧r.
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Similarly, by (3.3),

ω̃[ℓ+n−1] ∧ θ∧r =
k∑
b=1

 v(mω)

(⟨mω, pb⟩+ cb)
ω[ℓ] ∧ (π∗

Bωb)
[nb−1] ∧

k∧
a=1
a̸=b

(π∗
Bωa)

[na] ∧ θ∧r


+ v(mω)ω

[ℓ−1] ∧
k∧
a=1

(π∗
Bωa)

[na] ∧ θ∧r.

(3.24)

Using (3.19), (3.23), (3.6) and (3.24), we obtain

Scal(ω̃) =Scal(ω) + ∆ω(log v(mω))

+
k∑
a=1

(
na

(⟨mω, pa⟩+ ca)

[
∆ωm

pa
ω +

LJpav(mω)

v(mω)

]
+

sa
(⟨mω, pa⟩+ ca)

)

=Scal(ω) +
k∑
a=1

na∆ω(log(⟨mω, pa⟩+ ca))

+
k∑
a=1

na
(⟨mω, pa⟩+ ca)

(
∆ω(⟨mω, pa⟩) +

LJpa(v(mω))

v(mω)

)

+
k∑
a=1

na
(⟨mω, pa⟩+ ca)

sa
(⟨mω, pa⟩+ ca)

=Scal(ω)−
k∑

a,b=1

nanbg(pa, pb)

(⟨mω, pa⟩+ ca)(⟨mω, pb⟩+ cb)

+
k∑
a=1

(
2na∆ω(⟨mω, pa⟩)
(⟨mω, pa⟩+ ca)

+
na|ξa|2gω

(⟨mω, pa⟩+ ca)2
+

sa
(⟨mω, pa⟩+ ca)

)
.

(3.25)

On the other hand, using a basis (ξi) of t with a dual basis (ξi) of t∗, we compute

Scalv(ω) :=v(mω)Scal(ω) + 2
r∑
i=1

v,i(mω)∆ω(⟨mω, ξi⟩)−
r∑

i,j=1

v,ij(mω)gω(ξi, ξj)

=v(mω)Scal(ω) + 2
r∑
i=1

∆ω(⟨mω, ξi⟩)
k∑
a=1

naξ
i(pa)v(mω)

⟨mω, pa⟩+ ca
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+
r∑

i,j=1

gω(ξi, ξj)

(
k∑
a=1

naξ
i(pa)ξ

j(pa)v(mω)

(⟨mω, pa⟩+ ca)2

)

−
r∑

i,j=1

gω(ξi, ξj)

(
k∑

a,b=1

nanbξ
i(pa)ξ

j(pa)v(mω)

(⟨mω, pa⟩+ ca)(⟨mω, pb⟩+ cb)

)

=v(mω)Scal(ω) + 2∆ω(⟨mω, pa⟩)
k∑
a=1

nav(mω)

(⟨mω, pa⟩+ ca)

+

[
k∑
a=1

na|pa|2gωv(mω)

(⟨mω, pa⟩+ ca)2
−

k∑
a,b=1

nanbgω(pa, pb)v(mω)

(⟨mω, pa⟩+ ca)(⟨mω, pb⟩+ cb)

]
.

Comparing the above expression with (3.25), we obtain

Scal(ω̃) =
1

v(mω)
Scalv(ω) +

(
k∑
a=1

sa
⟨mω, pa⟩+ ca

)
. (3.26)

The following is a straightforward extension of [7, Lemma 5].

Lemma 3.1.10. Suppose Y is a semisimple principal (X,T)-fibration over B,

such that T is a maximal torus in the reduced group of automorphisms Autr(X).

Let ω̃ be a bundle-compatible Kähler metric on Y corresponding to a T-invariant

Kähler metric ω on X, and KB ⊂ Autr(B) be a maximal compact torus in

the reduced group of automorphisms of B which (without loss by Lichnerowicz–

Matsushima theorem) belongs to the isometry group of ωB. Then ω̃ is invariant

under the action of a maximal torus KY ⊂ Autr(Y ), and we have an exact se-

quence of Lie algebra

{0} ! tY ! kY ! kB ! { 0},
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where kB and kY denote respectively the Lie algebras of KB and KY . Furthermore,

the affine extremal function ℓext of a compatible Kähler class (Y, JY , [ωY ],KY ) is

an affine function on P .

Proof. The proof of the above result is not materially different than the proof of

[7, Lemma 5] (where (X,T) is toric). We only give a sketch. A Killing potential

f for a Killing vector field K ∈ kB := Lie(KB) is of the form f =
∑k

a=1 fa, where

fa is a Killing potential of (Ba, ωa). Letting K̃ be the horizontal lift of K to Q

(using the tQ-valued connection 1-form θ), one can check that the vector field on

Q

K̂ = K̃ +
k∑
a=1

faξ
Q
pa

is a CR vector field on (Q,D, JB), hence also on (Z,H, JB ⊕ JX). Furthermore, a

direct verification in (3.3) reveals that

ıK̂ω̃ = −d

(
k∑
a=1

(⟨pa,mω⟩+ ca)fa

)
(3.27)

showing that K̂ also preserves ω̃. We thus obtain a lift k̂B of the Lie algebra

kB = Lie(TB) to Z, which clearly commutes with the action TZ , and preserves

both the CR structure of (Z,H) and the 2-form ω̃. The Lie algebra kY of KY is

then induced by tX⊕ k̂B ⊂ TZ, which descend to an abelian Lie algebra of Killing

fields on Y . The maximality of KY ⊂ Autred(Y ) and the exactness of the sequence

follow from the maximality of each KB ⊂ Autred(B) and T ⊂ Autred(X), and the

fact that (recall that Y is a locally trivial X-fibre bundle and therefore the fibres

have trivial normal bundle) any holomorphic vector field on Y projects under πB

to a holomorphic vector field on B.

For the second claim in Lemma 3.1.10, we recall that, by definition, the affine-

extremal function is the unique affine function such that the Futaki invariant

vanishes
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F(l) :=
∫
Y

l(mω̃)(Scal(ω̃)− lext(mω̃))ω̃
[m] = 0, (3.28)

for any l ∈ Aff(k∗). By (3.27) the Killing potentials of all lifted Killing vector

fields K̂ from B are of the form
∑k

a=1(⟨pa,mω⟩ + ca)fa. Thus, by Lemma 3.1.9

and using (3.6), the integral condition (3.28) holds for any such Killing potential,

as soon as we normalize
∫
Ba
faω

na
a = 0. Moreover, by the exactness of the sequence

established above and the previous comment, (3.28) is equivalent to

∫
X

l(mω)(Scalv(ω)− lext(mω))ω
[ℓ] = 0, (3.29)

for any l ∈ Aff(t∗), showing that lext is an affine-linear function on t∗.

We deduce the two following straightforward corollaries.

Corollary 3.1.11. A compatible Kähler metric ωY is extremal if and only if its

corresponding metric ωX on X is (v,w)-cscK for the weights

v(x) =
k∏
a=1

(
⟨pa, x⟩+ ca

)na

w(x) = v(x)

(
lext(x)−

k∑
a=1

sa
⟨pa, x⟩+ ca

)
,

(3.30)

Proof. It is a direct consequence of (3.15) and Lemma 3.1.10.

Corollary 3.1.12. Fix TY and KY as in Lemma 3.1.10. The restriction of the

KY -relative Mabuchi energy MY on Y to the subspace K(X,ω0)
T ⊂ K(Y, ω̃0)

K is

equal to CMX
v,w, where v,w are given in (3.30) and C = Vol(B,ωB).
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Proof. It is a direct corollary of Lemmas 3.1.9 and 3.1.10 and of Definitions 1.21

and 1.22 .

3.1.4 Fano semisimple principal fibrations

In this subsection, we specialize to the case when each (Ba, ωa) is a Hodge

Kähler–Einstein manifold with positive scalar curvature sa = 2naka, ka ∈ N.

Equivalently, 2πc1(Ba) = ka[ωa] for a positive integer ka and an integral Kähler

class 1
2π
[ωa]. Notice that ka must be a positive divisor of the Fano index Ind(Ba) of

Ba, which yields the a priori bound 1 ≤ ka ≤ Ind(Ba). We also assume that (X,T)

is Fano with canonically normalized moment polytope, i.e. for any T-invariant

Kähler form ω ∈ 2πc1(X) we normalize mω such that

mRic(ω) = mω + dcXh, (3.31)

where h is a T-invariant smooth function on X such that Ric(ω) = ω + dXd
c
Xh,

and mRic(ω) :=
1
2
∆ωmω is the "moment map" of Ric(ω).

We then have

Lemma 3.1.13. In the setting above, if the affine linear functions (⟨pa, x⟩ +

ka) > 0 on P , the bundle-compatible Kähler metric ω̃ on Y corresponding to the

constants ca = ka belongs to deRham class 2πc1(Y ).

Proof. By using (3.22) and rearranging the terms in (3.20), we have the following

relation (written on Z):

Ric(ω̃) =Ric(ω) +
k∑
a=1

(
⟨pa,mRic(ω)⟩+ ca

)
ωa + ⟨dmRic(ω) ∧ θ⟩

+
k∑
a=1

(Ric(ωa)− caωa)−
1

2
dY d

c
Y log v(mω),

(3.32)
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where Ric(ω̃), Ric(ω) and Ric(ωa) respectively denote the Ricci forms of (Y, ω̃),

(X,ω) and (Ba, ωa), pulled back to Z, and mRic(ω) := dcXκ is the “moment map”

with respect to the Ricci form Ric(ω). As in (3.22), we have mRic(ω) =
1
2
∆ωmω. A

closer look at the proof of Lemma 3.1.4 and the relation (3.32) (with ca = sa
2na

= ka)

show that

Ric(ω̃)− ω̃ =
1

2
dY d

c
Y h̃, h̃ := h− log v(mω).

.

Remark 3.1.14. Lemma 3.1.13 provides a useful way to construct semisimple

(X,T)-principal Fano fibrations. Indeed, for given positive Hodge Kähler–Einstein

manifolds (Ba, Ja, ωa) as above, with corresponding integer constants ka, and a

given Fano manifold (X,T) with associated canonical polytope P , one can try

to find all the possible principal T-bundles Q over B =
∏k

a=1Ba, for which the

corresponding semisimple (X,T)-principal fibration is Fano. Such principal T-

bundles Q are in correspondence with the choice of lattice elements pa ∈ Λ ⊂ t

and Lemma 3.1.13 tels us that for a set of elements pa to determine a Fano

semisimple (X,T)-principal fibration Y , it is sufficient to check that they satisfy

⟨pa, x⟩+ ka > 0 on P.

We refer to Section 2.3 for explicit constructions of Fano semisimple principal

toric fibration with P1 and P2 fiber.

3.2 An analytic criterion for semisimple principal fibrations

This section is devoted to the proof of Theorem 3.2.2 below. We first intro-

duced the relevant notion of properness for the weighted Mabuchi energy.
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Definition 3.2.1. The weighted Mabuchi energy Mv,w : K(X,ω0)
T ! R is said

d1,TC-proper if

• Mv,w is bounded from below on K(X,ω0)
T;

• for any sequence φi ∈ K̊v(X,ω0)
T, d1,TC(0, φi) ! ∞ implies that

Mv,w(φi) ! ∞,

where the relative Darvas distance d1,TC is defined in (1.19) and the space of nor-

malized relative potential K̊v(X,ω0)
T is defined in (1.25).

It is worth noting that, according to Lemma 3.1.6, the notion of properness defined

above with the distance d1 is equivalent to the one defined with weighted distance

d1,v. We conclude the section with the main theorem of this chapter.

Theorem 3.2.2. Suppose Y is a semisimple principal (X,T)-fibration, with a

Kähler metric ωY induced by a T-invariant Kähler metric ωX on X. We sup-

pose, moreover, that T is a maximal torus in the reduced group of automorphisms

Autred(X). Then, the following conditions are equivalent

1. Y admits an extremal Kähler metric in the Kähler class [ωY ].

2. Y admits a compatible extremal Kähler metric in the Kähler class [ωY ].

3. X admits a T-invariant (v,w)-cscK metric in the Kähler class [ωX ], with

weights (3.30).

4. The weighted Mabuchi energy Mv,w of (X, [ωX ],T) is d1,TC-proper for the

weights (v,w) defined in (3.30).

Proof. The implication (3) ⇒ (4) is established in [9, Theorem 1] and is admit

there. The equivalence (2) ⇔ (3) follows from Lemmas 3.1.9 and 3.1.10. We
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shall prove below (4) ⇒ (2) and (1) ⇒ (3). The arguments are similar to those

used in the proof of Theorem 1.5.1 when (X,T) is toric. We will highlight only

the differences. Let KY be a maximal torus in Autred(Y ) that contains TY as

defined in Lemma 3.1.10. We fix a KY -invariant compatible Kähler form ω̃0 on Y

corresponding to a T-invariant Kähler form ω0 on X, see Lemma 3.1.4.

Proof of (4) ⇒ (3). As in the proof of Theorem 1.5.1, we consider the continuity

path for φ ∈ K(X,ω0)
T ⊂ K(Y, ω̃0)

T given by

t
(
Scalv(ωφ)− w(mφ)

)
= (1− t)

(
Λωφ,v(χ)− n− ℓ

)
, t ∈ [0, 1], (3.33)

for some Kähler metric χ ∈ [ω0] that we will choose latter and Λωφ,v(χ) is defined

in (1.40). We consider

St1 := {t ∈ (0, t1] | (3.33) has a solution φt ∈ K(X,ω0)
T}. (3.34)

We need to show that S1 is open, closed and non empty in (0, 1].

Step 1: Openness. The arguments to prove that S1 is non-empty are identical to

those used to prove Proposition 1.5.3: we can choose a suitable χ compatible with

the bundle construction i.e. of the form of (1.9) such that there exists a solution

φt0 for some t0 > 0. The openness of the continuity path follows by applying the

inverse function theorem and using the decomposition of the operators established

in Appendix D.0.3.

Step 2: Closedness. Assuming (4) in Theorem 3.2.2, by Step 1 and similar

arguments to those used in the proof of Proposition 1.5.5, we can find compatible
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Kähler metrics ω̃φti
which are solutions of (3.33) at ti, and elements γi ∈ TC

Y ⊂ KC
Y

such that γ∗i (ω̃φti
) = ω̃φti

+ dY d
c
Y (γ · φti) converges to an extremal Kähler metric

ω̃φ1 , where γ ·φti is the normalized Kähler potential in K̊(Y, ω̃0)
T (see (1.24)) cor-

responding to γ∗i (ω̃φti
). Since each ω̃φti

are compatible (i.e. of the form of (1.9)),

by Lemma 3.1.4, φti ∈ K(X,ω0)
T. Moreover, the TC-action preserves K(X,ω0)

T,

showing that γi · φti ∈ K(X,ω0)
T. On the other hand, by (3.1.1), K(X,ω0)

T is

closed in K(Y, ω̃0)
T, showing that φ1 ∈ K(X,ω0)

T, i.e ω̃φ1 is a compatible extremal

metric on Y .

Proof of (1) ⇒ (3). The proof is similar to the proof of (4) ⇒ (3) above. As in

the Step 1 of the latter, we consider the continuity path (3.33). We can assume

without loss [21] that Y admits a KY -invariant extremal Kähler metric in [ω̃0].

We want to solve the continuity path (3.33). The proof of openness is the same

as it was in (4) ⇒ (3) above.

We now focus on the closedness. By the results of of Chen–Cheng and He

[25, 26, 47], the K-relative Mabuchi energy is KC-proper on K(Y, ω̃0)
K. By the

same argument as in (4) ⇒ (3), there exists a sequence ω̃φti
of solutions of (3.33)

at t = ti and elements γi ∈ KC
Y such that γ∗i (ω̃φti

) = ω̃φti
+dY d

c
Y (γ ·φti) converges

smoothly to an extremal Kähler metric ω̃φ1 . The main difference with (4) ⇒ (3)

is that the convergence of ω̃φti
is obtained up to the action of KC, which does not

preserve K(X,ω0)
T. We thus need to modify slightly the argument in order to show

that ω̃φ1 still induces a (v,w)-cscK metric on any given fiber Xb = π−1
B (b) ⊂ Y .

We denote by ωj(b) := (ω̃φj
)|Xb

and ωj(b) := (γ∗j (ω̃φj
))|Xb

the induced T-invariant

metrics on Xb. As ω̃φj
is bundle-compatible, Lemma 3.1.9 yields
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Scalv(ωj(b)) =

[
v(mω̃φj

)

(
Scal(ω̃φj

)−
k∑
a=1

sa
⟨pa,mω̃φj

⟩+ ca

)]
|Xb

.

Using that γj ∈ KC
Y sends the fiber Xb to a fiber Xγj(b) (this follows from the

construction of KY in the proof of Lemma 3.1.10) the above equality holds true

for the metrics ωj(b), where in the RHS we replace the metric ω̃φj
on Y with

ω̄j := γ∗j (ω̃φj
). It thus follows by the smooth convergence of ωj(b) to ω1(b) that

Scalv(ωφ1(b)) =

[
v(mω̄φ1

)

(
Scal(ω̄φ1)−

k∑
a=1

sa
⟨pa,mω̄φ1

⟩+ ca

)]
|Xb

=

[
v(mω̄φ1

)

(
lext −

k∑
a=1

sa
⟨pa,mω̄φ1

⟩+ ca

)]
|Xb

where for the equality on the second line we have used that the KY -extremal

function lext belongs to Aff(t∗X) (see Lemma 3.1.10). Thus ω1(b) is a (v,w)-cscK

metric on X.



CHAPTER IV

CONCLUSION AND FUTURE DIRECTIONS

In this thesis, we investigated the Calabi problem on fibrations associated

to principal torus bundles. When the fiber is toric, we obtained a Yau-Tian-

Donaldson correspondence for the existence of extremal Kähler metrics, expressed

in terms of a stability condition of the Delzant polytope of the fiber. We deduced

numerous sufficient conditions for the stability of the polytope to hold and found

new examples of extremal metrics. More generally, when the fiber is a compact

Kähler manifold endowed with an isometric hamiltonian action of a torus, we

showed that the existence of an extremal metric is characterised by the properness

of the weighted Mabuchi energy of the fiber (for appropriate weight functions).

The main argument to established the correspondence consists of solving the

continuity path of Chen in the space of bundle-compatible Kähler metrics. We

hope that similar arguments could be adapted to a more general context. Some

future directions are the following.

1. Solve Conjecture 1 by considering rigid semisimple fibration with blow-down

and base which is only a local product. This will imply a Yau–Tian–

Donaldson correspondence for projective bundles over a curve P(E) ! Σg,

see [10].
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2. Consider fibrations associated to a principal T-bundle with a more general

connection, i.e. remove the semisimplicity assumption (1.3).

3. Consider fibrations associated to a principal G-bundle where G is a compact

connected group and the fiber is a compact Kähler G-manifold.

The equivalence established between the existence of a weighted cscK metric

on the fiber of a semisimple principal fibration and the properness of the weighted

Mabuchi energy can be seen as a weighted version of Chen-Cheng’s theorem for

special polynomial weights. We will consider the extension of this result to the

case of general weights.



APPENDIX A

A PYTHON PROGRAM

We provide in this appendix an elementary Python program using SymPy

which checks the sufficient condition from Corollary 2.2.5 for simple principal

toric fibrations (that is, the case when the base has only one factor) with Fano

toric fiber X of dimension one or two such that [ωX ] a multiple of 2πc1(X).

The only data from the simple principal toric bundle construction needed are:

• from the base, the dimension n ∈ Z and scalar curvature s ∈ Q

• from the Fano toric fiber of dimension ℓ ∈ {1, 2}, the reflexive moment

polytope P ⊂ Rℓ = Zℓ ⊗ R, and the multiple t = [ωX ]
2πc1(X)

∈ R

• An integer p ∈ Z if the fiber is one-dimensional, and with an element p =

(p1, p2) ∈ Z2 if the fiber is of dimension two;

• a constant c ∈ R defining the admissible Kähler class.

We wish to compute the expression given by the right-hand side of (2.6)

test = 2(ℓ+ n+ 1) +
ts− 2nc

p(x) + c
− tlext(x)

in order to check the condition. For this, it suffices to compute the extremal

function lext by solving the linear system which defines it. Our short programs
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compute lext, then evaluate test at the vertices of P and returns the minimum

if all the data are explicitly given. If the minimum returned by the program is

non-negative, the data correspond to a simple principal toric fibration with an

admissible Kähler class and c > ts
2n

, then there exists an extremal Kähler metric.

We may also let some of the data remain unknown and treat them as variables.

1 import sympy as sym

2 # variable on the line (here the fiber is one -dimensional)

3 x = sym.symbols(’x’)

4 # data of the simple principal toric fibration

5 p, c = sym.symbols(’p,c’)

6 n, s, t = 3, -6, 1

7 # weights

8 l = c+p*x

9 v, w0 = l**n, -s*l**(n-1) # for now , unknown l_ext is replaced

with zero

10 # Donaldson -Futaki invariant with weights (v,w0)

11 def DF0(f):

12 interior=sym.integrate(f*w0 , (x, -t, t))

13 facets =(f*v).subs(x,-t)+(f*v).subs(x,t)

14 return(interior+facets)

15 # Compute the extremal function lext

16 X=sym.Matrix(2, 1, [1, x])

17 M=sym.Matrix(2, 2, lambda i,j:

18 sym.integrate(X[i,0]*X[j,0]*v, (x, -t, t)))

19 V=sym.Matrix(2, 1, [DF0(1), DF0(x)])

20 Lext=M.LUsolve(V)

21 lext =(( Lext.T)*X)[0,0]

22 # Compute expression test at the two vertices and print it

23 test =2*(1+1+n)+(t*s-2*n*c)/l-t*lext

24 print(sym.factor(test.subs(x,-t)))

25 print(sym.factor(test.subs(x,t)))

Program A.1 Rank one simple principal toric fibrations
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Program A.1 prints the condition to check when c and p are variables, n = 3,

s = −6 and t = 1, as used in Proposition 2.3.1. By modifying Line 5 and 6, one

can obtain the conditions for an arbitrary simple principal P1-bundle.

1 import sympy as sym

2 # variables on the plane

3 x1 , x2 = sym.symbols(’x1 ,x2’)

4 # data of toric fibration and admissible Kahler class

5 c, p1, p2 , n, s, t = 12, 1, 2, 3, 18, 1

6 ## weights associated to the data

7 l=c+p1*x1+p2*x2

8 v=l**n

9 w0=-s*l**(n-1) # for now , unknown l_ext replaced with zero

10 # list of vertices of the polytope

11 vert= [[2*t,-t], [-t,-t], [-t,2*t]]

12 # Donaldson -Futaki invariant with weights (v,w0)

13 def DF0(f):

14 interior=sym.integrate(sym.integrate(f*w0 ,(x2,-t,t-x1)),(x1,-t

,2*t))

15 facet1=sym.integrate ((2*f*v).subs(x2 ,-t),(x1 ,-t,2*t))

16 facet2=sym.integrate ((2*f*v).subs(x2 ,t-x1),(x1,-t,2*t))

17 facet3=sym.integrate ((2*f*v).subs(x1 ,-t),(x2 ,-t,2*t))

18 return(interior+facet1+facet2+facet3)

19 # Compute the extremal function l_ext

20 X=sym.Matrix(3, 1, [1, x1 , x2])

21 M=sym.Matrix(3, 3, lambda i,j:

22 sym.integrate(sym.integrate(X[i,0]*X[j,0]*v,(x2 ,-t,t-x1)) ,(x1

,-t,2*t)))

23 V=sym.Matrix(3, 1, [DF0(1), DF0(x1), DF0(x2)])

24 Lext=M.LUsolve(V)

25 lext =(( Lext.T)*X)[0,0]

26 # Compute and print the minimum of expression test on vertices

27 test =2*(1+2+n)+(t*s-2*n*c)/l-t*lext

28 test_vertices=test.subs(x1 ,vert [0][0]).subs(x2 ,vert [0][1])
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29 for i in range(1,len(vert)):

30 test_vertices=sym.Min(test_vertices ,

31 test.subs(x1,vert[i][0]).subs(x2,vert[i

][1]))

32 print("The minimum of expression test on vertices is ",

test_vertices)

Program A.2 Simple principal P2 toric fibrations

Program A.2 computes the condition when all the data are given the fixed

values (c, p1, p2, n, s, t) = (12, 1, 2, 3, 18, 1). Changing the values on the right-hand

side of Line 5 allows to check the sufficient condition for arbitrary fixed values.

If one wants one or several of the above quantities to be treated as variables, for

example c, p1 and p2, it suffices to remove these and the corresponding values on

the right hand side of Line 5 and add the line

6 c, p1, p2 = sym.symbols(’c,p1 ,p2’)

Since the program will now compute values of test as symbolic expressions, it

will no longer be able to determine the minimum. One should thus replace Lines

28–32 for example by

28 print(sym.separatevars(test.subs(x1,vert [2][0]).subs(x2 ,vert

[2][1])))

to get the expressions from appendix B, to be used in the proof of Proposi-

tion 2.3.2.

Similarly, it is easy to modify the program to consider another Fano toric

surface as a fiber (Recall that there are five smooth Fano toric surfaces: P1 × P1

and the equivariant blowups of P2 at up to three fixed points of the torus action).

It suffices to modify Lines 10–18 according to the desired polytope. For example,

if one wants to work with fiber the first Hirzebruch surface (i.e. the blowup of P2
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at one point), then it suffices to replace Lines 10–18 with

10 # list of vertices of the polytope

11 vert= [[-t,-t], [t,-t], [t,0], [-t,2t]]

12 # Donaldson -Futaki invariant with weights (v,w0)

13 def DF0(f):

14 interior=sym.integrate(sym.integrate(f, (x2, -t, t-x1)), (x1, -

t, t))

15 facet1=sym.integrate(f.subs(x2,-t), (x1 , -t, t))

16 facet2=sym.integrate(f.subs(x2,t-x1), (x1 , -t, t))

17 facet3=sym.integrate(f.subs(x1,-t), (x2 , -t, 2t))

18 facet4=sym.integrate(f.subs(x1,t), (x2 , -t, 0))

19 return(interior+facet1+facet2+facet3+facet4)



APPENDIX B

COMPLEMENT OF PROOF OF PROPOSITION 2.3.2

P (c, p1, p2) :=12250c10 + 24500c9p1 − 39690c8p21 + 18060c7p31 − 22470c6p41

− 31752c5p51 − 53376c4p61 + 22740c3p71 − 57024c2p81

+ 1312p110− 49000c9p2 + 34650c7p21p2 + 286860c6p31p2

+ 152460c5p41p2 + 360972c4p51p2 − 59520c3p61p2 + 230112c2p71p2

+ 18288cp81p2 − 464p91p2 − 127890c8p22 − 212310c7p1p
2
2

− 615510c6p21p
2
2 − 373212c5p31p

2
2 − 921924c4p41p

2
2 − 425376c2p61p

2
2

− 160632cp71p
2
2 − 19296p81p

2
2 + 141540c7p32 + 657300c6p1p

3
2

+ 603288c5p21p
3
2 + 1408632c4p31p

3
2 + 390936c3p41p

3
2 + 571536c2p51p

3
2

+ 349440cp61p
3
2 + 41376p71p

3
2 − 328650c6p42 − 531720c5p1p

4
2

− 1421136c4p21p
4
2 − 806100c3p31p

4
2 − 829080c2p41p

4
2 − 497592cp51p

4
2

− 22416p61p
4
2 + 212688c5p52 − 43812c3p51p

2
2 + 860184c4p1p

5
2

+ 849456c3p21p
5
2 + 906192c2p31p

5
2 + 485712cp41p

5
2 − 7488p51p

5
2

− 286728c4p62 − 527016c3p1p
6
2 − 725760c2p21p

6
2 − 329952cp31p

6
2

+ 127890c8p1p2 + 7352cp91 + 22656p41p
6
2 + 150576c3p72

+ 363168c2p1p
7
2 + 156096cp21p

7
2 − 25728p31p

7
2 − 90792c2p82
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− 46368cp1p
8
2 + 16992p21p

8
2 + 10304cp92 − 7040p1p

9
2 + 1408p102

+ 132300c7p21 + 105840c6p31 − 11340c5p41 + 125496c4p51

+ 151200c3p61 − 79056c2p71 + 60048cp81 − 12096p91 − 396900c7p1p2

− 449820c6p21p2 − 260820c5p31p2 − 374220c4p41p2 + 323568p31p
6
2

− 420336c3p51p2 + 358992c2p61p2 − 364176cp71p2 + 17712p81p2

+ 714420c6p1p
2
2 + 601020c5p21p

2
2 + 378756c4p31p

2
2 + 396900c7p22

+ 743904c3p41p
2
2 − 557280c2p51p

2
2 + 734832cp61p

2
2 + 1436400cp21p

6
2

+ 84240p71p
2
2 − 476280c6p32 − 680400c5p1p

3
2 + 843696c2p1p

6
2

− 282744c4p21p
3
2 − 728784c3p31p

3
2 + 99792c2p41p

3
2 − 1073520cp51p

3
2

− 287280p61p
3
2 + 340200c5p42 + 45360c4p1p

4
2 + 568512c3p21p

4
2 + 829440c2p31p

4
2

+ 1551312cp41p
4
2 − 244944c3p1p

5
2 − 241056c2p72 − 736128cp1p

7
2 − 18144c4p52

+ 415152p51p
4
2 − 279072p21p

7
2 + 184032cp82 + 139968p1p

8
2 − 31104p92

− 1175472c2p21p
5
2 − 1732752cp31p

5
2 − 358992p41p

5
2 + 81648c3p62
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Q(c, p1, p2) :=6125c9 + 2205c7p21 + 210c6p31 + 14175c5p41 − 7812c4p51 + 24c3p61

+ 9072c2p71 − 5004cp81 + 688p91 − 2205c7p1p2 − 315c6p21p2

− 31752c2p61p2 + 20016cp71p2 − 3096p81p2 + 2205c7p22 − 315c6p1p
2
2

− 7812c4p31p
2
2 + 4356c3p41p

2
2 + 40824c2p51p

2
2 − 40320cp61p

2
2 + 4464p71p

2
2

+ 210c6p32 − 28350c5p1p
3
2 − 7812c4p21p

3
2 − 8592c3p31p

3
2 − 22680c2p41p

3
2

+ 50904cp51p
3
2 − 1176p61p

3
2 + 19530c4p41p2 − 72c3p51p2

+ 14175c5p42 + 19530c4p1p
4
2 + 4356c3p21p

4
2 − 22680c2p31p

4
2

− 1224p51p
4
2 − 7812c4p52 − 72c3p1p

5
2 + 40824c2p21p

5
2 + 50904cp31p

5
2

+ 24c3p62 − 31752c2p1p
6
2 − 40320cp21p

6
2 − 1176p31p

6
2 + 9072c2p72

+ 4464p21p
7
2 − 5004cp82 − 3096p1p

8
2 + 688p92 + 20016cp1p

7
2

− 28350c5p31p2 + 42525c5p21p
2
2 − 1224p41p

5
2 − 56196cp41p

4
2



APPENDIX C

A PARTIAL CONVERSE OF LEMMA 3.1.13

Lemma C.0.1. Suppose Y is a semisimple principal toric fibration with smooth

toric fiber X over a product of positive Kähler–Einstein manifolds
∏k

a=1(Ba, Ja, ωa)

of scalar curvatures sa. Then Y is Fano iff the following conditions are satisfied:

1. X is a toric Fano manifold.

2. ⟨pa, x⟩+ sa
2 dim(Ba)

> 0 on P .

In this case, if ω ∈ 2πc1(X) is a toric Kähler metric on X, then the compatible

Kähler metric ω̃ = ω+
∑k

a=1(⟨pa, x⟩+
sa

2 dim(Ba)
)ωa+ ⟨dmω∧θ⟩ belongs to 2πc1(Y ).

Proof. Lemmas 3.1.13 and 3.1.4 show that (1) and (2) ensure that ω̃ belongs to

2πc1(Y ) which, in turn, implies that Y is Fano (this is true without the assumption

that X is toric).

We now deal with the converse direction. Suppose Y is a Fano manifold. Let

ω be a T-invariant Kähler metric on X. It follows from formula (3.32) that the

2-form
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χ̃ : = Ric(ω) +
k∑
a=1

(⟨pa,mRic(ω)⟩)ωa +Ric(ωa) + ⟨dmRic(ω) ∧ θ⟩

= Ric(ω) +
k∑
a=1

(
⟨pa,mRic(ω)⟩+

sa
2 dim(Ba)

⟩
)
ωa + ⟨dmRic(ω) ∧ θ⟩

belongs to 2πc1(Y ). Restricting χ̃ to a fiber X ⊂ Y , we get c1(Y )|X = c1(X) > 0,

i.e. X is Fano. We now take a Kähler metric ωX ∈ 2πc1(X) and we consider the

2-form

ωY = ωX +
k∑
a=1

(
⟨pa,mωX

⟩+ sa
2 dim(Ba)

⟩
)
ωa + ⟨dmωX

∧ θ⟩.

By Lemma 3.1.13, ωY ∈ 2πc1(Y ). Let x0 be a vertex of P . Then m−1
ωX

(x0)

defines a complex embedding of B in Y . Restricting ωY to the Ba-factor through

this embedding, we get(
⟨pa,mωX

(x0)⟩+
sa

2 dim(Ba)

)
[ωa] > 0 on Ba,

showing that ⟨pa, x0⟩+ sa
2 dim(Ba)

> 0. We can repeat the argument on each vertex

of P and so ⟨pa, x⟩+ ca > 0 on P .



APPENDIX D

WEIGHTED DIFFERENTIAL OPERATORS

Let (X,ω,T) be as in Section 3.1 and v > 0 be a positive smooth weight func-

tion defined over the polytope P . We denote by ∇ω the Levi–Civita connection

of the Riemannian metric gω, and by δω the formal adjoint of ∇ω. We define the

following weighted differential operators which are self-adjoint with respect to the

volume form v(mω)ω
[m] on X.

Definition D.0.1. The v-weighted Laplacian of ψ is the second order operator

acting of smooth functions defined by

∆ω,v(ψ) =
1

v(mω)
δω(v(mω)dψ). (D.1)

The v-weighted linear Lichnerowicz operator is the forth-order operator given by

Lω,v(ψ) :=
δωδω (v(mω)(∇ωdψ)−)

v(mω)
, (D.2)

where (∇ωdϕ)− stands for the (0, 2)-symmetric tensor of type (2, 0) + (0, 2) with

respect to the complex structure of X. For any T-invariant Kähler form χ on X,

we define, similarly than the toric case (1.30), the second-order operator given by

Hχ
ω,v(ψ) := ⟨χ, ddcψ⟩ω + ⟨dΛω(χ), dψ⟩ω +

1

v(mω)
⟨χ, dv(mω) ∧ dcψ⟩ω, (D.3)

where Λω(χ) :=
(
χ ∧ ω[m−1]

)
/ω[m] = ⟨χ, ω⟩ω. The operator Hξ

ω,v is a v-

weighted version of the linear operator used in [46].
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A straightforward computation shows that

Lemma D.0.2. The v-weighted Lichnerowicz’s operator can be written as

Lω,v(ψ) =
1

2
(∆ω,v)

2(ψ) + δω,v
(
χω,v((d

cψ)♯)
)
,

where δω,v := 1
v(mω)

δωv(mω) is the formal adjoint of the exterior derivative d on

functions with respect to the weighted volume form v(mω)ω
[m], χω,v := χω −

1
2
ddc (log v(mω)) is the Ricci form of the weighted volume form v(mω)ω

[m], and

♯ = g−1
ω stands for the riemannian duality between TM and T ∗M by using the

Kähler metric ω.

We now specialize to the case when (Y, ω̃,TY ) is a semisimple principal fibra-

tion with fiber (X,ω,TX) over B, as in Section 3.1. We then denote by ∆Y
ω̃ , LYω̃

and (Hχ̃
ω̃)
Y the corresponding unweighted operators on (Y, ω̃), where the Kähler

form χ̃ in the definition of Hχ̃
ω̃ is bundle-compatible, i.e. given by (3.3) for a

TX-invariant Kähler form χ on X. We further let ∆Ba
ωa

denote the Laplacian on

(Ba, ωa), and ∆B
x and LBx respectively the Laplacian and Lichnerowicz operators

on B with respect to the Kähler metric ωB(x) :=
∑k

a=1(⟨pa,mω(x)⟩ + ca)ωa. We

thus have the following result.

Lemma D.0.3. Let ψ be a TY -invariant smooth function on Y , seen as a TX-

invariant function on X × B via (3.4), and ω̃ a bundle-compatible TY -invariant

Kähler metric on Y associated to a TX-invariant Kähler metric ω on X. We then

have

∆Y
ω̃ψ = ∆X

ω,pψb +∆B
x ψx,

LYω̃ψ = LXω,pψb + LBx ψx +∆B
x

(
∆X
ω,pψb)

)
x
+∆X

ω,v

(
∆B
x ψx

)
b

+
k∑
a=1

Qa(x)∆
Ba
ωa
ψx,

(Hχ̃
ω̃,1)

Y ψ = (Hχ
ω,p)

Xψb +
k∑
a=1

Pa(x)∆
Ba
ωa
ψx,
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where Pa(x), Qa(x) are smooth T-invariant functions on X, and ψx and ψb are

respectively the induced smooth functions on B and X via (3.4).

Proof. This first two equalities are established in [7] (see the proof of Lemma 8)

in the special case when (X,ω,TX) is a toric variety whereas the third identity

is proved in Proposition 1.3.6 (also in the case when (X,TX) is toric). These

computations extend to the general setting with no substantial additional difficulty

(by using Lemma D.0.2 above for the second identity), but we include them below

for the sake of self-containedness.

In the notation of Sect. 3.1

∆Y
ω̃ (ψ) =− dY d

c
Y ψ ∧ ω̃[n+m−1]

ω̃[n+m]
(on Y )

=− dY d
c
Y ψ ∧ ω̃[n+m−1] ∧ θ∧r

ω̃[n+m] ∧ θ∧r
(on Z = X ×Q),

(D.4)

where θ∧r :=
∧r
i=1 θi with respect to any lattice basis (ξi)i of Λ ⊂ t. Viewing

dcX×Bψ as a 1-form on Z, it admits the following decomposition with respect to

(3.2)

dcX×Bψ = (dcX×Bψ)H +
r∑
i=1

(dcX×Bψ)(ξ
Q
i − ξXi )θi = dcY ψ − ⟨dcXψ, θ⟩. (D.5)
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We thus compute on Z:

(dY d
c
Y ψ)(x,b) =dZ

(
dcXψ +

r∑
j=1

dcXψ(ξ
X
j )θj + dcBψ

)

=dZd
c
Xψ +

r∑
j=1

dZ(d
c
Xψ(ξ

X
j ))θj

+
r∑
j=1

dcXψb(ξ
X
j )

(
k∑
a=1

ξj(pa)π
∗
Bωa

)
+ dZd

c
Bψ

=dXd
c
Xψb + dBd

c
Bψx +

r∑
j=1

dZ(d
c
Xψ(ξ

X
j )) ∧ θj +

k∑
a=1

dcXψ(p
X
a )π

∗
Bωa

+ dBd
c
Xψ + dXd

c
Bψ,

(D.6)

where for getting the third equality we used (3.1), as well as the identities dQdcXψ =

dBd
c
Xψ and dQd

c
Bψ = dBd

c
Bψ (which follow from the identification (3.4)). Using

(3.6) and (3.24), we derive from (D.4) and (D.6)

∆Y
ω̃ (ψ)(x, b) =(∆X

ω ψb)(x) + (∆B
ωB(x)ψx)(b)−

k∑
a=1

na
(⟨mω, pa⟩+ ca)

(dcXψb)(p
X
a ),

where, we recall, for a fixed x ∈ X, we have set ωB(x) :=
∑k

a=1(⟨pa,mω⟩+ ca)ωa,

and pXa denotes the vector field field on X corresponding to pa ∈ t. The first

equality in the Lemma follows from the identity

∆X
ω,v(ψ) :=

1

v(mω)
δω

(
p(mω)dψ

)
= ∆X

ω (ψ)−
r∑
j=1

v,j(xω)

v(xω)
gω(dµ

ξj
ω , dψ),

taking in mind that for any smooth function on u on P and any T-invariant

smooth function ϕ on X, gω(d(u(mω)), dϕ) =
∑r

i=1 u,i(mω)d
cϕ(ξi).

Now, we establish the expression of the corresponding Lichnerowicz operators.
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Recall that (see e. g. [42])

LYω̃ψ :=
1

2
(∆Y

ω̃ )
2(ψ) + δω̃(χω̃(d

c
Y ψ)). (D.7)

Using the decomposition of ∆Y
ω̃ we have just established, we have

(∆Y
ω̃ )

2(ψ) = (∆X
ω,p)

2(ψb) + (∆B
x )

2(ψx) + ∆X
ω,p(∆

B
x (ψx)) + ∆B

x

(
∆X
ω,p(ψb)

)
. (D.8)

It remains to compute the Ricci term in (D.7). From (3.23), we have

χω̃ =χω,p + π∗
BχωB

+
1

2

k∑
a=1

∆X
ω,p(⟨mω, p

X
a ⟩)π∗

Bωa

+
r∑
j=1

dX

(
dcX

(
κ− 1

2
log p(mω)

)
(ξXj )

)
∧ θj.

(D.9)

where χω,p := χω− 1
2
dXd

c
X log p(mω) is the Ricci form of the weighted volume form

p(mω)ω
[m]. Using integration by parts, for any TY -invariant smooth test function

ϕ on Y , seen as a TX and TQ-invariant function on Z = X ×Q via (3.4), we have∫
Z

ϕδω̃(χω̃(d
c
Y ψ))ω̃

[n+m] ∧ θ∧r = −
∫
Z

χω̃(dY ϕ, d
c
Y ψ)ω̃

[n+m] ∧ θ∧r

=

∫
Z

χω̃ ∧ dY ϕ ∧ dcY ψ ∧ ω̃[n+m−2] ∧ θ∧r

− 1

2

∫
Z

Scal(ω̃)g̃ω̃(dY ϕ, dY ψ)ω̃
[n+m] ∧ θ∧r

=

∫
Z

χω̃ ∧ dY ϕ ∧ dcY ψ ∧ ω̃[n+m−2] ∧ θ∧r

− 1

2

∫
Z

(
Scalp(ω)

p(mω)
+ q(mω)

)
dY ϕ ∧ dcY ψ ∧ ω̃[n+m−1] ∧ θ∧r.

(D.10)

From the above formula, using (3.24), (D.5) and (D.9), we compute (after some

straightforward but long algebraic manipulations and integration by parts over X
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and B)

δYω̃ (χω̃(d
c
Y ψ)) = δXω,p (χω,p(d

c
Xψ)) + δBωB(x) (χωB

(dcBψ))

+
1

2

k∑
a=1

q(mω)

(⟨mω, pa⟩+ ca)
∆B
ωa
(ψ) +

1

2

k∑
a=1

(na − 1)

(⟨mω, pa⟩+ ca)2
∆X
ω,p(⟨mω, pa⟩)∆B

ωa
(ψx)

+
k∑

a,b=1

nb
(⟨mω, pa⟩+ ca)(⟨mω, pb⟩+ cb)

∆X
ω,p(⟨mω, pb⟩)∆B

ωa
(ψx).

(D.11)

Combining (D.7), (D.8) and (D.11) yields the desired expression.

The expression for (Hχ̃
ω̃,1)

Y (ψ) is obtained by similar arguments, using that

(Hχ̃
ω̃,1)

Y (ψ) =⟨χ̃, dY dcY ψ⟩ω̃ + ⟨dYΛω̃(χ̃), dY ψ⟩ω̃

=− Λω̃(χ̃)∆
Y
ω̃ (ψ)−

χ̃ ∧ dY dcY ψ ∧ ω̃[n+m−2]

ω̃[n+m]

+
dYΛω̃(χ̃) ∧ dcY ψ ∧ ω̃[n+m−1]

ω̃[n+m]
.
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